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Abstract

The goal of this paper is to analyze, through homogenization techniques, the effective
thermal transfer in a periodic composite material formed by two constituents, separated by
an imperfect interface where both the temperature and the flux exhibit jumps. Following
the hypotheses on the flux jump, two different homogenized problems are obtained. These
problems capture in various ways the influence of the jumps: in the homogenized coefficients,

in the right-hand side of the homogenized problem, and in the correctors.

1 Introduction

In the last two decades, the study of the macroscopic properties of heterogeneous composite
materials with imperfect contact between their constituents has been a subject of major interest
for engineers, mathematicians, physicists. In particular, the problem of thermal transfer in such
heterogeneous media has attracted the attention of a broad category of researchers, due to the
fact that the macroscopic properties of a composite can be strongly influenced by the imperfect
bonding between its components.

This imperfect contact can be generated by various causes: the presence of impurities at the
boundaries, the presence of a thin interphase, the interface damage, chemical processes.

The homogenization of a thermal problem in a two-component composite with interfacial
barrier, with jump of the temperature and continuity of the flux, was studied for the first time in
the pioneering work [4], where the asymptotic expansion method was used. Many mathematical
studies were performed since then, in order to rigorously justify the convergence results. Various

mathematical methods were used: the energy method in [17] and [31], the two-scale convergence



method in [19], and more recently the unfolding method for periodic homogenization in [16]
and [35], to cite just a few of them. The main common point of all these studies is the fact
that at the interface between the two components the flux of the temperature is continuous,
the temperature field has a jump and the flux is proportional to this jump. Several cases are
studied, following the order of magnitude with respect to the small parameter ¢ of the resistance
generated by the imperfect contact between the constituents, leading to completely different
macroscopic problems. Here, ¢ is a small real parameter related to the characteristic size of
the two constituents. In some cases, an effect of the imperfect conditions is observed in the
coefficients of the homogenized matrix, via the local problems; in other cases, there is no effect
at all in the homogenized problem.

For similar homogenization problems of parabolic or hyperbolic type, we refer the reader to
[14] and [28]. For the case when both components of the composite material are connected, we
refer to [30], [32], [33], [34], [35] and [36]. Also, for problems involving jumps in the solution in
other contexts, such as heat transfer in polycrystals with interfacial resistance, linear elasticity
problems or problems modeling the electrical conduction in biological tissues, see [1], [2], [18],
[20], [21], [22], [26] and [37].

Our goal in this paper is to analyze the effective thermal transfer in a periodic composite
material formed by two constituents, one connected and the other one disconnected, separated
by an imperfect interface where both the temperature and the flux exhibit jumps. This math-
ematical model is not restricted to the thermal transfer, but can be used in other contexts,
too. Transmission problems involving jumps in the solutions or in the fluxes are encountered in
various domains, such as linear elasticity, theory of semiconductors, the study of photovoltaic
systems or problems in media with cracks (see, for instance, [3], [6], [7], [25] and [29]). Formal
methods of averaging were widely used in the literature to deal with such imperfect transmission
problems. Still, obtaining rigorous results based on the homogenization theory is a difficult task
in many cases. Some results were nevertheless obtained for problems with flux jump, by using
homogenization techniques. We mention here the results obtained in [24] for reaction-diffusion
problems in porous media, in [27] for problems arising in the combustion theory and in [23] for
a problem corresponding to the Gouy-Chapman-Stern model for an electric double layer.

Here, we consider a composite material occupying an open bounded set € in RV (N > 2),
with a Lipschitz-continuous boundary 0€2. We assume that () is formed by two parts denoted
Q5 and 25, occupied by two materials with different thermal characteristics, separated by an
imperfect interface I'>. We also assume that the phase {1 is connected and reaches the external
fixed boundary 0f2 and that €5 is disconnected: it is the union of domains of size ¢, periodically

distributed in € with periodicity €. In such a domain, we study the asymptotic behavior, as



tends to zero, of the solution u® = (uj, u5) of the following problem:

[ —div (A°VuE) = f in QF,
—div (A*Vu5) = f in Q5,
hE
A*Vu§ -nf = > (uf —u3) —G*  on I,

h€
A*Vus -n® = — (u] —u5) on I'®
2 o T U 5

uj =0 on 0.

