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Abstract. The Walsh transform @ of a quadratic function @ : Fon — Fa
satisfies [Q(b)] € {0,2"%"} for all b € Fan, where 0 < s < n — 1 is an
integer depending on Q. In this article, we investigate two classes of such
quadratic Boolean functions which attracted a lot of research interest.
For arbitrary integers n we determine the distribution of the parame-
ter s for both of the classes, C1 = {Q(z) = TYH(Z};’;*”/QJ aiz? Yy
a; € Fa}, and the larger class Cz, defined for even n as C2 = {Q(z) =
Tra (27 g2 1) + Trn/g(an/zxwﬂH) : a; € Fa}. Our results
have two main consequences. We obtain the distribution of the non-
linearity for the rotation symmetric quadratic Boolean functions, which
have been attracting considerable attention recently. We also present the
complete weight distribution of the corresponding subcodes of the second
order Reed-Muller codes.

1 Introduction

Omitting linear and constant terms, a quadratic function @ from Fy» to Fy can
be expressed in trace form as

Ln/2]
Q) = QM (x) = Tra( Y a® ™), a; € Fon, (1)
=1

where Tr,, denotes the absolute trace from Fy» to F5. We use the notation Q(")
when we need to specify the integer n. If n is odd, this representation is unique.
For even n the coefficient a,, /5 is taken modulo Fy. /2.

The Walsh transform f of a function f : Fon — Fy is the function from Fan into
the set of integers defined as

J/c\(b) = Z (—1)f(f)+Trn(bz)'

zEFon



Quadratic Boolean functions belong to the class of plateaued functions, for which
for every b € Fan, the Walsh transform f(b) vanishes or has absolute value
o(nts)/2 for some fixed integer 0 < s < n. Accordingly we call f s-plateaued.
Note that f(b) is an integer, hence for any s-plateaued function from Fon to
Fy, n and s must be of the same parity. Recall that a 0-plateaued function is
called bent, and depending on n being odd or even, a 1 or 2-plateaued Boolean
function is called semi-bent. Clearly a Boolean bent function can only exist when
n is even.

The nonlinearity Ny of a function f : Fon — Fy is defined to be the smallest
Hamming distance of f to any affine function, i.e.

Ny = i Fon Try .
p= i (€ R i (@) # Tralus) + o}
The nonlinearity of a Boolean function f can be expressed in terms of the Walsh
transform as

1 —~
_on—1_ ~
Np=2 5 pax |f(b)]. (2)

2
By Parseval’s identity we have Zb@}«‘w ‘ f (b)’ = 22" for any Boolean function
f. As a consequence, bent functions are the Boolean functions attaining the
highest possible nonlinearity. Since high nonlinearity is crucial for cryptographic
applications, bent functions are of particular interest.

Recall that the rth order Reed-Muller code R(r,n) of length 2" is defined as

R(’I”,TL) - {(f(al)vf(QQ)a’ o 7f(a27")) | f € PT}?

where P, is the set of all polynomials from Fa» to Fy (or from F% to Fs) of
algebraic degree at most r, and oy, ag,...,asm are the elements of Fon (or F%)
in some fixed order. The set of quadratic Boolean functions together with the
constant and affine functions form the second order Reed-Muller codes.

Classes of quadratic functions (1) which attracted a lot of attention in the last
decade are the classes

L(n=1)/2] .
C1 ={Q(z) = Tra( Z a;z® ) a; € Fol,

i=1
and for even n

(n/2)—1 ‘
Co = {Q(z) = Tra( Z az‘ff?”rl)+Trn/2(an/2$2n/2+1) pa; € Fo, 1 <i <n/2},
i=1

where all coefficients are in Fy, see the articles [3,4,6-10]. If n is odd, then C; is
the class of the idempotent quadratic Boolean functions, which are defined by the
property Q(z?) = Q(z) for all # € Fan. For even n the class of the idempotent
quadratic Boolean functions is Cz. As observed in [2] there is a nonlinearity
preserving one-to-one correspondence between the set of idempotent quadratic



functions from Fan to Fo and the set of rotation symmetric quadratic functions
from F% to Fy. Hence many results on idempotent quadratic functions also yield
results on rotation symmetric quadratic functions, which makes the classes C;
and C even more interesting.

In this work we continue the research on these classes of quadratic functions.
For technical reasons we include the O-function, for which all coefficients a; are
zero in both sets C; and Cs. Being constant, the zero function is n-plateaued.
We now introduce

C={Q™(x) : QM (z) e, for odd n and Q™ (z) € C, for even n}.

