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Abstract. In this paper, we consider vibrating system of Timoshenko type in one-dimensional
bounded domain with complementary past history and frictional damping controls acting only
in the equation for the rotation angle. We show that the dissipation given by this complemen-
tary controls is strong enough to guarantee the stability of the system in case of the same wave
propagation speeds as well as in the opposite case. We establish in each case a general decay
estimate of the solution. In the particular case when the wave propagation speeds are different
and the frictional damping is linear, we give a relationship between the smoothness of the initial
data and the decay rate of the energy. At the end of the paper, we discuss the well-posedness and
smoothness of solution using the semigroup theory.

1 Introduction

In the present work, we are concerned with the well-posedness, smoothness and asymptotic
behavior of the solution of the following Timoshenko system:

prow — ki(pe + 1) =0, N
P20ee — kaPue + k1 (pa + ) + b(z)h(b) + /0 g9(s)(a(z)t,(t — s)).ds =0,
@(07 t) = LZJ(O,t) = @(Lvt) = w(Lvt) =0,

@(x,0) = po(x), pu(x,0) = ¢1(x),
11)(% _t) = Qp()(xat)v 1/}t(x70) = 1[)1(%)7

for (z,t) €]0, L[xRy, where Ry = [0, +oc[,a,b:[0,L] w R;,¢9: Ry - Ryandh: R - R
are given functions, L, p;, k; are positive constants, ¢, ¢1, 1 and v are given initial data, and
(¢, 1) is the unknown of (P). The infinite integral term in (P) and bh(z);) represent, respectively,
the past history (infinite memory) and the frictional damping.

(P)

Our aim is to establish a general decay estimate for the asymptotic behavior of the solutions
of (P) in both cases: the equal-speed wave propagation case

bk (1.1)

1 P2
and the opposite one.

During the last few years, many people have been interested in the question of stability of
Timoshenko systems [23] with various kinds of (internal or boundary) controls. To focus on our
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motivation, let us mention here only some known results related to the stabilization with finite
or infinite memory controls (for further results of stabilization, we refer the reader to the list of
references of this paper, which is not exhaustive, and the references therein).

In the case b = 0 and g satisfies
381, 62 > 0: —d19(s) < ¢'(s) < —bag(s), VseR,, (1.2)

the authors of [18] proved that (P) is exponentially stable if and only if (1.1) holds, and it is
polynomially stable in general, where the decay rate depends on the smoothness of the initial
data. In the case b = 0 and g satisfies

3
30 >0, Ip 6]1,5[: g'(s) < —dg”(s), VseRy, (1.3)
it was proved in [17] that (P) is polynomially stable. No relationship between the decay rate and
the smoothness of the initial data is given in [17].

The past history was also considered to stabilize the semigroup associated to a general ab-
stract linear equation in [5], [19] and [21]. In [19], some decay estimates were proved depending
on the considered operators provided that g satisfies (1.2). In [21], it was proved that the expo-
nential stability still holds even if g has horizontal inflection points or even flat zones provided
that ¢ is equal to a negative exponential except on a sufficiently small set where ¢ is flat. The
author of [5] proved that the exponential stability does not hold if the following condition is not
satisfied:

361> 1,30, > 0: g(t+5) <de g(s), VtcRy, forae.scR,. (1.4)

In [8], an abstract dissipative system with pas history was considered and its stability was
proved for kernels g having more general decay rate, which can be arbitrary close to the one of
t~1. The approach of [8] was used in [11] to get the stability of the solution of (P) in case b = 0,
as well as some coupled Timoshenko-heat systems.

The stability of Timoshenko systems with finite memory have attracted considerable attention
in recent years and many authors have shown various decay estimates depending on the growth
of the kernel g at infinity. Using an approach introduced in [16] for a viscoelastic equation, a
general decay estimate of (P) with finite memory was obtained in [10] for kernels satisfying

g (t) < —=¢(t)g(t), Vt=0, (1.5)

where £ is a positive and non-increasing function. The decay result in [10] improves earlier ones
in the literature in which only the exponential and polynomial decay rates are considered.

Concerning the stability of the wave equation with finite memory, we mention the recent
results in [20], where a general decay result was given by assuming

g'(t) < —K(g(t), vt=0, (1.6)

where K is a non-negative function satisfying some hypotheses.
Our goals in this paper are:

1. Investigating the effect of each control on the asymptotic behavior of the solutions of (P)
and on the decay rate of its energy, where each control can vanish on the whole or in a part of the
domain, and giving an explicit and general characterization of the decay rate depending on the
growth of g and A at infinity and zero, respectively. This includes the particular cases a = 0 or
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b = 0 (only one control is considered) treated in the literature, and then it generalizes the results
of [17] and [18] (b = 0).

2. Considering a larger class of kernels g (satisfying (2.8) below) than the one considered
in [17] and [18], and improving the decay rate in some particular cases. On the other hand,
this approach can be also used in the case of finite memory by choosing a null past history data
(1o (t) = 0 for all ¢ > 0).

3. Studying the case when (1.1) does not hold and giving a general decay estimate depending
on the smoothness of the initial data and the growth of ¢ at infinity. To the best of our knowledge,
the unique known results in this direction are the ones given in [18] in the case b = 0 and (1.2)
holds.

The paper is organized as follows. In section 2, we consider some hypotheses and present
our stability results. The proofs of our stability results will be given in sections 3 ((1.1) holds), 4
((1.1) does not hold) and 5 (h is linear). Finally, in section 6, we discuss the well-posedness and
smoothness of the solution of (P).

2 Preliminaries

In this paper, first, we consider the following hypotheses:

(H1) a, b: [0, L] — R are such that

a € CY([0,L]), be L>=([0, L]), (2.1)
xei%(l)&}{a(x) +b(z)} >0, (2.2)
a=0ora(0)+a(L)>0. (2.3)

(H2) h : R — R is a differentiable non-decreasing function such that there exist constants

€1, c1, ¢; > 0, and a convex and increasing function H : Ry — R, of class C'(Ry) N

C?%(]0, +oc) satisfying H(0) = 0, and H is linear on [0,¢;] or (H'(0) = 0 and H” > 0 on
10, €1]) such that

cils| < [h(s)| < cils| if [s] > e, (2.4)

s>+ h2(s) < H '(sh(s)) if |s| < €. (2.5)

(H3) g : R, — R is a non-increasing differentiable function such that g(0) > 0 and

+oo
Lim oy — ||a|\oo/ g(s)ds > 0. (2.6)
0

(H4) There exist a positive constant ¢| and an increasing strictly convex function G : Ry —
R, of class C' (R, ) N C?(]0, +oo[) satisfying

G(0)=G'(0)=0 and lim G'(t) = +oo

t—+oo

such that

g'(t) < —=cfg(t), vt >0 (2.7)
or
+o00
g(t) g(t)

— 7 dt+ sup ———~F—— < +o0. 2.8
L etam S g () 28)
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Remark 2.1. 1. The hypothesis (H4) was introduced in [8] and it is weaker than the classical
one considered in [18] (p=1)and [17] (1 < p < %), namely,

3 >0, 3pe [, %[: §(t) < —clg"(t), vt > 0. (2.9)

Indeed, for p = 1, (2.7) is (2.9). For p €]1, %[ (2.8) is satisfied with G(t) = *P. On the other
hand, for example, for g(¢t) = qo(1 + ¢t)~? with ¢o > 0 and ¢ €]1,2], (2.8) is satisfied with
G(t) = ¢ forall r > Z%%, but (2.9) is not satisfied (because it implies that p > 1 + é > %) (see
also Examples 2.1 below).