The main novelty brought by our paper consists in allowing the presence, apart from the
discontinuity in the temperature field, of a jump in the thermal flux across the imperfect interface
I'?, given by the function G°. Two different representative cases are studied here, following the
conditions imposed on G* (stated explicitly in Section 2, Case 1 and Case 2). Let us mention
that such functions were already encountered in a different context, more precisely in [9] and [13]
for the case of the perforated domains with non homogeneous Neumann boundary conditions on
the perforations. For a similar problem of homogenization in a perforated domain with Fourier
boundary conditions we refer the reader to [5]. After passage to the limit with the unfolding
method, we obtain here two different unfolded problems (stated in Theorem 4.1 and Theorem
4.7), corresponding to the above mentioned cases for the flux jump function G¢. In Corollary 4.2
and Theorem 4.9, we then give the corresponding homogenized problems. In both situations, the
homogenized matrix AP™ is constant and it depends on the function describing the jump of the
solution. This phenomenon was already observed in some cases without flux jump. Moreover,
for the first case studied here, we notice in the right-hand side the presence of a new source term
distributed all over the domain 2 and depending on the flux jump function. For the second
case, we notice that the influence of the jump in the flux is captured by the correctors only
and so this jump plays no role in the homogenized problem; nevertheless, in Remark 4.10 we
mention a case when the homogenized problem depends on this jump, too. This type of result is
to be compared with the Neumann problem in perforated domains (see [9], [13]), where similar
phenomena occur.

Various other scalings of the temperature and flux jumps, leading to different macroscopic
problems, will be studied in a forthcoming paper. Moreover, for the study of the homogenization
of a two permeability problem with flux jump, we refer to [8].

The paper is organized as follows: in Section 2, we introduce the microscopic problem and we
fix the notation. In Section 3, we review the definition and the basic properties of the unfolding
operators we shall use in our proofs. We state and prove the main homogenization results of
this paper in Section 4. Corrector results are given in Section 5. We end our paper by a few

concluding remarks and some references.



2 Setting of the problem

Let  be a bounded open set in RY (N > 2), with a Lipschitz continuous boundary 9§ and
Y = (0,1)" the reference cell in RY. We assume that Y; and Y5 are two non-empty disjoint
connected open subsets of Y such that Yo C Y and Y = Y1 UY 5. We also suppose that I' = 9Y5
is Lipschitz continuous and that Ys is connected. In fact, our results can be extended to the
case in which the set Y5 has a finite number of connected components, as in [16].

Throughout the paper, the small parameter € will take its values in a positive real sequence
tending to zero and C' will be a positive constant independent of €, whose value can change from
line to line.

For each k € ZV, we denote Y* = k+Y and Y¥ = k4 Y, for « = 1,2. We also define
for each e, Z. = {k € ZN : eYf C Q} and we set Q5 = Uy (Y4F) and Qf = Q\ Q5. The
boundary of 25 is denoted by I'* and n° is the unit outward normal to 25.

Our goal is to describe the asymptotic behavior, as € — 0, of the solution u® = (uf,u5) of

the following problem:

—div (A*Vu§) = f in Qf,
hE
(2.1) ATVu§ e = — (uf —u3) = G= on T,

h€
A*Vug-n® = — (u] —uj) on I'®
2 - U1~ U ;

u] =0 on 0.

\

Remark 2.1 We notice that
(2.2) A*Vui - n® — A°Vu; - n® = —-G*,
which clearly shows that the flux of the solution exhibits a jump across I'¢.

The function f € L?(Q) is given. Let h be a Y-periodic function in L>(T)) such that there
exists hg € R with 0 < hg < h(y) a.e. on I'. We set

h*(z) =h (g) a.e. on I'°.

For o, 3 € R, with 0 < a < B, let M(a, 3,Y) be the set of all the matrices A € (L>®°(Y))V*N
with the property that, for any & € RV, al¢|? < (A(y)€, &) < B|€|?, almost everywhere in Y.
For a Y-periodic smooth symmetric matrix A € M(a, 3,Y), we set

A(z)=A (g) a.e. in €.



Let g be a Y-periodic function that belongs to L?(T"). We define
g (x)=g (g) a.e. on I'".
For the given function G in (2.1), we consider the following two relevant forms (see [13]):
Case 1: G° = 59(2), if Mr(g) # 0.

Case 2: G° = g(g), if Mr(g) =0.

1
Here, Mr(g) = m /g(y) dy denotes the mean value of the function g on T'.
r

In order to write the variational formulation of problem (2.1), we introduce, for every positive

€ < 1, the Hilbert space
(2.3) H® =V° x H'(Q9).