With this notation, C is the set of idempotent quadratic functions from Fsn to
Fs.

The study of the Walsh spectrum of quadratic Boolean functions in C; has been
initiated in [7], where the authors determine all n for which all such quadratic
Boolean functions are semi-bent. This result was extended in [3]. In the articles
[6,10] bent functions in Cy are constructed. The problem of counting the bent
functions in Cy was solved in [10] for special classes of integers n. Enumeration
results on Boolean quadratic functions in C; with a large value of s have been
obtained in the paper [4]. With methods originally used in the analysis of the
linear complexity of periodic sequences (see [5]), far reaching counting results for
the set C; have been obtained in [8,9]. In [8], the number N, (s) of s-plateaued
quadratic functions in C; has been determined for n = 2™, m > 1 and all possible
values of s. The generating polynomial G, (z), defined by

Gul2) = 3 Nou(n — )21,
t=0

was considered in [9] in order to describe N, (s). This generating polynomial has
been determined as a product of polynomials for all odd integers n and also for
n = 2m, m odd. In particular, explicit formulas for the number of semi-bent
functions in C; have been obtained for such n. We remark that unlike Cs, the set
C1 does not contain bent functions.

In this work we extend the above results to functions in C; and Cy for any
arbitrary n, by determining,

(i) the generating polynomial G,(z) for any (even) number n,
(ii) the generating polynomial H,(z) = > ;_, M, (n—t)z" for the number M,, (s)
of s-plateaued functions in C,.

We therefore describe the distribution of the parameter s in the sets C; and Co,
hence completely determine the distribution of the nonlinearity in C; and Cs. In
particular, we obtain the number of bent functions in the set Cy for arbitrary
(even) integers n.

As mentioned above, there is a nonlinearity preserving one-to-one correspon-
dence between the set of idempotent quadratic functions from Fa» to Fo and the
set of rotation symmetric quadratic functions from [F§ to Fs. Therefore we obtain



the distribution of the nonlinearity of rotation symmetric quadratic functions.
We also analyse the subcodes of the second order Reed-Muller code obtained
from C; and Cq, and present the weight distribution for both subcodes of R(2,n).

2 Preliminaries

In this section we summarize basic tools that we use to obtain our results. In
Sections 2 and 3, functions ) are assumed to be in C; or Cs. Let n be odd and
let Q(z) € Cy, ie. Q) = Tra (X% a;2%' 1), a; € Fy. Then we can assign
to @ the polynomial

(-2 |
Az) = Z (a;x* 4+ a;z™™")

i=1

of degree at most n — 1. When n is even we consider Q(z) € Co; Q(z) =
Trn(Z?:/ffl a;x? ) + Trn/g((ln/gifzn/2+l), a; € Fy, and the associated poly-

nomial
n/2—-1

A(z) = Z (aixi + aix”*i) + an/gx”/z

=1

of degree at most n — 1. Then the quadratic Boolean function @ € C is s-
plateaued, with

s = deg(ged(z™ + 1, A(z))),

see [8]. We observe that A(z) = x?h(x), where d is a positive integer and h is
a self-reciprocal polynomial of degree n — 2d. Hence ged(z™ + 1, A(z)) is also
self-reciprocal, and A(zx) can be written as

Az) = 2 f(z)g(x),

where f is a self-reciprocal divisor of " + 1 of degree s, and g is a self-reciprocal
polynomial with degree smaller than n — s, satisfying ged(g, (z™ +1)/f) = 1.
Obviously the factorization of ™ + 1 into self-reciprocal factors plays an impor-
tant role. In accordance with [8, 9], for a prime power ¢, we call a self-reciprocal
polynomial f € Fy[z] prime self-reciprocal if

(i) f is irreducible over F,, or
(ii) f = ugg*, where g is irreducible over F,, the polynomial ¢* # ¢ is the
reciprocal of g and u € F} is a constant.

