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Abstra
t

High-order numeri
al methods for solving time-dependent a
ousti
-elasti
 
oupled prob-

lems are introdu
ed. These methods, based on Finite Element te
hniques, allow for a

�exible 
oupling between the �uid and the solid domain by using non-
onforming meshes

and 
urved elements.

Sin
e 
hara
teristi
 waves travel at di�erent speeds through di�erent media, spe
i�


levels of granularity for the mesh dis
retization are required on ea
h domain, making im-

pra
ti
al a possible 
onforming 
oupling in between. Advantageously, physi
al domains

may be independently dis
retized in our framework due to the non-
onforming feature.

Consequently, an important in
rease in 
omputational e�
ien
y may be a
hieved 
om-

pared to other implementations based on 
onforming te
hniques, namely by redu
ing the

total number of degrees of freedom. Di�erently from other non-
onforming approa
hes

proposed so far, our te
hnique is relatively simpler and requires only a geometri
al ad-

justment at the 
oupling interfa
e at a prepro
essing stage, so that no extra 
omputations

are ne
essary during the time evolution of the simulation.

On the other hand, as an advantage of using 
urvilinear elements, the geometry of

the 
oupling interfa
e between the two media of interest is faithfully represented up to

the order of the s
heme used. In other words, higher order s
hemes are in 
onsonan
e

with higher order approximations of the geometry. Con
erning the time dis
retization,

we analyze both expli
it and impli
it s
hemes. These s
hemes are energy 
onserving and,

for the expli
it 
ase, the stability is guaranteed by a CFL 
ondition.

In order to illustrate the a

ura
y and 
onvergen
e of these methods, a set of repre-

sentative numeri
al tests are presented.
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1. Introdu
tion

The development of e�
ient numeri
al methods for the simulation of waves at the

interfa
e between �uid and solid is an issue that is raised by many appli
ations. Let

us in parti
ular mention the simulation of earthquakes in o
eani
 
rust or o�shore seis-

mi
 imaging. There are also medi
al appli
ations, su
h as the simulation of ultrasound5

propagation in biologi
al tissues, or the dete
tion of solid obje
ts immersed in a �uid.

Many methods have been proposed to solve this issue in harmoni
 domain, let us

mention the BEM/FEM type method, whose prin
iple 
onsists in using a Boundary

Element Method to dis
retize the �uid and a Finite Element Method for the solid [1,

2, 3, 4, 5℄; plane waves based methods, using the Partition of the Unity Method [6℄,10

Ultraweak Formulation [7℄ or Dis
ontinuous Enri
hment Methods [8℄; or Dis
ontinuous

Galerkin Methods [9℄.

Con
erning transient waves simulation, one 
an use Finite Di�eren
es Methods, based

for instan
e on the Virieux s
heme [10℄, setting the velo
ity of S-wave to zero in the �uid.

However, this often leads to instabilities or to spurious waves in the �uid. Moreover, Fi-15

nite Di�eren
es are not very 
onvenient to deal with topography and Robertsson proposed

a strategy to deal with irregular interfa
e [11℄. Finite Element Methods are mu
h more

adapted to deal with topography and, among them, Spe
tral Element Methods (SEM)

are very popular in the Geophysi
al 
ommunity, sin
e they allow naturally for the use

of expli
it time s
hemes [12, 13, 14, 15, 16℄. In [17℄, Komatits
h, Barnes and Tromp ap-20

plied the SEM su

essfully to �uid-stru
ture problems. Another solution methodology,

based on Dis
ontinuous Galerkin Methods (DGM) has been proposed in [18℄, allowing

for non-
onforming meshes.

The use of non-
onforming meshes is ne
essary to obtain e�
ient numeri
al s
hemes

sin
e the velo
ities of the waves in the �uid and in the solid may strongly di�er. Hen
e, the25

wavelengths and the spa
e steps required to ful�ll the number of points per wavelength

in ea
h region are often very di�erent. This non-
onformity 
an be handled using Mortar

Element Method [19, 20, 21, 22, 23℄, but this require the introdu
tion of an additional

unknown, representing the tra
e of the solution on the interfa
e. The SEM 
an be easily

adapted to deal with non-
onforming meshes, as it has been shown for instan
e in [24℄30

and in [25, 26℄, where the authors also proposed a lo
al time stepping strategy in order

to adapt the time steps to the two di�erent spa
e steps.

A se
ond issue is the modeling of 
urved interfa
es and many of the above methods


an be easily extended to handle 
urved elements, see for instan
e [7, 9℄. However, the

design of e�
ient numeri
al methods involving both non-
onforming meshes and 
urved35

interfa
es is still an open issue. In [27, 28, 29℄, Jaiman et al proposed a Combined

Interfa
e Boundary Condition s
heme by imposing higher-order interfa
e 
orre
tions.

The drawba
k of this s
heme is the additional 
omputation of the 
orre
tion at ea
h


oupling time step. A very e�
ient alternative, based on Dis
ontinuous Galerkin Method

has been proposed in [30℄. It is however restri
ted to the 
ase where one the interfa
e40

(usually the �uid one) is a submesh of the other one. In [31℄, proposed a to handle 
urved

non 
onforming interfa
es for sommation-by-part (SBP) �nite di�eren
e methods.

In this work we propose a more general solution methodology, where the two domains


an be meshed independently, up to some minor restri
tions that we present below. We

apply this methodology to transient problems dis
retized by 
lassi
al Finite Element45

Method and using a 
lassi
al Leap-Frog s
heme. However, sin
e our strategy is based on
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the meshing of the domain, it 
an be easily extended to harmoni
 problems, other types

of Finite Element Methods, su
h as SEM or DGM, and other time s
hemes. It 
an also

be applied to other multiphysi
s problems involving the 
oupling of subdomains with

parti
ular physi
al features whi
h impose very di�erent levels of granularity regarding50

their 
orresponding 
omputational mesh

The outline of this paper is as follows. The model problem is presented in Se
. 2

and its 
orresponding weak formulation in Se
. 3. The non-
onforming te
hnique is

presented in Se
.4 and the details 
on
erning its implementation are presented in Se
. 5.

The dis
retization in time is presented in Se
. 6, where the positivity and 
onservation of55

the energy is 
arefully analyzed for both expli
it and impli
it s
hemes. Finally, in Se
. 7

we present numeri
al results validating the a

ura
y and 
onvergen
e of our method

with a referen
e test. In the same se
tion, we also report its e�
ien
y both in terms of

exe
ution time and memory usage.

2. Coupled system of equations and boundary 
onditions60

The domain Ω modeling the a
ousti
-elasti
 isotropi
 
oupled problem of interest

is divided into two subdomains, one 
orresponding to the �uid (a
ousti
) part and the

other to the solid part, denoted by Ωf and Ωs, respe
tively (see Fig. 1). The 
oupling

boundary between these two sub-domains is denoted by Γi.

