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Andreas Nagler1, Cristóbal Bertoglio2, Michael Ortiz3, and Wolfgang A.
Wall1

1Institute for Computational Mechanics, Technical University of Munich,
Germany, {nagler,wall}@lnm.mw.tum.de

2Center for Mathematical Modeling, Universidad de Chile, Chile,
cbertoglio@dim.uchile.cl

3Division of Engineering and Applied Science, California Institute of
Technology, USA, ortiz@aero.caltech.edu

February 29, 2016

Abstract

We propose a framework for modeling complex, spatially varying fiber fields on
arbitrary biventricular geometries. Using insights from histological observations we
define the fiber direction in terms of a local reference system and two parametric fiber
angle families on the epi- and endocardial surfaces. We then use classical harmonic
extensions to interpolate the surface angle values to the whole volumetric, biventricular
domain.

1 Introduction

It is widely accepted that cardiac cells have a preferred alignment direction, which is one of
the main determinant of the electro-mechanical behavior of the heart. The complex pattern
of ventricular fiber organization has been studied extensively in the last decades, see reviews
[Anderson et al., 2009, Smerup et al., 2009] and references therein.
In the case that noninvasive measurements are not available, simple mathematical descrip-
tions of the fiber fields for simulations have been derived. These are translated from afore-
mentioned experimental observations and are named rule-based models (RBM). Since RBM
are based on the histological section of [Streeter and Bassett, 1966, Streeter et al., 1969],
they focus on the in-wall progression of the fibers, but do not consider any spatial varia-
tion in longitudinal (apex-to-base) and circumferential direction. Examples for RBMs differ
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mainly in the way the given fiber directions on the epi- and endocardial surfaces are interpo-
lated inwards the heart domain, either by using curvilinear coordinates [LeGrice et al., 1997,
Rijcken et al., 1997], surface distance functions [Potse et al., 2006, Bishop et al., 2010] or
harmonic liftings [Bayer et al., 2012, Wong and Kuhl, 2014, Rossi et al., 2014]. Hence, in
this work we present a methodology that allows for surface variations of the fiber angles.

2 Methods

2.1 Fiber model assumptions

These are the main assumptions and justifications of our fiber model:

1: The fiber organization is modeled only at the macroscopic level as single fiber continua
[Streeter and Hanna, 1973], where microscopic phenomena like branching and inter-
digitation are neglected.

2: The fiber direction is decomposed as proposed by [Streeter et al., 1969] into a local
orthonormal reference system, namely circumferential c, longitudinal l and radial
r = c×l direction, and a set of two angles, namely the helix angle ϑ and the transverse
angle ϕ. Though very often neglected in the RBM, the transverse angle is reported
[Chen et al., 2005, Schmid et al., 2007] to have values up to 20◦. Therefore both angles
will be included into our model. A schematic description of the fiber orientation in
context of the local reference system and the fiber angles is shown in Figure 1(a). The
final equations for the fiber orientation then read

f = cos(ϑ) cos(ϕ)c + sin(ϑ) cos(ϕ)l + sin(ϕ)r (1)

3: The fiber orientation includes both a transmural (i.e. from epi- to endocardium, as iden-
tified in [Streeter et al., 1969]) and a longitudinal variation, based on the inspection of
histological images in [Thomas, 1957, Fernandez-Teran and Hurle, 1982, Anderson et al., 2008]
and fiber angle plots in [Ennis et al., 2008, Smerup et al., 2009, Lombaert et al., 2012].

4: Though reference [Fernandez-Teran and Hurle, 1982] reports three epicardial apexes, for
the sake of simplicity the model is restricted to only one apex at the epicardium, where
the vortex cordis aepi will originate. We also automatically define apical regions on the
left and right endocardial surfaces as the closest points of these surfaces to aepi, what
is needed for building the angle parametrization.

2.2 Basic input of RBM

The presented RBM needs the following input, which has to be provided by the user:

• Tessellation of the ventricular domain Ω, where the endocardial trabeculations are
neglected, containing the mesh points {x1, . . . ,xp} ⊂ Ω.
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• Subdivision of the ventricular surface ∂Ω into base ∂Ωbase, epicardium ∂Ωepi, endo-
cardium of the left and right ventricle ∂Ωl

endo and ∂Ωr
endo, respectively. The latter

is further subdivided into septal ∂Ωr:sep
endo and the free wall ∂Ωr:fw

endo regions. This can
be integrated in the geometrical model construction typically done after the image
segmentation.

• The epicardial apex coordinate aepi.

