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Abstract

There are open questions concerning isotr@misotropic nonlocal models, as the possible evolutiontefrhal length, as special
treatments near boundaries and cracks. First, one makéscabmweight kernel function of informatigwave propagation time
normalized by an internal time and obtains strong locabiratvith a non-spreading damage zone. The limit value ofdalinage is
attained at a single pointin 1D. Second, WKB approximat@mmfave propagation in 3D damaged media define interactsinmies

as solutions of an eikonal equation. This leads to the iné¢agon that damage, possibly anisotropic, curves theespawhich the
interaction distances are calculated.
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Nomenclature

| Notation [ Meaning

(X) = max(x,0) | positive part of scalax
(T) | positive part of symmetric second-order tensor
[Ix]] | norm of vectorx

X:Y, X:Y,X:Y | contracted prOdUCTXinij, Xiiki Yk, Xijki Yiki
x®y, X®Y | tensorial productsy;j, XijYi
H | Heaviside functionH(x) =1if x>0, H(X) =0if x< 0
1 | second-order unit tensor
trT | traceTgk of tensorT
TP =T - 1trT 1 | deviatoric part of second-order tengor
a | anisotropic damage parameters
Co, Co | wave speed andlective wave speed
D scalar damage variable and second-order damage tensor
Young’s modulus and Poisson’s ratio
Hooke’s tensor
damage criterion function
metric of diferential geometry
shear modulus andtective shear modulus
bulk modulus andféective bulk modulus
wave number
distance
effective distance
characteristiénternal length
effective characteristimternal length
one half of bar length
radius of nonlocal interaction
eikonal function
displacement vector
YV, V" | local and nonlocal variables
ap, a | nonlocal weight functions
I | Christafel symbols
£ | Mazars equivalent strain
&" | nonlocal Mazars equivalent strain
strain tensor
damage threshold
isotropic damage parameter
hydrostatic sensitivity parameter
internal variable (maximum equivalent strain)
damage multiplier
density
stress tensor
effective stress tensor
deviatoric stress tensor
internal time
information propagation time
angular frequency
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Introduction

The dfect and the formulation of boundary conditions — such asddeges, notches and initial cracks — remain an open questio
for nonlocal models. The main drawback of the standard reahlg\NL) integral theory [44] consists in the nonphysicdeiaction,
through the nonlocal averaging process, of points acrossck or a hole. The definition of natural boundary conditiofiganishing
normal strain gradient at a free edge is still under discusfar implicit gradient formulations [1, 41]. The continusnucleation of a
crack of zero thickness is not so simple as the thicknesdbe ddcalization band and also of the band in which damagsstenl are
not zero. They are proportional to the internal length idtreed in the nonlocal approach. Local behavior along freesd i.e. with
a vanishing internal length — has been obtained by some i@, 26, 47, 4]. The consideration of an internal lengibhéng with
either the damage, the strain or the stress [20, 45, 51, 352 %eems a way to properly bridge Continuum Damage Mechamd
Fracture Mechanics as the internal length may then vanislarfge values of damage. Such a feature is neverthelessdijfitult to
enforce in nonlocal integral theories, for instance by kegthe nonlocal connectivity matrix symmetric. See [8,&] the study of
the symmetry of the nonlocal weight.

One attempts here to propose a solution — bringing also ignsst to these main fliculties, first within the framework of the
integral theory. The idea [14, 15] is to keep the nonlocaégnal averaging process but to quantify the distance betyweats
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as an €ective distance, i.e. as a distance function for instancth@fgeometry and the matter encountered between integactin
points. One proposes to define such #edive distance with respect to a dynamic process: howrnmdtion (wave) propagates
between interacting points. This is made through the intctidn of an internal time, constant, instead of an internal lendgh
measured as evolving. Note that in a similar manner locaiheexpansions can be used instead of dynamic impulses\{#&djes
propagations give us information on interactjngon interacting points for the definition of the nonlocalmging. Such a point of
view is consistent with the fact that dynamics is importandéfine a link between a characteristic time and a charatitelength,
either when viscosity is introduced [36, 2] or when the pbgbkilefects obscuration phenomenon encountered in higlush@amics
and multi-fragmentation is taken into account [10]. Somthars even introduce the standard nonlocal theory by coimgpane
characteristic wavelength of the deformation field to arinisic length of the material [42, 22], still a dynamics vbutary.