In general, all positive function g of class C! (R ) with ¢’ < 0 satisfies (2.8) if it is integrable
on R, and it does not satisfy (2.9) if it does not converge to zero at infinity faster than ¢=2.
Additionally, (2.8) allows us to improve the results of [17] by getting in some particular cases
stronger decay rates (see Examples 2.1 given at the end of this section).

2. Hypothesis (H2) (with ¢, = 1) was introduced and used in [13] and [14] to get the
asymptotic behavior of solutions of nonlinear wave equations with nonlinear boundary damping,
where they obtained decay estimates depending on the solution of an explicit nonlinear ordinary
differential equation. The function H always exists thanks to the hypotheses on h (see [13] and

[14]).
3. Hypothesis (H1) was considered in [4] for the wave equation and used in [10] for Timo-

shenko systems with finite memory.

Let us consider, as in [17] and [18] for example, the classical energy functional associated
with (P) defined by

E(t) == %g 01y (2.10)

+o00o

+% /OL {plw% - potf? + K1 (o + ) + (kz _ a(w)/ g(s)dS)lﬁi}dx,

0
where, forv: R — L?(]0, L[) and ¢ : R, — R, we note

oV = LClZE " S)v — v — S ZSJ).
6 /0<>0 6(5)(0(t) — (t — 5))dsd

Thanks to (2.6), the expression fOL [k:l (0rt+v)*+ (kz —a(z) f7*° g(s)ds) wi} dz defines a norm
on (H}(]0, L[))? for (,v) equivalent to the one induced by (H'(]0, L[))>.
Now, we give our first main stability result which concerns the case (1.1).

Theorem 2.1. Assume that (1.1) and (HI)-(H4) are satisfied, and let (o, 0(0), o1, %1,1m0)T €
H (see section 6) such that
(2.7) holds
or (2.11)
IMy >0+ [[nox(s)ll 2o,y < Mo, Vs > 0.
Then there exist positive constants ¢, ', 19 and €y (depending continuously on E(0)) for which

FE satisfies
E(t) <'GyH(ct), V>0, (2.12)

1
1
where G (t :/ ——ds,
l() t GO(S)

0 if (2.7) holds,
Go(t)_{Ho(t)G’(eoHo(t)) if (2.8) holds (2.13)
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and

Hol(t) = t if H is linear on [0, €], (2.14)
0 tH'(1ot) otherwise. '

Remark 2.2. 1. Because lim;_,o+ G;(¢) = +o0, then (2.12) implies that

lim E(t) = 0. (2.15)

t—+oo

2. If (2.7) holds (or if @ = 0) and H is linear near zero (or b = 0), then
E{t)< et vt>0 (2.16)

which is the best decay rate given by (2.12).

3. Theorem 2.1 generalizes some results of [11] (b = 0), and generalizes and improves the
ones of [17] and [18] (b = 0 and (2.9) holds). See Examples 2.1.

Now, we treat the case when (1.1) does not hold.

(HS5) Assume that (H1) is satisfied such that there exist by, b; > 0 satisfying

la’(x)| + |a(z) — bo| < by max{b(m)7rei?)fL]{a(x)}}, Va € [0, L].

(H6) Assume that (H2) is satisfied such that H is linear,
heC'(R) and infh/(t) > 0.
teR

Theorem 2.2. Assume that (HI)-(H6) are satisfied, and let (see section 6) (o, 10(0), 01,1, m0)T €
D(A) such that

(2.7) holds
or (2.17)

IMo > 02 oz ()l z2qo,pys 195102 ()l 220,21 < Mo, Vs > 0.

Then there exist positive constants C and €y (depending in a continuous way on
1(¢0,%0(0), o1, ¢1,m0)" | p(ay) such that

E(t)gGgl(%), vt > 0, (2.18)
where
e if (2.7) holds,
Golt) = {tG’(eot) if (2.8) holds. (2.19)

Remark 2.3. 1. Hypothesis (HS) is satisfied if, for example, inf,c(o ;j{a(z)} > O or
inf,c(o,j{b(x)} > 0 or a is equal to a positive constant by in an open interval containing the
closure of (suppb)©.

2. If (2.7) holds (or a = 0), then (2.18) becomes



192 A. Guesmia

which is the best decay rate given by (2.18).

3. Theorem 2.2 generalizes some results of [11] (b = 0), and generalizes and improves the
ones of [17] and [18] (b = 0 and (2.9) holds). See Examples 2.1.

Now, in the particular case where 5 is linear and the initial data are more regular, we prove a
more general stability result than (2.18).

Theorem 2.3. Assume that h is linear, and (H1)-(H5) are satisfied such that t — tG'(t) is
strictly convex (when (2.7) does not hold). Let (see section 6) (g, 10(0), 1,1, m0)T € D(A™)
for n € N* such that

(2.7) holds
or (2.20)
E|]\40 >0: Hagk)now(s)”LZ(]O,L[) < M()a Vs > Oa Vk = 07 17 N

Then there exist positive constants C and ey (depending in a continuous way on
1(¢0,%0(0), o1, ¥1,1m0)" || p(an)) such that the solution of (P) satisfies:

E(t) < G;l(tgn), vt >0, (2.21)
where
t if (2.7) holds,
— e 2.22
Gi(®) Go(t) (G5 (Go(1))) ' if(2.8) holds, (2.22)

Go(t) = tG'(eot) and G is the dual function of G defined by

Gi(t) = sup {ts — Go(s)} = t(Gh) ™' (1) — Gol((Gy) ™' (1)), ¥t > 0.

s€Ry

Remark 2.4. 1. If n = 1, then (2.18) is (2.21). On the other hand, if (2.7) holds (or a = 0),
then (2.21) becomes

E(t) < tgn vt >0 (2.23)

which is the best decay rate given by (2.21).

2. Theorem 2.3 generalizes some results of [11] (b = 0), and generalizes and improves some
ones of [18] (b = 0 and (2.7) holds) and [17] (b = 0, (2.9) holds and n = 1). See Examples 2.1.

Examples 2.1. Let us give some examples to illustrate our general decay estimates and show
how they generalize and improve the ones known in the literature concerning the kernel g. For
the frictional damping h, we consider in these examples the simple case when H is linear (that
is (2.4) is satisfied on all R) or b = 0. For various examples concerning the growth of h at zero,
see [2] and [10]. On the other hand, (2.18) is (2.21) forn = 1.