Figure 1: Domain problem with a 
urved 
oupling interfa
e, Γi. The point sour
e lo
ated at x0 is

labeled as '×'.

The wave propagation problem with open boundaries under 
onsideration has to65

be solved 
omputationally in a given trun
ated domain with a delimited boundary,

Γ = Γf ∪ Γs, where an arti�
ial boundary 
ondition must be imposed. Although several

sophisti
ated solutions do exist in the literature whi
h may be appropriate when 
onsid-

ering high-order s
hemes, a �rst-order absorbing boundary 
ondition (ABC) is 
hosen

for this work, for the sake of simpli
ity. On the top boundary of the a
ousti
 subdomain,70

Γt, a free-
ondition is imposed.
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As for the system of equations, several formulations may alternatively be 
onsidered.

Among them, a symmetri
 formulation that simpli�es 
onsiderably energy estimates

introdu
ed later on is 
onsidered in this work. Su
h formulation 
onsists of a �uid

pressure (q) formulation for the �uid part and a velo
ity formulation for the elasti
75

stru
ture (v). Finally, the full mathemati
al 
ontinuous problem of interest reads as

follows

1

ρfc
2
F

∂2q

∂t2
−∇ ·

(

1

ρf
∇q

)

= f(t)δx0
, in Ωf , (1a)

ρs
∂2

v

∂t2
−∇ · σ(v) = 0, in Ωs, (1b)

σ(v) · ns −
∂q

∂t
nf = 0, on Γi, (1
)

ρf
∂v

∂t
· ns −∇q · nf = 0, on Γi, (1d)

q = 0, on Γt, (1e)

1

cF

∂q

∂t
+∇q · nf = 0, on Γf , (1f)

ρsB
∂v

∂t
+ σ(v) · ns = 0, on Γs, (1g)

where the external for
e f(t)δx0
represents a point sour
e in spa
e lo
ated at x0, f(t)

is the sour
e time fun
tion, cF is the wave speed on the �uid part, nf and ns are the

exterior unit normal to their respe
tive boundaries, ∂Ωf and ∂Ωs. The tensors

σij(v) = λ∇ · v δij + 2µ ǫij(v) (2)

and

ǫij(v) =
1

2

(

∂vi

∂xj

+
∂vj

∂xi

)

(3)

are, respe
tively, the 
lassi
al Cau
hy and stress tensors typi
ally de�ned in a homoge-

neous and isotropi
 elasti
 media. The symmetri
, positive-de�nite matrix B appearing

in (1g) is de�ned as80

B :=

(

cPn
2
s1

+ cSn
2
s2

(cP − cS)ns1ns2

(cP − cS)ns1ns2 cPn
2
s1

+ cSn
2
s2

)

, (4)

where cP and cS are the 
ompression and the shear wave velo
ity, respe
tively, with

cP =
√

λ+2µ
ρs

and cS =
√

µ
ρs
.

3. Weak formulation

It is well known that the Finite Element Method (FEM) is one of the most general and

�exible numeri
al methods for solving partial di�erential equations, spe
ially whenever85
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the de�nition of the problem of interest in
ludes a 
urved domain and 
omplex 
ouplings.

The 
lassi
al FEM is 
hosen in this work due to its proven generality, robustness and

simpli
ity regarding details of implementation. However, the non-
onforming method

that we introdu
e in this paper 
ould easily be extended to other variants of FEM, su
h

as Spe
tral Element Method or Dis
ontinuous Galerkin Method and/or multiphysi
s90

problems.

Before des
ribing the spatial and temporal dis
retization, we pro
eed now introdu
ing

the weak formulation of the 
oupled problem de�ned in (1) whi
h reads as follows: ∀t ∈
(0, T ], �nd v = v(t) ∈ V and q = q(t) ∈ Q su
h that

∫

Ωs

ρs
∂2

v

∂t2
·wsdΩ+

∫

Ωs

λ∇ · v∇ ·ws dΩ+

∫

Ωs

2µ

2
∑

i,j=1

ǫi,j(v)ǫi,j(ws)dΩs

+

∫

Γs

ρs

(

B
∂v

∂t

)

·wsdΓ−
∫

Γi

∂q

∂t
nf ·wsdΓ = 0,

∫

Ωf

ρ−1

f c−2
F

∂2q

∂t2
wfdΩ+

∫

Ωf

ρ−1

f ∇q · ∇wfdΩ

−
∫

Γf

ρ−1

f c−1
F

∂q

∂t
wf −

∫

Γi

∂v

∂t
· nswfdΓ =

∫

Ωf

fwfdΩ, (5)

for all test fun
tions ws ∈ Ws and wf ∈ Wf , where the Sobolev trial spa
es V and95

Q are de�ned as

V = {v ∈ H1(Ωs)}, (6)

Q = {q ∈ H1(Ωf ) : q = 0 on Γt}, (7)

whereas the test spa
es Ws and Wf are de�ned as

Ws = {ws ∈ H1(Ωs) : ws = 0 on Γs}, (8)

Wf = {wf ∈ H1(Ωf ) : wf = 0 on Γf}. (9)

4. The new non-
onforming te
hnique

Using 
onforming meshes, i.e. when a vertex of the solid mesh on the interfa
e Γi

is also a vertex of the �uid mesh and 
onversely, there is no parti
ular di�
ulty to100

dis
retize the above variational formulation. However, sin
e the physi
al parameters,

and in parti
ular the wave speeds, may di�er strongly in the two subdomains, it is often

ne
essary to use very di�erent spa
e steps in the �uid and in the solid and, 
onsequently,

non-
onforming meshes at the interfa
e Γi.

Before introdu
ing our new non-
onforming 
oupling strategy at the interfa
e Γi, let105

us �rst explain with the aid of Fig. 2 the essential drawba
ks fa
ed when 
onsidering a

naive approa
h for a non-
onforming 
oupling in Finite Element Methods. In Fig. 2, the

dotted green line represents the a
tual geometri
al interfa
e of problem (1), Γi, whi
h

must be mat
hed as a

urate as possible by the �nite element mesh.
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empty

overlapped

Figure 2: Drawba
ks produ
ed when 
onsidering a naive non-
onforming 
oupling due to the presen
e of

both empty and overlapped regions of the domain. The green dotted line represents the a
tual geometry

of the interfa
e, Γi. The blue and red lines represent the approximation of the geometry from the �uid

and the solid side, respe
tively.

The �rst step to dis
retize both subdomains 
onsists in introdu
ing a triangulation110

Thk
made up of non-overlapping elements within ea
h domain, whose 
hara
teristi
 linear

size is denoted by hk, and su
h that Ωf =
⋃Ik

i=1
kif and Ωs =

⋃Jk

j=1
kjs. Note that

this independent de
omposition may geometri
ally introdu
e a non-
onforming 
oupling

between the two subdomains. To understand the root of this issue, let �rst 
onsider

the use of linear elements whose sides are straight lines, 
ommonly referred to as P1-115

elements. In ea
h subdomain, the set of edges whose end points belong to the interfa
e Γi

determine a parti
ular dis
retization Γih, say Γ1
ih for the �uid interfa
e, and another one,

Γ2
ih for the solid interfa
e, identi�ed in Fig. 2 as the blue and the red line, respe
tively.

