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We present a dynamical model of a multi-site fishery. The fish stock is located on a discrete set of fish habitats where it is catched by the fishing fleet. We assume that fishes remain on fishing habitats while the fishing vessels can move at a fast time scale to visit the different fishing sites. We use the existence of two time scales to reduce the dimension of the model : we build an aggregated model considering the habitat fish densities and the total fishing effort. We explore a regulation procedure, which imposes an average residence time in patches. Several equilibria exist, a Fishery Free Equilibria (FFEs) as well as a Sustainable Fishery Equilibria (SFEs). We show that the dynamics depends on a threshold which is similar to a basic reproduction ratio for the fishery. When the basic reproduction ratio is less or equal to 1, one of the FFEs is globally asymptotically stable (GAS), otherwise one of the SFEs is GAS.

PACS 34A34 • 34D23 • 34D40 • 92D30 Many mathematical models have been developed to describe the dynamics of fisheries [START_REF] Smith | Economics of production from natural resources[END_REF][START_REF] Smith | On models of commercial fishing[END_REF][START_REF] Clark | Mathematical bioeconomics: the optimal management of renewable resources[END_REF][START_REF] Clark | Bioeconomic modelling and fisheries management[END_REF]Clark , 1990)). The simplest models assume a logistic equation for the fish stock with a term of catch that is proportional to the stock and to a constant fishing effort (given, for example, by the number of vessels involved in the fishery). The next step is to add an equation for the fishing effort, leading to predator-prey types of fishery models. This is the model of V.L. Smith [START_REF] Smith | Economics of production from natural resources[END_REF][START_REF] Smith | On models of commercial fishing[END_REF]. This paper is situated in this general context and illustrates a multi-site fishery management model. We suppose that the fish stocks distribute themselves among several patches of resources corresponding to an Ideal Free Distribution [START_REF] Fretwell | On territorial behavior and other factors influencing habitat distribution in birds. i. theoretical development[END_REF], i.e., fishes will aggregate in various patches proportionately to the amount of resources available in each. We study fishing activity on different spatial zones with vessel displacements occurring between the zones. Those zones or patches could be composed with some artificial reefs (Claudet and Pelletier 2004;[START_REF] Grossman | Do Artificial Reefs Increase Regional Fish Production ? A Review of Existing Data[END_REF] or else fish Artificial Habitats (AHs) built of different kinds of materials that have been deposited at the bottom of the sea [START_REF] Rooker | Fish assemblages on artificial and natural reefs in the flower garden banks national marine sanctuary, u.s.a[END_REF][START_REF] Bonsack | Artificial Habitats for Marine and Freshwater Fisheries[END_REF]. Such AHs allow some fish species to live there and find some protection against predators. As a consequence, we consider a commercial species which is colonizing the patches (AHs) and is rather sedentary such that we can assume that it does not move from patch to patch. Furthermore, we assume that the fishing zones are close enough for the displacement of vessels to take place at a faster time scale than local interactions within the fishing zones. We assume that the displacement rates of vessels between zones is constant such as in [START_REF] Auger | Optimal number of sites in artificial pelagic multisite fisheries[END_REF]. The rationale for this hypothesis is that we look for management rules for the multi-site fishery.

A first possibility would be to avoid any regulation and to let the fishermen visit and catch fishes in the different patches as they wish. In that case, fishermen would probably visit patches and stay on a patch when the resource is important, otherwise leave that patch. In this eventuality the vessels displacement should be fish density dependent.

The second possibility is that the government or a a Fishery Institute impose some regulations. For example, the government can lay down average residence time in a given patch. According to the kind of AHs, and on the basis of the ideal free distribution [START_REF] Fretwell | On territorial behavior and other factors influencing habitat distribution in birds. i. theoretical development[END_REF], the different patches are supposed to attract more or less fishes. Therefore patches are characterized by different carrying capacities. We shall look for choices of constant displacement rates of vessels that must be chosen in order to maintain a global multi-site persistent fishery. A simple situation of 3 patches has been investigated in this spirit [START_REF] Mchich | Optimal spatial distribution of the fishing effort in a multi-fishing zone model[END_REF]. In this reference, it has been shown that the global fishing effort can be maximized for an adequate distribution of the fishing effort. In this paper we provide an example of choice of constant rates of boat displacement that could be made. It is not obvious to determine the carrying capacity of an AH [START_REF] Grossman | Do Artificial Reefs Increase Regional Fish Production ? A Review of Existing Data[END_REF]). However, It would make sense to think that carrying capacities of AHs depend on the size of the patch. A first possibility would then be to impose a kind of Ideal Free Distribution (IFD) for the fishing fleet [START_REF] Fretwell | On territorial behavior and other factors influencing habitat distribution in birds. i. theoretical development[END_REF]. For example, let us consider a simple 1D chain of patches, each patch i being simply connected to two neighbouring patches, i-1 and i+1. The fishery institute can decide to impose that the fishing fleet is spatially distributed in the same proportions as assumed patch carrying capacities. In our model, this can be achieved by imposing that the displacement rates of boats are constant and inversely proportional with respect to the carrying capacity of a patch. In this way, boats would distribute according to proportions similar to carrying capacities of the sites. It is well known that animals frequently distribute between different patches according to the resource available locally, using IFD. It would thus make sense that the fishery institute would recommend to the fishing fleet to distribute according to IFD. This would allow to maintain a global persistent multi-site fishery which will be investigated later on, using the reduced aggregated model.

