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Abstract. This work is motivated by the challenging problem of the
computer-aided generation of approximations (viewed as a series of trans-
formations) of partial derivative equations. In this framework, the ap-
proximations posed over complex settings are incrementally constructed
by extending an approximation posed on a simple setting and combining
these extensions.

In order to formalize these extensions and their combination, we in-
troduce a class of rewriting strategies, called context-embedding itera-
tive strategies (CE-strategies, for short). Roughly speaking, the class of
CE-strategies is constructed by means of adding contexts and an iter-
ation operator allowing the definition of recursive strategies. We show
that the class of CE-strategies is closed under combination with respect
to a correctness-completeness criterion. It turns out that the class CE-
strategies enjoy nice algebraic properties, namely, the combination is
associative, has a neutral element, and all the elements are idempotents.

1 Introduction

The motivation of this work originates in an undergoing project for the model-
ing and simulation of complex systems in micro or nano-technologies, e.g. [12,
2,3]. The systems under consideration are governed by partial differential equa-
tions (PDEs) and are too complex to be simulated by straightforward numerical
methods, at least in the time-scale of design engineering. In mathematics the
asymptotic methods, also called perturbation methods in physics, have been
developed for more than seventy years for PDEs with the purpose of their trans-
formation to “simpler” PDEs when they involve one or several small parameters.
The latter can refer to geometry characteristics of the PDE domain or to coef-
ficients. They are used in all fields where PDEs are used for modeling ranging
from physics, biology, finance etc. As an illustration, we refer to the review paper
[6] for some applications in mechanics of periodic media where the small param-
eter is the ratio of a periodic cell size to the full body size. Today, asymptotic
methods are developed for producing models with drastically reduced simulation
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time together with keeping the essence of the model. Their main drawback pre-
venting their dissemination in the engineering community is their case-by-case
derivation. That is, for each new problem, the full process of model derivation
is redone from the scratch even though the new problem shares many features
with an already solved problem. Thus, they are implemented only in specialized
software. We adopted an alternate approach by developing a software package
called MEMSALab (for MEMS Array Lab) whose aim is to incrementally derive
asymptotic models for input equations by taking into account their own features
e.g. the scalar valued or vector valued solution, different estimates on the so-
lutions and sources, thin structures, periodic structures, multiple nested scales,
heterogeneity etc.

Our approach takes advantage of the modularity and the algebraic flavour of
the asymptotic method of [10]. It relies on the so called by-extension-combination
method [3] that we sketch. An asymptotic model derivation starts with an input
PDE coming from any scientific field to which a derivation, also said proof,
is applied ending to the expected model. This scheme is build for a reference
case, which is the simplest that we can consider, so we call it the reference
scheme. Then, it is complexified, we say extended, in several manners to take
into account new features yielding new schemes. The input PDEs still arise from
an application area but with additional features. Accordingly, the reference proof
is extended in different ways to cover the new features. Applying the extended
proofs to the enriched PDEs yields new asymptotic models. Finally, a new scheme
for an input PDE covering a group of new features is built by combination.
Precisely, its input PDE is still issued from a practical problem. Its proof is
obtained by applying a combination of two or more extensions, built in the
previous step, to the reference proof. Finally, applying the resulting proof to
the input PDE yields an asymptotic model enjoying the groups of features. In
summary, combining extensions related to new elementary features allows for
building new proofs and therefore new asymptotic models in an incremental
manner.

The above concept of combination is not an isolated one, we identified works
in several fields involving different techniques but with the same key idea. We
refer to combination of logics [9,4], algorithms, verification methods [5], and
decision procedures [11]. These works share a common principle of incremental
design of complex systems by integration of simple and heterogeneous subsys-
tems.

The above idea of extension and their combination was introduced in [12],
but in this seminal work the combination of extensions was done via compo-
sition, not allowing for conflicts between extensions. The complete principle of
the extension-combination method was introduced in [3]. In this work, we have
presented the design and implementation of a user language for the specification
of rewriting strategies based proofs and extensions. We also stated computation
rules for combinations of extensions. Although we considered combinations for a
small class of usual rewriting strategies as TopDown and BottomUp, the question
whether this class, or possibly a wider class, is closed under combination was left



open, as well as the question of the correctness and soundness of the combination
formulae.

Here, we address these two questions, in a framework involving more ele-
mentary operations but generating a wider class of rewriting strategies called
CE-strategies. Although the idea of combination is kept the same, the tools and
the techniques are different. The elementary extension operation on a term is
still an enrichment by context insertion. However, the traversal strategies in a
CE-strategy are built with a jump operator and an iterator/fixed-point operator
instead of TopDown a more complex strategy. The resulting strategy language was
inspired from [1] wherein it was shown that many syntactic iterative objects, like
automata, games, logic, strategies etc, can be turned into a p-calculus. In other
words, instead of formulating the strategy language as in [7], the u-calculus-
like approach makes the strategy constructors more rudimentary and therefore
tractable the question of language closure for combinations. Moreover, the for-
mulae of combination of CE-strategies strategies together with their verification
is also much simplified. Technically speaking, the fixed-point constructor is finer
and more powerful than the repeat constructor used e.g. in [7].

It is worth noting that the way we combine the CE-strategies is close to
the concept of unification of algebraic infinite trees introduced in [8] since a
CE-strategy can be viewed as an infinite tree.

Organization of the paper. The paper is structured as follows. In Sec-
tion 3 we introduce the class of elementary CE-strategies, which is a subclass
of CE-strategies. It provides an illustration of the concept of unification and
combination in simple cases and serves as a set of basic building blocks for the
class of CE-strategies. The syntax and the semantics of the latter as well as their
unification and combination are introduced in Section 4. Finally, in Section 5 we
show that the unification and combination of CE-strategies is sound and com-
plete, and state its main algebraic properties. The proofs of the statement are
put in appendix.

2 Preliminaries
We introduce preliminary definitions and notations.

Terms, signature, contexts. Let F = U,>0F, be a set of symbols called function
symbols. The arity of a symbol f in F,, is n and is denoted ar(f). Elements
of arity zero are called constants and often denoted by the letters a,b,c, etc.
The set Fy of constants is always assumed to be not empty. F is often called
a set of ranked function symbols or signature. Given a denumerable set X' of
variable symbols, the set of terms T (F, X), is the smallest set containing X and
such that f(t1,...,t,) is in 7 (F, X) whenever ar(f) =n and t; € T (F, X) for

€ [1..n]. Let the function symbol O ¢ F with arity zero, the set To(F, X) of
"contexts", denoted simply by 70, is made with terms with symbols in FUXU{O}
which includes exactly one occurence of 0. Evidently, 75(F, X) and T (F, X)



are two disjoint sets. We shall write simply 7 (resp. 7g) instead of T (F, X)
(resp. To(F, X)). We denote by Var (t) the set of variables occurring in t.

Positions, prefiz-order, combination of contexts. Let t be a term in T (F, X).
A position in a tree is a sequence of integers of N¥ = {e] UNU (N xN)U---.
Given two positions p = p1p2...p, and ¢ = 142 . .. gm, the concatenation of
p and ¢, denoted by p - ¢ or simply pq, is the position p1ps...Pnq1q2 ... Gm-
The set of positions of the term ¢, denoted by Pos (t), is a set of positions of
positive integers such that, if t € X' is a variable or t € Fy is a constant, then
Pos (t) = {e}. If t = f (t1,...,ts) then Pos (t) = {e} U, ,, {ip | p € Pos (t:)}.
The position € is called the root position of term ¢, and the function or variable
symbol at this position is called root symbol of ¢. The set of all positions will be
denoted by Pos and in particular we shall write N for NU {e}, which is clearly
a subset of Pos.

The prefix order defined as p < q iff there exists p’ such that pp’ = ¢, is a
partial order on positions. If p’ # € then we obtain the strict order p < gq. We write
(p || ¢) iff p and ¢ are incomparable with respect to <. The binary relations C and
C defined by pC g iff (p<qorpllg)andpCq iff (p<gqorp] q),
are total relations on positions.

For any p € Pos(t) we denote by t, the subterm of ¢ at position p, that
is, tje = t, and f(t1,...,tn)|iq = (ti)|q- For a term ¢, we shall denote by d(t) the
depth of t, defined by 6(tg) = 0, if ty € X U F is a variable or a constant, and
0(f(te, ... tn)) =1 +max(6(t;)), fori=1,...,n.