The question of the numerical implementation with danisaigening models naturally arises and is addressed in 1Bditos 4,
in which the properties of the modified (wave) nonlocal appioare pointed out. The one-dimensional bar test studiedh@vn its
usefulness to explore the localization characteristiactaofiage models with evolving internal length [45, 37, 43, 34} important
result of the 1D analysis performed with the nonlocal inéétreory with internal time will be that mesh independeraxy be obtained
with damage approaching 1 at a single point (and not in a dprgaone). The uniaxial pure geometric point of view thagiacting
points are “pushed apart” by the damage field present in ltigefinally extended to 3D by means of théfeliential geometry
interpretation that damage curves the space.

The pupose here is to propose nonlocal appproaches thappnta both isotropic and anisotropic damage.

1. Nonlocal integral theory with internal time

Softening constitutive equations classically lead to gusrdissipation modes and to mesh dependency. The neeeldétimition
— and the introduction — of an internal length in the modelad®s established. But in which form? In a gradient form? In an
integral form? From an internal viscosity (delay-damagaibined then with dynamics? The main idea of such reguléoizsiis to
average the variable — i.e. the thermodynamics force, eéenuxtV’ in the general case of or € for damage — responsible for the
strain localization. The procedure to define a nonlocaksei’V™ from its local expressiofi introduces a characteristic lendth
considered as a material parameter.

1.1. Nonlocal integral theories — Boundargfect
The standard nonlocal theory [44] uses the integral

(an(x)_vr(x) (nx §|I)(V(§)d§ f (nx §|I)(V(§)d§ W

vr(x>=fvao(”xf”)df 2)

which is refered to as the standard averaging over the whostea@hV in order to define a nonlocal quantity™ — built from the local
variable’V — to be used in thermodynamics state or evolution laws.

In Eq. (1)ao is the nonlocal weight function, positive and decreasinttwéspect to the distandg — £|| between the considered
point x and all the structure poins The normalizing factor is denoted (x) andl. is an internal or characteristic length. Two
frequently used weight functions are the Gaussian function

ao(y) = e 3)
and the bell-shaped polynomial function [3]
2
ao(¢) = (1-2%) (4)

where the brackets. .) denote the positive part, defined@s = max(x, 0). For the bell-shaped polynomial function it is common to
call the characteristic length the interaction radius @vse points at distance larger tHado not interact at all) and to denote itRs
instead ofl..

The expressions (1) then define the same contributisit@f pointsx andé

— across a crack as for any pointandé separated by the same distaiice ||x — £|| (for instance patit;-xg versus patix,-xs of
figure 1); this flaw has been pointed out and studied e.g. bgdk & Marfia [23] and Pijaudier-Cabot et al [46]. A numelica
averaging adaptation neglecting the communication betweme integration points can be found in [58];

— across a damaged zone: for example the interaction befaeisxs-X,4 is not dfected by the zone at a damage lebg] i.e.
at a Young'sE(1 — Do) much lower than the Young’s modulus of the virgin matemaljch less studies address this point.

This illustrates the need to deal with such a boudary camdidfect but alsoto make equivalent a real crack and a completely
damaged zone



1.2. Time instead of distance

In order to solve the problem, one proposes in this work tg@kbe nonlocal integral framework and to consider the infaion
time propagationy: between pointg and¢ instead of the classical distante: ||x — &||.
A nonlocal theory with internal time is then simply definedreplacing Eq. (1) by:

i (e [z

Vi = [ oo 7)o )

with 7y the information propagation time [13] taken next as the tiorean elastic wave to propagate from pairto pointé andr. a
material parameter.