The manuscript is organized as follows. In the next section we present a complete model which consists in a system of 2N ordinary differential equations, governing the evolution of the stock in the N patches and the N fishing efforts on each patch.

The model includes two time scales, a fast one associated to the movements of boats between patches, and a slow one depending from the growth of the fish population and from the variation of the total number of vessels involved in the fisheries.

We take advantage of these two time scales to build a reduced model. To achieve the reduction, we apply aggregation methods of variables [START_REF] Iwasa | Aggregation in model ecosystems. I. Perfect aggregation[END_REF][START_REF] Iwasa | Aggregation in model ecosystems. II. Approximate aggregation[END_REF]Auger et al. 2008a,b), which are based on perturbation technics and on the application of an adequate version of the Center Manifold Theorem. The reduced model, called aggregated model, describes the dynamics of the total fish stock and the total fishing effort. Then, in section 3, we obtain a reduced model and consider the different equilibria. We defined a threshold for this system, which is similar to a basic reproduction ratio in epidemiology models. When this fishery reproduction ratio is smaller than one, the fishery cannot persist and the global fishing effort vanishes. Otherwise, there exists an equilibrium for a sustainable fishery that is globally asymptotically stable. Section 4 is devoted to the proof of the global stability of the fishery-extinction equilibrium when the threshold is less or equal to 1. Section 5 proves the global stability of the fishery's viable equilibrium, i.e., this equilibrium corresponds to a sustainable fishing activities. In section 6, we consider a two patches example and some numerical examples are taken to illustrate the results and in section 7, we consider how our results can be used to optimize a fishery with a given set of fishing sites.

The complete model

We consider N patches : a patch is a geographical zone where a fish population is located. We assume that the fish population stays in its patch. This is sensible either if the patch is sufficiently large or in the case of artificial habitats (AHs) [START_REF] Dempster | Fish aggregation device (FAD) research: gaps in current knowledge and future directions for ecological studies[END_REF][START_REF] Moreno | Fish behaviour from fishers' knowledge: the case study of tropical tuna around drifting fish aggregating devices (DFADs)[END_REF]). This a discrete geographic model, since the patches are separated. This corresponds to a metapopulation model [START_REF] Hanski | Metapopulation Biology, Ecology, Genetics and Evolution[END_REF][START_REF] Hanski | Metapopulation Ecology[END_REF][START_REF] Ovaskainen | Spatially structured metapopulation models: global and local assessment of metapopulation capacity[END_REF]. The fishing boats are moving between patches. Since the boat movements are in order of hours or days and the dynamics of the fish populations and the dynamics of the fishing fleet are in order of years, it is sensible to assume that the boats are moving at a fast time scale t = ε τ where t is the slow time scale and ε a small dimensionless parameter.

The boats move from one patch to another according sea routes. Then the patches and the routes between patches form a digraph. The vertex of the digraph are the patches and the edges are the routes between the patches, as in figure 1. Then we can naturally associate a digraph to a fishery. We do not assume that this digraph is symmetric. We only assume that this digraph is strongly connected. A strongly connected digraph is one in which any vertex can be reached from any other vertex by a path. This assumption is natural for a fishing fleet and a fish campaign. This is equivalent to say that the fleet starting from an entry point, is visiting all the patches and quit by the entry point. It is well known that a digraph is strongly connected if, and only if it has a strong Hamiltonian walk (Bang-Jensen and Gutin 2009). Since a general digraph can be decomposed in the sum of strongly connected components, our result permits to consider a general situation by studying each strong component of the fishery's digraph. We assume that the moving rate between two patch is constant. Then we associate to each edge a label (i.e., a weight) a ij which is the rate of moving from the vertex j to vertex i. For an example see figure 1. Note the order of the subscripts, which is chosen for matrix multiplication reasons. Then we have a labelled digraph, which is also known as a Coates digraph (de [START_REF] De Camino-Beck | A graph-theoretic method for the basic reproduction number in continuous time epidemiological models[END_REF][START_REF] Coates | Flow graph solutions of linear algebraic equations[END_REF][START_REF] Doob | Applications of graph theory in linear algebra[END_REF]. To this Coates digraph is associated the matrix A. The correspondence of a digraph with the coefficient matrix of a system of equations has been pioneered in the engineering literature [START_REF] Coates | Flow graph solutions of linear algebraic equations[END_REF][START_REF] Mason | Electronic Circuits, Signals and Systems[END_REF]. See [START_REF] Chen | Applied Graph Theory; Graphs and Electrical Networks[END_REF]) chapter 3, for a detailed description and further references. For a given nonnegative matrix A the digraph G(A), described above, is the Coates digraph of A. Note that, given a graph G(A), the matrix A is the transpose of that often used as the weighted adjacency matrix; see, e.g., [START_REF] Harary | The determinant of the adjacency matrix of a graph[END_REF] We denote by x ∈ R N the vector whose components x i are the fish spatial density in patch i. Similarly let E be the vector the vector whose components E i are the fishing effort in each patch.