For any position p € Pos (t) we denote by ¢ [s]p the term obtained by re-
placing the subterm of ¢ at position p by s: t[s]c = s and f(t1,...,tn)[s]iq =
f(th ceey ti[s]q, ceey tn)

For any 7,7" € 7o, we define the combination of two contexts by 7[r'] =

T[T’ pos(t,0)- For any two tuples of contexts T = (71,...,7,) and 7/ = (7,...,7/,)
in T = ToU(To x To)U- - -, we define the concatenation operation "-" by 7-7/ =
(T1y+,Tn,T15---,7}). The evaluation of a tuple of contexts 7 = 71 ... Ty,

denoted as eval(T), is inductively defined by
i.) if 7; = Ti41, for some i € [n], then
eval(Ty .. Ti"Tit1 .. Tn) =eval(Ti....T; Tita ... "Tn),
ii.) otherwise,

1(( )) T1, ifn=1
eval ((71,...,Tm)) =
! rleval ((ra, ..., 7)), ifn>2.

A substitution is a mapping ¢ : X — T(F,X) such that o(z) # =z for
only finitely many zs. The finite set of variables that o does not map to them-
selves is called the domain of o: Dom(o) = {r e X | o(z) #z}. If Dom(o) =
{1, ...,z } then we write o as: 0 = {1 = o (1), ..., Xy, = 0 (Tn)}. A substitu-
tion o : X — T(F,X) uniquely extends to an endomorphism & : T(F,X) —



T(F,X) defined by: (x) = o(z) for all z € Dom(c), and o(x) = = for all
x & Dom(o), and o(f(t1,...,tn)) = f(G(t1),...,0(tn)) for f € F. In what
follows we do not distinguish between a substitution and its extension.

For two terms t,t' € T, we say that ¢ matches ¢/, written ¢t < ¢/, iff there
exists a substitution o, such that o(t) = ¢’. It turns out that if such a substitution
exists, then it is unique.

The most general unifier of the two terms v and v’ is a substitution 7 such
that y(u) = v(u’) and, for any other substitution ~" satisfying +'(u) = +'(v'),
we have that 4/ is subsumed by ~. Besides, we shall write u A v’ to denote the
term ~y(u). The composition of functions will be denoted by “o”. For a set A, the
set of all functions from A to A will be denoted by §(A). If I3 and Iy are lists,
then we denote by Iy Uly (resp. 11 Mls) their concatenation (resp. intersection).
Sometimes we shall write Ll;=1 ne; to denote the list [eq, ..., ey].

3 Elementary CE-strategies and their combination

To define the elementary CE-strategies, we introduce two elementary strategies.
For a position p and a tuple of context 7, the jump strategy @Qp.7 applied to a
term ¢ inserts T at the position p of the input term ¢. The failing strategy @ fails
when apply to any term. Their precise semantics are given in Definition below
for Semantics of elementary CE-strategies.

Definition 1 (Elementary CE-strategies). An elementary CE-strategy is ei-
ther the failing strategy & or the list [Qpy.T1,...,Qp,.T,], where n > 1, each p;
s a positions and each T; is a tuple of contexts in TD“’.

We impose that the elementary CE-strategies respect some constraints on
positions of insertions to avoid conflicts: the order of context insertions goes
from the leave to the root.

Definition 2 (Well-founded elementary CE-strategy). An elementary CE-
strategy E = [Qpy.71, ..., Qp,.T,] is well-founded iff

i.) a position occurs at most one time in E, i.e. p; # p; for all i # j, and
ii.) insertions at lower positions occur earlier in E, i.e. i < j iff p; C pj, for
all i,j € [n].

In particular, the empty elementary CE-strategy @ is well-founded.

In all what follows we work only with the set of well-founded elementary
CE-strategies, denoted by £. For two elementary CE-strategies E’ and E’, we
shall write £ = E’ to mean that they are equal up to a permutation of their
parallel positions. We next define the semantics of an elementary CE-strategy as
a function in F(7 U {F}), with the idea that if the application of an elementary
CE-strategy to a term fails, the result is F.



Definition 3 (Semantics of elementary CE-strategies). The semantics of
an elementary CE-strategy E is a function [E] in (T U{F}) inductively defined

by:
if p € Pos(t)

fel) “F, [apr]) < {geval(ﬂ[flp”p Jnero
[EIE) ZF, (o170 0 7)1 S ([@ppra] 0+ 0 [@py.m1])(8).

Ezample 1. We illustrate the idea and the interest of elementary CE-strategies
through the simple example, presented in [3], of an extension of a mathematical
expression encountered in an extension of a proof. The context 7 = 1ist([,j)
depicted in Figure 1 captures the idea that the extension transforms a one-
dimensional space coordinate variable x to an indexed multi-dimensional space
coordinate variable z;. The application of @p.7 to the term ¢ = d,v(x) at the
position of p of the variable x (the parameter of the differential operator 9) yields
the term [Qp.7](t) = 0., v(x).

VAN AV ANV AN ASVAN

AN

r list nil

AT

nil 1list T nil nil

S T

nil nil

/\

nil J

Fig. 1. Application of the elementary CE-
strategy @p.7 (with the context 7 =
list(0, 7)) to the term ¢t = d,v(z) at the
position p, yielding the term 0, ;v(x).

/\

nil ¢

Fig. 2. Application of the elementary CE-
strategy @Qq.7’ (with the context 7/ =
list(0, 7)) to the term ¢t = d,v(x) at the
position ¢, yielding the term 9 v;(x).

Definition 4 (Unification of two elementary CE-strategies). The unifi-
cation of two elementary CE-strategies is the binary operation A : &€ X € — &£

defined as
El//
EAE = {

ifE+3 and E' # &

1%} fE=0 orE' =9

where the first case E = [Qpy.71, ..
E" = [@p{.7],..

T

., Qpy.y], B = [Qp.TY, ..
., Qpl 7! with sets of positions P, P' and P”" = PU P’ and

LQpl T ] and

m

the contexts T} defined as follows. For a position pj, € P"\ PN P’,

TR=Tiifpy=pi€P

Otherwise, py = p; = py € PN P for some i,j and T}

and

1" ! . /! / /
Ty =T if Py =p; € P

k = T Ti. Besides, the

other of the positions in P" is chosen so that E" is well-founded.



Besides, Figure 2 illustrates

the elementary CE-strategy 9 9 9

@q.7’ and its application to / \ / \ / \
the term t = 9v(z) at the po- ) T ) T v T
sition of the function v which / \q ‘p / \q ‘p / \ ‘
yields the term [Qq.7'](t) = o \ ! \ ]
9,vi(z). When an elementary T nil list T 1list nil T 1list 1list
CE-strategy @Qp.7, where p is a / \ / \ /\ /\
position, is applied to a term ¢ nil 7 nil 4 nil 7 nil «
at the position p, the context

7 is inserted at the position p Fig.3. The elementary CE-strategy (Qg.7) Y
of ¢, an.d. the ?‘ﬂ?term of ¢ at (Qq.7"), that is the combination of the two el-
the position p is inserted at [J. ementary CE-strategies @Qg.7 and @Qg.7’, and its

Elgure 3 shows the combina- application to the term ¢ = dyv(x), yielding the
tion of the two elementary CE- )
term O, vi ().

strategy @p.7 and Qq.7’.

Definition 5 (Combination of two elementary CE-strategies). The com-
bination of two elementary CE-strategies is a binary operation ¥ : € X € — &£
defined for any E and E' in € by

EANE ifE+Tand B # o

By E - E, z:fE;éQandE’ZQ
E ifE=0 and E' #+ &
%} ifE= and B' = &

Proposition 1. The following hold.

1. The set € of elementary CE-strategies together with the unification and com-
bination operations enjoys the following properties.
(a) The neutral element of the unification and combination is Qe.[1.
(b) Every elementary CE-strategy E is idempotent for the unification and
combination, i.e. EAE=F and EY E=FE.
(c) The unification and combination are associative.
2. The combination of elementary CE-strategies is non commutative.