To analyze the factorization of 2™ 4 1 into prime self-reciprocal polynomials, we
recall the canonical factorization of 2™ 4+ 1 into irreducible polynomials. Since
2" +1 = (2™ 4+ 1)%" if n = n12¥, n; odd, we can assume that n is odd. Let
a be a primitive nth root of unity in an extension field of Fs, and let C; =



{j2¥ mod n : k € N} be the cyclotomic coset of j modulo n (relative to powers
of 2). Then z™ 4+ 1 € Fy[z] can be factorized into irreducible polynomials as

h
2" +1=[[A@) with fi@)= [] @-a"),
t=1 i€Cy,

where Cj,,...,C};, are the distinct cyclotomic cosets modulo n.
In [8,9] it is observed that an irreducible factor f;(z) = Hiecjf (x—af)of x™+1
is self-reciprocal if and only if C}, contains with 4, its additive inverse —i modulo
n. Otherwise there exists a cyclotomic coset C_j,, which consists of the additive
inverses of the elements of Cj,, and the polynomial f;}(z) = Hiec,j, (x —at)is
the reciprocal of f;. In this case f;f; is a prime self-reciprocal divisor of 2™ + 1.
Most of our results are expressed in terms of the degrees of the prime self-
reciprocal factors of ™ + 1. We remark that by Lemma 2 in [8], the cardinalities
of the cyclotomic cosets modulo n, and the degrees of the prime self-reciprocal
divisors of 2™ 4 1 can be obtained directly from the factorization of n.

3 Distribution of the nonlinearity

The generating polynomial G, (z) for the number of s-plateaued quadratic func-
tions in C; has been determined in [8,9] for all odd integers n, and also for even
integers of the form n = 2™, m > 1, and n = 2m, for odd m. Recall that for odd
n, C1 is the set of idempotent quadratic functions. Our aim in this section is to
determine both generating polynomials, G, (z) and H,(z) for all (even) integers
n. This enables us to completely describe the distribution of the nonlinearity for
the sets C; and Ca, and hence the set of the idempotent quadratic functions, for
all integers n. Because of the observation of [2], that the nonlinearity distribution
of the idempotent quadratic functions is the same as that of the rotation sym-
metric quadratic functions in n variables, we also give the complete distribution
of the nonlinearity of the rotation symmetric quadratic functions. (Only even n
is considered in [2], but the same applies to the case of odd n.)

We adapt the number theoretical approach in [9, Section V]. Let So be the set
of self-reciprocal polynomials in Fa[z]. For a polynomial f € Fy[z] we define

C(f)={g €S2 : deg(g) is even and deg(g) < deg(f)},
K(f)={9€C(f) : ged(g(z), f(z)) =1}, and

G2(f) = |K(f)].
Following the notation of [9], for a polynomial f € Sy we put
1 if t =0,
N(f;t):=140 if ¢ is odd,

Zd|f and deg(d)—t ¢2(d) otherwise

and

Gn(f;2) =Y N(fi1)z" .

t>0



Proposition 1. Let n be even and let Ny, (s) and M, (s) be the number of s-
plateaued quadratic functions in C1 and Co, respectively. Then

"+ 1
7($+ 1)2,71—3)
Proof. The statement is clear when n — s is zero or odd. Suppose n — s > 0
is even. First we consider quadratic functions ) € C;. For the corresponding
associate polynomial A(x) we have ged(A(z),2™ + 1) = (z + 1) f1(z) for some
self-reciprocal divisor fi of (z" + 1)/(2? + 1) of degree s — 2; i.e.

A(z) = 2%(z + 1) fi(2)g(x)

for an integer ¢ > 1 and a self-reciprocal polynomlal g of even degree less than
n — s, which is relatively prime to d(z) = W In other words, g is any of

Nou(s) = Nu( and My (s) = Np(z™ + 1;n — s).

the ¢2(d) polynomials in K(d). To determine the number N, (s) we consider all
divisors (x + 1)%f1(x) of 2™ + 1 of degree s, or equivalently, all divisors d(z) of
(x™ 4+ 1)/(2? + 1) of degree n — s. Hence we obtain N, (s) as

Na(s) = > $2(d) -

d (27_:_41“)12 and deg(d)=n—s

If @ € Co, then the corresponding associate polynomial A(x) satisfies ged(A(z), 2™+
1) = fi(x), where f; is a self-reciprocal polynomial of degree s; i.e.

A(z) = z°f1(x)g(x)

for an integer ¢ > 1 and a self-reciprocal polynomial g of even degree less than
n—s, with ged(g, 3“}1(;;) = 1. Therefore g € K(d). As a consequence, the number

of s-plateaued quadratic functions in Cs is

Mi(s) = ) 9(d) ,

d|(z™+1) and deg(d)=n—s

which finishes the proof. O
The following is the main theorem of this section. We sketch its proof.