The dynamics is now classically [START_REF] Smith | Economics of production from natural resources[END_REF][START_REF] Smith | On models of commercial fishing[END_REF][START_REF] Mchich | Dynamics of a fishery on two fishing zones with a fish dependent migrations : aggregation and control[END_REF], described by

           ẋi = ε r i x i 1 - x i K i -q i x i E i Ėi = j =i a ij E j - j =i a ji E i + ε (p i q i x i -c i ) E i .
(1)

Where the upper dot denotes the derivatives with respect to τ . The population dynamics of fishes in patch i is given a Pearl-Verhulst logistic equation with r i the constant growth rate and K i the carrying capacity. The parameter q i is the catchability coefficient of the fish. The parameter p i is the price per unit of fish and c i represents the cost per unit of fishing effort.

Hereafter we denote x ≤ y if, for any subscript i, x i ≤ y i ; x < y if x ≤ y and x = y ; x y if x i < y i for any subscript i ;

Similarly to the vector x we define the positive vectors of R N + : r 0, K 0, q 0, p 0 and c 0.

If X is a vector, with either X ∈ R p we denote by diag(X) the p×p diagonal matrix whose diagonal is given by the components of X and the other entries are zero.

The coefficient of the N × N matrix A are defined by a ij for i = j and

a ii = - j =i a ji .
It is clear that A is a compartmental matrix [START_REF] Jacquez | Qualitative theory of compartmental systems[END_REF], with zero column sum. In other words if we denote by 1 the vector of R N , (1, 1, • • • , 1) T we have

A T 1 = 0.
Now, with these notations, the system (1) can be written "vectorially"

   ẋ = ε diag(r) diag 1 -diag(K) -1 x -diag(q) diag(E) x Ė = [A + ε (diag(p) diag(q) diag(x) -diag(c))] E .
(2)

It is straightforward to check that the nonnegative orthant R 2N + is positively invariant by system (2). This comes from the fact that the matrices appearing in (2) are Metzler matrices [START_REF] David | Introduction to dynamic systems. Theory, models, and applications[END_REF][START_REF] Jacquez | Qualitative theory of compartmental systems[END_REF], which are known to let the nonnegative orthant positively invariant. The system is well posed.

Aggregated model

Fast equilibria

The fast system is defined when ε = 0, in other words by ẋ = 0 and Ė = A E The sum of the fishing effort is F = E|1 , where | denotes the standard inner product of R N . For the fast system, the total fishing effort is constant :

Ḟ = Ė|1 = A E|1 = E| A T 1 = 0.
The matrix A is an irreducible matrix [START_REF] Berman | Nonnegative matrices in the mathematical sciences[END_REF] , since the graph G(A) is strongly connected. The matrix A is a Metzler matrix [START_REF] David | Introduction to dynamic systems. Theory, models, and applications[END_REF][START_REF] Jacquez | Qualitative theory of compartmental systems[END_REF]. The stability modulus s(M ) of a matrix M is the largest real part of the elements of the spectrum Spec(M ) of M .

s(M ) = max λ∈Spec(M ) Re(λ).
If A is an irreducible Metzler matrix, A T also. It is an immediate consequence of the Perron-Frobenius theorem [START_REF] David | Introduction to dynamic systems. Theory, models, and applications[END_REF][START_REF] Berman | Nonnegative matrices in the mathematical sciences[END_REF][START_REF] Smith | Monotone dynamical systems. An introduction to the theory of competitive and cooperative systems[END_REF]) that there exists an unique positive vector w 0, with w|1 = 1, such that A T w = s(A T ) w. By Gersghorin theorem, the spectrum of A is contained in the closed left half plane. Since A T 1 = 0, this proves that s(A) = 0. By irreducibility this eigenvalue is simple [START_REF] Smith | Monotone dynamical systems. An introduction to the theory of competitive and cooperative systems[END_REF]. Then all the other eigenvalues are in the left open half plane. This proves that any affine hyperplane F = k, is invariant by the fast system Ė = A E, and that on this affine hyperplane the system is globally asymptotically stable. Since A is Metzler irreducible, using the converse of Perron-Frobenius, we know that there exists an unique vector v 0, with v|1 = 1 such that A v = 0. The equilibrium in the manifold {F = k} is simply given by k v = F v. Then we have proven that the equilibrium for the fast system is given by E i = F v i , where v is the unique vector defined above.