The space V¢ = {v € H'(Q5), v =0 on 9Q} is endowed with the norm |vy- = INGHIET R
for any v € V¢ and the space H'(£5) is equipped with the usual norm. On the space H¢, we

consider the scalar product

1
(2.4) (u,v)ge = Vui1 Vo dx + VusVug da + Z / (ug — uz)(v1 — ve)doy
Qs Qs e

where v = (u1,u2) and v = (v1,v2) belong to H¢. The norm generated by the scalar product

(2.4) is given by
1
(2.5) [l = IVorllF2gqe) + VU2l F2(qg) + o Gl Va2 (rey.
The variational formulation of problem (2.1) is the following one: find u® € H* such that
(2.6) a(u®,v) =1(v), Yve HE,

where the bilinear form a : H® x H® — R and the linear form [ : H* — R are given by

hE
a(u,v) = A*Vu Vo dz + A*VusVug dx + / —(u1 — u2)(vy —v9)do,
Qs Q5 re €
and
l(v) = foide + fuodx + Gt do,,
Qs 05 re
respectively.

We state now an existence and uniqueness result and some necessary a priori estimates for

the solution of the variational problem (2.6).



Theorem 2.2 For any ¢ € (0, 1), the variational problem (2.6) has a unique solution u® € HE.

Moreover, there exists a constant C > 0, independent of €, such that

(2.7) IVuillzos) < C, [Vuallrzg) <€
and
(2.8) lu§ = usl| 20y < Ce'2.

Proof. The proof of this theorem follows exactly the same steps as in [16] and [28].

3 The periodic unfolding method for a two-component domain

In this section, we shall briefly recall the definitions and the main properties of the unfolding
operators 7 and 75, introduced, for a two-component domain, by P. Donato et al. in [16] (see,
also, [9], [10], [11] and [15]) and of the boundary unfolding operator 7,7, introduced in [11] and
[12]. The main feature of these operators is that they map functions defined on the oscillating
domains 27, Q5 and, respectively, I'*, into functions defined on the fixed domains 2 x Y7, 2 x Y>
and Q x I', respectively.

For x € RY, we denote by [z],- its integer part k € Z", such that  — [z],, € Y and we set
{2}y =z — [z]y for a.e. x € RY. So, for almost every z € RY, we have z = ¢ ([ﬂy + {f}y)
For defining the above mentioned periodic unfolding operators, we consider the following sets
(see [16]):

Ze = {keZN ] 5YkCQ}, OF = int U (5}7k>, Agzﬁ\ﬁs,
keZe
o= (gyof) , AT =5\ G, TF =00,
k€Ze

Definition 3.1 For any Lebesque measurable function ¢ on 2, o € {1,2}, we define the
periodic unfolding operators by the formula

¢ (e[Z]y +ey) forae (z,y)€ OF x Y,

Ta (p)(,y) =

0 for a.e. (xz,y) € A* XY,
If ¢ is a function defined in Q, for simplicity, we write T () instead of T (¢laz ).

For any function ¢ which is Lebesgue-measurable on I'¢, the periodic boundary unfolding
operator T is defined by

¢ (e[2]y +ey) forae (z,y) € Qs x T

Ty (0)(z,y) =
0 for a.e. (x,y) € A®xT



Remark 3.2 We notice that if o € H* (%), then T (p) = TE(9)|5e -

We recall here some useful properties of these operators (see, for instance, [9], [15] and [16]).

Proposition 3.3 Forp € [1,00) and a = 1,2, the operators T: are linear and continuous from
LP(QE) to LP(2 x Y,) and
(i) if ¢ and ) are two Lebesque measurable functions on Q5,, one has TE(p) = TE(p)TE(Y);

a’

(ii)  for every ¢ € LY(QF,), one has

L Tewpdeay= [ owan= [

7 pla)do— [ pla)da
QXYQ b 3 As
(iii) if {¢°}. C LP(Q) is a sequence such that p° — @ strongly in LP(2), then TS (¢%) — ¢
strongly in LP(Q x Yy,);
(iv) if ¢ € LP(Yy) is Y-periodic and ¢°(x) = @(x/e), then TE(p®) — ¢ strongly in
LP(Q2 x Yy);
(0) if g€ WH(5), then , (T2(9) = T (V) and TE(o) belongs to L? (95 W9(Y,)).
Moreover, for every ¢ € LY(T¢), one has
1
[etwdn = [ T o)) deda,
r elY] Jaxr

The following result was proven, for our geometry, in [16].

Lemma 3.4 If u® = (uj,uj) is a sequence in H®, then

1

(3.1) .
E‘Y‘ QxI

I T5 (uf) = 75 (u3)[* dadoy, < /FJU? — u3[* dog.
Moreover, if p € D(R), then, for e small enough, we have

[ ri = wedos = [ b (TF () T () Te(9) do e,
with a =1 or a = 2.