As it is 
lear from the �gure, empty and overlapped regions are typi
ally generated in

this approa
h when modeling a 
urved interfa
e, 
orresponding to the green dotted line.120

This strategy will therefore introdu
e numeri
al instabilities and must be avoided. The

sour
e of this problem 
omes from the fa
t that two independent, non-mat
hing polygons

are used in order to mat
h the nodes proje
ted on Γi, say Γpolygon1
i and Γpolygon2

i , as

represented in the following diagram

To avoid this problem, we propose a non-
onforming solution built on following ingre-125

dients: the empty and overlapped regions produ
ed by the naive approa
h just des
ribed

must be avoided without adding a signi�
ant extra 
omputational 
ost and, at the same

time, the a

ura
y of the geometry must be of the same order as that of the dis
retization

in spa
e, p.

Let �rst start with p = 1 with the aid of Fig. 3. Again, the dotted green line represents130

the a
tual geometri
al interfa
e of problem (1), Γi. Now, we 
onsider a unique polygon

interpolant on the interfa
e Γi, de�ned su
h that it interpolates over the set of nodes

6



Figure 3: Non-
onforming interfa
e mat
hing through spline interpolation of order 1 (polygon). The

green dotted line represents the a
tual geometry of the interfa
e, Γi. The blue and red lines represent

the approximation of the geometry from the �uid and the solid side, respe
tively.

that belongs to that subdomain with a 
oarser mesh re�nement requirement. To make

these ideas more 
on
rete, let us assume that this is the 
ase of the solid subdomain.

Then, from the solid part, we 
onstru
t a polygon Γpolygon
i that interpolates over the set135

of nodes of the solid mesh that belongs to the interfa
e, building Γ2
ih (in red). Next, we

proje
t over Γpolygon
i the nodes of the �uid part that belongs to the interfa
e, building

Γ1
ih (in blue). At this stage, all nodes from both sides belong to a unique polygon and

therefore�with the 
ondition that the nodes of the polygon are also verti
es in both Γ1
ih

and Γ2
ih�we ensure that Γ1

ih and Γ2
ih are now mat
hing. This idea is represented in the140

following diagram

The same idea 
an now be extended to higher order, p > 1, using a spline interpolant
of order r ≤ p, spline(r). For the sake of simpli
ity we 
onsider r = p. As in the P1

ase, on
e all nodes that belongs to the interfa
e have been pla
ed following our strategy,

we pro
eed to build up the two meshes whose elements are of order p. Keeping all145

these aspe
ts in 
onsideration, the resulting meshes from the �uid and the solid side are

approximating the geometry of Γi with order p. Additionally, Γ1
ih = Γ2

ih provided that a

knot that belongs to spline(p) is also a vertex in both Γ1
ih and Γ2

ih. Again, this idea 
an

be represented in the next diagram

From now on we may refer to Γ1
ih = Γ2

ih simply as Γih. The interfa
e Γih 
an be150


ompared to the glue mesh proposed in [31℄ for SBP �nite di�eren
es methods. In Figs. 4

7



and 5, we provide an illustration of these ideas for the parti
ular 
ase of p = 2. There,
the nodes from the �uid and solid side mat
h perfe
tly on the interfa
e whi
h is de�ned

by a 
ommon spline of order p. We also remark how the a

ura
y of the a
tual geometry

improves with in
reasing order p, in 
onsonan
e with the order of approximation used in155

the spatial dis
retization.

Figure 4: Non-
onforming interfa
e mat
hing through spline interpolation of order 2. The green dot-

ted 
urve represents the a
tual geometry of the interfa
e, Γi. The blue and red lines represent the

approximation of the geometry from the �uid and the solid side, respe
tively.

Two illustrations of a mesh produ
ed by our non-
onforming te
hnique is shown in

Fig. 6 for P1- and P2-elements. Note here that between two given nodes of the spline that

builds Γih, they 
ould be an arbitrary number of elements that belongs to both Γ1
ih and

Γ2
ih, independent of ea
h other. Consequently, as an advantage in our approa
h, there is160

no spe
i�
 pattern that geometri
ally 
onstrains the relation of re�nement between Γ1
ih

and Γ2
ih.

In the next se
tion we explain the spa
e dis
retization used and how to deal properly

with the numeri
al integration over Γih.

5. Dis
retization in spa
e and algorithmi
 treatment of the non-
onforming165


oupling

We now introdu
e the �nite-dimensional trial spa
es as Qh ⊂ Q, and Vh ⊂ V , and

test spa
es as Wsh ⊂ Ws, and Wfh ⊂ Wf . For the sake of simpli
ity we introdu
e the

following notation

u := uh = (q, v1, v2)
T
,

where

q := qh =

Nf
∑

j=1

qjNf,j , F = (f, 0, 0)
T
,

v1 := v1h =

Ns
∑

j=1

v1,jNs,j , v2 := v2h =

Ns
∑

j=1

v2,jNs,j ,

8



Figure 5: Detail of the non-
onforming interfa
e: The blue and red 
urves (�uid and solid interfa
e)

are exa
tly the same, produ
ed by a 
ommon spline interpolation. Both 
urves approa
h the a
tual

geometry (green dotted 
urve) of the interfa
e Γi with order 2.

and Nf and 2Ns represent the number of degrees of freedom in the �uid and the solid

part, respe
tively. The matrix system asso
iated to problem (5) is de�ned as

M
∂2

u

∂t2
+ (S + C)

∂u

∂t
+Ku = F, (10)

whose blo
k matri
es of size 2NsNf × 2NsNf are de�ned as

M =





Mf 0 0
0 Ms1 0
0 0 Ms2



 , S =





Sf 0 0
0 Ss11 Ss12

0 Ss21 Ss22



 ,

C =





0 Cf,s1 Cf,s2

Cs1,f 0 0
Cs2,f 0 0



 , K =





Kf 0 0
0 Ks11 Ks12

0 Ks21 Ks22



 . (11)

Regarding the �uid equations, the mass (M), sti�ness (F ) and absorbing (S) matri
es

and ve
tor entries are given 
omponent-wise as

(Mf )ij =

∫

Ωfh

ρ−1

f c−2
F Nf,iNf,jdΩ, (Sf )ij =

∫

Γfh

ρ−1

f c−1
F Nf,iNf,jdΓ,

(Kf )ij =

∫

Ωfh

ρ−1

f

(

∂Nf,i

∂x1

∂Nf,j

∂x1

+
∂Nf,i

∂x2

∂Nf,j

∂x2

)

dΩ, (F )i =

∫

Ωfh

fNf,idΩ,

9



(a) P1-elements

(b) P2-elements

Figure 6: Illustration of a non-
onforming mesh produ
ed by our te
hnique for linear and 
urved elements,

zooming in on the 
oupling part. No spe
i�
 pattern of re�nement between the two domains is imposed.