• The number of surface partitions for the angles parametrization. For the sake of
generality, we will assume different number of patches for each surface of the heart
Γ ∈

{
∂Ωepi, ∂Ωl

endo, ∂Ωr
endo

}
, which we will denote pΓ

a and pΓ
c for the axial and circum-

ferential number of partitions, respectively. Note, however, that in the main part of
the article we choose pΓ

a = pΓ
c .

A schematic overview of all input parameters are given in Figure 1(b).
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Figure 1: (a) Schematic description of local reference system and fiber angles. Vectors
c, l, r = c × l form an orthonormal basis. Continuous lines are the projection of the fiber
onto the epicardial surface (green) and the short axis (blue). Angles between the projection
and the coordinate system are named helix angle ϑ (green) and transverse angle ϕ (blue) (b)
Input surfaces and apical input coordinates for long-axis view (left) and close up for right
ventricle (right).

2.3 Reference coordinate system

When all input surfaces and coordinates from Section 2.2 are given, the algorithm for com-
puting a heart-adapted coordinate system reads:
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C1: Set the long-axis directions lepi, llendo and lrendo on each surface ∂Ωepi, ∂Ωl
endo and

∂Ωr
endo, respectively. These directions are defined by computing the pseudo-normals of

the nodes closest to aepi on each of the surfaces, see scheme in Figure 2(a).

C2: For each x ∈ ∂Ω\∂Ωbase compute the area-weighted nodal pseudo-normal ñ(x).

C3: For each x ∈ ∂Ω\∂Ωbase calculate the circumferential and longitudinal direction
c2D, l2D : ∂Ω\∂Ωbase → [−1, 1]3 via:

c2D(x) = cross(λ(x)ñ(x), l(x)) (2)

l2D(x) = cross(λ(x)ñ(x), c2D(x)) (3)

with

λ(x) =

{
+1 for x ∈ {∂Ωepi ∪ ∂Ωr:sep

endo}
−1 for x ∈ {∂Ωepi ∪ ∂Ωr:sep

endo}
, l(x) =


lepi for x ∈ ∂Ωepi

llendo for x ∈ ∂Ωl
endo

lrendo for x ∈ ∂Ωr
endo

(4)

This choice of λ assures that all normals point outwards the ventricular cavity. We
hence implicitly fulfill the convention of [Streeter et al., 1969] that the circumferential
direction points counterclockwise with respect to the apex-to-base view and the lon-
gitudinal direction points from apex to base. A schematic overview of c2D and l2D is
shown in Figure 2(b).

C4: The quantities c2D and l2D are now extended to the whole ventricular domain versions
c3D, l3D : Ω→ [−1, 1]3 by solving the following harmonic lifting:

∆c3D = 0 in Ω

c3D = c2D on ∂Ωepi ∪ ∂Ωl
endo ∪ ∂Ωr

endo

∂nΩ
c3D = 0 on ∂Ωbase,

and analogously for l3D. Finally, both c3D and l3D are orthogonormalized at every
mesh point.

The results of the single steps are depicted in Figure 2.

2.4 Ventricular manifold parametrization

An initial step in parametrizing the fiber angles is the computation of a two-dimensional man-
ifold coordinate system for the ventricular surfaces ∂Ωepi, ∂Ωl

endo and ∂Ωr
endo, see final results

in Figure 3(c) and 3(f). The components of this coordinate system will be named longitudinal
coordinate ν : ∂Ω → [0, 1] and circumferential coordinate ξ : ∂Ω → [0, 1]. The construction
of the local reference system is adapted from [Bayer et al., 2012, Wong and Kuhl, 2014].
Be all input surfaces and coordinates from Section 2.2 given. For surface Γ ∈

{
∂Ωepi, ∂Ωl

endo, ∂Ωr
endo

}
the algorithm then reads:
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∂Ωl
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∂Ωr
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(a) Long axis definition

lepi

(b) c2D(blue), l2D(red)

lepi

(c) c3D(blue), l3D(red)

Figure 2: Schematic overview of local reference coordinate creation.