The idempotence follows from the equality eval(r - 7) = eval(T), the associa-
tivity follows from the equality eval((7y-72)-73) = eval(myi-(72-73)), and the
non-commutativity is a consequence of eval(7y-72) # eval(7s-71) in general,
for any tuples of contexts 7,71, T2 and T3.

4 The class of context-embedding strategies
(CE-strategies)

We introduced the elementary CE-strategies to clarify the ideas behind contexts,
their insertion as well as their combination. However, elementary CE-strategies



are not satisfactory for practical applications, since the positions are generally
not accessible and cannot be used on a regular basis in applications. So, we
enrich this framework by introducing navigation strategies to form a class of
CE-strategies that is closed under combination.

4.1 Specification of failure by Boolean formulas

The first enrichment of the elementary CE-strategies is to specify and handle the
failure. Assume that we applied the elementary CE-strategy E = [@Qp;.71,...,Qp,.7T,]
to a term, and assume that one of the @Qp,.7; fails. In this case the whole ele-
mentary CE-strategy FE fails. We shall relax this strong failure specification by
allowing one to explicitly specify whether the application of a strategy to a term
fails depending on the failure of the application of its sub-strategies. In this sub-
section we propose to specify the failure of by means of Boolean formulas that
we next introduce. For this purpose, to each position p in Pos, we associate a
Boolean position-variable denoted by p. The idea is that when we apply a CE-
strategy, say @Qp.7, to a term, then we get p := True if this application succeeds,
and p := False if it fails. Assume that we want that the application of the
elementary CE-strategy [@Qp;.71, @Qpa.75] succeeds if the application of @p;.7q
succeeds or the application of @ps.75 succeeds. This is specified by the Boolean
formula py V pa. -
In what follows, the set of all Boolean position-variables is denoted by Pos.

Definition 6 (Boolean formulas over 750\5) Let Pos be the set of Boolean

position-variables. The set of Boolean formulas over 750\5, denoted by %00[(750\3),
is defined by the following grammar:

B:=True | False | p | BAB | BVB

where p € Pos. The domain of ¢ € %00[(750\3) is defined as the set of position-
variables of ¢. We shall write ¢(p1, ..., pn) to make the domain {p1,...,pn} of ¢

explicit. A valuation is a mapping v : Pos — {True,False}. We say that v val-

idates ¢(]/7\17 cee 7ﬁn)7 written v ': ¢(Z/)\1a s 7]/7\7L)7 Zﬁ eval(qﬁ(l/(ﬁl), L) V(ﬁn))) =
True.

If m = {p1,...,Pn} is a set of variable-positions, then we shall write A 7 (resp.
\/ ) for the Boolean formula py A ... A p, (resp. p1 V...V pp). In particular,

A0 =\ 0 =False.

4.2 Syntax and semantics of CE-strategies

Besides the specification of failure, the second enrichment of the elementary CE-
strategies is the introduction of navigation strategies. Namely, we shall introduce
the left-choice strategy constructor (@), a restricted form of the composition
(“;7), and the fixed-point constructor (“u”) allowing the recursion in the defini-
tion of strategies. Thus we obtain the class of CE-strategies. In what follows we
assume that there is a denumerable set of fizxed-point variables denoted by Z.
Fixed-point variables in Z will be denoted by X,Y, Z, ...



Definition 7 (CE-strategies). The class of CE-strategies is defined by the fol-
lowing grammar:

S =g | X | (u—=u;8 | S®&S | u—ulr] | uX.8 | @.S | Qp.7 |
([@p1.Si...,@p,.Sn] | 9)

where X is a fized-point variable in Z, and u is a term in T, and T is a tuple of
contexts in T and p,p1,...,pn are positions in Pos, and ¢ is a Boolean formula

in %001(750\5) with Dom(¢) = {p1,...,Dn} \ {€}. The set of CE-strategies will be
denoted by C.

The strategy @p.S means to jump to the position p and to apply S there.
The strategy ([@p;.S1 ..., Qp,.S,] | @) consists in applying each of @p;.S;, which
yields a valuation that sends the position-variable p; to False iff the application
of @Qp;.S; fails, then evaluating the Boolean formula ¢. If this evaluation is false
then the whole strategy ([@Qp;.S;...,@Qp,.S,]|¢) fails, otherwise, every sub-
strategy @p;.S; that failed behaves like the identity, i.e. it does nothing, while the
other non-failing sub-strategies Qp;.S; are applied. For example, if we apply the
CE-strategy S = ([@p1.51, @p2.Ss] | p1 V P2) to a term ¢, and @Qp,.S; fails while
@ps.S, does not, we get an evaluation v with v(p1) = False and v(p1) = True.
Since v |= p1 V Do, then the result of the application of S to ¢ is precisely the
result of the application of @ps.S5 to ¢, making @p;.S; behaving like the identity.

It’s worth mentioning that the aim of incorporation of the Boolean formu-
las in CE-strategies is to make it expressive enough so we can write the stan-
dard traversal strategies (see Example 2). The fragment of CE-strategies without
Boolean formulas remains closed under unification and combination.

We shall sometimes write uX.S(X) instead of uX.S to emphasize that the
fixed-point variable X is free in S.

To define the semantics of CE-strategies we need to introduce an intermediary
function n : F(TU{F}) — TU{F} — TU{F}, that stands for the fail as identity.
It is defined for any function f in §(7 U {F}) and any term t € 7 U {F} by

F) i f(t) £

t otherwise.

Beside, let S*F1(S") =l S4(S(S")), for all any CE-strategies S(X) and S’ in C.

Definition 8 (Semantics of CE-strategies). Given an interpretationf: Z —
F(TUF) of fized-point variables in the set of functions over T UF, the semantics

of an CE-strategy strategy S is a function [S]; in F(T UT), which is defined

inductively as follows.

def def

= [Z];(t) = (F(2))(¢
i i) fu<t, apr]it def Jt[T( t|p if p € Pos(t)
N otherwise. f |\ F otherwise



X SX0 Z 1 @ si@)t)

i=1,5(t)

def | [Sili(t) if [Si];(t) #F
51 @ Se]s ()= {[[Sg]];(t) otherwise.

def JH[[SI(t;p)]p if [s]i(t)p) # F and p € Pos(t)
[ap-STi(H) = {]F otherwise

(L] apsi o)) {I(Fn(ﬂ@pn'sn]]f)O”'On(ﬂ@pl'slﬂf)m) T

i=1,n
where S = [@Qp;.51,- -+ ,@p,.S,], and
Vf(S, t) (i)\z) = False Zﬁ [[@plS,]]f(t) =F

If the CE-strategy strategy S is closed, i.e. all its fixed-point variables are
bound, then we shall simply write [S] instead of [S]s, and V(S,t) instead of
Vf(S, t).

For any CE-strategies 5,5’ in C, we shall write S = S’ iff [S] = [9']. To
simplify the presentation, we shall write (u,S) instead of (v — w); S and we
shall write (u, 7) instead of u — u[T].

Example 2. We show how to encode some standard traversal strategies in our
formalism using the fixed-point constructor. In what follows we assume that S
is an CE-strategy. We recall that, when applied to a term ¢, the CE-strategy
OneLeft(S) tries to apply S to the subterm of ¢ (if any) which is the closest to
the root and on the far-left. The CE-strategy TopDown(.S) tries to apply S to the
maximum of the sub-terms of ¢ starting from the root of ¢, it stops when it is
successfully applied. Hence,

OneLeft(S) =pX.(S& P (flr.-,z). P (@i X]| \ 7)),

fEF,ar(f)=n i=1,n i=1,n
TopDown(S) = puX.(S ® @ (f(a1,-  2,), {[QLX, -, @i.X]| \/ ’[>))
fEF,ar(f)=n i=1,n

We generalize next the condition of well-foundedness from elementary CE-strategies
to CE-strategies. Before that, it is helpful to view an CE-strategy as a tree with
back-edges. A tree with back-edges is an oriented tree with possible edges go-
ing from a node to at most one of its ancestors in the tree. (See Fig. 4 in the
Appendix for an example).

Definition 9 (Well-founded CE-strategies.). A CE-strategy S is well-founded
iff

i.) Bvery cycle in S passes through a position delimiter?.