whereas for the solid equations, as

(Ms11)ij =

∫

Ωsh

ρsNs,iNs,jdΩ, (Ms22)ij =

∫

Ωsh

ρsNs,iNs,jdΩ,

(Ss11)ij =

∫

Γsh

ρs(cP n2
s1 + cS n2

s2)Ns,iNs,jdΓ, (Ss12)ij =

∫

Γsh

ρs(cP − cS)ns1ns2Ns,iNs,jdΓ,

(Ss21)ij =

∫

Γsh

ρs(cP − cS)ns1ns2Ns,iNs,jdΓ, (Ss22)ij =

∫

Γsh

ρs(cP n2
s2 + cS n2

s1)Ns,iNs,jdΓ,

(Ks11)ij =

∫

Ωsh

λ
∂Ns,i

∂x1

∂Ns,j

∂x1

+ 2µ

(

∂Ns,i

∂x1

∂Ns,j

∂x1

+
1

2

∂Ns,i

∂x2

∂Ns,j

∂x2

)

dΩ,

(Ks12)ij =

∫

Ωsh

λ
∂Ns,i

∂x1

∂Ns,j

∂x2

+ µ
∂Ns,i

∂x2

∂Ns,j

∂x1

dΩ,

(Ks21)ij =

∫

Ωsh

λ
∂Ns,i

∂x2

∂Ns,j

∂x1

+ µ
∂Ns,i

∂x1

∂Ns,j

∂x2

dΩ,

(Ks22)ij =

∫

Ωsh

λ
∂Ns,i

∂x2

∂Ns,j

∂x2

+ 2µ

(

1

2

∂Ns,i

∂x1

∂Ns,j

∂x1

+
∂Ns,i

∂x2

∂Ns,j

∂x2

)

dΩ.

We use a standard treatment to 
ompute the numeri
al quadrature, but it useful to

detail how we over
ome the te
hni
al di�
ulties related to our non-
onforming 
oupling

te
hnique. These integrals appear in the 
oupling matri
es (C) and are given 
omponent-

wise as follows

(Cfs1)ij = −
∫

Γih

ns1Nf,iNs,jdΓ, (Cfs2)ij = −
∫

Γih

ns2Nf,iNs,jdΓ,

(Cs1f )ij = −
∫

Γih

nf1Ns,iNf,jdΓ, (Cs2f )ij = −
∫

Γih

nf1Ns,iNf,jdΓ. (12)

As shown in Fig. 7, from the algorithmi
 point of view there are four spe
ial 
ases that

must be 
onsidered in order to determine properly the limits of integration performed

over a given interse
tion of two given edges (shown in red). Let us 
onsider that along

Γih, there are nf edges from the �uid side and ns edges from the solid side. Let efl and170

10



Figure 7: The four possible s
enarios to deal with the numeri
al quadrature in our non-
onforming

te
hnique.

esm denote respe
tively, a parti
ular edge from the �uid and the solid along Γih, so that

Γih = ∪nf

l=1
efl = ∪ns

m=1e
s
m. Obviously Γih = ∪nf

l=1
∪ns

m=1

(

efl ∩ esm

)

. To �x the ideas, let

us 
onsider without loss of generality the following representative integral from (12),

∫

ef
l
∩ esm

Nf,a Ns,b dΓ, (13)

over the 
urved determined by efl ∩ esm, as illustrated in red in Fig. 8 (
orresponding to

the fourth 
ase in Fig. 7). We denote by kf1 the �uid element whose interfa
ial edge is175

efl and by ks2 the solid element whose interfa
ial edge is esm.

Figure 8: Illustration of the numeri
al quadrature performed over the interse
tion of two edges, e
f
l
∩ e

s
m,

where e
f
l
∈ k

f
1
and e

s
m ∈ k

s
2
.

Let us for instan
e assume that we 
ompute the integral �from the �uid side�, i.e. by

using the map Fkf
1

that transforms the referen
e element k̂f1 into the �uid element kf1 . The

di�
ulty in evaluating su
h integral 
omes from the fa
t that, while the shape fun
tion

Nf,a 
an be easily evaluated, the evaluation of the shape fun
tion Ns,b from the solid side

is mu
h more tedious. To illustrate this, it is ne
essary to introdu
e additional notation

related to the parametri
 spa
e. Regarding the 
oordinates, we de�ne a (non-linear)

map x = (x(ξ, η), y(ξ, η)) = Fkf
1

(ξ, η) from the parametri
 spa
e in k̂�with ξ ∈ [0, 1]

11



and η ∈ [0, 1− ξ]�to the physi
al spa
e in kf1 , given by

Fkf
1

(ξ, η) =

n
k
f
1

∑

i=1

xkf
1
,i N̂f,i(ξ, η),

where nkf
1

is the number of Lagrange shape fun
tions de�ned on kf1 whi
h obviously

depends on p, N̂f,i is the i-th Lagrange shape fun
tion of degree p on the referen
e element

k̂f1 and xkf
1
,i represents the physi
al 
oordinate of the degree of freedom asso
iated to

the i-th Lagrange shape fun
tion. Sin
e our integral is performed over a parti
ular

edge of kf1 , efl (spe
i�
ally, over the interse
tion with esm), we introdu
e a bije
tive

parameterization r
f
el

: [0, 1] → efl of efl . The fun
tion 
an be easily 
onstru
ted with

the aid of an auxiliary fun
tion (ξêf
k1

(tf ), ηêf
k1

(tf )) = ρ(tf ) su
h that ρ(tf ) = (tf , 0),

ρ(tf ) = (1− tf , tf ) or ρ(tf ) = (0, 1− tf ), depending on the edge that we are 
onsidering.

Then, r
f
el
(tf ) = Fkf

1

(ρ(tf )) and

r
f
el
(tf ) =

n
k
f
1

∑

i=1

xkf
1
,i N̂f,i(ξêf

l

(tf ), ηêf
l

(tf )).

Similarly in the solid side, a bije
tive parameterization of esm 
an be written as

r
s
em(ts) =

nks
2

∑

i=1

xks
2
,i N̂s,i(ξêsm(ts), ηêsm(ts)).

Now, let tf0 and tf1 be su
h that r
f
el
(tf0 ) and r

f
el
(tf1 ) give the physi
al endpoints of

efl ∩ esm, 0 ≤ tf0 ≤ tf1 ≤ 1.

Figure 9: Diagram of the evaluation of the shape fun
tion Ns,b in the solid side, starting from the

variable of integration t
f
in the �uid side. Every arrow 
onne
ting two terms implies that the se
ond

one may be obtained from the �rst one. A term over the arrow spe
i�es how the se
ond term is a
tually

obtained from the �rst as an argument.

