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ENTROPY PRODUCTION AS A MESH REFINEMENT CRITERION

APPLICATION TO WAVE BREAKING.

Frédéric Golay, Mehmet Ersoy, and Lyudmyla Yushchen ko
Université de Toulon, IMATH, EA 2134, 83957 La Gard e Cedex, France.

Abstract
We propose an adaptive numerical scheme for hyfiedemservation laws based on the
numerical density of entropy production (the amoahtviolation of the theoretical
entropy inequality). Thus it is used asaposteriorierror which provides information
on the need to refine the mesh in the regions wilismntinuities occur and to coarsen
the mesh in the regions where the solutions resramoth. Nevertheless, due to the CFL
stability condition the time step is restricted dedds to time consuming simulations.
Therefore, we propose a local time stepping algoritWe numerically investigate the
efficiency of the scheme through several 1D tesesand 3D dam break test case.

Keywords: Hyperbolic system, finite volume scheme, localsmeefinement, numerical density of
entropy production, local time stepping.

1 Entropy production
We are interested in numerical integration of rinedr hyperbolic systems of conservation laws ef th
form (express here in 1d for the sake of simpljcity
ow  of (w)
i i e
ot 0X
w(0,x) =w, (x), xOR.

=0, (,x)OR*xR

1)
where w:R* xR - R? stands for the vector state afidR® — R the flux function.

Solving Equation (1) with high accuracy is a chadjeng problem since it is well-known that solutions
can and will breakdown at a finite time, even # thitial data are smooth, and develop complexctire
(shock wave interactions). In such a situation uthigueness of the (weak) solution is lost an@éd®vered
by completing the system (1) with an entropy inéityaf the form:

os(w) , 0g(w) <0, 2
ot 0X
where (s,¢/) stands for a convex entropy-entropy flux pair. sSThiequality allows to select the

physical relevant solution. Moreover, the entropgisfies a conservation equation only in regiongngh
the solution is smooth and an inequality when thieiteon develops shocks. In simple cases, it can be
proved that the term missing in (2) to make it gnadity is a Dirac mass.

Numerical approximation of Equations (1) with (Batls to the so-called numerical density of entropy
production which is a measure of the amount ofatioh of the entropy equation (as a measure abtta
residual as in [2, 6, 8, 7]). As a consequence, nimmerical density of entropy production provides
information on the need to locally refine the méshy. if the solution develops discontinuities)tor
coarsen the mesh (e.qg. if the solution is smoothveell-approximated) as already used by Puppo 112,
13] and Golay [5]. Even if the shocks are well-captl on coarse grid using finite volume scheme such
indicator is able (as shown in Puppo [13]) not atdyprovide an efficien& posteriorierror, but also to
reproduce the qualitative structure of the solutiord to pilot the adaptive scheme. Explicit adaptiv
schemes are well-known to be time consuming due @-L stability condition. The cpu-time increases
rapidly as the mesh is refined. Nevertheless, pletone can be significantly reduced using the lldicae
stepping algorithm (see e.g. [9, 16, 1, 10, 3]).

The numerical scheme is presented in details inifigluding the local time step scheme, the mesh
refinement procedure by dyadic tree. The readef@amd more details about the 3d approach in [4, 14



2 One-dimensional test case
We now present some results usingadaptive multi scale schemgumertal solutions are compute
using the onalimensional gas dynamics equations for ideal
2
a_p+%:0, %+a(pu i p) =0, apE+6(,0E+ p)U =0, p=¢-1pe (3)
ot ox ot 0X ot 0Xx
where p,u, p,y, E are respectively the density, the velocity, thespuee, the ratio of the specific he

(set to 1.% and the total energ E=£+U*/2 (where ¢ is the internal specific energyUsing the
conservative variablesv = (,o,,ou,,oE)T , we classically define the entropy tsfw) = —pln( p/ py) and
the entropy flux byg (w) = us(w)