3 This constraint is similar to the one imposed on the modal p-calculus formulas in
which each cycle has to pass through a modality [1].
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ii.) Allits sub-strategies of the form ([@Qp1.S1,...,Qp,.Sp, Qqr.71, ..., Qp, Tim] | &),
where n+m > 1 and p;,q; are positions and T; are tuples of contexts in
T4 and S; are CE-strategies, are subject to the following conditions:

(a) q; T g, for all i < j, where i,j € [m], and
(b) pi || pj, for all i # j, where i,j € [n], and
(¢) q; T pi, for all j € [m] and i € [n].

For instance the CE-strategy uX.((f(x),T)® X) is not well-founded because
the cycle that corresponds to the regeneration of the variable X does not cross
a position delimiter, while the CE-strategy puX.((f(z),7) & (Q1.X)) is well-
founded. In all what follows we assume that the CE-strategies are well-founded.
The set of well-founded CE-strategies is still denoted by C. Notice that any
CE-strategy is terminating. This is a direct consequence of Item (i) of the well-
foundedness of CE-strategies, that is, every cycle in a well-founded CE-strategy
passes through a position delimiter.

The set of Boolean formulas (resp. positions) of an CE-strategy S, will be
denoted by ®(S) (resp. Pos(S)). It is defined in a straightforward way (See
Definition 14 in the Appendix).

4.3 Canonic form of CE-strategies

Instead of the direct combination of CE-strategies, we shall first simplify the
CE-strategies by turning each CE-strategy into an equivalent CE-strategy in the
canonic form. A CE-strategy is in the canonic form if each of its Boolean formu-
las is a conjunction of position-variables, where each position-variable is in N,
instead of Pos. The advantage of the use of canonic CE-strategies is that their
combination is much simpler.

Definition 10 (Canonic form of CE-strategies). An CE-strategy strategy S
is in the canonic form iff any Boolean formula ¢ in @(S) is of the form ¢ = \; Di,
where p; € N,.

It follows that if a CE-strategy strategy S is in the canonic form, then we have
Pos(S) C N.

Lemma 1. Any CE-strategy can be turned into an equivalent CE-strategy in the
canonic form.

Proof. (Sketch) Firstly, we turn all the Boolean formulas of the CE-strategy
into formulas in the disjunctive normal form. Then we express the disjunction
in terms of the left-choice strategy (Lemmas 5 and 6 in Appendix). Secondly,
we turn each position in Pos into a secession of positions in N (Lemmas 7 in
Appendix). We rely on observation that CE-strategy @(ip).S is equivalent to
@i.(@p.S), where i € N, and p € Pos. |
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4.4 From CE-strategies to elementary CE-strategies

Out of a CE-strategy and a term it is possible to construct an elementary
CE-strategy. The main purpose of this mapping is to formulate a correctness-
completeness criterion for the unification and combination of CE-strategies in
terms of elementary CE-strategies. Roughly speaking, this criterion imposes that
the mapping of the combination of two CE-strategies is equivalent to the com-
bination of their respective mapping. The definition of this mapping follows.

Definition 11. Define the function ¥ : C x T — &, that associates to each
closed CE-strategy S in C and a term t in T an elementary CE-strategy ¥(S,t)
n & by

U(g,t) =9 U(Qp.T,t) = Qp.T
) t 4 t ) t
()t =T TSl g gy, = VS T
1] otherwise (o) otherwise
w((| | @pirilo)t) = || @pirs W(Qp.S,t) = @p - W(S, 1))
i€[n) i€[n]

B(S1,1) iS4 2
U(Sa,t) otherwise

U(uX.S(X),t)=v(  S'(2)1)

E[/(Sl D Sg,t) = {
i=1,5(t)

If S = Uie[n)@Qp;.S;, then

Uie[n] @pi.n(W(Si, tlpi)) Zf V(S’ t) ): 0]

] otherwise

B((316).1) = {

The application of the elementary CE-strategy W(S,t) to the term t will be simply
written as ¥(S,t)(t) instead of [¥(S,t)](¢).

It turns out that the function ¥ (Definition 11) preserves the semantics of
CE-strategies in the following sense.

Lemma 2. For any CE-strategy S in C and any term t in T, we have [S](t) =
U(S,t)(t).

The proof of this Lemma does not provide any difficulties since the definition of
¥ is close to the definition of the semantics of CE-strategies. One can show that
¥ enjoys further properties.

Lemma 3. The function ¥ enjoys the following properties.

i.) For any elementary CE-strategies Ey,Es in &, we have that E = E' iff
U(E,t) =W (FE't) for any term t.

ii.) For any CE-strategies S1,S2 in C, we have that S = S’ iff W(S,t) = ¥(S',t)
for any term t.
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5 Unification and combination of CE-strategies

The problem of the closure of the class of CE-strategies under combination asks
whether, for any two CE-strategies S1, 55 € C, there exists a third CE-strategy
S € C such that for every term t € T, we have that ¥(S1,t) Y ¥(Ss,t) =
W (S,t). This can be understood as a correctness-completeness criterion of the
combination of CE-strategies given in terms of the elementary CE-strategies. We
define the combination of CE-strategies by means of their unification. Morally,
this concept amounts to merging algebraic infinite trees introduced in [8], since
CE-strategies can be viewed as infinite trees by unraveling their tree with back-
edges like structure (Figure 4).

Definition 12 (Unification of CE-strategies). The unification of CE-strategies
(in the canonic form) is a binary operation A : C x C — C inductively defined
as follows.

gAS=0. SAO=0.
Qi.T A Qi7" = @i (7 7). Qi.T A Qj7" = [Qi.T,Qj.7'], if j Ci.
Qi A @S = @i.(@er A S). @it A @S = [@ir,Q4.5,), if j C .

(u,T) A Qit’ = (u, Qe.T A Qi.T"), (u,T) A Qi7" = @,
if i € lar(u)] U {e}. if i ¢ lar(u)] U {e}.

Qi1 A (u,S) = (u, (Qi.7) A 5), Qi.7T A (u,S) =g,
if [ar(uw)] U {e}. if i ¢ [ar(u)] U {e}.

(u,7) A (', S") = (uAY, (Qer A S"). (u,S) A (u,S")=(unu',S LS.

For the rest, let L = | | @i.S; UQe.1 and L' = || @j.5} U @e.7". Define

€T JjET
Li= || @i.(S;AS)), and Ly = || Qi.S; and L3= || @i,
i€INJ i€I\NT i€J\Z
(u,S) A (L] @) = (u, S A (L] ). (L) A (L |¢)) = (L1 UL ULy [ GNP,

(S1®S2) AS=(S1 AS)®(S2 A S).
For the fized-point CE-strategies,

(uX.S(X)) A S = 5" (uX.S(X)), where S"(X) = S(X) A S" and S'is ...
(nX.S(X)) A (uX'.8"(X")) = pz.8" (uX.S(X),nX".8"(X"), Z),
where SN(X7 X/,Z) = [S(X) A SI(X/)]‘XAX/::Z.

Comments. We comment on the key points in Definition 12. The unification of
(u, S) with (v, 5") is naturally (uAw', S A S’) since we want to merge them. The
idea behind the unification of £ X.S(X) with pX'.5'(X’) is to unfold uX.S(X)
(resp. pX'.S'(X")) to S(uX.S5(X)) (resp. S’ (uX’.5(X"))) and to combine the
resulting CE-strategy. This is achieved by firstly unifying S(X) with S'(X’),
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where clearly the fixed-point variable X (resp. X') being free in S(X) (res.
S’(X")). The resulting CE-strategy S” (X, X', X A X’) features three free fixed-
point variables. The key point is to view X A X' as a fresh fixed-point variable, say
Z, and to bind it to the full expression S”(uX.S(X), pX'.5"(X’), Z), meaning
that Z corresponds exactly to the CE-strategy that we are defining.

Ezample 3. Let S(X) = (u,7) ® @Q1.X and S'(X’') = (v/,7') & Q1.X’, be two
CE-strategies. We compute pX.S(X) A pX’.S'(X’). Firstly, the unification (*)
of S(X) and S’ (X’) yields:

(x) = S(X) L §'(X7)
= ((u,7) ®Q1.X) A ((v/,7') ®Q1.X")
(u,7) A (W, 7))@ (QLX A (v, 7)) & (v, 7) L QLX) & (Q1.X A Q1.X")
=wAu, 7" 7)® (u,[Q1L.X", Qe.7]) ® (v, [Q1. X, Qe.7]) & (Q1.(X A X7)).