With this notation, note that the numeri
al integration in (13) is performed in the

�uid side with a integration variable tf between end points tf0 and tf1 . The evaluation of

12



Ns,b from tf is s
hemati
ally summarized in Fig.9. Note that the 
onne
tion between the

�uid side and the solid side is possible in our approa
h be
ause of the perfe
t mat
hing

between the two sides on Γi. In fa
t,

if efl ∩ esm 6= ∅ ⇒ ∀ tf ∈ [tf0 , t
f
1 ] ∃ ts ∈ [0, 1] | r

f
el
(tf ) = r

s
em(ts).

Noti
e, however, that we 
annot in general 
ompute the inverse of the map r(t) if we

onsider 
urvilinear elements. To solve this �nal issue, we need to 
onsider that, within180

an element, the map r(t) is monotoni
ally in
reasing in either x- or y-dire
tion. If it is
the 
ase, say for x, we are sure that we 
an numeri
ally determine the root of x−r

−1(t)x,
as it has multipli
ity p and is therefore unique. To �nd su
h a root numeri
ally within a

�xed toleran
e, a bise
tion method may be used with linear 
onvergen
e.

With the above notation, the representative integral in (13) may be then written in

the referen
e edge êfl as

∫ tf
1

tf
0

dtf Nf,a

(

ξêf
l

(tf ), ηêf
l

(tf )
)

×Ns,b

(

ξêsm

(

r
s−1

em

(

r
f
el

(

tf
))

)

, ηêsm

(

r
s−1

em

(

r
f
el

(

tf
))

))

×
(

(

∂x/∂tf
)2

+
(

∂y/∂tf
)2
)1/2

, (14)

where

r
s−1

em

(

r
f
el

(

tf
))

= ts,

and

(x, y) = r
f
el
(tf ).

6. Dis
retization in time and stability analysis185

Regarding the stability analysis we 
onsider the absen
e of the sour
e term for 
on-

venien
e, i.e., F = 0. At this stage, we would like to point out that the family of

Runge-Kutta time-dis
retization s
hemes may well deserve attention in a future work.

In this paper we sti
k to the well-known Leap-frog s
heme for the dis
retization in time

of the se
ond derivative, whereas for the �rst derivative we apply 
entral di�eren
es, to

obtain the following se
ond-order expli
it s
heme

Mf
qn+1 − 2qn + qn−1

∆t2
+ Sf

qn+1 − qn−1

2∆t
+ Cfs

vn+1 − vn−1

2∆t
+Kfq

n = 0. (15)

Ms
vn+1 − 2vn + vn−1

∆t2
+ Ss

vn+1 − vn−1

2∆t
+ Csf

qn+1 − qn−1

2∆t
+Ksv

n = 0, (16)

Multiplying equations (15) and (16) by

qn+1−qn−1

2∆t and

vn+1−vn−1

2∆t , respe
tively, sum-

ming them up and using

un+1 − 2un + un−1 = (un+1 − un)− (un − un−1)
13



and

un+1 − un−1 = (un+1 − un) + (un − un−1),

we �nally obtain the following expression

1

2∆t
< Ms

vn+1 − vn

∆t
,
vn+1 − vn

∆t
> − < Ms

vn − vn−1

∆t
,
vn − vn−1

∆t
>

+ < Ss
vn+1 − vn−1

2∆t
,
vn+1 − vn−1

2∆t
> +

< Ksv
n+1, vn > − < Ksv

n, vn−1 >

2∆t

+
1

2∆t
< Mf

qn+1 − qn

∆t
,
qn+1 − qn

∆t
> − < Mf

qn − qn−1

∆t
,
qn − qn−1

∆t
>

+ < Sf
qn+1 − qn−1

2∆t
,
qn+1 − qn−1

2∆t
> +

< Kfq
n+1, qn > − < Kfq

n, qn−1 >

2∆t
= 0. (17)

Now, a dis
rete energy 
an be introdu
ed for v (and similarly for q) as

Ei+1
v =

1

2

∣

∣

∣

∣

∣

∣

∣

∣

vn+1 − vn

∆t

∣

∣

∣

∣

∣

∣

∣

∣

2

+
1

2

〈

M−1
s Ksv

n+1, vn
〉

, (18)

where the following 
ondition holds (in absen
e of the sour
e F , whi
h vanishes after a

given time)

1

∆t
(Ei+1

v − Ei
v) +

1

∆t
(Ei+1

q − Ei
q) =− < M−1

s Ss
vn − vn−1

∆t
,
vn − vn−1

∆t
>

− < M−1

f Sf
qn − qn−1

∆t
,
qn − qn−1

∆t
>,

whi
h shows, using the positivity of matri
esMf , Ms, Sf and Ss, that the dis
rete energy

de
reases in time.

However, the term

〈

M−1
s Ksv

n+1, vn
〉

present in (18) does not guarantee the positivity

of the dis
rete energy. Nevertheless, we �rst noti
e that

1

2

∣

∣

∣

∣

∣

∣

∣

∣

vn+1 − vn

∆t

∣

∣

∣

∣

∣

∣

∣

∣

2

+
1

2

(〈

M−1
s K

vn+1 + vn

2
,
vn+1 + vn

2

〉

− ∆t2

4

〈

M−1
s Ks

vn+1 − vn

∆t
,
vn+1 − vn

∆t

〉)

= 0.

De�ning

||As|| = sup
v

〈

Is −M−1
s Ksv, v

〉

||v||2
,

it holds that

〈

Is −M−1
s Ks

vn+1 − vn

∆t
,
vn+1 − vn

∆t

〉

≤ ||As||
∣

∣

∣

∣

∣

∣

∣

∣

vn+1 − vn

∆t

∣

∣

∣

∣

∣

∣

∣

∣

2

,

14



and then, the dis
rete energy satis�es

Ei+1
v ≥

(

Is −
∆t2

4
||As||

) ∣

∣

∣

∣

∣

∣

∣

∣

vn+1 − vn

∆t

∣

∣

∣

∣

∣

∣

∣

∣

2

+

〈

M−1
s Ks

vn+1 + vn

2
,
vn+1 + vn

2

〉

.

A su�
ient 
ondition that ensures the positivity of Ei+1
v is therefore

∆t2 <
4

||As||
.

In order to go deeper in our analysis, we 
onsider now the 
ase of re
tangular sub-

domains with a regular mesh 
onsisting of triangles with straight sides where square

elements are �rst divided into two triangles. In this setting, the largest eigenvalue of

||As|| behaves as αs/h
2
s, αs depending only on the spa
e dis
retization method, and so

∆t <
2hs√
αs d

, (19)

where d is the dimension of the domain Ω. Similarly for q, we obtain

∆t <
2hf
√

αf d
, (20)

and thus the �nal CFL 
ondition for our 
oupled problem reads

∆t < min

(

2hf
√

αf d
,

2hs√
αs d

)

. (21)

This shows that the 
oupling does not penalize the CFL 
ondition.

On the other hand, 
onsidering the sti�ness terms impli
itly, i.e.