1. Let g(¢) = m for ¢ > 1, and d > 0 small enough so that (2.6) is satisfied. The
classical condition (2.9) is not satisfied, while (2.8) holds with

t _1
G(ﬁ):/ sve® "ds for anyp €]0,q — 1].
0

Indeed, here (2.8) depends only on the growth of G near zero. Using the fact that G(t) <
et ¥ we can see that G(t(Int)"g(t)) < —g'(t) for ¢ near infinity and for any r €]1, ¢ — p|
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which implies (2.8). Then (2.12) becomes

C

PO a2

vt >0, ¥p €]0,q— 1. (2.24)

Because G~ is concave, we have G~ (t) > G5~ (1)t for ¢ € [0, 1]. Therefore,

1
Gi(s) > c(Go(s))" > e~ " for s near zero.
Thus (2.21) implies (2.24), where C' depends on 7 in this case.

2. Letg(t) = ﬁ for ¢ > 1, and d > 0 small enough so that (2.6) is satisfied. The classical

condition (2.9) is not satisfied if 1 < ¢ < 2, while (2.8) always holds with G(¢) = v+ for any
p €0, %5 1[ (as in Example 2.1-1, we can see that, if p €]0, 4], then G(¢(Int)"g(t)) < —g'(¢)
for ¢ near infinity and for any » > 1). Then (2.12) and (2.21) give, respectively (note that
Gi(s) = esPth,

C
(t+1)p’

—1
vt >0, vp €lo, o=,

E@®) < 3

C q—1
Elt) < ——, Vt>0, Vp€]0o,—].
02 i 0.4

3. Let g(t) = de~*+)" for ¢ > 1, and d > 0 small enough so that (2.6) is satisfied.

1
Condition (2.8) holds with G(t) = [/(—Ins)'~75e~(-197ds  for t near zero and for any p €
|1, g, since (2.8) depends only on the growth of G at zero, and when ¢ converges to infinity and
p €ll,q[, G(t"g(t)) < —g'(t) for any r > 1. Then (2.12) becomes

B(t) < Cefc'(ln(l-&-t))p7 vt >0, Vp e]l,q[' (2.25)

Condition (2.8) holds also with G(s) = sv ! for any p > 0. Then (2.21) gives

Et)<—C w0 wp>o. (2.26)
(t+1)wen

Here, the decay rates of F in (2.25) and (2.26) are arbitrary close to the one of g and ¢t~ ",
respectively. This improves the results of [17], where only the polynomial decay with n = 1 and
b = 0 was obtained.

4. Let g(t) = de=*1)" for ¢ > 0, and d > 0 small enough so that (2.6) is satisfied. Condition
(2.7) holds if ¢ > 1, and (2.8) holds if ¢ €]0, 1] with

t
G(t) = / (—In s)lfids for ¢ near zero and for any p €]0, 1|
0

(we can see that, if p €]0, 2[, then G(t"g(t)) < —g'(t) for ¢ near infinity and for any r €]1, £ —1[).
Then (2.12) becomes

—CtP > q f 1
Blt) < ceic , Vt>0, V.’p €l0,2[ if ¢ €]0,1], (227)
cem Yt Wt>0 ifg>1.
Condition (2.8) holds also with G(s) = s» ! for any p > 0. Then (2.21) gives
Co W20, ¥p >0 if ¢ €0, 1],
E(t)) < { D™ (2.28)
w20 ifg>1
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Here, if ¢ €]0, 1], (2.27) and (2.28) are stronger than the ones given in [17], where only the
polynomial decay with n = 1 and b = 0 was obtained.

Now, before starting the proofs of our stability results, we define a function « introduced in
[4] to establish some needed estimates in the case a # 0. Condition (2.3) implies that a(0) > 0 or
a(L) > 0, and then (a is continuous) there exists dy €]0, L[ such that inf, ¢ p, a(xz) > doy, where
Dy = [O, do] if a(O) > 0, and Dy = [L — dy, L] if a(L) > 0. Letd = min{do,infgge[o’L]{a(x) +
b(z)}} (which is positive thanks to (2.2)) and a € C'([0, L]) be such that 0 < a < a, a = 0 if
a< %, anda=aifa > %. By definition of «, we have

4
o/ (@)] < <[l [loca(). (2.29)
On the other hand, we have the following lemma:

Lemma 2.1. The function o is not identically zero and satisfies

zeiﬁfL]{oz(ﬂv) +b(x)} >0, (2.30)

2

34, > 0 (/OL a(z) /Om 9@ — 0t~ 5)dsdr) <digov,,  (231)
Jdy > 0 (/OL o(z) /Om J'(5)(W(t) — vt - s))dsdm)z < —dyg o1, (2.32)

Jdy > 0 : (/OL o () /Om g(s)((t) —w(t — s))dsda:)z < dyg oty (2.33)

Proof. The proofs of (2.30) and (2.31) are identical to the ones of [10, Lemma 3.2 and Lemma
3.3] concerning the case of finite memory control, where a version of Poincaré’s inequality [4]
was used. Similarly to (2.31) and using (2.29), (2.32) and (2.33) follow. O

3 Proof of Theorem 2.1

We will use ¢ (sometimes ¢, which depends on some parameter 7), throughout this paper, to
denote a generic positive constant which depends continuously on the initial data and can be
different from step to step.

Following the energy method ([3], [10], [17], [18] and [19] for example), we will construct a
Lyapunov function F' equivalent to £ and satisfying (3.30) below. For this purpose we establish
several lemmas for all (¢g,%0(0), ¢1,%1,m0)T € D(A) satisfying (2.11), so all the calculations
are justified. By a simple density argument (D(A) is dense in #; see section 6), (2.12) remains
valid for any (o, %0(0), p1,%1,1m0)7 € H satisfying (2.11). On the other hand, if E(ty) = 0 for
some ¢y > 0, then E(t) = O for all ¢ > ¢, (F is non-increasing thanks to (3.1) below) and thus
(2.12), (2.18) and (2.21) hold. Then, without loss of generality, we assume that £(t) > 0 for all
teR,.

To get estimate (3.23) below, we prove Lemma 3.1-Lemma 3.10 where the proof is inspired
from the classical multipliers method used in [3], [10], [17], [18] and [19]. To estimate the
nonlinear terms in (3.18), we use some arguments and ideas from [12], [13] and [15]. We use
also the approach of [8] to estimate the term g o ¢, in (3.23) under the weaker assumption (2.8).

Lemma 3.1. The energy functional satisfies
1 L

E/(t) = Eg/ o ’(/)l — A b(ﬂf)’(/)ﬂl(iﬁ»d.ﬁ < 0. (31)
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Proof. By multiplying the first two equations in (P), respectively, by ¢; and v, integrating over
10, L], and using the boundary conditions, we obtain (3.1) (note that ¢ is non-increasing and
sh(s) > 0forall s € R because h is non-decreasing and 1(0) = 0 thanks to (2.5)). The estimate
(3.1) proves that (P) is dissipative, where the entire dissipation is given by the complementary

past history and frictional damping controls.

+oo
Lemma 3.2 ([9]). Let gy = / g(s)ds. The following inequalities hold:
0

2

([ o)) =t 5is) <0 [ als)wnlt) = vale = s,

2

([ ) vt - 0as) <900 [ 46)00)  valt ~ s,
0 0

As in [17], we consider the following functional.

Lemma 3.3. The functional

1) = [ atwun | )W) — wlt — 5)) dsda

satisfies for any § > 0

I(t) < —ps (/0+00 g(s)ds — 5) /L a(z)ide + cs /OL b(z)h? () da

0

L L
+6/ <sox+w)2dx+6/ W2da + 59 0 e — csg' 0.
0 0

Proof. The proof is identical to the one of [10, Lemma 3.4].

As in [17] and [18], we consider the following functional.