In the sequel, this unique vector v will be designated as the normalized Perron-Frobenius eigenvector of the Metzler matrix A. For future reference, this vector v is uniquely defined, from the Metzler matrix A defined by the Coates graph, by the relations

A v = 0 and n i v i = 1 (3) 2.2 Aggregated Model
Aggregation methods take advantage of two time scales to derive, from a complete model, a reduced model that describes the time evolution of global variables at the slow time scale. Here the global variables are the local fish densities on each patches and the total fishing effort obtained along the patches.

For aggregation methods we refer to [START_REF] Michalski | Macroscopic dynamic effects of migrations in patchy predator-prey systems[END_REF]).

The aggregated model is obtained by making an approximation. This approximation consists in assuming that the fast variables are at the fast equilibrium. The dynamic behavior of the reduced system provides a good approximation of the dynamic behavior of the complete system, when the "parameter" ε is small enough and when the aggregated model is structurally stable (Auger et al. 2008b;[START_REF] Iwasa | Aggregation in model ecosystems. II. Approximate aggregation[END_REF]). The aggregated model is obtained by substituting the fast and stable equilibrium into the complete system with the equation of the total fishing effort. This leads to the following structurally stable model:

             ẋi = r i x i 1 - x i K i -q i x i v i F Ḟ = N i=1 (p i q i x i -c i ) v i F . (4) 
Or equivalently

             ẋi = r i x i 1 - x i K i -a i x i F Ḟ = N i=1 p i a i x i -c F . (5) 
with a i = q i v i and c = i c i v i . Since v 0, q 0 and c 0, we note that a 0 and c > 0. The parameter a i captures the catchability in the fishes in patch i and the influence of the Coates graph, since v i is the i-th component of the Perron-Frobenius eigenvector of A, which depends only of the structure of the graph (i.e., the edges and the weights of the edges).

For this system the nonnegative orthant is clearly positively invariant. This system can be interpreted as a Lotka-Volterra system with preys on distinct patches and a "predator" (here F ) feeding on the different patches. The faces (see definition 2.14 of [START_REF] Berman | Nonnegative matrices in the mathematical sciences[END_REF]) of R N +1 + are positively invariant. The faces of R N +1 + are of the form

H J = {z ∈ R N +1 + | z i = 0 if i ∈ J}.
The singleton {0} and the nonnegative orthant are also faces of the nonnegative orthant. There exists a "extinction" equilibrium given by x = 0 and F = 0, where there is no fishes and no fishing. There exists "predator-free" equilibrium in the positive orthant given by x = K and F = 0. By analogy with the epidemiological situation, we will call this equilibrium a "Fishing Free Equilibrium" (FFE). In each interior of a face H J there exists a FFE given by F = 0 and x i = K i for i ∈ J and x i = 0 otherwise. We have (2 N -1) fishing free equilibria.

We claim that the "extinction" equilibrium is always unstable.It suffices to consider the Jacobian matrix computed at this equilibrium, since the r i > 0 are eigenvalues of this matrix. In a completely analogous way, as in epidemiology, we can define the basic reproduction ratio of the "predator" [START_REF] Diekmann | On the definition and the computation of the basic reproduction ratio R 0 in models for infectious diseases in heterogeneous populations[END_REF]Diekmann and Heesterbeek 2000). The concept of basic reproduction ratio originates in demography. It was Dublin and Lotka who formalized the computation and introduced the notation R 0 [START_REF] Heesterbeek | A brief history of R 0 and a recipe for its calculation[END_REF]. This is the expected number of secondary predator produced by a typical predator, during its total life, when introduced in a population of preys (at equilibrium) without predator. In our context the basic reproduction ratio for a fishery will be the expected generated fishing effort (i.e., in an economic sense) produced by a given fishing effort, during its mean time duration, when applied to a new population of non fished fish, at demographic equilibrium. From equation (5) , the mean duration time of the economic fishing effort, is 1 c , while the secondary product, by unit of time, is N i=1 p i a i K i , when at the carrying capacity. It is not difficult to be convinced, using for example the approach of (van den Driessche and Watmough 2002), that

R 0 = N i=1 p i a i K i c .
Independently of any interpretation, R 0 is simply a convenient threshold for bifurcation behaviour.

Using the results of [START_REF] Diekmann | On the definition and the computation of the basic reproduction ratio R 0 in models for infectious diseases in heterogeneous populations[END_REF]) we know that R 0 is a threshold and that if R 0 < 1 then the fishing-free equilibrium (FFE) is locally asymptotically stable, and if R 0 > 1 this equilibrium is unstable.