Kf q(n∆t) ≈ 1

2
Kf (q

n+1 + qn−1)

and

Ks v(n∆t) ≈ 1

2
Ks(v

n+1 + vn−1)

in (15) and (16), similar 
al
ulations lead us to an un
onditional stable and 
onservative

s
heme where the dis
rete energy satis�es:

Ei+1
v =

1

2

∣

∣

∣

∣

∣

∣

∣

∣

vn+1 − vn

∆t

∣

∣

∣

∣

∣

∣

∣

∣

2

+
1

2

〈

M−1
s Ksv

n+1, vn+1
〉

+
1

2

〈

M−1
s Ksv

n, vn
〉

.

Noti
e that this impli
it s
heme does not introdu
e any additional 
omputational190


ost with respe
t to the expli
it s
heme, as it also involves only one matrix fa
torization

operation. Moreover, the sparsity stru
ture of the matrix to be inverted remains the

same and so does, 
onsequently, the 
ost of the fa
torization for a given dire
t solver

used.
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7. Numeri
al results195

In this se
tion we �rst 
onsider a 
lassi
al referen
e problem found in ([17℄) in order

to validate our method, both in terms of a

ura
y and �exibility. An illustration of the

domain of this problem Ω = Ωf ∪Ωs is given in Fig. 10, whose interfa
e Γi is de�ned by

means of a sinusoid. The size of the re
tangular domain Ω is 64 km × 48 km, where the

origin of the 
oordinate system is pla
ed at the lower left 
orner of the domain.200

The equations and boundary 
onditions imposed are those introdu
ed previously in

(1).The parameters in the a
ousti
 domain are given by ρf = 1020 kg m

−3
, for the

density of the homogeneous material, and cF = 1500 m s

−1
for the P -wave speed. In

elasti
 medium, we �x the material density to ρs = 2500 kg m

−3
, whereas cP = 3400 m

s

−1
and cS = cP /

√
3 for the P - and S-wave speeds, respe
tively. The point sour
e time205

fun
tion based on a Ri
ker wavelet is lo
ated in the �uid domain at x0 = [29.0833, 31],
with a dominant frequen
y of 10 Hz. On the other hand, a set of re
eivers used to

register seismograms are pla
ed in both subdomains: in the �uid part, re
eivers rfi are

lo
ated at [32 + 2.2i, 33], for i = 0, ..., 10; whereas in the solid part, re
eivers rsi are

lo
ated at [32 + 2.2i, 15], for i = 0, ..., 10. The smallest elements of the 
omputational210

mesh are lo
ated in the �uid side and have a 
hara
teristi
 length about h = 12.5 m,

whereas the 
hara
teristi
 length for the elements in the solid side is h = 25 m. As

for the dis
retization in time, the impli
it se
ond-order Leap-frog s
heme presented in

Se
. 6 is used. Regarding the details of implementation, we point out that our 
ode

Figure 10: Illustration of the domain of the problem with a sinusoidal interfa
e. The point sour
e lo
ated

at x0 = [29.0833, 31] is labeled as '×'. In �uid part, re
eivers r
f
i are lo
ated at [32 + 2.2i, 33], whereas

in the solid part, at [32 + 2.2i, 15], for i = 0, ..., 10.

has been 
ompletely written in C/C + +, where the MUMPS [32℄ pa
kage is employed215

for solving the 
orresponding linear algebrai
 system. An important building blo
k that

has also been developed 
onsists of a mesh loader for meshes generated by Gmsh [33℄,

suitable for arbitrary high-order triangle elements. In order to 
ompare the results of our

method with those provided in [17℄, where the authors used the Spe
tral FEM, we show
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two snapshots in �gures 12 and 13, exa
tly at the same times, t = 0.87 and t = 1.57,220

respe
tively. The 
oin
iden
e of both methods is remarkable and all 
hara
teristi
 waves

are identi�ed in both domains as expe
ted. In Fig.11 we show the seismogram registered

at re
eiver rf0 , lo
ated at [32, 15]. On
e the signal emitted from the sour
e passes through

it, the rest of the signal registered 
omes from both the free 
ondition imposed on top of

the �uid domain and the numeri
al re�e
tions due to the �rst order absorbing boundary225


onditions imposed. In order to validate further the a

ura
y of the numeri
al solutions

0 2 4 6 8 10
t

-2e+05

-1.5e+05

-1e+05

-50000

0

50000

|| 
u 

||

0.2 0.4 0.6 0.8

-1e+05

-50000

0

50000

Figure 11: Seismogram re
order at re
eiver r
f
0
. The inner plot represents a zoom from t = 0 to t = 0.92,

where it is re�e
ted the sour
e signal passing through, without re�e
tions.

provided by our method, we have 
omputed this same seismogram on an extremely

�ne 
onforming mesh and used it as a referen
e solution. In the next table we report

numeri
al errors in the L2−norm obtained when using 
oarser non-
onforming meshes

with 
hara
teristi
 length given by h, for p = 1 and p = 2, a
hieving the expe
ted rates230

of 
onvergen
e.

h
L2− error

P−1 P−2
12.5 0.06039971 0.000081702

25 0.53659014 0.004501854

50 4.50163058 0.342980559

100 31.34660553 26.12291773
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Figure 12: Snapshot of the referen
e test at time t = 0.87 se
s.

Let us now validate the theoreti
al 
onvergen
e of our method. In 
lassi
al FEM, the

following relative H1
error 
omputed along the time

eh :=
||u(·, ·)− uh||L2(0,T ;Ω)

||u(·, ·)||L2(0,T ;Ω)

is dominated by hp+1
, where h is the 
hara
teristi
 mesh size and p the order of the spa
e

dis
retization. In �gures 14 and 15, we show the numeri
al 
onvergen
e in log-log s
ale,

a
hieved by our method for the 
lassi
al referen
e test des
ribed above, validating the235

theoreti
al estimates. In both 
ases, a very �ne numeri
al solution using a 
onforming

mesh has been 
omputed and 
onsidered as a referen
e solution, sin
e no analyti
al solu-

tion is available for this test problem. Note that the 
onvergen
e rate reported is slightly

better than the theoreti
al estimates just be
ause the meshes used are unstru
tured. In

the 
ase p = 2, we observe a regime where the 
onvergen
e is a
tually of order p+ 1, as240

expe
ted. Clearly for p > 1, for small enough h the dominant error will eventually be

asso
iated to the time dis
retization error of the Leap-frog s
heme 
onsidered whi
h is

of se
ond-order.