H1: Compute the auxiliary fields ν̃, ξ̃ : Ω→ [0, 1] by solving the following Poisson problems:

∆ν̃ = 0 in Ω ∆ξ̃ = 0 in Ω

ν̃ = 0 in AΓ
0 ξ̃ = 0 in CΓ

0

ν̃ = 1 in AΓ
1 ξ̃ = 1 in CΓ

1

∂nΩ
ν̃ = 0 in ∂Ω\

{
AΓ

0 ∪AΓ
1

}
∂nΩ

ξ̃ = 0 in ∂Ω\
{
CΓ

0 ∪CΓ
1

}
The Dirichlet surfaces are chosen as follows. For ν̃, AΓ

0 corresponds to the mesh point
∈ Γ closest to the given coordinate aepi, and the surface AΓ

1 is taken as ∂Ωbase. For ξ̃,
the surfaces CΓ

0 , CΓ
1 are identified as the regions close to the four chamber plane but

restricted to the free wall for both ∂Ωepi and ∂Ωl
endo, and restricted to the septum for

∂Ωr
endo. The four chamber plane is automatically defined using the apex and the two

valvular barycentric coordinates.

As an example, for the surface ∂Ωepi the regions AΓ
0 ,A

Γ
1 ,C

Γ
0 ,C

Γ
1 and the resulting ν̃

and ξ̃ are depicted in Figures 3(a)-3(b) and 3(d)-3(e), respectively.

H2: Note that the Harmonic interpolation solutions ν̃ and ξ̃ present a highly nonlinear
transition between the zero and one Dirichlet conditions. In particular, the values
for ν̃ are mostly around one, i.e. the value imposed on the base. To provide a more
homogeneous spatial distribution of the coordinate values, the ranking of positions
encoded in ν̃ and ξ̃ is used to define a transformed coordinate as follows. Two index
sets Iν and Iξ are built via ranking the values of ν̃ and ξ̃ for the nodes {x1, . . . ,xm} ⊂ Γ,
such that

ν̃(xIν(1)) < · · · < ν̃(xIν(m)), ξ̃(xIξ(1)) < · · · < ξ̃(xIξ(m)) (5)

5



From this sorting procedure we can define the transformations for the new coordinate
distributions νΓ and ξΓ:

νΓ(xIν(j)) =
j

m
, ξΓ(xIξ(j)) =

j

m
, j = 1, . . . ,m (6)

The resulting coordinate distribution after the transformation is depicted in Figure
3(c) and 3(f).

The final coordinates ν and ξ then read

ν(x) =


ν∂Ωepi for x ∈ ∂Ωepi

ν∂Ωl
endo for x ∈ ∂Ωl

endo

ν∂Ωr
endo for x ∈ ∂Ωr

endo

, ξ(x) =


ξ∂Ωepi for x ∈ ∂Ωepi

ξ∂Ωl
endo for x ∈ ∂Ωl

endo

ξ∂Ωr
endo for x ∈ ∂Ωr

endo

(7)

2.5 Fiber angle parametrization

The derived manifold coordinate system [ν, ξ] is now used to introduce a parametric rep-
resentation of the fiber angle fields ϑ, ϕ : [−90◦, 90◦] → Ω. Denoting the given num-
ber of partitions pΓ

c , p
Γ
a in circumferential and axial direction, respectively, for surfaces

Γ ∈
{
∂Ωepi, ∂Ωl

endo, ∂Ωr
endo

}
, we proceed as follows:

Z1: The surface Γ will be evenly partitioned according to a given scalars pΓ
a and pΓ

c . The
points affiliated to partition PΓ

j,k, j = 1, . . . , pa, k = 1, . . . , pc are given by:

PΓ
j,k =

{
x ∈ Γ

∣∣∣∣ [ν(x), ξ(x)] ∈
[
j − 1

pΓ
a

,
j

pΓ
a

]
×
[
k − 1

pΓ
c

,
k

pΓ
c

]}
(8)

To preserve the continuity of each angle field near the apex, we define the partition PΓ
a ,

where we will apply a constant angle value. The region PΓ
a is constructed by merging

the nodes with the smallest longitudinal coordinates of the partitions PΓ
0,k, k = 1, . . . , pc

into PΓ
a , see Figure 4(a).

Z2: We introduce a set of degrees of freedom (DOF) ZΓ
r,s, r = 0, . . . , pΓ

a , s = 0, . . . , pΓ
c ,

representing the values for either the transverse or helix angle on the corners of the
partitions defined above, see Figure 4(a). These will be later interpolated to the rest
of the heart domain to construct the respective full 3D angle field.