Such a nonlocal averaging process may apply to physicaldédigferent nature. Concerning continuum mechanics and elgstici
plasticity andor damage, the variablel are often equivalent strains, accumulated plastic sti@issrain energy densities.

V(x) =

1.3. Example: isotropic and anisotropic nonlocal damagelaie
For example, local isotropic damage theories for quasikbrnaterials define

— the damage as a loss offtessD = 1 — E/E with E (resp.E) being the damaged (resp. initial) Young modulus, equatisa
rewritten in 3D as the elasticity law coupled with isotrog@mage

oc=(1-D)E:e€ (7
with o, € andE respectively the stress, the strain and the Hooke tensors;

— the damage evolution as a function of a local variaBleither equal to the thermodynamic forée= %e : E : e associated with
damage (Marigo model) or to an equivalent strain as Mazeaggt = V(e) : (€),

D= g(mtax(V) (8)

with g(max V) a nonlinear non-decreasing function afxd. ) the positive part of a tensor (obtained by applying the scala
positive part operator on the principal values). The maximmax at current time enforces a non-negative damage rate for
any loadingD > 0.

The nonlocal damage law is simply written as
D= g(mtax(V”') (9)

instead of Eq. (8) with the nonlocal averaging process (B)eRample using Mazars equivalent strain is the damage temollaw

(k — €0)

D=gkx)=1- € exp(—
K € — €

) K= mtaxén' (10)

with parameters, (damage threshold) ang. Settingf = 8" — «, x = g~1(D), the Kuhn-Tucker loadingnloading conditiong < 0,
k> 0,«f =0 apply.

For concrete, the microcracks due to tension are mainlyogadhal to the loading direction, when the microcracks dueoto-
pression are mainly parallel to the loading direction. Thendge state has then to be represented by a tensorial eddiaither a
fourth rank tensor or a second rank tensor [34, 9, 35, 31, 3#. use of a second-order damage tensor is more convenigraio
tical applications (as well as for the material parame@esiification) and this is the choice which is made. The dan@agsotropy
induced by either tension or compression is simply modelethé consideration of damage evolution laws ensuring a damate
proportional to the positive part of the strain tensor,&elamage governed by the principal extensions [33].

The full set of constitutive equations for the local anispic damage model reads [11, 12, 54]

— Elasticity,
1+v. v .
= trol (12)

€ =
with E the Young modulus andthe Poisson ratio.

— Effective stress,
1 {tro)

&= (A-D) 2P -D) ) + |
(@-D) 2@ -D) V) + 2 - Lub

—(~tr 0|1 (12)

where ()° = () - % tr(.) 1 stands for the deviatoric part and with»> 1 the hydrostatic sensitivity parameter [31].



— Damage criterion,
f(¢,D) = & — k(tr D) (13)

with & local Mazars equivalent strain and where

k(trD) = a-tan

trD €
At arctar(g)] (14)
— Induced damage anisotropy governed by the positive dries)s

D = Ae)? (15)

In the rate independent formulation, the damage multiplies determined from Kuhn-Tucker loading-unloading coruis
f<0,2>0,4f =0.

In total, 5 material parameters are needgedr for elasticity,ep as damage threshold aAdanda as damage evolution parameters.
The model is simply made nonlocal, either from the standatefral theory or from the new integral nonlocal with in@rtime
theory, by replacing Mazars equivalent straiby’its nonlocal form in the damage criterion function, beamgn

f(&",D) = &" — «(tr D) (16)

instead of Eq. (13) with the nonlocal averaging process (5),
100 = [ a2 serce a7)
\Y Tc

1.4. Hfective or "dynamic” distance — Vanishing internal length
In a plain and uncracked medium the internal length andriad¢ime concepts are equivalent as