We are now, looking for other equilibria, for which F > 0, i.e., equilibria for which the fishing effort is non zero. For these equilibria, the fishing effort is sustainable and the fishery is economically viable. We will call these equilibria Sustainable Fishing Equilibria (SFE). We denote by (x , F ) such an equilibrium, with F = 0. Let I be the set of subscripts such that x i = 0, and the J the complement of

I in [1, • • • , N ].
We consider the face F J .

We have, for i ∈ J the relation

x i = K i 1 - a i r i F for i ∈ J. (6) 
We deduce

F J = 1 c i∈J p i a i K i -1 1 c i∈J p i a 2 i K i r i . (7) 
We use the subscript J to stress the relation with the face H J . Analogously we define, for the face

H J R 0,J = 1 c i∈J p i a i K i We have 0 < F J ≤ R 0 -1 1 c i∈J p i a 2 i K i r i .
Hence necessary conditions for existence of an equilibrium with sustainability of the fishing effort are R 0 > 1 and R 0,J > 1. Since p 0 and a 0, we have clearly R 0 > R 0,J . Moreover the equilibria has a biological meaning if it is contained in the nonnegative orthant, then we must have the inequality

F J < min i∈J r i a i . (8) 
Eventually by reordering the coordinates, we can assume that we have the following inequalities

r 1 a 1 ≤ r 2 a 2 ≤ • • • ≤ r N a N . (9) 
In other words, we renumber the patches, according this criteria, which involves the growth rate of the patch a i , its catchability q i and v i the component of the Perron-Frobenius eigenvector of the associated Coates graph.

We will adopt this ordering in the sequel.

If J = {i 1 ≤ i 2 ≤ • • • ≤ i k } then inequality (8) reads F J = i∈J p i a i K i -c i∈J p i a 2 i K i r i ≤ r i1 a i1 . ( 10 
)
equivalently

p i1 a i1 K i1 + i∈J i>i1 p i a i K i -c p i1 a 2 i1 K i1 r i1 + i∈J i>i1 p i a 2 i K i r i < r i1 a i1 .
Then we have

p i1 a i1 K i1 + i∈J i>i1 p i a i K i -c < p i1 a i1 K i1 + i∈J i>i1 p i a i K i r i1 a i a i1 r i .
Finally the condition is

c > i∈J i>i1 p i a i K i 1 - r i1 a i1 a i r i . ( 11 
)
The fishery has a SFE if R 0,J > 1 and if there exits a subset of subscripts J ⊂ [1, • • • , N ] such that the inequality ( 11) is satisfied. This equilibrium is in the interior of the H J face. We can have again (2 N -1) sustainable fishing equilibria.

When J = [1, • • • , N ] then the face is the nonnegative orthant.

To summarize a SFE exists, if it exists a subset of subscripts J such that

i∈J p i a i K i > c > i∈J i>i1 p i a i K i (1 -θ i ). ( 12 
)
Where

θ i = r i1 a i1 a i r i ≤ 1 and J = {i 1 ≤ i 2 ≤ • • • ≤ i N }.
Conclusion : we have found in each face, excepted the face {0}, a FFE equilibrium and the possibility of a SFE. The equilibria in the proper faces can also, by analogy with metapopulation models, be called "mixed equilibrium" [START_REF] Arino | Modeling and Dynamics of Infectious Diseases, volume 11 of Contemp[END_REF]). Finally we found that there are 2 N +1 -1 possible equilibria.

The SFE in the positive orthant is the most interesting, from the fishery point of view.

3 Global stability of the "fishery-free" equilibrium

We have the following result

Theorem 1

The equilibrium (K, 0) ∈ R N +1 + is globally asymptotically stable on the positive orthant for system (4) iff R 0 ≤ 1.

A FFE which is in a face H J is globally asymptotically stable in the interior of this face iff

R 0,J = i∈J p i a i K i c ≤ 1.

Proof

For the first assertion, the condition is necessary since this equilibrium is unstable if R 0 > 1.

We assume R 0 ≤ 1 and we consider the following Lyapunov-Volterra function

V (x, F) = N i=1 p i (x i -K i ln x i -K i + K i ln K i ) + F.
defined on R N * + × R + . This function has a long history of application to Lotka-Volterra models [START_REF] Beretta | Global stability of Lotka-Volterra diffusion models with continuous time delay[END_REF][START_REF] Goh | Global stability in many-species systems[END_REF][START_REF] Harrison | Global stability of predator-prey interactions[END_REF][START_REF] Takeuchi | The existence of globally stable equilibria of ecosystems of the generalized volterra type[END_REF][START_REF] Hofbauer | Evolutionary games and population dynamics[END_REF] and was originally discovered by Volterra himself [START_REF] Volterra | Leçons sur la théorie mathématique de la lutte pour la vie[END_REF] p.15, although he did not use the vocabulary and the theory of Lyapunov functions. This domain is positively invariant by system (4) and contains (K, 0). The function V is positive definite on the domain and radially unbounded [START_REF] Hale | Ordinary differential equations[END_REF]. The derivative of V along the trajectories is given by