Hence, combination of pX.S(X) and pX’.5"(X') is

(X.S(X)) A (uX'.S"(X") = pZ((und, 7" 7) @ (u, [@L.(uX'.S" (X)), Qe.T])D
(v, [@Q1.(uX.S(X)), Qe.7']) @ (Q1.2)).
Definition 13 (Combination of CE-strategies). The combination of CE-
strategies is a binary operation Y : C X C — C, defined for any S1 and Sy in C
by S1Y S ™ (811 8) @S @ Ss.

5.1 The correction and completeness of the unification and
combination of CE-strategies

Now we are ready to state one of the main results of this paper. We shall argue
that the unification of CE-strategies is sound and complete.

Theorem 1. For every term t € T and for every CE-strategies S and S’ in C
in the canonic form, we have that ¥(S A S’,t) =¥ (S,t) L ¥(5',1).

Similarly, the combination of the CE-strategies is sound and complete. The
following Theorem is a consequence of Theorem 1.

Theorem 2. For every term t € T, for every CE-strategies S and S’ in C, we
have that U(S Y 5, t) =W (S,t) Y ¥(5',t).

Thanks to the fact that the function ¥ is an homomorphism (in the first
argument), Theorems 1 and 2, one can transfer all the properties of the combi-
nation and unification of elementary CE-strategies (stated in Proposition 1) to
CE-strategies, yielding:

Proposition 2. The following hold.
1. The set C of CE-strategies together with the unification and combination

operations enjoy the following properties.
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(a) The neutral element of the unification and combination is Qe.[1.
(b) Every CE-strategy S is idempotent for the unification and combination,
ie. SAS=Sand SYS=S5.

(¢) The unification and combination are associative.

2. For any CE-strategies S and S’ in C, and for any term t in T, we have that
U(SASt)=0,iff U(S,t) =2 or ¥(S',t) =2

3. The unification and combination of CE-strategies is a congruence, that is,
for any CE-strategies S1,S2 and S in C, we have that: If S1 = Sy then
S1AS =508 and SAS, = SASs. Besides, If S = Ss then S1YS =S558
and SY S1=5YS,.

6 Conclusion and future work

We have addressed the key problem of extension and combination of proofs en-
countered in the field of computer aided asymptotic model derivation. Precisely,
an operation of combination over a class of extensions named CE-strategies, ex-
pressed as rewritting strategies that navigate along trees and insert contexts,
has been identified. It has been proved that the class is closed by combination,
and explicit formulae of combinations have been established. We also have in-
troduced a correctness criteria that has the power to guaranty the validity of
a combination formula. All of them have been rigorously proved, which is an
important piece of this work. It was also shown that usual traversal strategies as
TopDown or BottomUp belong to the class of CE-strategies. Finally, it is worth
noting that we identified the class of CE-strategies as belonging to the framework
of p-calculus. Therefore, we envision consequences of these results on the study
of the syntactic (or modulo a theory) unification and the pattern-matching of in-
finite trees once the infinite trees are expressed as algebraic pu-terms in the same
way we expressed the iterative strategies. Thus, a rewriting language that trans-
forms algebraic infinite trees can be elaborated. [[Our technique of unification
and combination involving u-terms is novel.]]
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Appendix: detailed proofs for reviewers

7 Proofs for preliminary section 2

Fact 3 Let u,t be two terms and 7,7 two substitutions. We have that, if y(u) <
t and v is subsumed by ', then 7' (u) < t as well.

Lemma 4. Let u,u,t be terms in T. Then,
(unu') <t iff u<tand v <t

Proof. For the direction (=), let v be the most general unifier of u and v, and
a be a substitution such that a(u A v') = t. This means that a(y(u)) = t and
a(y(u')) =t. That is, y(u) < t and y(u') < t.

For the direction (<), let o and ¢’ be substitutions such that o(u) = ¢ and
o'(u') = t. Consider the decomposition o = o1 W o2 and o’ = o] W g}, where
Dom(c1)NDom(c}) = 0 and Dom(o2) = Dom(o%). Since o(u) = o’ (u'), it follows
that o9 = o). But this means that o9 (u) = o2(u'), and oo (u) < ¢. In other words,
u and 1’ can be unified. Let v be the most general unifier of u and u'. But since
o2(u) < t and o9 is subsumed by +, then it follows from Fact 3 that v(u) < t.

8 Proofs and formal definitions for section 4

8.1 CE-strategies as tree-with back edges

uX

|

It is helpful to view CE-strategies as trees P ®
with back-edges. For instance, the tree-

like structure of the CE-strategy S(X) = / \ / \/
(f(z), ) ® (@1.X), where the fixed-point ’ al ooal
variable X being free, is depicted on the / \ l / l
left of Figure 4. While the tree with- back-  f(z) = X flz) X

edge related to uX.S(X) is depicted on the

right. Fig.4. The tree-like structure of

the CE-strategy S(X) = (f(z),T) @
(@1.X) (left) and uX.S(X) (right).

8.2 Set of Boolean formulas and positions of a CE-strategy

Definition 14 (Set of Boolean formulas and positions of a CE-strategy).
The set of Boolean formulas (resp. positions) of an CE-strategy S, denoted by
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D(S) (resp. Pos(S)), is inductively defined by

d(@Qp.1) =10 Pos(@p.T) = {p}
P((u,7)) =0 Pos((u, 7)) =0
D(X)=10 Pos(X) =0

D((u, S)) = d(9) Pos((u, S)) = Pos(S)
@( @ S;) = U D(S;) Pos( S;) = U Pos(S;)
1€[n] 1€[n] i€[n] i€[n]
o(( L apiSile)) = {oru U @(Si) Pos(( L] @piSila)) = [ {pik UPos(S))
i€[n] i€[n] i€[n] i€[n]
P(uX.S(X)) =2(5(X)) Pos(uX.S(X)) = Pos(S(X))

8.3 Depth of CE-strategies

Taking into account that the structure of a CE-strategy is no longer a tree but a
tree with back-edges that may contains cycles, we slightly modify the standard
measure of the depth of trees in order to capture both the number of nested
loops, caused by the nested application of the constructor u, and the distance
from the root of the tree to the leaves. Many proofs will be done by induction
with respect to this measure.

Definition 15 (Depth of a CE-strategy). The depth of an CE-strategy is
function A : C — N x N defined inductively as follows.

A(@p.T) = (0,0)
A((u, 1)) = (0,0)
A(X) =(0,0)
A((u, S)) = (0,1) + A(S)
A(S1®...®8,) =(0,1) + maz(A(Sy),...,A(S,))
A((@Qp,,.S1, - ,Q@p,.Sy | @) = (0,1) + max(A(S1), ..., A(Sn))
A(pX.S(X)) = (1,0) + A(S(X))

We shall denoted by <, < and >,> the related lexicographic orders on N x N.

Notice that if a CE-strategy S is iteration-free, i.e. it does not contain the con-
structor p, then its depth A(S) = (0,n), for some n € N.

8.4 Canonic form of CE-strategies

Lemma 5. Let py,...,pn be parallel positions in Pos, and Sy,...,S, be CE-
strategies, with n > 1. Let w,7" C {p1,...,pn} with mUn" = {p1,...,pn} and
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let p = N7 and ¢’ = A\’ be Boolean formulas. Let S = [@p;1.51,...,Qp,.Sy].
Then we have the equivalence
(Slove)=(Slong) e
D (S lond|,) e 69 (Sprugpr |0 N ') @

P/Cﬂ'/
o' =|7"|-1

@ <S|KJU7T |¢|p/\¢ @ S|goU7r |¢|p/\¢> (1)
C

pCT
lpl=lm|—1

Proof. Recall that
@ n - Sn -0 @ S f V Sa /7
(S |6V o) = {I(F[[n( pueSi)l oo [n(@pr SN V(S 1) oV o
otherwise.
We discuss four cases depending on whether V(S,t) = ¢ or V(S,t) E ¢'.
1. I V(S,t) E ¢ and V(S,t) E ¢, then in this case

V(S t)Eond and [(STe Vv eNlt) =[S d)](H).