We also recall here some general compactness results obtained in [16] for bounded sequences in
He®.

Lemma 3.5 Let u® = (uj,u3) be a bounded sequence in H®. Then, there exists a constant
C > 0, independent of ¢, such that

175 (Vui)ll2oxvy) < G,
(3.2) 175 (Vud)llz2(xvs) < €

175 (ug) = T (u3)ll 2 axr) < Ce.



Theorem 3.6 Let u® = (uj,u5) be a bounded sequence in H. Then, up to a subsequence,
still denoted by e, there exist uy € Hj(Q), up € L*(Q), w1 € L*(Q,H),.(Y1)) and Uy €
L? (Q,H'(Y3)) such that

T (u§) — uy strongly in L? (Q, H' (Y1),
TE(Vus) — Vuy + Vi weakly in L?( x Y1),
(3.3) T (u§) — ug weakly in L*(Q, HY(Y2)),
T (Vug) — Vs weakly in L? (Q x Ya),
Yol

g — mua weakly in L*(Q), a=1,2,

where Mrp(u1) = 0 for almost every x € Q and ~ denotes the extension by zero of a function to

the whole of the domain 2. Moreover, we have u1 = us and

1 ~ .
(3.4) LT ) — Me(TF ()] = eV + 0y weakly in L7 (© 1 (Y1),
with yr =y — Mr(y) and

(3.5) % T3 (u5) — Mr(TE(u5))] — @ weakly in L2 (Q, H'(Ya)) .

4 Homogenization results

In this section, we pass to the limit, with ¢ — 0, in the variational formulation (2.6) of the
problem (2.1). To this end, we use the periodic unfolding method and the general compactness
results given in Section 3.

We start by emphasizing again that by applying the general results stated in Theorem 3.6 to
the solution u® = (uj,u3) of the variational problem (2.6), which is bounded in H¢, we obtain,
at the macroscale, u; = usg. In what follows, we shall denote their common value by u. We
notice that u belongs to H} ().

Moreover, using the priori estimates (2.7)-(2.8) and the general compactness results (3.2)-
(3.3), we know that there exist u € H}(Q), u; € L*(Q, Hl (Y1), Uz € L?(Q), H(Y3)) such that
Mr(u1) = 0 and up to a subsequence, for £ — 0, we have:

u§) — u strongly in L2(Q, H'(Y7)),
V u§) = Vu+Vy; weakly in L2(Q x Y1),
$) —u  weakly in L?(Q, H'(Y3)),
u§) — Vyiy  weakly in L?(2 x Ya),

(4.1)

(
(
(u
5 (V

Y,
ug, — ’|Y“u weakly in L2(Q), o =1,2.



Moreover, one has

Ti(ui) = Ty (u)

3

(4.2) — 1y — iy weakly in L?(Q x T),

where 1y € L*(Q, H'(Y3)) is defined by
s = Uz — yrVu — &,

for some &r € L2(Q).
Let Wper(Y1) ={v € Héer(Yl) | Mr(v) = 0}. We consider the space

V= H(Q) x L? (Q; Wper (Y1) x L? (0, H(Y2))
endowed with the norm
||V||$; =|Vv + Vﬁl”i%gxyl) + ||V + Vy52||2L2(Q><Y2) + (|1 — ?72||%2(er) )

for all V = (v,v1,v2) € V.
For the passage to the limit, we have to distinguish between two cases, following the form of
the function G®.

Case 1: G* =¢g <§>, if Mr(g) # 0.

Theorem 4.1 The unique solution u® = (uj,u) of the variational problem (2.6) converges, in

the sense of (4.1), to the unique solution (u,u1,us) € V of the following unfolded limit problem:

1 . 1
— A(y)(Vu+V, 1) (Vo+V, 1) de dy+ — A(y)(Vu+Vyu2)(Ve+Vy®) de dy+
’Y’ QxYy ’Y’ QxYs
1 . ||
(43) == h(y)(ur — u2)(®y — ®2)dzdoy, = / f(@)p(z)dr + —Mr(g) / ¢(z) du,
Y| Jaxr Q Y| Q

for all o € H}(Q), ®; € L2(Q, HL. (V1)) and & € L2(Q, H(Y3)).
0

per

Proof. In order to obtain the limit problem (4.3), we first unfold the variational formulation