V = N i=1 p i x i -K i x i ẋi + Ḟ, = - N i=1 p i r i (x i -K i ) 2 K i - N i=1 p i a i (x i -K i ) F + N i=1 p i a i x i F -c F, = - N i=1 p i r i (x i -K i ) 2 K i + N i=1 p i a i K i -c F, = - N i=1 p i r i (x i -K i ) 2 K i + 1 c (R 0 -1) F ≤ 0.
When R 0 < 1 this function negative definite, when R 0 = 1 we conclude by using, classically, the LaSalle's invariance principle [START_REF] Lasalle | The stability of dynamical systems[END_REF][START_REF] Hale | Ordinary differential equations[END_REF]). Since V is radially unbounded the stability is global on the domain.

The proof of the second assertion is completely similar to the preceding proof, and it suffices to restrain to the face F J , so we omit it.

Corollary 1 A necessary condition for the viability of the fishery is R 0 > 1.

Global Stability of the SFEs

In this section we will assume that R 0 > 1. We will completely describe, in this case, the stability analysis of system (4). We consider a subset I ⊂ [1, • • • , N ] and J its complement in [1, • • • , N ] for which the condition ( 8) is satisfied. The SFE is defined by the relations ( 6) and ( 7). This equilibrium belongs to the positively invariant face [START_REF] Berman | Nonnegative matrices in the mathematical sciences[END_REF]) H J of the nonnegative orthant R N +1 , defined by

H J = {(x, F) ∈ R N +1 + | x i = 0 for i ∈ I}.
Equivalently the face H J is the positive cone generated by the vector e i of the canonical basis of R N , for i ∈ J, where J is the complement of I. Our first result will give the stability analysis in a face.

Theorem 2 If a SFE exists, then it is globally asymptotically stable in the interior of its face H J for system (4).

Remark 1

If a viable equilibrium (x , F ) exists in the interior of the nonnegative orthant, i.e., x 0 and F > 0, this equilibrium is globally asymptotically stable in the positive orthant.

Proof of the theorem

For the simplicity of the exposition we assume

J = [1, • • • , N ].
Adapting the proof for a SFE in a face is straightforward. We consider the following Lyapunov function

V (x, F) = N i=1 p i (x i -x i -x i ln x i +x i ln x i ) +(F -F ln F -F +F ln F ).
This function is defined in the interior of the nonnegative orthant, positive definite and radially unbounded [START_REF] Hale | Ordinary differential equations[END_REF]. Note that the positive definiteness is a consequence of the positivity of the x i and F . For the ease of computation we rewrite system (4):

             ẋi = r i a i 1 - x i K i - r i a i 1 - x i K i -F + F ) a i x i Ḟ = N i=1 p i a i (x i -x i ) F . ( 13 
)
More simply

             ẋi = r i a i x i -x i K i -F + F ) a i x i Ḟ = N i=1 p i a i (x i -x i ) F . ( 14 
)
The derivative of V along of the trajectories of ( 14) is given by

V = N i=1 p i x i -x i x i ẋi + F -F F Ḟ, = - N i=1 p i r i K i (x i -x i ) 2 - N i=1 p i a i (x i -x i ) (F -F ) + N i=1 p i a i (x i -x i ) (F -F ), = - N i=1 p i r i (x i -x i ) 2 K i ≤ 0.
This proves the stability of the equilibrium. The global asymptotic stability comes from Lasalle's invariance principle [START_REF] Hale | Ordinary differential equations[END_REF][START_REF] Lasalle | The stability of dynamical systems[END_REF].

4.1 Stability analysis when R 0 > 1.

We will prove a result of global stability in the positive orthant. Before giving our main result, we need to precise some convenient definitions and notations. We recall that we have ordered the patches such that

r 1 a 1 ≤ r 2 a 2 ≤ • • • ≤ r N a N .
We will now introduce a flag manifold of faces. A flag, in a finite dimensional vector space, is an increasing sequence of subspaces [START_REF] Humphreys | Linear algebraic groups[END_REF]. The standard flag associated with the canonical basis is the one where the i-th subspace is spanned by the first i vectors of the basis. Analogically we introduce the standard flag manifold of faces by defining in

R N + × R + H {i,••• ,N } ≈ R N -i+1 + × R +
Then the flag is composed of the N faces

R N + × R + = H {1,••• ,N } ⊃ H {2,••• ,N } ⊃ • • • ⊃ H {N } .
In each face of this flag a SFE can exist. We will denote by (x {i,••• ,N } , F {i,••• ,N } ) this SFE, when it exists, in the face H {i,••• ,N } . We have also, in the same face, the corresponding FFE (0,

• • • , 0, K i , K i+1 , • • • , K n , 0).
Concerning the SFE we have the following

Proposition 1

If R 0 > 1 then there exists a SFE in a face H of the standard flag, and no SFE can exist in the faces of the flag containing H.