= Ix - &ll = CoTe (18)

with ¢g the information celerity taken as the wave speed in the uadach medium (a constant). Then, if the internal time is eellat
to the internal length ag = ¢ 7 the weight functions are equal,
.
oo %) (19)

(IIX - fll) _
@Q =
e Tc
In a homogeneously damaged mediunDat Do, the wave speed is proportional to the square root of the dath&oung’s
modulus and depends on the damage level as

60 =Co 1- Do (20)
One has in this case “ él
X —
21
% (21)
and 5
De _Ix=8l_ Ix=8ll _ € IX= «fll 11X —¢&ll 22)
Tc Cotc | V1-Dg I |c |c
which shows that theftective or "dynamic” distance
5 Ax=&ll
(= 23
=D, (23)

between two points increases, as expected, with damag¢2Bdiefines in an equivalent manner dieetive evolving internal length

lc = Ic V1 — Do (with then the definition for the distances unchanged) whéctis to zero whebg tends to unity in accordance with

Pijaudier-Cabot el results [46] of a material behavior becoming local on fregesd(at least in the direction normal to the edge).
In 1D and in the non-uniform case, thifective distance is evaluated by integrating over the iatdretweerx andé as

. max(x.¢) max(x.£) dx’
{= f de = f SR — (24)
min(x.£) minixé) V1— D(X)
and in 3D ag = Gy 7.

2. Equivalence between a crack and a damaged zone

In order to illustrate the formulation ability, consideethpecimens of figure 2: (a) a square plate, (b) a notchedspeand (c)
a specimen with a damaged zonéat Dg. Vertical z-acceleration fields are also plotted at the same instanh&8 specimens. It
is clearly noticed that the information initiated as an idspuatx = x; takes longer to reach poing for both notched and damaged
specimens (the wave generated in the example has to turndatioe notch). Note the waves reflexion on upper notch and parup
damaged zone sides. When the damagéecomes large (0.99 in the figure), notched and damagedspesiare found equivalent.
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—”X'Tc Xl X1 X2 X3 Xa Xs5 X6
X1 0 i 2i 2. 236r 1.414%0 i
X2 il 0 L 1. 414r L 1.414'E

I S Sl
X3 2t t 0 |c 14140 | 2.236
X4 2.23&;‘F 1.414 t 0 t 2t
Xs 1.41 1 1.41 L 0 L
X 1 * 1414 | 2. 234r il L 6
6 Ic : Aﬁ GF Ic Ic

Table 1:Connectivity table built from the classical distandigs- &| = [IXp — Xqll (V2 and V5 replaced by their numerical values 1.414 and 2.236 to
make easier further comparisons).

2.1. Connectivity matrices

To quantify the approach, consider six poirtsin these specimens. The distances between these pointsinuge standard
nonlocal theory, are calculated in Table 1 for plate (a)hwienoting a fixed distande= 0.5 m.

The standard connectivity table is the same (and is symchétni the 3 structures (a), (b) and (c). It does not take ictwoant
the presence of notches nor the occurence of damage as centfd@s component 25 component 34 [/l

In order to determine the connectivity table with the intdiime formulation, one proceeds as follows:

— an impulse force according to the out-of-plamaxis (close to a Dirac) is applied at each point xp in a dynamic finite
element analysis of a 3D model of a plate (thickness of 0.1200@0 nodes and 360000 elements, free boundary conditions)

— the timesry at which the first peak of the-acceleration information arrives at pofit= x4 are recorded. Divided by they
are put in the form of connectivity tables,

— the expressions fary /7. are synthesized by use of the relatign= co 7. and compared to Table 1 results for théelient
specimens.

For the concrete square plate £ 35000 MPay = 0.2, p = 2400 kgm?®) and notched specimen one ends up to connectivity table:

2 and 3 where the notch presence is taken into account (16lac@h@onents), leading for the notched specimet‘féyﬁrc =1.494l1/1.
instead ofr(fg/rc = |/l for the plate with no notch.