(2.6) and by using Lemma 3.4 we get

2 TRV TE Vo) de 4 [ TE (A TE(VuS) TE (Vo) dat
|Y‘ Q><Y1 |Y| QXYQ
1 T (ug) — T (ug) Ti (v1) — T3 (v2) 1 . .
Y| erh Y € € dos = Y] QxYlTl (F)T¢ (vn) dart
L EpTEe A+ [ T TE () do
Y| Jaxy, 2 2172 eY] Joxr ° b AT

9



Then, for a = 1,2, we choose in this unfolded problem the admissible test functions

(44) va = () + ewa(@)ta (7).

with ,we € D(Q), Y1 € H) (Y1), ¥2 € H'(Y2) and for which we obviously have
(4.5) TE(ve) = @(z) strongly in L?(Q x Y,,)

and

(4.6) TE(Vu,) = Vo(z) + V@, strongly in L?(Q x Ya),

where ®,(z, y) = wa () va(y)-
Then, the passage to the limit with € — 0 is classical, by using convergences (4.1)-(4.2), (4.5)-
(4.6) and the ideas in [15]. The only term which requires more attention is in the right-hand

side, the integral term involving the function G®. For this term, we have:

11 e e e _ 1 . € - x _
vl L T o = | T, (9(%)) 7 (o@) + cwr (@) (£)) do, =
L T @ @y dedo, + e | g(u)TE ()@ y)TE (W) (2 y) da do,

Y] Jaxr Y| Jaxr

T
— m/\/lp(g) /ng(x) dz.

(Y1) in L2(Q, H, (Y1) and of D(Q) @ H(Ys) in L2(Q, H(Ys)),

per

By the density of D(Q) ® H', .,
we get (4.3).

We notice that our limit problem (4.3) is similar with the one obtained in [16] (see relation
(3.43)), the only difference being the right-hand side, in which an extra term involving the

function g arises. More precisely, our right-hand side writes

| Pa)ote) s,

with

Fla) = £(0) + o Mr(o).
The extra term is, in fact, just a real constant and this allows us to prove the uniqueness of
the solution of problem (4.3) exactly as in [16], since the presence of this constant term does
not change the linearity nor the continuity of its right-hand side. Thus, due to the uniqueness
of (u,uy,uz) € V, all the above convergences hold true for the whole sequence, which ends the

proof of the theorem. O

10



Corollary 4.2 The function u € H} () defined by (4.1) is the unique solution of the following

homogenized equation:

LY

(4.7) —div (A""Vu) = f + v Mr(g) in 9,

where A"™ is the homogenized matriz whose entries are given, fori,7 =1,...,N, by
1 o) 1 o

4.8 Alom — ai; — aip—2 | dy + — aj; — air—2 | dy,

( ) 1) |Y| i ( 1] kzl (] (3yk |Y| Y 1] kzl 1 8yk

in terms of Xl € H. (Y1) and X% € H'(Ys), j =1,...,N, the weak solutions of the following

per

cell problems:

—divy (A(y)(V yX1 e;)) =0, ye,
0

)
—divy(A(y)(Vyx3 —¢;)) =0, y €Y,
(4.9) (A@)Vyxi) -n = (Ay)Vyxd) -n, yeT,
(A(y)(va1 —€j)) n= h(?/)( XQ) yel.
[ Mr(x]) =0.

where n denotes the unit outward normal to Ys.

Proof. The proof of this result is classical. Indeed, by choosing successively ¢ = 0 and
®; = &3 =0 in (4.3), we obtain:

1 ~
XYy
1
XY
1 ~ _
(4.10) iG] QXFh(y)(ul — Ug)(Py — Pg)dado, =0
and
1 _
V1 Jory A(y)(Vu+ V,u1)Vede dy + — VT oy A(y)(Vu+ Vyu)Vede dy =
XYy X Y2
T
(4.11) /f dx+||Y||M (g)/@(m) dz.
Q
We search now 4y and %9 in the usual form
N
ou
4.12 —_—

11



N
(4.13) Z g

Standard computations lead to the homogenized limit problem, in which the term containing
g gives a contribution only to the right-hand side, without affecting the cell problems and the

homogenized matrix. O

Remark 4.3 The right scaling € in front of the function g° prescribed at the interface I'® leads

in the limit to the presence of a new source term distributed all over the domain Q.

Remark 4.4 [t is possible to study our initial problem (2.1) also for a nonzero function g with
mean-value Mr(g) equal to zero. But, in this situation, there is no contribution of g in the
right-hand side of the homogenized equation and, thus, the limit problem is the same as in the

case with no g at all in the microscopic problem.