Proof A SFE exists in the interior of H {1,••• ,N } if the inequality (11) is satisfied, i.e., in our case c > i>1 p i a i K i 1 - r 1 a 1 a i r i . ( 15 
)
This inequality is equivalent to

r 1 -a 1 F {2,••• ,N } > 0.
The existence of the SFE is then expressed with an inequality involving the an expression coming from the SFE of the next face in the flag.

We have two cases :

-Either r 1 -a 1 F {2,••• ,N } > 0 is satisfied, -or r 1 -a 1 F {2,••• ,N } ≤ 0.
In the second case the inequality r 1 -

a 1 F {2,••• ,N } ≤ 0 is equivalent to i>1 p i a i K i 1 - r 1 a 1 a i r i ≥ c. Since each 1 - r 1 a 1 a i r i < 1, we have R 0,{2,••• ,N } = i>1 p i a i K i c > 1.
The necessary condition for existence of the equilibrium

F {2,••• ,N } in the next face H {2,••• ,N } of
the flag, is satisfied. We have, again, two cases :

-Either r 2 -a 2 F {3,••• ,N } > 0 is satisfied, and F {2,••• ,N } exists, -or r 2 -a 2 F {3,••• ,N } ≤ 0 otherwise.
This is the beginning of a descending recurrence with a decision tree. We stop when we obtain a SFE, and no other SFE has been detected in the preceding faces of the flag. We have just to check that this process will finish with a SFE. In the worst case, we will arrive to the face H {N } with p N a N K N > c. Then we get

x {N } = c p N a N > 0 and F {N } = r N a N 1 - c p N a N K N > 0.
We will always obtain a SFE in a face of the standard flag. This ends the proof of the proposition.

We can now state our main result Theorem 3 When R 0 > 1, the SFE of proposition 1 is globally asymptotically stable on the domain which is the union of the positive orthant and the interior of the face of the SFE.

Remark 2 This theorem has a biological corollary : this means that when R 0 > 1, a fishery operating on a set of non empty patches, stabilizes to a sustainable equilibrium.

Proof

We denote by F {k,••• ,N } ) the value of the fishing effort at the SFE obtained in proposition (1). This SFE is in the interior of the face H {k,••• ,N } . Then we know that, since this SFE exists we have

r k a k > F {k+1,••• ,N } .
and moreover, from the preceding step of the recurrence

r k-1 a k-1 ≤ F {k,••• ,N } .
We deduce immediately the following relation

r 1 a 1 ≤ r 2 a 2 ≤ • • • ≤ r k-1 a k-1 ≤ F {k,••• ,N } . ( 16 
)
We now consider the following Lyapunov function

V (x, F) = k-1 i=1 p i x i + N i=k p i (x i -x i -x i ln x i + x i ln x i ) +(F -F ln F -F + F ln F ).
This function is defined on the domain R k-1

+ × R N -k+1 + *
× R + * . We compute the derivative of V along of the trajectories of (14).

To shorten the notation, we use for designing the components of the SFE, the notation

x i for (x {k,••• ,N } ) i and F for F {k,••• ,N } . V = k-1 i=1 p i r i x i - p i r i K i x 2 i -p i a i x i F + N i=k - p i r i K i (x -x i ) 2 - N i=k p i a i (x i -x i ) (F -F ) + k-1 i=1 p i x i (F -F ) + N i=k p i a i (x i -x i ) (F -F ), = - k-1 i=1 p i r i K i x 2 i - N i=k p i r i K i (x i -x i ) 2 + k-1 i=1 p i (r i -a i F ) x i .
But with the inequality ( 16) we have for i ≤ k -1 the relation r i -a i F ≤ 0. Then V ≤ 0 which proves the stability of the SFE. The global stability is obtained, as usual, by Lasalle's invariance principle and the radial unboundedness of the Lyapunov function V .

5 Numerical examples

Two patches

When N = 2 the reduced system is

           ẋ = r 1 x(1 -x K1 ) -a 1 x F ẏ = r 2 y(1 -y K2 ) -a 2 y F Ḟ = (-c + p 1 a 1 x + p 2 a 2 y) F. (17) 
We can illustrate the results obtained in the preceding sections.