Theorem 1. Let n = 2'm, m odd, t > 0, and let 2™ +1 = (z + 1)2757%t -~-r12t,
where r1,...,7; are prime self- recz'procal polynomials of even degree. The gener-
ating polynomial G, (z) = Y7 o Nn(n —t)z" is given by

2t—1_1

2t
gn(Z) =1+ Z 2j_122j H 1+ Z ( Jdeg(r (J 1)«21eg(ri)) Zjdeg(n)
=1 =

£

and the generating polynomial H,(z) =Y ;o Mn(n —t)2" is given by

2t71 t

l 2
. . J eg7 (J ) deg(r;) .
Hao(z) = [ 1+ > 27022 | [T [ 1+ (27 P ) g dealr)
j=1 '

=1 J_




Sketch of proof. By Proposition 1 we have

"4l
Gn(2) :gn(%;n—s) and Hy,(z) =Gp(2" + 1;n —s). (3)
From the definitions of G, (f;t) and N, (f;t), it is obvious that the properties of
the function ¢9 play a crucial role. Using a Mobius function (and its properties)
defined on the union of {(z+1)?} and the set of prime self-reciprocal polynomials

of even degree, one can show that ¢, is multiplicative, i.e.,

d2(f1f2) = d2(f1)02(f2)

where f1, fo € Sy are of even degree with ged(fi, f2) = 1. Furthermore one
can derive formulas for ¢o(f), f € So with even degree, which also involve the
Mobius function. In particular we have

edeg(r) _ dcg2(7‘)

$2(((x+1))9) =271 and ¢o(r)=2"2 (1-2 ) (4)

for a prime self-reciprocal polynomial r of even degree.
By the multiplicativity of ¢2 one can show that also G, (f;t) is multiplicative.
Consequently we can determine G, (z) and H,(z) by (3) as

l

Gn(2) = Gu((z+ 120 ) [[ Gulr? s 2), and

Ha(2) = Gul(w + 1)) [[ G075 2).

When r is a prime self-reciprocal polynomial of even degree, (4) implies

2t
Gn(r®2) = Y No (s deg(17)) 245
=0

2! 2t ) )
=14+ Z(,ZSQ(Tj)Zjdeg(r) — 14 Z(deezg(r) _ 2(]—1)§eg(r>)zjdeg(7ﬂ)'
j=1 j=1

Moreover, since ¢o((x + 1)%7) = 2771 we have

2t71

Gol((+1)2)* 2) =14 27714
j=1

for an integer ¢ > 0. Combining these formulas yields the assertion. O

Remark 1. Puttingt = 1 and m > 1 in Theorem 1, one obtains G, (z) in Theorem
5(ii) of [9]. Note that the Theorem 5(ii) in [9] contains an additional factor 2, since
a quadratic function there may also have a linear term. Similarly the expression
for G, (z) with m = 1 gives Theorem 6 in [8].



Remark 2. Previous results on G, (z), obtained in [9], were limited to the cases of
odd n and even n = 2 mod 4. The method used there enabled the analysis of the
functions ¢o(f), Nu(f;t), Gu(f;t) only for self-reciprocal polynomials f, which
did not have x + 1 as a factor. Similarly the M&bius function in [9] is defined
on the set of self-reciprocal polynomials. Here considering the Mo6bius function
on the union of {(x + 1)?} and the set of prime self-reciprocal polynomials of
even degree proved to be advantageous and has facilitated obtaining G, (z) and
Hn(2) in full generality.

As a corollary of Theorem 1 we obtain the number M,,(0) of bent functions
in the set Cy as the coefficient of z™ in H,(z) for arbitrary (even) integers n.
This complements the results of [6, 10], where M,,(0) has been presented for the
special cases n = 2p", where p is a prime such that the order of 2 modulo p is

p—1lor(p—1)/2.

Corollary 1. Let n = 2'm, m odd, t > 0, and let z" + 1 = (z + 1)% 7 ...r?t,
where r1,--- ,1; are prime self-reciprocal polynomials of even degree. Then the
number of bent functions in Cy is

l
t—1 2t deg(r;) (2t —1) deg(r;)
M, (0) = 22 1H<2 > T2 2 >
1=1

which also is the number of rotation symmetric quadratic bent functions in n
variables.

Similarly one may obtain M, (s) for other very small values of s, see [9, Corollary
7] for the number of semi-bent functions in C; when n is odd. To completely
describe the nonlinearity distribution in C; and Cy it is inevitable to consider
the generating polynomial. To determine M,(s) for a specific s individually,
one first would have to find all possibilities to express s as a sum of degrees of
polynomials in the prime self-reciprocal factorization of ™+ 1, which for general
n is illusive.