Remark 4.5 We remark that the homogenized matriz A"™ depends on the function h. So,
the effect of the two jumps involved in our microscopic problem is recovered in the homoge-
nized problem, in the right-hand side and also in the left-hand side (through the homogenized
coefficients).

Remark 4.6 All the previous results still hold true for the case in which the set Yo is not

connected, but consists on a finite number of connected components.
Case 2: G°(z )—g< ) if Mr(g) =

Theorem 4.7 The unique solution u® = (uj,u3) of the variational problem (2.6) converges, in

the sense of (4.1), to the unique solution (u,u1,us) € V of the following unfolded limit problem:

1

. 1 _
A(y)(Vu+Vya1)(Vo+V,®1) do dy+ — A(y)(Vu+V,ti2)(Ve+V,®o) dz dy+

m QXY1 ’Y’ QXYQ
1 ~ 1

(4.14) — h(y) (1 —ug)(®1—P2) dedoy = /f(x) (x)dz+— 9(y)®1(z,y) dz doy,
Y] Jaxr Q Y] Jaxr

Jor all o € Hi(Q), 1 € L*(Q, H},.(Y1)), @2 € L*(Q, H (Y2)).

Proof. 1In order to get the problem (4.14), we pass to the limit in the unfolded form of the
variational formulation (2.6) with the same test functions (4.4) as in Theorem 4.1, which verify
(4.5) and (4.6). The only difference is that now the limit of the term involving the function G*
is different. More precisely, we have:

L[ e =t 2 [ 1 (g (5)) TE (cp(:c) + ewn (2)tn (g)) do, =

e Y| Jaxr e Y| Jaxr €

12



11

/ gW) Ty () (x,y) dr doy +
QxTI

s Y| 9W) Ty (1) (@, y) Ty (1) (@, y) dz doy =

m QxT
1|

1
Sy M) [ @t [ gl @) drda,,

Then, since Mr(g) = 0, by using the density of D(Q) ® H}

per

(Y1) in the space L*(Q, H}..(Y1))
and of D(Q) ® H(Y2) in the space L*(Q, H'(Y3)), we get the unfolded limit problem (4.14).
Due to the uniqueness of (u,uy,u2) € V, which is proven by the Lax-Milgram theorem, all
the above convergences hold true for the whole sequence, which ends the proof of the theorem.
O

1
Remark 4.8 Let us point out that the term — 9(y)®1(z,y)dzdoy in (4.14) represents

’Y| QxT
the main difference with respect to the unfolded equation (4.3), where the term involving g is a

nonzero constant, recovered explicitly in the right-hand side of the homogenized equation (4.7).
This cannot be the case here, since this term involves now explicitly both variables x and y.
We have to understand the contribution in the homogenized problem of this nonstandard term
generated by the discontinuity of the flux in the initial problem. Actually, it will be seen in the
next theorem that, apart from the classical solutions X{ and X% of the cell problems (4.9), we are
led to introduce in (4.22)-(4.23) two additional scalar terms m and 12, verifying a new imperfect

transmission cell problem (see (4.24)).

Theorem 4.9 The solution (u,ui,u2) € V of (4.14) is such that:

i) =~ 3 2 () +m)
j=1 "
N
j=1 "

where X{ and X]é are defined by (4.9) and the function (n1,m2) is the unique solution of the cell
problem

—divy(A(y)Vm) =0 in Y7,

—divy(A(y)Vn2) =0 in Y,

A(y)Viny-n = h(y)(m —m2) —g(y) onT,

A(Y)Vnz -n = h(y)(m —n2) onT,

Mr(n) = 0.

The function u € Hol(Q) 1s the unique solution of the following homogenized equation
(4.15) —div (A"™Vu) = f in Q,

where A"™™ is the homogenized matriz whose entries are given in (4.8).

13



Proof. By choosing ¢ = 0 in (4.14), we obtain:

1 ~
xY1
1
XY
1 - _ 1
(4.16) — h(y)(w, — u2)(P1 — P2)dadoy = — 9(y)®1(z,y) dz doy,.
Y] Jaxr Y] Jaxr
1
We point out that the presence of the term v /s Fg(y)q)l(x,y) dr doy in this equation
X

represents the main difference with respect to the previous case.

By choosing now suitable test functions ®; and ®9 in (4.16), we obtain

(4.17) —div, (A(y)Vyiiy) = div, (A(y)Vu) ae. in Qx Vi,
(4.18) —div, (A(y)Vyiiz) = div, (A(y)Vu) ae. in Qx Vs,
(4.19) A(y)(Vu+ Vyiis) - n = h(y)(@1 — ) ae. on Q x T,
(4.20) A(y)(Vu+ Vyiy) - n = h(y) (@ — 2) — g(y) ae. on QxT.