Lemma 3.4. The functional

L
L(t) := —/0 (p20be + prippe)de

satisfies

L
L) < - / (o202 + pr?)d

L L L
2 2 2 o .
+ki /0 (e + 7/)) dz + C/O Yrdr + C/O b(x)h (1/Jt)d;v +cgo,

Proof. The proof is identical to the one of [10, Lemma 3.5].

m}

(3.4)

(3.6)
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As in [3], we consider the following functional.

Lemma 3.5. The functional

L kapr [*
I3(t) = pz/ 1/%(901 + ’1/1)d$ + Tl/() Yrprdx
0

—Zi/OL a(x)py /()+OO 9(8)¢Yu(t — s)dsdx

satisfies for any € > 0

2

50) < 5 (batelLt) = a(0) [ gls)in(iot = ) (3.

1 +oo 2
52 (k2 (0.1) = a(0) /O 9(5)2(0,t — s)ds)
€ L L
FS LD+ R0.0) = (=0 [ (oot 0Pdotpn [ vRds
0 0

L L L
k
+6/ w%dw+ce/ b(x)h* () — ceg' oy + (,2771 —pz)/ Prtfarda.
0 0 0

Proof. Using equations (P) and argument as before, we have

L
I(t) :Pz/ (Pt + V) eda + 27[)1/ Yriprda
0

[ o) (bt = [ a5t = )t — (o +0) = b)) o

+oo

+k; /OL Vu (e +)odr — /OL a(z)(z +1)a (/0 9(s)hy (t — s)ds) dx
f% OL a(z) ey (9(0)1/1z + /0+°° g (8)e(t — s)ds) dx

L 5 L 5 kZ,Dl L
= —k / (o +1p)"dx + Pz/ Yydx + (,Tl - pz)/ Orhgde
0 0 0

L

+ Kkzwx —a(z) /O+OO 9(s)¥a(t — S)ds) (e + Mo

ky

By using (3.3) and Young’s inequality (for the last three terms of this equality), (3.7) is estab-
lished. O

+20 [ a@)e /Wg'(s)(wx(t)wx<ts>>dsdx | o) oa + 0)hwn)s
0 0 0

To estimate the boundary terms in (3.7), we proceed as in [3].
Lemma 3.6. Let m(z) =2 — %x. Then, for any € > 0, the functionals

+o0

Iy =pm AL m(z)y (k;zz/)l. —a(x) A g(s),(t — s)ds) dx
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and .
Is = Pl/o m(x)pspadr
satisfy
+o00 2
14(t) < — (koo (L.1) — a(L) /0 9()0 (L.t — s)ds) (3.8)
+o0 2 L
(k0.0 = a(0) [ 9006 = )ds) ek [ (o +0Pla
1t L L
vell+2) [ wdo e [ Wl de+go) e [ vide e 0w,
e Jo 0 0
and .
BO) £ k(AL +200) +c [ (6 +2+ i) (3.9)
0
Proof. The proof is identical to the one of [10, Lemma 3.7]. O

Lemma 3.7. For any € €]0, 1], the functional

1 €
I6(t) = I3(t) + 2[4(15) + %B(t)
satisfies
/ ki t 2 by c [t
it < (2 fce)/ (9o + ) d:L'—I—ce/ S + E/ Ve (3.10)
0 0 0

L L k L
+€£2 /0 Y2dr + c. (/0 b(z)h*(Yy)dx + goth, — g o %) + (%2 —p2) /0 O1tpeda.

Proof. By using Poincaré’s inequality, we have

L L L L L
/ Q2dx < 2/ (¢u +)dx + 2/ Yrdr < 2/ (¢u +)dz + c/ Yida.
0 0 0 0 0
Then (3.7)-(3.9) imply (3.10). o

Lemma 3.8. For any € €0, 1|, the functional I;(t) := Is(t) + £ I>(t) satisfies

, k1 L 2 P1 L 2 r 2 2
BO <-4 [(eropde- 0 [ Gdore [(@eadie (3
0 0 0

L k L
tol [ b e+ g0 =g o ve) + (G2 =) [ e

Proof. Inequalities (3.10) (with € small enough) and (3.6) imply (3.11). O
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Now, we use a function w introduced in [3] to get a crucial estimate.

Lemma 3.9. The function

T 1 L
- [ vwodr+ ([ vmay)e (3.12)
0 0
satisfies the estimates
L L
/ wrdx < c/ Yz, Wt >0, (3.13)
0 0
L L
/ widr < c/ Yidr, Vt>0. (3.14)
0 0

Proof. . We just have to calculate w, and use Holder’s inequality to get (3.13). Applying (3.13)
to wy, we get

L L
/ w2, dx < c/ Yidz, Yt >0.
0 0

Then, using Poincaré’s inequality (w;(0,¢) = w:(L,t) = 0), we arrive at (3.14). O

Lemma 3.10. For any € €]0, 1], the functional

L
Is(t) = /0 (prtbiie + prowgs)de

satisfies (1 is defined by (2.6))

g—f/ Yide + - /wtdx+e/0 oidx (3.15)

te / b)) dz + g o .

Proof. . The proof is identical to the one of [10, Lemma 3.10]. O

Now, let N, N>, N3 > 0. We put
Ig(t) :== N1 E(t) + NoIo (t) + Nalg(t) + I(t). (3.16)
By combining (3.1), (3.5), (3.11) and (3.15), and taking 6 = k‘ in (3.5), we obtain (g9 =
/0 o g(s)ds is positive and bounded thanks to (H3))

L
L) < IN3 / W2da — ——eN)/O Plda (3.17)

[ (Vaonntae) )~ 22 oYuzae [ o v

0
L

i [ bla)nh)de + e /0 () (07 + () dz + g o,
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Ny p1k

L
H5 —eny, —)g 0oty + (5 — — Pz)/ o1 prd.
2 :ZC] 0

At this point, we choose N3 large enough so that % — ¢ > 0, then € €]0, 1] small enough so
that £ — N3 > 0. Next, we pick N, large enough so that Nap,go inf,cjo, 1) {a(m) +b(x)}— CTN‘ —
¢ > 0 (this is possible thanks to (2.30)). Consequently, we get from (3.17), using the definition
(2.10) of E,

L
Iy(t) < —cE(t) + cgo iy + (p]'c—k2 - pz)/ i pida (3.18)
1 0
L L
+(% — C)g/ 0, + C/O b(l‘)(d)tz + hz(q/}t))dx — N, /0 b(x)1/)th(1/)t)da:.

To estimate the last two integrals of (3.18), we use some ideas from [2], [12], [13] and [15].
Let

Q. ={z€]0,L: [¢¢] > e} and Q_ ={z €]0,L[: || < e}, (3.19)
where ¢ is defined in (H2). Using (2.4), we get (note that sh(s) > 0)

c [ blx)(? + h(y))dz — Ny /OL b(z)eh(s)dr < (¢ — Ny) | b(2)¢eh(v)da.