Thus Eq. (1) holds.
2. If V(S,t) = ¢ and V(S,t) = ¢/, then we must show that

[(STond)](t) =

(2)
and
W' c 7, [(ST¢V NE) = [Sirupr | & A& 1)),
3)
and
Vo' C 7', where |¢| > |¢'| and
o #e, [(Sixuer [ A ¢ 1)](E) =F.
(4)

However, Eq. (2) follows from the fact that V(S,t) | ¢ and V(S,t) ¥ ¢'.
To prove Eq. (3), we let

o Y hen | V(S,0)(5) = True} N
Hence, V(S,t) |= ¢ V ¢' if and only if V(S|rupr,t) = ¢ A ¢, Besides,
Q@p;.S;](¢) it WD) =T
Vo, e mun’,  [n(@pi.S)](t) = {[[ pi-Sil(t) it VIS )(p ) = True
t otherwise,
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and
Vi emUg', [n(@p;.Si)](t) = [@p;.S;](t) and  V(Sjzue,t)(ps) = True.

Summing up, Eq. (3) holds.
To prove Eq. (4), we notice that there exists p € ¢’ such that V(S5,t)(p) =
False, and hence V(Sruy,t) B #9” making [(Sjzue |# A ¢'1,)](t) = F.
Thus Eq. (1) holds.

3. If V(S,t) = ¢ and V(S,t) = ¢, then this case is similar to the case when
V(S,t) = ¢ and V(S,t) = ¢’ discussed above in Item 2.

4. fV(S,t) = ¢ and V(S,t) = ¢/, then in this case

[(S1éVvé)](t) =F, and
Vo' C 7' [(Sjrugr |9 A G| ,)]() =F,  and Vo C m, [(Sjpun | o A ¢)](t) =T,
making the Eq. (1) hold.

Lemma 6. Let p1,...,p, be parallel positions in Pos, and Sy,...,S, be CE-
strategies, with n > 1. Let 1 = {p1,...,Dn} and Let S = [@p;.54,...,@p,.S,].
Then we have the equivalence

SR =( B SelAo))ao(BSeIAe) 6

©CT pCmT
lol=|=| lp|=0

Proof. We recall that

(S1\/ (1) = {g"(@pnﬂn)ﬂ oo [n(@p.S)])(E) i V(S,t) E VT,

otherwise.

Out of the valuation V(S,t), we shall show that there exists a unique p C 7
such that

(ST ™) = [(Sie | A0, (6)
and that for all p’ C 7 where |p'| > |p| and ' # p, we have that
[(Sier | \#)](t) = F. (7)

For this purpose, we define p by
o™ (pen | V(S,t) = True).
Therefore, V(S,t) = \/ 7 iff V(S),,t) E A p, and

[Qp;.Si](t) V(S ) EVr

t otherwise

Vpi € m, [n(@p;.S)](¢) = {
and

Vb € 9, V(Sjpot) = \ 9 and  [n(@pi.S)](t) = [@pi.Si](t).
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Hence Eq. (6) holds. And Eq. (7) follows from the fact that there exists g € g
such that V(S,t)(q) = False, thus V(S| t)(q) = False and V(S| 1) = A\ ¢'.

Lemma 7. Each CE-strategy in which every Boolean formulas is a conjunction
of position-variables in Pos, can be turned into an equivalent CE-strategy in
which every Boolean formulas is a conjunction of position-variables in N..

Proof. Let S be CE-strategy strategy. The idea is simple. If there are no Boolean
formulas in the CE-strategy, then we rely on the observation that the CE-strategy
Q(ip).S" is equivalent to @i.(@p.S’") where i € N, and p € Pos. Which means
that we use the reduction rule

Q(ip).s' — Q@i.(@p.s") 8)

to put the CE-strategy in the canonic form. We generalize the rule (8) to take
into account the presence of Boolean formulas as follows. Let

S=(| |aip;.s})u---u (| |anp;.87), and
J J
Sy =aL{(| |@p;.S})| \#;), and
J J
Sn = @n((|_Jap;.57) | \pi)
J J
Then we define the reduction rule

(SIAN®) = (St Sl AD-

Since all the Boolean formulas are conjunctions of position-variables, then we
have

(STAND;) =[S S IAD.

8.5 Properties of the function ¥

Lemma 8 (¥ preserves the semantics, i.e. Lemma 2). For any CE-strategy
S in C and any term t in T,

[S1(2) = @ (S, 6)(t) 9)
Proof. The proof is by induction on A(S), the depth of S.

Basic case: A(S) = (0,0). We distinguish three cases depending on S.
1. If S = @, then this case is trivial.

2. If S = @p.7. This case is trivial since ¥(S,t) =
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3. If S = (u, 7). In this case

510 = {r[t} if u <t

F otherwise,

and on the other hand,

5(S,1) Qe.1 1fu<<?f hence (S, )(t) = Tt] 1fu<<T5
[eo] otherwise F otherwise

That is, [S](t) = (S, t)(¢).
Induction case: A(S) > (0,0). We distinguish three cases depending on S.
1. If § is a left-choice of the form

S=51®...895,

then,

) ISk](t)  ifk=nie n] st [S](t) #F
15100) = {IF if Vi € [n], [S:](t) = F

and

U(S1 D ... ® S )™ U(Sp,t) if k=npi€ [n] s.t. ¥(Sk,t) £ @
1D ... ns - @, if Vi e [n],W(Si,t)(t) =g

Since U (S, t) = @ iff U(Sk,t)(t) =T, we get

def [(Sk,t)(t) if k=€ [n] st W(Sk,t)(t) #F
V($1®... 5, 0)(t) = {IE‘, if Vi € [n],(S;,t) =F

From the induction hypothesis we have that [S;](¢t) = ¥(S;,t)(t) for all
i € [n]. Hence, [S1 @ ... B Sn](t) =¥ (S1 B ... D Sn,t)(t).
2. If S is of the form

S =([@p;.51,...,@p,.Sn, Qq1.71, ..., Q. Trw] | P), n>1,m >0,
then let
f=M(@pn.Sp)lo---on(@pr.S1)]  and [ =[Qgm.Tm] o0 [Qg1.71]
On the one hand

[s1t) < {(f' o f)(t) i V(S,t)
F otherwise

_ {(ﬂ@pnmsn)ﬂ oo [n(@prSON(E) V(S t) ¢

F otherwise
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On the other hand, let
L=[Qpn(P(St,tip,))s - (P (Snstpp,))] and L' =[Qq.71,...,Qq,. Ty

and thus

o {Luﬁ’ VSO S e (S0 _{](F[[E’]]o[[ﬁ]])(t) if V(S.1) = ¢

o otherwise otherwise

It remains to show that, for any term ¢ in 7,

f) =1£]) and f1@t) = [£]@).
But f' = [£'], and thus it remains to show that

Vi € [n], [@pi.Si](t) = [@pi-¥(Si, t)p,)] (1) (10)
However,

t[[S:] ()], if pi € Pos(t)

F otherwise

[Qp;.Si](t) = {
and

t[w(si’th?i)(t\pi)]pi if p; € POS(t)
F otherwise

[Qp; #(Sis 1 )](F) = {

From the induction hypothesis we have [Si](t,,) = ¥(Si,tjp,)(tp,)-
Therefore, the Eq. (10) holds.

3. If S is of the form S = pX.S(X), then the claims follows from the fact
that

[uX.S(X)]@) =1 @ Si(@ and P(pX.S(X @ Si(@),1),
i=1,8(t) i=1,5(t)

by applying the induction hypothesis since

Al @ S(9) < A(uX.S(X)),
i=1,6(t)

because if A( Di—is50) SH(@)) = (n,m), for some n,m € N, then A(pX.5(X)) =
(n+1,m’), for some m’ > m.

This ends the proof of Lemma 2.
Lemma 9 (i.e. Lemma 3). The function ¥ enjoys the following properties.

i.) For any term t and any elementary CE-strategies E1, Es in £, we have that

E=F iff W(E,t) =W(E1).
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ii.) For any term t and any CE-strategies Sy, Ss in C, we have that
S=9 iff (S, t) =w (S, t).