First, note that due to introduction of the apical partition PΓ
a , we impose the following

constraint
ZΓ

0,1 = . . . = ZΓ
0,pc

def
= ZΓ

a (9)

and we also set ZΓ
a as the angle value on PΓ

a .
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A0

A1

(a) Setup ξ̃ (b) Auxiliary coordinate ξ̃ (c) Transformed coordinate ξ

C0

C1

(d) Setup η̃ (e) Auxiliary coordinate η̃ (f) Transformed coordinate η

Figure 3: Manifold coordinate system creation for longitudinal (top row) and circumferential
(bottom row) coordinates. Figures depict the boundary condition setup (first column), aux-
iliary coordinates (second column) and the transformed result (third column). Coordinates
are colored from 0 (blue) to 1 (red), including contour plots.
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Additionally, for each Γ the first and last partitions in circumferential direction are
connected, namely PΓ

j,1 and PΓ
j,pc . Therefore the following DOFs have to be enforced

to be equal:
ZΓ
j,0 = ZΓ

j,pc , j = 0, . . . , pΓ
a . (10)

Both constraints lead to the final set of angle DOFs ZΓ with the effective size κΓ =
1 + pΓ

ap
Γ
c .

Z3: We define now the function zΓ
2D : RκΓ × Γ → R representing the piecewise linear

interpolation of the DOFs to the rest of the surface Γ. For the interpolation scheme
the partition is divided into the two triangles T 1 and T 2, where a classical isoparametric
interpolation concept is used. Therefore the interpolation reads

zΓ
2D(ZΓ,x) =


r1(x)ZΓ

j−1,k−1 + (1− r1(x)− s1(x))ZΓ
j,k−1 + s1(x)ZΓ

j,k for x ∈ T 1

r2(x)ZΓ
j−1,k−1 + s2(x)ZΓ

j,k + (1− r2(x)− s2(x)) ZΓ
j−1,k for x ∈ T 2

where the local triangle coordinates [r1(x), s1(x)] and [r2(x), s2(x)], respectively, are
computed by solving the the following systems of equations for each x:[

ν(x)
ξ(x)

]
= r1(x)

[
j−1
pa
k−1
pc

]
+ s1(x)

[
j
pa
k−1
pc

]
+ (1− r1(x)− s1(x))

[
j
pa
k
pc

]
for x ∈ T 1 (11)

[
ν(x)
ξ(x)

]
= r2(x)

[
j−1
pa
k−1
pc

]
+ s2(x)

[
j
pa
k
pc

]
+ (1− r2(x)− s2(x))

[
j−1
pa
k
pc

]
for x ∈ T 2 (12)

The interpolation scheme including the triangles and the definition of r1, s1, r2, s2 is
exemplified for one partition in Figure 4(b).

Using the definition Z
def
= [Z∂Ωepi ,Z∂Ωl

endo ,Z∂Ωr
endo ] with size κ∂Ω = κ∂Ωepi + κ∂Ωl

endo + κ∂Ωr
endo

the final scalar function z3D : Rκ∂Ω × Ω → R is now computed by solving the following
harmonic interpolation:

∆z3D(Z,x) = 0 in Ω (13)

z3D(Z,x) = z
∂Ωepi

2D (Z∂Ωepi ,x) on ∂Ωepi (14)

z3D(Z,x) = z
∂Ωl

endo
2D (Z∂Ωl

endo ,x) on ∂Ωl
endo (15)

z3D(Z,x) = z
∂Ωr

endo
2D (Z∂Ωr

endo ,x) on ∂Ωr
endo (16)

∂nΩ
z3D(Z,x) = 0 on ∂Ωbase (17)

Note that procedure Z1-Z3 involves only linear operations for computing the field z3D from
the DOFs Z, which can be summarized as

z3D(Z,xj) = ZjZ (18)
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P∂Ωepi
a

(a) Dofs for ∂Ωepi

PΓ
j,k

T 1

r1

s1
T 2

r2

s1

[
j−1
pa
k−1
pc

]
, ZΓ

j−1,k−1

[
j
pa
k−1
pc

]
, ZΓ

j,k−1

[
j−1
pa
k
pc

]
, ZΓ

j−1,k

[
j
pa
k
pc

]
, ZΓ

j,k

(b) Interpolation scheme

Figure 4: (a) Example of partitions and the corresponding degrees of freedom (green dots) for
the epicardial surface ∂Ωepi (left) and their spherical projection (right). Coloring is according

partitioning number and apical area P∂Ωepi
a is highlighted with red. (b) Elements necessary

for the interpolation at each partition (see Step Z3).
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with Zj the j-th line of the linear operator Z. Notice that the i-th column of Z hence
corresponds to solving the steps Z1-Z3 with Z equaling the i-th unitary vector. Therefore,
Z can be pre-computed independently of the specific values for the angle dofs Z that may
be latter assigned.
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