Q. Q.

Now, by definition of the functionals I} — Ig and F, there exists a positive constant [ satisfying
|N> Iy + N3lg + I;| < BE which implies that

(N1 —B)E<Iy < (N, +pB)E,

then we choose N large enough so that ¢ — Ny < 0, % —c¢>0and Ny > B (thatis Iy ~ F),
we get from (3.18)
I(t) < —cB(t) +cg oty (3.20)

L
O [ e o [ a0 4100

Case 1. H is linear on [0, ¢;]: then (2.4) is satisfied on R and therefore

L

¢ / () (2 + W2 (4,)) e — N, / b()beh(e)dz < (c— Ny) / () by (e .
0 0 0

So, with the same choice of N, we get from (3.18), for Hy = Id in this case,
/ p]kl L
Ig(t) < —cHy(E(t)) + cg oty + (Tl - pz)/ Otyrd. (3.21)
0

Case 2. H'(0) =0and H"” > 0 on ]0, ¢1]: without loss of generality, we can assume that H’
defines a bijection from R, to R, . Let H* be denote the dual function of the convex function
H given by

H*(t) = sup{ts — H(s)}, VteR,.
seR,
For ¢ € R, the function s ~ ts — H(s) reaches its maximum on R, at the unique point
(H')~'(t). Therefore

H*(t) = t(H")"'(t) - H(H')"'(t)), VteRy.
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Because H is convex and H (0) = 0, then, for any sy € Ry,

H (a1 *0) < a0 * (1= g, oy H0) < M) H )

which implies that, for s = H = (¢:h (1)),
b(a)H ™" (eh(¢r))da < max{1, ||blloc}H " (b(x)yeh (1))

Thus, using (2.5),

/ b@) (62 + B2 () )da < / b(a) H= ($uh(ty))dz < ¢ /Q H(b(2)duh(thy) )da.

Therefore, using Jensen’s inequality and (3.1), we find

[ ot 12w < ca

cb(x)wth(wt)dx) < cH Y (—cE'(t)).
Q_

Then, using (3.20), we get

L
IL(t) < —cE(t) + cH Y (=cE'(t)) + cg oy + (%/fz - pz)/o Pithpide.

Let 79, 7/ > 0. Using the fact that £/ < 0, H” > 0 and Iy > 0, we obtain

(H’(TOE(t))Ig (t) + T'E(t))/ — B () H" (10 E(t)) Io(t) + H' (o E(t))I4(t) + 7' E'(¢)

< H'(nE(t)) (ch(t) + cH N (=cE'(t)) +cgot, + (pllc—]fz ) /OL gpthtdz) + 7' E'(t).
Using Young’s inequality:
H™'(—cE'()H' (0 E(t)) < —cE'(t) + H*(H' (0 E(1))),
and the fact that H*(t) < t(H')~'(t) and H' (7 F) is non-increasing, we get

(B0 +7E0) < (B2 = ) H () [ prtoda

+cH' (10E(0))g 0 ¥ — cH' (0 E () E(t) + cH™ (H'(10E(t))) + (7' — ) E'(t)

p1k2 y b /
< (B2 ) B (EW) [ prbads + e (mE©)g0 v,
k1 0

—cHy(E(t)) + croHo(E(t)) + (7" — ) E' (1),

where Hy(t) = tH'(7ot) in this case. By choosing 7y small enough and 7’ large enough, we
arrive at

(Hoéi ()t)) (1) + 7' E(t)) < ~cHo(E(1)) +cg o v (3.22)

L
Lok, HoE®) / Gitarda. O
1 0




On the Stabilization for Timoshenko System 201

Let I;0 = HO( )I + 7'E, where Hy is defined by (2. 14) (Iig = Iy if H is linear on [0, ¢]).

The functional I]o satisfies I;g ~ E (because Ig ~ E and ( ) is non- increasing) and, using
(3.21) and (3.22),

Tift) <~ E) + cg v+ (2 = o) G [ g (3.23)

Now, we estimate the term g o 1/,, in (3.23) in function of E’ by exploiting condition (2.7)-(2.8).
This is the main difficulty in the treating of the past history term. When g satisfies the classical
condition (2.7) (g converges exponentially to zero at infinity), the conclusion is immediate thanks
to (3.1) (Case 1 below).

Case 1. (2.7) holds: then, using (3.1),

9oty < —cg’ otpy < —cE'(t)

which implies, using (3.23), for Gy = H) in this case,

(1) < —cGo(E()) — cE'(1) + (p;fz _ pz)G"éi(;)) /0 oimds.  (324)

Case 2. (2.8) holds: we apply here the approach introduced in [8]. First, we note that, if
g'(s9) = 0 for some sy > 0, then g(s9) = 0 because G~'(0) = 0 and s > %

bounded (thanks to (H4)), and therefore, g(s) = 0 for all s > sy because g is non-negative and
non-increasing. This implies that

is

goty = /0 a(x) /030 9(8) (e (t) — u(t — 5))2dsd.

Thus, without loss of generality, we can assume that ¢’ < 0 on R.

Now, because FE is non-increasing (see the definition of 7 in section 6),

/OL a(z) (W (t) — et — s) dx < csup/ ¢2

T€R

L

< csup/ Y2 (1)dx + cE(0) < csup/ me, (T)dz + cE(0).
7>0J0 7>0J0

Thus, thanks to (2.11), there exists a positive constant m; = cMy + c¢E(0) (where M is defined

in (2.11)) such that

/O () (W () — u(t — 8))2dz < my, Vi, s R,.

Let €, 71, » > 0 and K(s) = &1 fors € Ry (K(0) = 0 because, thanks to (H4),

limg_o+ = lim;_o+ GO — G’ (0) = 0). The function K is non-decreasing. Indeed,

Gj(s) t
because G~! is concave and G~!(0) = 0 (thanks to (H4)), then, for any 0 < s < s,
S1 S1 S2

Ke) = e+ (- m)0) < 561 (o) + (1= 5)G10) ~ G 1(2)

=K (82) .
Therefore,

K(=mg/(s) / al@) (ba (1) = u(t = 5))2dz) < K (=mimg/(s)).

0
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Using this inequality, we get

L

1 e ,
9ot = s [ 67 (<ng'(9) [ a@)wnlt) = vl - 9)Pa)

" 11G' (eoHo(E(t)))g(s)
—729'(s)

K (0 0) [ a)wa(t) ~vult - ) i)

S TIG/(GOIZIIO(E(t))) »/0+C>O Gil (77.29/(8) /OL a(x)(dh.(t) a wT(t B S))2dx)

i (e Ho(E(0)o(s)
—129'(s)
1 +o0 3 , L
< —remmay b © e [ e st - 5)Pas)

» mi G’ (eoHo(E(t)))g(s)
G~ (—mimg' (s)
Let G* be denote the dual function of G defined by

K(—mim29'(s))ds

ds.

G*(t) = sup {ts — G(s)}, VieR,.
seR;

Thanks to (H4), G’ is increasing and defines a bijection from R, to R, and then, for any
t € R, the function s — ts — G(s) reaches its maximum on R at the unique point (G)~!(%).
Therefore

G*(t) =t(G) 7 (t) - G((G)'(t), VteER..

Using Young’s inequality: ¢1t, < G(t1) + G*(t2) for

(o) [ e et vt sy, 1 = TG O E©)g(s)
b= G (=nd () [ ale)(slt) — wslt = o) Ps). 1o = PRI,

o
G (eoHo(E(1)))

1 teo L rmun G (eoHo(E(t)))g(s)
+T1G’(6()H0(E(t)))/o & ( G T (—mimg () )ds.