Proof. We only prove Item ii.), the other item follows immediately from the
definition of ¥. On the one hand, from the definition of = we have that

5= iff [S](t) = [S'](t), VteT.
However, it follows from Lemma 2 that
[ST(t) = w(S.1)(t) and [S'1(t) = w (8", )(t).
Therefore,
(S, t)(t) =w (S t)(t)Vt e T.
Since, both ¥(S,t) and ¥(S’,t) are elementary CE-strategics, it follows from

Item i.) of this Lemma that ¥(S,t) = ¥ (5, 1).

9 Proofs for section 5

9.1 Correctness and Completeness of the unification and
combination of CE-strategies.

Theorem 4 (i.e. Theorem 1). For every term t € T, for every CE-strategies
S and S’ in C, we have that

U(S LS t)=0(St) AW(S 1) (11)

Proof. The proof is by a double induction on A(S) and A(S”). We recall that if
there are two symmetric cases, we only prove one of them. We make an induction

on A(S).

Base case: A(S) = (0,0). We make an induction on A(S").
Base case: A(S’) = (0,0). We distinguish three cases depending on the
structure of S and 5.
1. The cases when (5, 5") = (&, @) or (5,5") = (Qi.7,Qj.7') are trivial
whether ¢ = j or not.

2. If (5,8") = (Qi.7, (u, ")), where i € N¢ \ {e}, then in this case

S A S = (u,[Qi.7,Qe.7']) and

WS LS 1) = [@i.7,@Qe.7’] Hfu<t
’ @

otherwise.
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On the other hand,

T
W(S,t):{@“- <t and (S, 1) = @i

o) otherwise.

Hence

. L
U(S,t) AW(S't) = {[@@”’ Qer’] ifu<t

otherwise.

=U(S,t) AW(S 1)

3. If S = @e.m and S" = (u, 7'), then this case is similar to the previous
one except that the insertion of the tuples of the contexts 7 and 7’
occurs at the root position instead of two different positions. We

have that
Qe.(7" - if t
SAS =(u,7-7) and ¥(SAS t)= e(r'-7) 1u<<.
o) otherwise.
On the other hand,
Qe. if t
W(S,t) = { or Hus and  W(S',t) = Qer!
1] otherwise.
Hence
if
D(S,t) A (St { (r'-7) ifu <<?f
otherwise.
U(S,t) AW(S,t)

Induction step: A(S’) > (0,0). We distinguish six cases depending on the

structure of S and 5.
1. If S = (@4, 7) and S’ = (v/, R'), where 7 € N, then in this case

ifu <t

v . /
SAS =, (@.r)AR) and W(SAS, )= { (@ir) A R 1) ,
%] otherwise.

Since A(R') < A(S’), it follows from the induction hypothesis that

U(S A8 t)=

V(Qir,t) ANW(R,t)  ifu <t
otherwise.

_J@ir AW(R,t) ifu <tandie Pos(t)
o otherwise.
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On the other hand,

Q. if 4 t U(R',t if u <t
(S,1) = T i ZEIP.OS() and  W(S',t) = (R',t) i u<<.
%} otherwise. %) otherwise

Hence the unification W(S,t) A ¥(S’,t) is defined by

U(S,t) AW (St

Qi AW(R,t) ifW(R,t)and v’ <t
otherwise
(S, t) AW(S t).
IS = (@i, 7) and S" = (|;c; @j.5; | $), where i € N, then we only

discuss the case when i € J, the case when i ¢ T is immediate. In
this case, let

|| @js;u(@irn@is))

JeJI\{i}
and
SAS/:<S‘¢>, and
Q/(S i Sl,t) _ I_IjeJ\{i} @j-w(S]‘,t‘j) (] W((@Z'.T A @i.Si),t‘i) if V(S,t) ': o,
9 otherwise

_ JUjengs QU (S),t;) U (P(Qir,t;) AW(QiS;,t;)) if V(8,1) = ¢,
(o) otherwise

Since A(S;) < A(S,t), it follows from the induction hypothesis that

W(S LS t) = Ujen iy @1 (S5,t);) U (Qir A (Qi.S;, 1)) if V(8,1) | ¢,
%] otherwise

On the other hand,

w(S,1) = {@” if i € Pos(t), Ljes @#(S;,t) V(S 1) = o,

) and W(9't) = ,
1] otherwise 1] otherwise

and since ¢ € J, the unification of ¥(S,t) and ¥(S5',t) is
U(S,t) AW(S',t) =
{ujeJ\{i} QW (S;,t);) U (Qir A @0 (S;,t),))  if i € Pos(t) and V(S,t) = ¢,

%] otherwise

Since ¢ is a conjunction of position-variables, and i € J, which means
i € Dom(8), then

V(8,t) E ¢ iff i € Pos(t) and V(8,t) = ¢.
That leads to W(S A S, t) =W(S,t) AW(S',¢).
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3. If S = (Qi.T) and S’ = uZ.R(Z), where i € N, then in this case

SAx 8" =8"(uZ.R(Z)), where S"(Z) = (Qi.T) A R(Z), and
WS LS 1) = U(S"(uZ.R(Z)),1)

i=0,6(t)

(
(
:w((@i.TMR( o) Ri(@)),t)
(
(

i=0,5(t)

—v((@ir)x P Ri“(@)),t)

i=0,5(t)

i=0,5(t)

If we assume that A(,;_g 5 R'(2)) = (n,m), for some n,m €
N, then A(MZ.R(Z)) = (n+ 1,m’), for some m’ € N. Meaning
that A(@;_; 5, R'(9)) < A(uZ.R(Z)). Thus it follows from the
induction hypothesis that

w(S LS t)=w(@ir),t) \v( P R(2)1)

i=0,6(t)
On the hand,
U (S t) =¥ (uZ.R,t)
=v( @ R(2)1)
i=0,5(t)
Hence,

U(S LS t)=w(S,t) AW, 1).
4. If S = (u,7) and S’ = (v/, R'), then in this case

v((Qer) A S t) if (uAu) <t
&, otherwise.

S8 = (uAd, (@) 8) and  W(S A St) = {

U (QeT,t) AW(S 1) if (uAu) <t
| @, otherwise.
On the other hand,

Qer fuxkt
1] otherwise

w(S',t) if u' < t

v (S,t) = { and W(9',t) = { .
&, otherwise.
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Since
(wAu') <t iff u<tand v <t (Lemma 4)
We get,
V(S LS t)=w(S,t) AW(S ).

5. If S = (u,7) and S" = (| J,.; @i.S} | ¢'), then we only prove the case
when I C N, \ {¢}, the case when ¢ € I is similar. We have that

SAS = (u, (| |@i.Siu(aer)|4)), and

i€l
V(e @i.SiU (Qer) [¢),t)  Hfu<t
J, otherwise

U(S oS t)= {

_ {uie, QLW (8], 1) U (Qer) if u < ¢ and V(| ;o @iW(S), ) = ¢f

&, otherwise

=Ww(S,t) AU(S,1).

6. If S = (u, ) and ' = pZ.R(Z), then this case is similar to the case
where S = @i.7 discussed before.

Induction step: A(S) > (0,0). We make an induction on A(S").
Base case: A(S") = (0,0). This case is symmetric to the case where A(S) =
(0,0) and A(S’) > (0,0) discussed before.

Induction step: A(S’) > (0,0). We distinguish four cases.
1. If S = (u, R) and S" = (v/, R’), then in this case

/ : !
SAS =(@urw,RAR) and W(SAS’,t):{W(RAR’t) if (w ') <t

otherwise
Since

(uAu') <t iff u<tand v <t (Lemma 4)
and since A(R) < A(S) and A(R') < A(SY’), it follows from the
induction hypothesis that

/ . ’
U(S LS t)= {W(R’t))\w(R,t) ifu<tand v/ <t

otherwise

On the other hand,

v, - {

Therefore W(S,t) AW(S',t) =W(S A S5, ¢t).

. / : /
U(R,t) ifu<t and W(S’,t):{g/(R7t) ifu <t

1] otherwise otherwise
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2. If S and S’ are lists of position delimiters of the form
S = |@isi|¢) and S =(| ] @js;l¢)
i€Z JjeT
where Z, J C N, then let
$=| | @is; and 8 =| | @j.s;
i€l JjeT

On the one hand we have that

U(S,t) = {lélieI Qin(P(S;,t;)) i V(S8,t) = ¢

otherwise,
and
’ & otherwise.