Now, we analyze the e�
ien
y of our non-
onforming approa
h. Let γc denote the

total number of degrees of freedom present in a problem with a 
onforming mesh (note

the fa
t that in the elasti
 media there are two degrees of freedom per node). To �x the

ideas, let suppose that the solid side requires a �ner mesh dis
retization than the �uid

side. Obviously, in the 
onforming 
ase the domain with the �nest mesh indu
es in the

other domain a �ner mesh than ne
essary. For this reason, for the same problem it is


lear that the total number of degrees of freedom with our non-
onforming te
hnique,

γn, is su
h that γn < γc. With this notation, we de�ne the e�
ien
y fa
tor α as the gain

of our non-
onforming te
hnique,

α := 1− γn
γc

, (22)

18



Figure 13: Snapshot of the referen
e test at time t = 1.57 se
s.

ranging from 0 to 1, i.e., from minimum to maximum e�
ien
y. This e�
ien
y depends

on several values, su
h as the physi
al dimension of the problem, d, the ratio between the

size of the domain with the 
oarser mesh with respe
t to the size of the whole domain,

|Ω
�ner

|/|Ω|, and the ratio between the typi
al linear size of the mesh dis
retization in

both domains, βh = hf/hs. With those de�nitions, we are able to be more pre
ise about

the formula in (22) for the e�
ien
y in (22), 
laiming that

α := 1− γn
γc

≃ 1− γ−1
c

( |Ω
�ner

|
|Ω| γc +

|Ω

oarser

|
|Ω|

1

βd
h

γc

)

, (23)

Let us 
onsider a 
on
rete problem of referen
e to validate this estimation. As before, we


onsider a two-dimensional re
tangular domain Ω = Ωf ∪ Ωs, with Ω = [0, 64] × [0, 48],
Ωs = [0, 64] × [0, 24] and Ωf = [0, 64] × [24, 48], so that |Ωs| = |Ωf | = 1/2 |Ω|. Let

suppose that we have a ratio of dis
retization 2 : 1 between the two subdomains, i.e.,

βh = hf/hs = 2hs/hs = 2. Thus, using all these values and formula (23), we expe
t to

obtain the following e�
ien
y for this problem

αp ≃ 1− γ−1
c

(

1

2
γc +

1

2

1

4
γc

)

= 0.375. (24)

Therefore, we estimate to save 37.5% of degrees of freedom for this problem with our

non-
onforming method. In Table 7 we report the numeri
al results obtained, for several245

mesh dis
retizations 
hara
terized by h. For ea
h h-value 
onsidered, we 
ompare γn
versus γc, and provide the e�
ien
y obtained for ea
h 
ase as a fun
tion of h, αp(h).
Note the good agreement between the numeri
al values of αp(h) and theoreti
al estimate

αp = 0.375.

19



11.21.41.61.8
h

-1

-0.5

0

|| 
u * -

 u
h ||

2 / 
|| 

u * ||
2

1

2.37

Figure 14: Convergen
e results for P1-elements in log-log s
ale.

h
Degrees of freedom

αp(h)
γn(hs = hf = h) γc(2hs = hf = h)

6.25 2,663 4,290 0.38461

12.5 10,832 16,802 0.38425

25 40,994 66,498 0.38353

50 162,914 264,578 0.38209

100 649,538 1,055,490 0.37925

Theoreti
al: αp = 0.375

250

Now we inspe
t the memory 
onsumption related to the 
omputational mesh as well

as the 
omputational time. In 
ase of a ratio 4 : 1, the estimated e�
ien
y is αp = 0.4,
whi
h means that the amount of memory asso
iated to the mesh must be redu
ed nearly

by 44, 4% with respe
t to the 
onforming mesh. In Table 7 we validate this estimation

for the same problem as before, where it is shown that our non-
onforming method near255

halves the amount of memory 
onsumption for several h-values 
onsidered, as expe
ted.
Note also the signi�
ant redu
tion of the 
omputational time reported in the same table,

for a simulation with �nal time Tend = 2.5 se
onds and time step ∆t = 10−3
se
onds.

Note that we are relatively saving more 
omputational time than memory. This behavior

is explained by the fa
t that the 
omputational 
ost of MUMPS for both the fa
torization260

of the matrix and solving for the RHS, grows faster than linearly with respe
t to the

number of unknowns. In this point it is worth mentioning that, despite the savings

respe
t to the number of elements by our te
hnique may be similar to those a
hieved

by other non-
onforming te
hniques, the latter introdu
e either additional degrees of

freedom (as in Mortar-methods, for example) and/or additional parameters to 
ontrol265
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Figure 15: Convergen
e results for P2-elements in log-log s
ale in log-log s
ale.

the a

ura
y (as in [27, 28, 29℄).

h
Memory size (MB) Time (s)

Non-
onfor. Confor. Saved Non-
onfor. Confor. Saved

6.25 63 122 48.4% 3973 5036 58.4%

12.5 16 30 46.7% 652 911 56.5%

25 3.7 7 47.1% 154 207 57.3%

Theoreti
al: αp = 0.4

Coupling more than two layers: the a
ousti
-a
ousti
 and a
ousti
-elasti
 
ase

Finally, we show how the method performs under more 
ompli
ated 
on�gurations,

when more than two di�erent media are 
onsidered. To des
ribe our strategy, we 
onsider

here that the �uid domain Ωf is divided in two sub-domains Ωa and Ωw (the air and

the water for instan
e) su
h that Ωf = Ωa ∪ Ωf . Note that the methodology 
an be

extended without di�
ulty to the solid and to more than two domains. Denoting the

pressure unknown by qa = q|Ωa
in the air layer and by qw = q|Ωw

in the water layer, the

two 
ontinuity 
onditions to be imposed at their 
oupling interfa
e Γaw = Ωa ∩ Ωw are

qa = qw, (25)

and

∇ 1

ρa
qa · n =

1

ρw
∇qw · n. (26)
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Di�erently than in the a
ousti
-elasti
 
oupling 
ase, the �rst 
ondition 
annot be nat-

urally imposed in the weak formulation. One possibility to 
ir
umvent this problem


onsists of introdu
ing Lagrange multiplyers. However, we prefer to 
hose a Dis
ontinu-

ous Galerkin (DG)-like formulation instead, whi
h is easier to implement in our method.

Among the family of DG methods, we have based our solution methodology on the well-

known Interior Penalty DG method (IPDG) [34, 35, 36, 37℄. We propose here to use


ontinuous �nite element in ea
h subdomains and to 
ouple the two subdomains using

IPDG method. Thus, we sear
h for solution q ∈ L2(Ωf ) su
h that qa = q|Ωa
∈ H1(Ωa)

and qw = q|Ωw
∈ H1(Ωw). In this 
ase, the weak formulation 
orresponding to the

two a
ousti
 unknowns on ea
h media and at their 
oupling interfa
e reads as follows:

∀t ∈ (0, T ], �nd qa = qa(t) ∈ Qa and qw = qw(t) ∈ Qw su
h that

∫

Ωa

ρ−1
a c−2

a

∂2qa
∂t2

wa dΩ+

∫

Ωa

ρ−1
a ∇qa · ∇wa dΩ

+

∫

Ωw

ρ−1
w c−2

w

∂2qw
∂t2

ww dΩ+

∫

Ωw

ρ−1
w ∇qw · ∇ww dΩ

−
∫

Γaw

1

2

(

1

ρa
∇qa +

1

ρw
∇qw

)