Using (3.1) and the fact that G*(t) < t(G")~'(t), we get

go, < g oty

—27m
TG (eoHo(E(t)))

go, < E'(t)

“+0o !
g9(s) n—1 (MG (eoHo(E(t)))g(s)
+m G ds.
1/0 g ) ) ( G~ (—mimg/(s)) )
Condition (2.8) implies that sup, ., =rZ“sr5; = ma < ++oc. Then, using the fact that (G")~"!
is non-decreasing (thanks to (H4)), we get, for m, = m%

-2
mi11G (eoHo(E(t)))

go, < E'(t)
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e g(s)

, Gl ™

i (G (rmaman G (o Ho(E(1))) )

+o00
Because / G_ILS)/ds < 400 (thanks to (2.8)), we find, for 7, =
0 g\s

mymy’

< O F(t)+ ceoHo(E(t)).

Then, for all ¢y > 0,

ma 0ty < —cE'(t) + ceonGo(E(1)), (325)

where Gy(t) = Ho(t)G'(eoHo(t)) in this case which implies, using (3.23),
Go(E(Y)) ., ’
P Thlt) < ~(c — ca)Go(E (D) ~ cE'()

+(p;€]f2 —pz)Goéi()t)) /0 O1prde.

Choosing ¢y small enough, we get

~—

GO(E(t) ! /
mflo(t) < —cGo(E(t)) — cE'(t) (3.26)

Jr('o;clf2 - ) Goéi()t)) /0 Prthdr. O
Let
- T(Iiog % Iy + ¢E), (3.27)

where 7 > 0 and Gy is defined by (2.13). We have F' ~ E (because I ~ E and flggg is
non-increasing) and, using (3.24) and (3.26),

F/(1) < —erGo(E(1)) + T(”;’f2 - pg)GOéi ()t)) /0 P (3.28)

Thanks to (1.1), the last term of (3.28) vanishes. Then, for 7 > 0 such that

F<E and F(0)<I, (3.29)

we getfor ¢’ = er >0
F' < —dGo(F). (3.30)
Then (3.30) implies that (G (F')) > ¢/, where G, (t / ds Then, by integrating over

[0,¢], we get G1(F'(t)) > 't + G1(F(0)). Because (0) < 1 and G, is decreasing, we obtain
G1(F(t)) > ¢'t which implies that F(t) < G '(c't). The fact that ' ~ E gives (2.12). This
completes the proof of Theorem 2.1.
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4 Proof of Theorem 2.2

In this section, we treat the case when (1.1) does not hold which is more realistic physically.
We will estimate the last term of (3.28) using the system (P2) resulting from differentiating (P)
with respect to time

p1owe — ki (0ot + 1) =0 N
P20t — kouze + ki (Par + 1) + /0 9(s)(a(x)Yue(t — 8))xds + b(z)h (Pi)hee = 0,
¢t( ) =0.

th(O, t) = 1/]75(0775) = ‘pt(Lat) =
(P2)
System (P2) is well posed for initial data (0, 10(0), ¢1,%1,m0)7 € D(A) (see section 6). Let
E, be the second-order energy (the energy of (P2)) defined by Ex(t) = Ej(¢¢, ¥r)(¢), where
Ei(p,9)(t) = E(t) and E is defined by (2.10). A simple calculation (as for (3.1)) implies that

1 L
B3(1) = 39/ ot — [ bW (o). (4.1)

Because infycg 2/(t) > 0 thanks to hypothesis (H6), we have

1 L
Ej(t) < 59/ 0ther — c / b(z)v?,dx < 0. (4.2)
2 0

The energy of high order is widely used in the literature (see [1], [7], [18] and [19] for
example) to estimate some terms. Our main contribution in this section is estimating g o 1, in
(4.9) under the weaker assumption (2.8) by applying here the approach introduced in [8].

Let 7 = 1 in (3.27). Thanks to (H6), H is linear and then (3.28) holds for Hy = Id. Thus,
(3.28) implies that

P() < eGo(B@) + (422 = ) SLEO [ g @3)

where G is defined by (2.19). Now, we proceed as in [18].

Lemma 4.1. For any € > 0, we have

(pllTllfz _pz)/o Gogft()t))/o @t;z;xtda:dtée/o Go(E(t))dt (4.4)

Go(£(0))

T Go(E(t)) /
+C€/O Oi(goth_g Oww)dt‘l’cew

E(t) (E(0) + E»(0)), VT > 0.

Proof. We distinguish two cases (corresponding to hypothesis (HS)).

+o00
Case 1. inf, ¢y, j{a(z)} = ap > 0: let go = / g(s)ds. We have

piks L plkz _ +00
(T — pz)/ O ppdr = / aogot/ $)ye(t — s)dsdx (4.5)
1 0 aogo

1k2 — +00
/ ao%/ ) (Vat(t) — Yo (t — s))dsdz.
aogo 0 0
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Using Young’s inequality and (3.2) (for v, instead of 1,.), we get for all ¢ > 0

/)lkz _ Yoo
/ CL0<,0t/ 8) (ot (t) = thee(t — 5))dsdx

aOQO

L +oo
e [ a@lal [ a6t = vualt = s)dsde < SE0) + g o v

On the other hand, by integrating by parts and using (3.3), we obtain

Plkz +oo
- P2
/ aocpt/ $)tut(t — s)dsdx
aogo

/)lkz - L oo
P2 /
aog() /0 dopt (g =+ A g (5)1%(75 - S)ds) dx

l’lkZ — L +oo
PP v [ (g (D) alt) =l 9))ds
aogo 0 0
< SB(t) —cg ot
Inserting these last two inequalities into (4.5), multiplying by ( ) and integrating over [0, 7,
we obtain (4.4).
Case 2. |a/| + |a — bo| < b1b: we have
T L
piks Go(E(1)) /
- 4.
(B2~ o) /0 ol R (46)
plkz B Go a(z) by —alx)
I— P2 / / < b() + b() )@thtdxdt
Asin Case 1 (thanks to the presence of a),
pika T Go(E(t)) /L a(x)
—_— = cedxdt 4.7
/ Go( dt+0/TW( 0Py — g 0ty )dt
> 2 O € 0 E(t) g xt g T

On the other hand, 1ntegrat10n with respect to ¢ and then with respect to « and using Poincaré’s
inequality, the definition of ( ) , 2 and F), and their non-increasingness, we get

T e

ki E(t)
- SR [t
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Using the fact that

‘/ bo —a(z wztdx‘ < c(E(t) + Ex(t)) < ¢(E(0) + E»(0))

and integrating by parts the last integral, we get

pke (T GolE@) [* -~ alo)
el o S e

<c E(0) (E(0) + E»(0)) — c(E(0) + Ez(O))/ (Goé?t()t)))/dt

0

+(p]1€7]1€2 - PZ)/O (L(?t(;)) /0 bz(x) Prpdadt
p1ks T Gy(E®) [*d(z)
(Tl - PZ) E(t) /0 bO @wttdxdt'

Using Poincaré’s inequality again, (4.2) and the fact that |a — by| < byb and |a’| < b;b, we deduce

that
prka T Go(E(t)) L by — a(x)
( kl - pZ)A E(t) /0 bO @twmtdxdt

ch0§§;’”@<0>+&<0>>+0 / Gogj;g’f” | va@te + e vnldod.