Hence, the unification ¥(S,t) A W(S’,t) is defined by
(S, t) AW(S' t) =

%] otherwise.
On the other hand, let

8= || @.(s;ias)u || @su || ais
1€INT i€I\T 1€J\T

and thus the combination S A S’ is defined by
SAS (s gng).
To simplify the presentation, let

= || @in@((Sixs),1) U || @n@S,t)u || @in@(s,t).

i€INT i€ETI\T ieJ\T

Thus ¥ (S A S’,t) can be written as

g// if 8" ': dA G

o) otherwise.

w(S A S t) = {
3. (1] @i.8;| ) A (u, ") = (u, (L] @i.S;|¢ A S"))

i€l i€L
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4. If S = pX.S(X) and §" = pX'.S'(X"), then we have
(uX.S(X)) A (uX".S'(X") Y 12.8"(uX.S(X), uX'.8'(X"), Z)
where S”(X, X", X A X') < s(x) x §'(X").

Let ¢ € T and let n = §(¢). To show that

U (pX.S(X), 1) KW (uX'.S"(X'), 1) = 0 (uZ.8" (nX.S(X), uX".9'(X"), Z), 1)

it is sufficient to show that
P Sie) =P QB Si(@) A 8" (2) (12)
i€[n] i€[n] i€[n]

We have that for all ¢ > 1,

def

S'(@) A §"(2) = S(S'7H(2)) A §'(5"7H(2))

d@f S//(Sz 1( )75”-71(@)751-71(@))\S/ifl(g))
def SZ( )
hence,
[pX.S(X)] A [nX".S'(X) @Sl L (P S (2)
i€[n]
=5"( @ S'(@), P @), P Sw@r P @)
i€n—1] 16[71/—1} i€[n—1] i€[n—1]
=P S'(2)
i€[n]
= [pX.S(X) A uX'.S"(X")]
Hence,
U (uX.S(X) A pX'.S'(X') @ S (@) L (B 5"(2)).t)
i€[n] i€[n]
@Sz @S/z( ) )
1€[n]

(MX-S( ) t) AW (nX".S' (X))

5. The cases of (uX.S(X)) A S and S A pX’.5'(X’) are similar to the

previous one.

6. Dicin Si ADBjepm) S5 = Dicn) Djepm) Si A Sj- On the one hand we
have that

@S“t YD, ad w(@ st @ ws)

1€[n] Jj€[m] Jj€[m]
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and

v(P P sirsi )2 P @ w(sirst

i€[n] j€[m] i€[n] j€[m]

And we need to show that

P P w(sixs)t)=Pw(s,t) L P w(sS) 1) (13)

i€[n] je[m] i€[n] j€[m]

The proof is by a double induction on n and m.
(a) n=1. We make an induction on m.

i. m = 1. This case is obvious since the equality ¥(Sy, AS7,t) =
W(S1,t) A W(S],t) follows from the induction “hypothesis”.

ii. m > 1. In this case we have

LEq13)= P € (S Sj,t

i€[n] j€(m]

P (514 8,1)

Jj€[m]

= @ 7(SiAS8)t)oW(S LS, t)
j€[m—-1]

= D (#(S1,t) AU(S), 1)) ®E(Sy A Sl 1)

jE€[m—1]

(Induc. on m)

= P (WS t) LS}, t) @ (T(S1,1) L W(S),. 1))

j€[m—1]

(Induc. hypothesis on A(S), A(SL,))
=U(S,t) A P w(S)t)ow (S, )

j€[m—1]

(Def. of A)
=w(S,t) & €D w(S).1)

j€[m]

= R.Eq(13)

(b) n > 1. Again, we make an induction on m.

i. m = 1. This case is similar to the case when n =1 and m > 1
discussed above.
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ii. m > 1. In this case,

L.Eq13) = P P w(S: » St

i€[n] j€[m]
- P @ w(S; A S t) e @ (S A S),t)
i€[n—1] j€[m j€lm]
= p ( @ W(S; A S t) @W(S; A S, t)) @ €D w(Sn A St
i€[n—1] j€[m—1] j€[m]
=P ( P @Sit) xw(S)t) ®F(S; A S, 1)) & €D ¥(Sn A S),t)
i€n—1] j€[m—1] j€[m]

(Induc. on m)
= P ( P @(Sit) AW(S)1) @U(S;,t) L U(S),,1)®

i€n—1] j€[m—1]

P v (S..t) L ¥(S),1)
JE[m]

(Induc. Hyp on A(Sy), A(S}))

B ( P wsit) L (¥(S)t)@w(S, 1))e

i€[n—1] jelm—1]

@ (W(Sn,t) AW(S5,1)) (Def. of A)
Jj€lm]
= P @Sty L P w(S)t) @ (F(Sn,t) A D (S),1))
i€ln—1] j€[m] J€[m]
1 (Def. of A)
= @ ((W(Si’t) @W(Snvt)) A @ W(S;7t))
i€[n—1] J€[m]
(Def. of A)
=P (@sit) x P w(5;,1)
1€[n] Jj€[m]
- @ EB (Si,t) AW(S",1)
i€[n] j€[m]
= R.Eq(13)

Theorem 5 (i.e. Theorem 2). For every term t € T, for every CE-strategies
S and S’ in C, we have that

U(SY S t)=w(St) Yy w(S,t). (14)
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Proof.

PESYSt)=v(SAS)eSD®St) (Def. 13 of Y)
=U(S LS t)pw(S,t)dWw (S, 1) (Def. 11 of ¥)
= (U(S,t) AU(S',t) W (S,t) W (S,t) (Theorem 1)
=U(S,t) Y ¥(S',t) (Def. 13 of Y)

Proposition 3 (i.e. Proposition 2). The following hold.

1. The set € of CE-strategies together with the unification operation A is a

Hamiltonian half-group, that is
(a) The neutral element of the unification is Qe.. i.e. for every S in C, we
have (Qe.0) A S =5 A (Qe.0J) = S.
(b) The empty list & is the absorbing element, i.e. for every S in C, we have
TAS=SA0=0.
(c) Every CE-strategy S is idempotent, i.e. S A S =S.
(d) The unification is associative, i.e. (S1 A S3) A S3 = S1 A (S A S3), for
any S1,S2,53 in C.
2. The combination of CE-strategies is non commutative.
3. For any CE-strategies S and S’ in C, and for any term t in T, we have that

V(S ASt)=02 iff V(S t)=2 or¥(S't) = @.

4. The unification and combination of CE-strategies is a congruence, that is,
for any CE-strategies S1,S2 and S in C, we have that

If51552 then S AS=85 A8 and SAS =S A5,
Besides,
IfS1 =5, then S YS=S5,vS8 and SY S =SYS,

Proof. We only prove the last Item. To prove the associativity of the both unifi-
cation and combination for CE-strategies we rely on the associativity of the uni-
fication and combination of elementary CE-strategies (Proposition 1) together
with the property of the function ¥ (Theorems 1 and 2).

Let S1,52 and S3 be CE-strategies in C. It follows from Item iéii.) of Lemma
3 that in order to prove that

S1Y (SQ Y Sg) = (Sl Y 52) Y 537
it suffices to prove that, for any term ¢ € 7, we have that
EI/(Sl Y (SQ Y S3),t) = W((Sl Y SQ) Y Sgﬂf).

But this follows from an easy computation:

W(Sy Y (S2Y S3),t) =W(S1,t) Y ¥(Sy Y S5,1) (Theorem 2)
=U(S1,t) Y (U(S2,t) Y ¥(Ss,t)) (Theorem 2)
= (U(S1,t) Y ¥(Sa,t)) Y ¥(S3,t) (Proposition 1)
=W(S; Y Sa,t) Y ¥(Ss,1) (Theorem 2)
= ((S1Y (S2Y S3),t) (Theorem 2)
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On the one hand, if follows from Theorem 2 that
U(S; A S,t) =0(Sy,t) L P(S,1).
On the other hand, since S1 = S, it follows from Item 7é.) of Lemma 3 that
U(Sq,t) =W(Sa,t).
Hence we get

U(S1 A S,t) =W (Sa,t) LT(S, )
=U(Sy A S,t) (Theorem 2)

Again, from Item 4. ) of Lemma 3, we get
S AS=8A8.

The proof of the remaining claims is similar.
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