(wa − ww) · naw dΓ

−
∫

Γaw

1

2
(qa − qw)

(

1

ρa
∇wa +

1

ρw
∇ww

)

· naw dΓ

+ γ

∫

Γaw

(qa − qw) (wa − ww) dΓ

−
∫

Γi

∂v

∂t
· nswfdΓ =

∫

Ωf

fwfdΩ, (27)

for all test fun
tions wa ∈ Wa and ww ∈ Ww, where Qa and Wa are de�ned as before

in (7) and (9) for the �uid media (we omit here the external boundaries for the sake of270

simpli
ity). Here, naw denotes the normal ve
tor from Ωa to Ωw, and γ is a positive

penalizing 
oe�
ient that must be large enough in order to ensure the stability of the

method, but not too large in order to not penalize the CFL 
ondition. A 
areful analysis

about the 
ombination of our method with DG is out of the s
ope of this paper and thus

reserved for future work. The variational equation in the solid remains un
hanged.275

First, we 
onsider the 
ase of 
oupling three di�erent media by adding an air layer on

top of the water layer. For the air layer, physi
al parameters are ρa = 1.204 kg m

−3
for

the density and ca = 344 m s

−1
for the a
ousti
-wave speed. Lo
ating again the sour
e

in the �uid domain at x0 = [29.0833, 31], two snapshots for this test are shown in �gures

16 and 17, 
orresponding to physi
al times t = 1.4 and t = 2.6, respe
tively. Noti
e how280

the front wave emanating from the �uid media is being transmitted and re�e
ted a
ross

the two non-
onforming 
ouplings, rea
hing the three media and behaving globally as

expe
ted.

As a se
ond example, let us 
onsider a more sophisti
ated 
on�guration on whi
h the

three layers join together, 
orresponding for example to the physi
al situation where the285

shore line region is in
luded. In Figure 18 we show part of the non-
onforming mesh used

for this test, emphasizing the region on whi
h all the 
oupling boundaries meet. The ratio

of points for the 
oupling between the �uid and the solid is approximately 2:1 (noti
e

that it is not estri
t), between the air and the �uid 2:1 as well, and 4:1 between the air
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Figure 16: Snapshot of the simulation involving three di�erent media, at time t = 1.4. se
s. The upper
layer 
orresponds to the air a
ousti
 layer, the middle to the �uid a
ousti
 layer and the bottom to the

solid elasti
 layer.

and the solid. On
e again, lo
ating the sour
e in the �uid domain at x0 = [29.0833, 31],290

three snapshots for this test are shown in �gures 19, 20 and 21, 
orresponding to the

physi
al times t = 1.4, t = 2.1 and t = 3.6, respe
tively. At time t = 1.4, we illustrate
the moment after the front of the wave rea
hes the �rst sharp point, between the �uid

and the elasti
 media. At time t = 2.1, the front wave has already 
rossed the point on

whi
h the three 
oupling boundaries interse
t. And �nally, at time t = 3.6 we show the295

expe
ted stable evolution of the simulation, on whi
h the front wave has already rea
hed

all jun
tions and points of interest with the expe
ted behavoir.

8. Con
lusions

A new non-
onforming numeri
al te
hnique has been introdu
ed, in the 
ontext of

high-order Finite Element Methods for 
oupled wave propagation problems.300

The advantage of this method with respe
t to other existing non-
onforming te
h-

niques is based on the simpli
ity and generality of its appli
ation, sin
e it is based on

a geometri
al adjustment between subdomains at its 
oupling interfa
e, whi
h is done

at a prepro
essing stage when the mesh is built. Another remarkable feature of this

method is found on the fa
t that 
urved interfa
es are geometri
ally approximated, in305


onsonan
e, with the same a

ura
y as that of the �nite element spa
e dis
retization.

That is to say, the method respe
ts and takes the maximum possible advantage of the

spatial dis
retization in a natural way. This has been possible by modeling the geometry

of the interfa
e with a unique spline, with the goal to proje
t the edges of the elements
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Figure 17: Snapshot of the simulation involving three di�erent media, at time t = 2.6. se
s. The upper
layer 
orresponds to the air a
ousti
 layer, the middle to the �uid a
ousti
 layer and the bottom to the

solid elasti
 layer.

adja
ent to the interfa
e in su
h a way that it provides a perfe
t mat
h between the310


oupled domains.

We have proved the 
onservation of a dis
rete energy for a se
ond-order, Leap-frog

dis
retization in time, both for expli
it and impli
it s
hemes. Moreover, we have proved

that our 
oupling strategy does not penalize the CFL 
ondition of the expli
it s
heme.

Of 
ourse, the study of this method with higher-order time s
hemes, in 
onsonan
e with315

the spa
e dis
retization, provides a dire
tion for future work. To some extent, 
oupling

very di�erent meshes, although possible, may require the use of a lo
al time stepping

method. As far as the extension of our method to three dimensions, there is no theoreti
al

di�
ulty. The main issues are simply of pra
ti
al nature, related to the de�nition of two

dimensional splines and the 
omputations of the surfa
e integrals.320

Our proposed method is arbitrarily high-order in spa
e and its 
onvergen
e has been


arefully studied. We have provided relevant numeri
al tests and 
ompared the results

with the well-established Spe
tral Element Method, showing an ex
ellent agreement.

Also, we have shown that our non-
onforming te
hnique redu
es the size of the problem

inversely proportional to the 
hara
teristi
 ratio of the non-
onforming 
oupling, raised325

to the power of the dimension of the problem. This signi�
ant result amounts to a big

saving in terms of memory 
onsumption and 
omputational time (de
reasing faster than

linearly with respe
t to the number of unknowns saved), a 
riti
al aspe
t in the 
ontext

of large s
ale wave propagation problems.

Another remarkable feature of this method is found on its suitability to be extended330

to any methodology based on the Finite Element Method. In the parti
ular 
ase of the

Spe
tral Element Method, widely used in geophysi
al appli
ations, no extra work has to
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Figure 18: Illustration of the non-
onforming mesh used in the 
ase of a three layers simulation in
luding

the shore line region, zooming in on the point on whi
h the 
oupling boundaries interse
t.

be introdu
ed on
e the 
oupling stage is 
ompleted. The same argument applies for the

family of Dis
ontinuous Galerkin methods and Isogeometri
 Analysis. Interestingly, as it

o

urs in Mortar-methods, the use of Dis
ontinuous Galerkin methods in our proposed335

te
hnique (as we have shown for the 
ase of 
oupling two a
ousti
s media) allows to

obtain algebrai
 blo
k systems. This feature will 
ertainly be worth investigating further

for building e�
ient solvers for very large systems and parallel 
omputations.

Finally, we remark the general appli
ability of this non-
onforming te
hnique to any

multiphysi
s, multis
ale phenomena formulated as a 
oupled problem.340
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