0

Therefore, using Young’s inequality and (4.2) to estimate the last integral,

sy [ B [Plome)

GO(E(O)) E T . GO(E(O)) T )
<y (BO) + B2(0) + 3 /0 Gul ()it - o, 220 /0 (1)
- CEC%J%;)))(E )00 / Gol® (4.8)
Inserting (4.7) and (4.8) into (4.6), we obtain (4.4). 0

Now, using (4.3) and (4.4) and choosing e small enough, we get

/0 "t < —e /0 " o) + cGng(g’)) (E(0) + Ex(0))

" Go(B(t)) /
—|-C‘/0 OE(t) (g o ¢zt —g o wm)dta

then, using (3.1) and the fact that F' ~ F and G"éE) is non-increasing,

/ Go(E(1))dt < e(1+ GO};?O(;))))(E(OHEZ(O)) (4.9)

-I-C/O Goéi()t)) g 0 Yydt.
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To estimate the last term in (4.9), we distinguish two cases.
Case 1. (2.7) holds: we have Gy = Id. Using (4.2), we get

Go(E(1))

E(t) go Yyt = gogy < _Cg/ 0 gt < _CEé(t)«

Case 2. (2.8) holds: using (2.17) and similarly to (3.25) for g o v, instead of g o 1), (here
Hy = Id), we get, using also (4.2),

Go(E(t))

B0 g oty < —cE5(t) 4 ceoGo(E(t)), Veo > 0.

Then we get in both cases

/T Go(E(t))
0

T T
g0 urdl < fc/ Eé(t)dt—l—ceo/ Go(B(t))dt, Veo > 0.
E(t) 0 0

Inserting this inequality into (4.9), choosing €y small enough and using the fact that Go(FE) is
non-increasing, we deduce that for all 7' > 0

cwﬂﬂﬁéAzMﬂmﬁ§4Hf%%@ﬂﬂm+&@) (4.10)

which gives (2.18) with € = c(l + %) (E(0) + E2(0))

5 Proof of Theorem 2.3

Using (4.10) and (6.2) (see section 6), the proof of (2.21) becomes just a particular application
of Theorem 5.1 below which gives an extension of [1, Theorem 2.1] and [7, Theorem 2.1].

As in section 6, let A : D(A) — H be a linear bounded operator on a Hilbert space H with
domain D(A) C H such that A generates a Cy-semigroup. Let U € C'(R,H) the classical
solution of the first order problem

U't)+AU(t) =0, Vt>0

with initial data U(0) = Uy € D(A) (see [12] and [22]).

Theorem 5.1. Let @ : Ry — R such that ® =Id or ® is differentiable, strictly convex and
increasing with ®(0) = 0. Let ¢ : H — R be a continuous function and m € N*. Assume that
t — ¢(U(t)) is non-increasing and

YUy € D(A™), 3C >0 /T D(p(U(t)))dt < C’id}(U(k) (0)), VT > 0. (5.1)
0 k=0

Then, for any n € N* and any Uy € D(A™™), there exists C,, > 0 such that

) <@, (5 w0, (52)
where

Id if ® = Id,
CD(t)(CID**I(CID(t)))n otherwise
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and ®* is the dual function of @ (defined by ®*(t) = sup g {ts — P(s)}).

Remark 5.1. The case ® =Id gives [1, Theorem 2.1], and the case m = 1 and ®(¢) =
with p > 1 gives [7, Theorem 2.1].

Proof of Theorem 5.1. The proof is very similar to the one of [1, Theorem 2.1]. We only
have to prove that, for any n € N* and any Uy € D(A™"), there exists c,_; > 0 such that for
allo<S<T

d / d(p ( 5) dt<cn 1Z¢ ), (5.3)
where
o 1 if ® =1d,
Proa(t) = {(cp*—l(cp(t)))n—l if not.
Indeed, using the fact that ®(¢(U)) is non-increasing, we get
5 T 2fn—l
D, u(Tr P(Pp(U(t))) ——dt
o) [ eu) s,

> (WIS ) [ Lot = T o)

Then, using (5.3) with S = 0, we get (5.2).

We prove (5.3) by induction on n. Because Py =1, (53)is a consequence of (5.1) for
n =1 Now suppose that (5.3) holds. We have, using Fubini’s theorem and the fact that

D, (o(U)) = ®1(p(U))P,,_1(4(U)) is non-increasing,

T»/¢wmmﬁﬁw

~ - t)n—
— &, ((U(T)))Br_ //q> ( e

g/STcnlqal qu Ndt < ¢ 12/ | ( NG(UF(t))dt.

If ® = Id, then ®; = 1 and then ®,(4(U))p(U*) = ¢(UW). Otherwise, using Young’s
inequality: st < ®*(s) + P(t), we get

D, (p(U))p(UN)) < @* (D1 (¢(V))) + D((UM)) = D(4(U)) + D(H(U™)).

Then in both cases, we get (for ¢,,_; > 0)

/ D(o(U (1)) S> <y / Ceu®end. (54

By applying (5.3), for n = 1 and U®) instead of U, to estimate the last integral in (5.4), we
deduce (5.3) for n + 1 instead of n.

Proof of Theorem 2.3. Using (6.2) and applying Theorem 5.1 in the particular case m = 1,
¢ = E, ® =Idif (2.7) holds, and ® = G if (2.8) holds (where (4.10) implies (5.1) in this case),
we conclude (2.21). Note that, in case of our system (6.2) such that (2.8) holds, the inequality
(4.10) is satisfied under the restriction (2.17) on ry. Because, if (5.1) is satisfied for m = 1
and Uy satisfying (2.17), (5.2) is still satisfied for m = 1 and Uy satisfying (2.20) (the proof is
identical to the one of the general case), then (4.10) and Theorem 5.1 imply (2.21) also in the
case (2.8).
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6 Well-Posedness and Smoothness

In this section, we discuss the existence, uniqueness and smoothness of solution of (P). We use
semigroup theory and we adapt some arguments of [6] (see also [17] and [18]) to our system
(P). Following the idea of [6], let

n(x,t,s) =(x,t) —(z,t —s) for (z,t,s) €]0, L[xRy x Ry

(n is the relative history of 1, and it was introduced first in [6]). Then

m+1ns — Y =0, in ]0, L[xR, x R,
n(0,t,s) =n(L,t,s) =0, in Ry x R, (6.1)
n(z,t,0) =0, in J0, L[xR.

Then the second equation of (P) can be formulated as

gt —otaa+ ([ ats)as) i) = [ o) ataine)uis

+k1(pe 4 1) + b(x)h(1hy) = 0.

Let no(z,s) = n(x,0,s) = vo(z,0) — o(z,s) for (z,s) €]0, L[xR;. This means that the
history is considered as an initial data for n. Let

#=(H400.2D) % (£2(0,LD) x Ly,

where H}(]0, L]) = {v € H'(]0, L]), v(0) = v(L) = 0} and

L, = {v: R, — HM(0, L]), A a(ac)/o ” g(s)2(s)dsda < +oc}.

L, is a Hilbert space endowed with the inner product

e, = [ o) [ ool s)dsae

Then A is also a Hilbert space endowed with the inner product defined for V = (vy, v, v3, v, v5)T, W =
(w1, w, w3, wy, ws)" € H by

L
(ViW)a = (vs,ws) 1, + ki / (0zv1 + v2)(Opwy + wy)dx
0

L +o00
—|—/ ((kz —a(z) / g(s)ds) Oz 020, w3 + prvzws + p2v4w4) dx.
0 0

Now, for U = (p,9, ¢, %e,n)T and Uy = (po,10(0), w1,%1,m0)T, (P) is equivalent to the
following abstract Cauchy problem:

{U’(t) +AU(t)=0 on Ry, 62)

U(0) = Uy,
where A is the operator defined by

AV - (617627537’547 175)
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for any V = (v, v2,v3,v4,vs5)T € D(A), where

St

1= —U3,

<

2 = —U4,
3 = *% z(arvl +U2)7
Uy = —i (k’zamvz - (f;oo Q(S)ds) 6x(a(x)8$vz)>
— L[5 9(5)0s (a(@) s (5))ds + £ (Dpv1 +v2) + X2 h(va),
U5 = —v4 + Ogvs.