We point out here that we also have a discontinuity type condition:
(4.21) A(y)(Vu+ V) -n=A(y)(Vu+ Vytz) -n—g(y) ae onQxTI.

In the classical case with jump in the solution and with continuity of the flux, the use of
the standard correctors in and X% defined in (4.9) is enough in order to express the functions
u; and g in terms of the function Vu. The presence of the function g in relations (4.20) and

(4.21) suggests us to search u; and @z in the following nonstandard form:

N o ;

(4.22) Ui(z,y)=—> @(x)x{(y) +m(y),
j=1
N o ;

(4.23) in(z,y) = = 5= (@)xbh(y) + (),
j=1 "/

14



where X{ and X% are defined by (4.9) and the functions 7y, 72 have to be found. To this end, we
introduce (4.22) and (4.23) in (4.17)-(4.21) and we obtain:

—divy(A(y)Vm) =0 in Y,

—divy(A(y)Vn2) =0 in Ys,

(4.24) A(y)Vm -n = h(y)(m —n2) —g(y) onT,
A(y)Vnz -n = h(y)(m —n2) onT,
Mr(m) = 0.

We obviously have
(4.25) A(y)Vm -n—A(y)Vnz -n = —g(y)

and then we notice that the new local problem (4.24) is an imperfect transmission problem,
involving both the discontinuities in the solution and in the flux, given in terms of A and g,
respectively.

By the Lax-Milgram theorem, the problem (4.24) has a unique solution in the space
H = Wyer(Y1) x H' (Ya),
endowed with the scalar product
(1, Q) m = (V, V) n2(vy) + (Y2, VC2) 12 (v) + (M — 12,1 — C2) 121y

By choosing now ®; = &3 =0 in (4.14), we get:

1 - 1
v~ A(y)(Vu + Vyu)Vededy + — A(y)(Vu+ Vyu)Vede dy =
’Y| QXYl ‘Y‘ QXYQ
(4.26) /Qf(:v)gp(w) dz.

Integrating by parts with respect to x, we obtain, for x € €,
1 - 1 _
—div, (/ A(y)(Vu+ V) dy + — | Aly)(Vu+ Vyius) dy) = f(x).
Y] Jy, Y] Jy,

By using here the particular form (4.22) and (4.23) of the functions %; and @2 and the definition

(4.8) of the matrix AM™ we get:

(120) ~aiv, (450 = f +aive (37 [ AGVm@ay+ g [ AGTRGG) o
Y1y YT Jy,

which leads immediately to the homogenized problem (4.15). We notice that this problem does

not involve the function g, because the second term of the right-hand side in (4.27) actually

vanishes.
O
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Remark 4.10 All the above results can be extended to the case in which A% is a sequence of

matrices in M(a, B,Q) such that
(4.28) TE(A®) — A strongly in L'(Q x Y),

for some matrizx A = A(x,y) in M(a, 3,2 xY). The heterogeneity of the medium modeled by
such a matriz induces different effects in our limit problems (4.3) and (4.14) respectively. In
both cases, since the correctors ng depend also on x, the new homogenized matrix A;wm 8 Mo
longer constant, but it depends on x. A more interesting effect arises in the second case. As
we have seen in Theorem 4.9, if the matriz A depends only on the variable y, the functions
Na are independent of x and there is no contribution of the term containing g in the decoupled
form of the limit problem. So, the limit equation is the same as that corresponding to the case
with no jump on the flux in the microscopic problem. Now, the dependence of A on x prevails
this phenomenon to occur, and, hence, the function g brings an explicit contribution in the

homogenized problem, which becomes

1
—div, (AP™Vu) = f + div, <

1 .
31 L AV A(sc,yan(x,y)dy) in 9.
1

Y] Jy,
A similar effect was observed in the homogenization of the Neumann problem in perforated
domains (see [9]).

5 Corrector results

Our goal in this section is to state corrector results for the problem (2.1). To this end, let us
start by recalling the definition of the adjoints of the unfolding operators 75, for a = 1,2 (see
[9] and [16]).

Definition 5.1 For p € [1,00], the averaging operators U5 : LP(2 x Y,) — LP(QF), with
a=1,2, are defined by

o d FTLOCEL e {5 ) 4 o ced,
0

for a.e. x € Af,.