Assuming the ordering of coordinates r 1 a 1 ≤ r 2 a 2 , we have the following bifurca- We choose for parameters for the non-reduced system, with the notations of system (1) Let r 1 = 0.7, r 2 = 0.9, K 1 = 25, K 2 = 22.5, a 12 = a 21 = 0.5, q 1 = 1, q 2 = 1, c 1 = 1, c 2 = 2.2, p 1 = 0.8, p 2 = 0.5. The rates of movement from one patch to another are equal. With these values the vector v, defined by relation (3), is given by v 1 = v 2 = 0.5. The others parameters are a 1 = a 2 = 0.5 and c = c 1 v 1 +c 2 v 2 = 1.6. Using the notation of section 2.2, we choose for parameters

tion diagram, in the (p 2 a 2 K 2 , p 1 a 1 K 1 ) parameter plane, with θ = 1 - r 1 a 1 a 2 r 2 . p 2 a 2 K 2 p 1 a 1 K 1 c c/θ c FFE GAS GAS SFE
r =     1 1 1 1     K =     1 4 3 2     q =     4 1 2 3     p =     1 1 1     c =     1 0.1 0.1 6    
Since we need to compute the greatest eigenvalue of a positive operator and its corresponding eigenvector we must use, in general, a numerical software. We write a simple code in Scilab R to obtain the different criteria. This code is given in appendix. We obtain for the unique vector v satisfying relation ( 3 We have numbered the patch such that this gives the relation (9). Then we obtain R 0 = 7.2742115, but the inequality (10) is not satisfied since

) v =     0.
F J = i∈J p i a i K i -c i∈J p i a 2 i K i r i = 0.6908843 > r 1 a 1 = 0.5002498.
Then there is no SFE in the positive orthant. We check that R 0,{2,3,4} = i=2,3,4

p i a i K i c = 3.6398299 > 1 and F 2,3,4 = i∈J p i a i K i -c i∈J p i a 2 i K i r i = 1.4534202 < r 2 a 2 = 2.001001.
According to the proofs of section 4 is a SFE in the face (x 2 , x 3 , x 4 ). This SFE is globally asymptotically stable in the positive orthant and in its face. This situation is not favorable, since this strategy exhausts patch 1. If we suppress in the graph the red edges in figure (4),i.e., the edge from patch 4 to 2 and from patch 3 to 1, the graph is still strongly connected and the computation gives now, new vectors v and a :

v =     0.0009970 0.0009970 0.0009970 0.9970090     We compute R 0 for the new situation R 0 = N i=1 p i a i K i c = 10.003327.
We compute the new r i a i

( 250.75, 1003., 501.5, 0.3343333 ) and

F * = 4 i=1 p i a i K i -c i∈J p i a 2 i K i r i = 0.3016127 < min i r i a i = 0.3343333
We have a SFE in the positive orthant. We remark, that suppressing the two edges comes down to lower the fishing effort on patch 1 and 2.

Discussion

We have developed a multisite fishery model and considered a reduced aggregated model, which approximates the original model. We completely solve the asymptotic behaviour of the aggregated model. Inspired by demography and epidemiology we introduce a basic reproduction ratio R 0 for a fishery model. This computable ratio R 0 acts as a threshold. We describe the behaviour of the fishery model when the initial condition is in the positive orthant or in the boundary of the nonnegative orthant as well.

In particular when R 0 > 1 the fishery stabilizes to sustainable equilibrium (SFE). We suppose naturally that at the start of the fishing exploitation all the patches are stocked with fish. Otherwise the patch will not be visited by the fishing fleet.

Even if we prove, that when R 0 > 1 the fishery stabilizes to a SFE, this equilibrium is significant, only when it belongs to the positive orthant. Indeed if the SFE is in a face of the orthant, the patches without stock will end to be avoided by the fleet, and then the Coates graph of the fishery will be reconfigured. Consequently the matrix A, that we defined in section 1 is modified. This means that the systems (1) and ( 5) are changed and a new computation of the thresholds must be done. A better strategy will be to act directly on the parameters of the models to ensure that

N i=1 p i a i K i > c > N i=2 p i a i K i 1 - r 1 a 1 a i r i . (18) 
is satisfied. The parameters r i , K i , p i and q i cannot be modified by a strategic modification of the fishery. An exception can be the modification of the species exploited, then leading to a modification of the q i .

Another possibility is to modify the Coates graph, or in other words to modify the planning of the fishing season for the fishery. This action will change the v i , i.e., the components of the Perron-Frobenius vector of the Coates matrix A, for a given total fishing effort. We have shown, in section 5.2, that by an appropriate change of planning, it is possible to move the equilibrium in the positive orthant, or in other words, does not exhaust any patch. In such a situation it is necessary to explore numerically the different possible Coates graphs, for a given geographical set of patches, and the value obtained by the equilibria. We will pursue this task elsewhere.

In this code we denote by Cost the real c defined by c = i c i v i ., where v is the normalized Perron-Frobenius vector of A. This code, in a first step, orders the coordinates such that the inequalities (9) are satisfied. Then rr0 , which is c (R 0 -1), is computed. We have to check rr0 >0 , a necessary condition for the existence of a SFE. The second inequality, given by relation ( 18) is critSFE1 which must be positive. The value of critSFE2, which corresponds to the criteria for the next face in the flag of faces. 
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 34 Fig. 3 Solutions curves beginning with x 0 = 10, y 0 = 15, F 0 = 5.
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