(3

Note that, thanks to (2.4) and the fact that & is continuous, we have
Jho>0: |h(s)| < ho(1 +1s|), VseR. (6.3)

Thus h(vs) € L*(]0, L[) for any v4 € L*(]0, L[), and then A is well defined.
The domain D(A) of A can be characterized by

D(A) = {V = (v, v2,v3,04,05)T € (Hz(]O,L[) N H(;(]o,L[)) X (H(;(]O,L[))3 x Ly,

et = ([ 0(6)ds)oua(@)0nen) + [ )0 (alw)deas(s))ds € 120,11}
and it is dense in H (see also [18] and [19] and the reference therein), where
Ly ={v € Ly, dsv € Ly, v(z,0) = 0}.
We use the classical notation D(A°) = H, D(A!) = D(A) and
D(A™) ={V € D(A"™ "), AV € D(A" 1)} forn=2,3,---.

D(A™) is endowed with the graph norm ||[V|| p(an) = > p_o [IAFV 5.

Now, we prove that the operator A : D(A) — H is a maximal monotone; that is —A is
dissipative and Id + A is surjective. Indeed, a simple calculation implies that for any V =
(Ul , U2, U3, V4, US)Tv W = (U}] , W2, W3, W4, w5)T € D(A)

1

(AV — AW,V — W)py = —=
2 Jo

awémﬂﬂ@w@—m@me

+ / () (0 — wa)(h(wa) — h(awg))d > 0,
0

since g is non-increasing, h is non-decreasing and 1(0) = 0 (thanks to (2.5)). This implies that
—A is dissipative.

On the other hand, we prove that Id+ A is surjective; that is for any F' = (f1, f2, f3, fa, f5)T €
H, there exists V = (vy,v2,v3,v4,v5)T € D(A) satisfying

(Id+ A)V =F. (6.4)
The first two equations of system (6.4) are equivalent to

vi=v3+ fi and vy =v4+ fo. (6.5)



On the Stabilization for Timoshenko System 211

The last equation of system (6.4) is equivalent to
vs + Osvs = vg + [,

then, by integrating with respect to s and noting that vs(0) = 0, we get
us(s) = ( / (va+ fs(r))emdr e, (6.6)
0

2 2
Let Hy = (H(} (o, L[)) and Hp = (LZ(]O, L[)) endowed with the inner products

L
(21, 22)7, (w1, w2) DYy, = ke / (Opz1 + 22) (0w + wo)dx
0

L +o0
+/ (kz — a(az)/ e_sg(s)ds) Oz 220, wodx
0 0
and
L
((z1,22)7, (w1, w2) ) g, = / (prz1w1 + pazowa)da.
0
Thanks to (2.6) and Poincaré’s inequality, (, )3, defines a norm on H; equivalent to the one of
2
(H 1o, L[)) . In addition, the inclusion H; C #; is dense and compact.

Now, inserting (6.5) and (6.6) into the third and fourth equations of system (6.4), multiplying
them, respectively, by pjws and pywy, where (w3, wq)? € Hj, and then integrating their sum
over |0, L], we get

((v3,04) ", (w3, wa) )3, + (03, 00) ", (w3, w0a)" )24, +/O b(z)wsh(vs)d (6.7)

= ((f5, )" (w3, wa) Ve, — ((F1. f2) 7, (w3, wa)" )y

+o0
+</ (1- e*S)g(s)ds) / a(x) 0y f20,wadx
0 0
L +o0 s
—/ a(x)0y (/ e_sg(s)</ f5(T)erT)ds>8mw4dx, Y(ws, wy) € H,.
0 0 0
We have just to prove that (6.7) has a solution (vs, v4)T € Hi, and then, using (6.5) and (6.6),

we find (6.4). Following the method of [12] (page 95), let 7| be the dual space of #; and
Ay @ Hi — Hj be the duality mapping. We consider the maps A, B, : H; — H| defined by

L
(Ai(z1,22)", (w1, w2)" )3 21, :/ b(2)h(z2)wrdx
0

and
L

<B|(21,ZZ)T,(wl,wz)Tﬁ.{iﬂ_[l 2/ a(x) Dy 220, wrdz.
0

We identify H, with its dual space #) and we note

= ([ - [

+oo

e °g(s) ( 08 fs (7')er7'> ds.
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We have B (0, f5)” € H/ and the formula (6.7) becomes
(Id+ Ao + A1)(v3,04) ", (w3, wa)" )01 24,

= ((f3, f2)" = Ao(f1, f2)" + Bi(0, 5)", (w3, wa) " )agr 3¢y, (w3, wa)” € M.
Let
(i, 2)T = (f3, f0)" = Ao(f1, )" + Bi(0, f5)".

Because H, = H) C H/, then ( fi, )T e ). Therefore, the last formula is well-defined and
equivalent to o
(Id+A0+A1)(U3,U4)T = (fl,fz)T. (68)

It is sufficient to show that (6.8) has a solution (vs,v4)” € H;. Leth: R - RandI": H; — R
defined by

R(s) = /O C(r)dr
and .
D12 = 3l ) B + 502 + [ bhGde (69)

_<(fla fNZ)Ty (217 22)T>H{,7'l1 .
The map I is well-defined and differentiable such that
I'((21,22)") (wr, w2)™ (6.10)
= ((Id+ Ao+ A1) (21, 22)" = (Fi, )" (wi,w2) gy g, V(21 22) 7, (wiwa)” € M

On the other hand, since h is non-decreasing and h(0) = 0, B is non-negative, and then, using
Cauchy-Schwarz inequality to minimize the last term in (6.9),

D((z1,22)) 2 (3112 e, — 1 70Tl ) o1, 22) s

This implies that I converges to infinity when ||(21, 22)7 ||, converges to infinity, and therefore,
[ reaches its minimum in some point (v3,v4)”T € H;. This point satisfies I'((v3,v4)T) = 0
which solves (6.8) thanks to (6.10) with the choice (21, 22)T = (v3,v4)7.

Finally, we deduce that A is an infinitesimal generator of a contraction semigroup which
implies the following results of existence, uniqueness and smoothness of the solution of (P)
(see [12] and [22]):

Theorem 6.1. 1. For any (o, v0(0), p1,%1,m0)T € H, the system (P) has a unique solution
(o, 0,00, 0,m)" € C(R 3 H).
2. If (¢0,%0(0), ¢1,91,m0)T € D(A), then the solution
(0,0, 00, e, )" € WHS(Ry5H) N L™ (Ry; D(A)).

3. If h is linear (then A is linear) and (¢o,10(0), ¢1,%1,1m0)T € D(A™) (for n € IN*), then
the solution

(@7 M Pt ¢t7 77)T c mZ:OCn_k(R+; D(Ak))
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