It is not difficult to see that these averaging operators are almost left-inverses of the correspon-

ding unfolding operators 7%, i.e., for any ¢ € LP(2,), one has

o(z) fora.e. ze€ Qf,

U (T (9) (@) =
0 for a.e. x € AZ,.

We recall now some useful properties of the averaging operators US (see [9] and [16]).

16



Proposition 5.2 Forp € [1,00) and o = 1,2, the operators U, are linear and continuous from
LP(Q x Yy) to LP(SX,) and
(i) JU(0) — Oll ey — O for every 6 € LP(Q);
(ii) if pe € LP(€,), then the following statements are equivalent:
o T:i(pe) = @ strongly in LP(2 X Y,) and / |pe|P dz — 0;
AE

@

* e =U(D) Lr(qe) — O-

We are now in the position to state the convergence of the energy and corrector results for
the solution u® = (uj,uj) of problem (2.1). We shall consider separately the above mentioned

representative cases corresponding to the hypotheses imposed on the jump function G*.

Case 1. In this case, since the term containing the flux jump gives a contribution only to
the right-hand side of the limit equation, without affecting the solutions of the cell problems and
the homogenized matrix, we are led to standard corrector results, whose proof follows exactly

the same steps as in [16], Theorem 4.4.

Theorem 5.3 Under the assumptions of Theorem 4.1, if u® = (u3, u3) is the unique solution of
problem (2.1), then

lim / A*VuiVui de + / A*VusVusde | =
e—0 Qi Qg
1 ~ ~
— A(y)(Vu+ V1) (Vu + Vyur) de dy+
’Y’ QXYl
1
(5.1) — A(y)(Vu+ Vyaz)(Vu + Vyup) dedy < /Ah"mVuVu dz,
Y] Jaxy, Q
(5.2) lim / V5 | da +/ \Vus|?dz | =0,
e—0 Ai Ag
(5.3) TE(V u5) = Vu+ Vit strongly in L*(Q x Y1)
and
(5.4) T5(V ug) — Vyia  strongly in L*(Q x Y3).

Moreover, the following corrector result holds true:

N
0 .
(5.5) Vi - Vu+ > U ((;) U (va{) )
= ! 12(05)
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and

i—1 7
J L2(Q5)

N
o 4
(5.6) Vus -~ Vu+ Y Us <a;) Us (va;) 0.
Case 2. In this case, the result is similar to the one stated in Theorem 5.3, but now
the functions 7, solution of the local problem (4.24), appear in the correctors of the solution

u® = (uj,u5) of problem (2.1), too.

Theorem 5.4 Under the assumptions of Theorem 4.7, if u® = (u3, u3) is the unique solution of

problem (2.1), then (5.1)-(5.4) hold true. Moreover, we have the following corrector result:

N
(5.7) Vi~ Vat Y U <§;> Ui (Voxd) = s (Vym) — 0
= ! £@5)
and
al ou ;
(5.8) Vus - Vu+ > Us (m) Us (Vb ) = Us (Vym) — 0.
= ’ £2(0)

Proof.  The proof of relations (5.1)-(5.4) follows the classical steps. The main difference
with respect to the previous case is that, in order to get relation (5.1), we need the following
convergence result:

11

1
- E((IENTE(4,E s R
Sy [ T ) dedo, o [ g (o) dedo,

QxI
This result is a direct consequence of Proposition 3.5 in [9], the fact that Mr(g) is zero and that
the function u belongs to the space Hg(S2).

We now notice that
[[Vui — Vu = Ui (Vyun)|z2s) < VUi — U (Vu) = U (Vyun) | zeas) + U (V) — Val| L2 )
and
V5 — V= U (Vyiiz) | 2(05) = V05 — V= U (V itz — Vo)) <
[[Vus —Us (Vyao)||r2(00) + Uz (Vi) — Vul|L2qs).

Then, we derive (5.7) and (5.8) by using convergences (5.3), (5.4), Proposition 5.2 and relations
(4.22), (4.23).
U

Remark 5.5 Let us notice that similar corrector results can be stated in the case in which the

matriz A depends both on x and y, as in Remark 4.10.
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6

Conclusions

Via the periodic unfolding method, the effective thermal transfer in a periodic composite material

formed by two constituents, separated by an imperfect interface where both the temperature

and the flux exhibit jumps, was analyzed. Depending on the hypotheses imposed on the jump of

the flux, two different homogenized problems were obtained. The influence of the jumps of the

flux and of the temperature field is captured at the limit in various ways: in the homogenized

coeflicients, in the right-hand side of the homogenized problem, and in the correctors.
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