In what follows, weperform several numerical testse will refer AB1 as the first order scheme, AB2
the second order Adani&asforth scheme, RK2 as the second order F-Kutta scheme. AB2 and Rk
usea MUSCL reconstruction. Moreover, all computatiame made with a dynamic grid except. We i
use the cap "M" when the local time steppingrtigm is employed NLmalx stands for the average numl

of cells used during a simulati of an adaptive scheme with a maximum level .
We considethe Shu and Osher's problel5] with initial conditions
(3.857143, 2.629369, 10.3333)x< 0.1
(p,u, p)(©0,x) = :
(1+0.2sin(56 ), O, 1), x >0.1
and the computational domain [0,1] with prescribed free boundary conditic (cfl=0.219,
simulation time 0.18s, initial number of cells 5&d 4 level of mesh refineme. As a reference solutiol
we compute the solution on a uniform fixed ¢(20000cells) with the RK2 scheme. This solution be
computed on a very fine fixed grid, as predictedh®ytheory, the density of entropy productionlimast
concentrated at the shocks. Even if small prodostiare present betwee¢0.5< x< 0.75, one can

consider such a solution as an ~“exact"
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Figure 1: Shu Osher test case.

On Figure 1we plot the density of the reference solutioe, dhe by AB1, AB2 and RK2 schemes ¢
their numerical density of entropy production. 8tey from 500 cells, the adaptive schemes leadety
close solutions for each scheme and the numerigasity ofentropy production vanishes everywh
where the solution is smooth and every solutiotofithe reference solution. However, focusing dipse
the oscillating area betweed.5< x< 0.7, one can observe that the standard classificatfcmethods

holds: AB1, AB2 and RK2Table : summarizes the computation of the total entropylpctior P, the
discrete I norm of the error on the density, the -time, the average number of cells and the mum

number of cells at final time.

It is well-known that the AB2 scheme is less stable and agrate than the RK2 scheme. Nonethel
in the framework of the local time stepping, fomakt the same accuracy the AB2M scheme compu
times faster thathe RK2 whiclis a significant gain in time.



P | o= P HIi cpu-time N, Maximum number ccells
AB1 0.288 0.C474 181 1574 230¢
AB1M 0.288 0.¢480 120 1572 231¢
AB2 0.287 0.C275 170 1391 202:
AB2M 0.286 0.C274 108 1357 1994
RK2 0.285 0.C208 299 1375 200t

Table T Comparison of numerical schemes of order 1 ¢

3 A three-dimensional dam break problem

We now present some results computed usinisothermal bi-fluid model [4]:
0o, ., _ oot . = AP _
—+div(pu) =0, —+div(pud u+ pl)=pQg, —+Ulg=0
o Hav(en) ™ (o Ph=p0. 3 9 @
pP=n+g[o-(0,+1-9)p.)]
where ¢ denotes the fraction of wa. We define the entropy by

1
s=2p0+ o)~ G (ay ~p.) 4
and the entropy flux by

w=(s+¢p-¢(a,-p.)e) U= 300+ o( P41 u

Instead of octree meshing, we use cartesian blagshing. The computational domain is splittec
many "blocks" which are devoted tcparallelprocess. According to the average entropy prodn and

thus the mesh refinement leve, each block is meshed in a cartesian v(aﬁ}‘lnx x 2Vn, x 2”‘1nz) cells.

The interface between two blocks is therefore, mbthe time, a non conforming one. Figure 2 wesprd

the simulation of a dam breaking problem. The donmsplitted in 225 block The ai-water interface is

well described according to the mesh refinementgdare which follow the high values of the numdr

production of entropy.
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4 Conclusion

In this paper, first and second order methods acsmand time are coupled with an adaptive algor
employing local time stepping@btaining an adaptive numerical scheme in whiehgrid is locally refine:
or coarsened according to the entropy indir. Several numerical tests have been performed and ah
impressive improvement with respect to uniform graen if a large number of cells is u:

All numerical tests also show that the numericatsity of entropy production combined with t
propoed mesh refinement parameter is a relevant local éndicator (everywhere where the solut
remain smooth) and discontinuity detector: largecg&s and oscillating solutions are very \-captured.
Moreover, we have shown that the implementatiothe local time stepping algorithm can significan
reduces the computational time keeping the samer @fdaccurac
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