4 Weight distribution of subcodes of second order
Reed-Muller codes

Let Q be a set of quadratic functions, which do not contain linear or constant
terms. Assume that Q is closed under addition. Denote by A = {Tr,(bx) + ¢ :
b € Fan, ¢ € Fa} the set of affine functions from Fan to Fo. Then the set

QP A={Q(z)+I(z) : Qe Q, Il A}

gives rise to a linear subcode Rg of the second order Reed-Muller code R(2,n),
which contains the first order Reed-Muller code R(1,n) as a subcode. Clearly,
we can write Q @ A as the union Q & A = UgeoQ + A of (disjoint) cosets of
A. To obtain the weight distribution of the code Rg, it is sufficient to know the
weight distribution for each of these cosets.



It can be seen easily that the weight of the codeword cg of a (quadratic)
function @ can be expressed in terms of the Walsh transform as

Q(0) .

For a quadratic function @ we define Qp(z) = Q(z) + Try(bx + ¢). Using
Qp.(0) = (—=1)™(Q(b) one can show that the weight distribution of the coset
Q@ + A for an s-plateaued quadratic function @ is as follows. There are

wt(cg) = 2"t —

nts _q
)

- 2775 codewords of weight 2771 4+ 272
- 275 codewords of weight 271 — 2"35_1, and
- gntl _gn=s+l codewords of weight 27~ 1.

Hence, if one knows the number of s-plateaued quadratic functions in Q for ev-
ery s, one can determine the weight distribution of Ro.

If Q is the set of all quadratic functions, then Rg = R(2,n). The weight dis-
tribution of R(2,n) is completely described in [1] by explicit, quite involved
formulas. Here we focus on the subcodes of R(2,n), obtained from the set C, in
other words from the set of idempotent quadratic functions. Putting k =n — s
(which is even), the observations above imply that the only weights that can
occur are 271 and 271 4+ 2"’1*3, 0 < k < n. Moreover, codewords of the
weights 271 + on=1-% and 2n—1 —n-1-% appear the same number of times.
Hence to describe the weight distribution of the codes Rc we may consider the
polynomial We(z) = > _, A¢z¥, where A is the number of codewords in R
of weight 277! £ gn—l-% Again by the above observations, A = Np(n — k)2F
and A% = M, (n — k)2%. Consequently,

n

We, (z) = ZAglzk = ZNn(n — k)2k2F =G, (22),
k=0

k=0
We, (z) = ZA%,Z’“ = ZMn(n — k)28 2R = H,.(22). (5)
k=0 k=0

For the number A of codewords in Re, of weight 2"~! we have

A =N Nu(n = k)T = 28 = 2T N TN (n— ) — 2> N (n - k)2F
k=0 k=0 k=0
=2"M1G, (1) —2G,(2) .
Similarly, A% = 2"+, (1) — 2H,,(2). )
The following theorem describes the weight distribution of the codes R¢ com-
pletely.

Theorem 2. Let n = 2'm m odd, and let 2" +1 = (z+1)2' 12" .. -rlzt for prime
self-reciprocal polynomials r1,...,r; of even degree. Then for even n

2t—1 2t

n !
] ] j deg(r;) (3j—1) deg(r;) .
WC2(Z):ZA%Z]€= 1+ZQ3J*122J H 1—1—2:(23J g g )ZJdeg(m) ’
k=0 j=1 i=1

Jj=1




and
l

Acz — 2n+1+2t—1 H 1 T Z ( _]deg(rl) (Jfl)geg(”))

i=1

- 23(2t—1+1) +6

7 ﬁ 1 + Z ( 3j deg(7 2(3j71)2deg(1'i))

i=1

When t =0, i.e. n is odd, we have

n l

We,(z) = 3 4824 =] {1 4 (23des(ri)/2 _ zdegm))zdeg(m} , and  (6)

k=0 i=1
l
AC =2%7 o] (1 + (23des(ri)/2 _ 2deg<“‘>)) :

Proof. By using (5), the formulas for We, (z) and We,(z) follow from G, (z) =
Hézl [1+ (2de8(ri)/2 — 1),de8(r)] when n is odd (see Theorem 5(i) in [9]) and
Theorem 1. The formulas for At and A are obtained by expanding 2"1G,,(1)—
2G,(2) and 2", (1) — 2H,(2). O

Remark 3. When n is odd, the code Re, has 2(37+t1)/2 codewords, i.e. dim(Re, ) =
(3n+1)/2. Observing that the coefficient of z* in (6) is not zero if and only if k =
> oriefr,...n} deg(ri), we conclude that Re, is a [27, (3n + 1)/2, on—1 _gn—1-3)

code, where r = min{deg(r;)}\_.
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