= - L X1 X2 X3 Xa X5 X6
X1 0 L 2008 |2 233r 1.420} T
X2 L 0 roL 420r r 1. 420r
X3 2. 008r r 0 r 1.42qt | 2. 233-
X4 2. 233r 1.420 r 0 |2 oo&
Xs 1. 42q r 1.420- i 0 r
Xs L7 | 1420 | 2233 | 2.0088 | | 0

Table 2:Connectivity table built from times,; for the concrete square plate (a) (no notch).

LT 0

~ - L X1 X2 X3 Xq X5 X6
X1 0 r 2008 |2 233r 1420 | 1. 494r
X2 L 0 roL 420r r 1. 42q
X3 2. 008r r 0 r 1.42qt | 2. 23?r
Xa 2. 233r 1420t r 0 ro|2 oo&
Xs 1. 420r t 1. 420r t 0 t
X6 1. 494r 1.420- | 2. 233r 2.008" r 0

Table 3:Connectivity table built from times,. for the notched specimen (b).

For the specimen with the damaged zon®at Dy = 0.99, the connectivity table corresponding to the nonloctdrimal time
analysis is Table 4. Again only the components 16 and 61 oftmmectivity matrices are changed and found close to theeval

1.494l/1. obtained with reals notches: the damaged zone behaves &sha d@mage and notch being both taken into account by the
proposed nonlocal with internal time analysis.



Tr—xj = boI_ZXf X1 X2 X3 Xq X5 X6
X1 0 L 2008 | 2233 LQ@ 1wq
X2 L 0 L7 1420 | L 142q-
X3 2m& t 0 t 1.42¢ 2%}
X4 2. 233r 1.420 r 0 r 2. ooq-
Xs 142q r 1.420- r 0 r
X6 1.50q" | 1.42q! | 2.233" | 2.008! r 0

Table 4:Connectivity table built from times,; for the specimen (c) with a damaged zon®at Dy = 0.99.

2.2. Straight 1D wave propagation

For a better understanding, let us focus on timgs s, 734 Of wave propagation in specimen (c) fromto Xg, from x; to Xs,
from x3 to X4. The corresponding distances are equal in the 3 cases ({edllaDue to the presence of the notch the timegis of
course larger than the times corresponding to a straight path with no notch (agpglrc = 1/1¢).

A wave propagating along the path fromto xg in specimen (c) slows down to spegefWwhen meeting the damaged zone. If one
only considers the straight path fromto xg for the wave propagation, the propagation time is given by

| e 1-vI-Dp
Tg= — 4+ — 25
76w  VI-D, (25)
or
| 1-vI-D
e _ 1148 0 (26)
Tc le | 1-Do

wheree s the thickness of the damaged zon®at D, (see Fig. 2).

Fig. 3 shows the normalized increase of timg = 7(3‘2 with respect to the damage validg and for diferent ratiose/l. The
ratio (raa/7c)/(I/lc) in case (c) is equal (resp. close) to unity for a zero (respally damage, the nonlocal theory with internal
time recovering then the standard nonlocal theory. The lage increase obtained for large values of the damageneetay a
large damaged zone thickness, shows that both a real crdck highly damaged zone are equivalent in the internal tintéocal
framework.

3. Weight functions and nonlocal strain for piecewise consint strain and damage

As an example emphasizing how a damaged zone is taken inboisicconsider a bar in tension at a stress level he length
of the bar is 2, a damaged zone at lar§e= Dy corresponds ta € [—I, []. Damage is assumed piecewise constant in the bar, equz
either to 0 or tdDy. The nonlocal analyses evaluate the integrals (1) over tiedenbar,

L L
(x) = Vi f ek Vi) - f aode (27)

with strains(x) = -/E if |X| > | ande(X) = o/E(1 - Do) otherwise, and withr(x, £) = ao (%) for the standard nonlocal analysis,

a(x, &) = ao(i—f) for the nonlocal analysis with internal time. The Gaussiaigit functionag(l) = exp(—%{z) is considered. The
normalizing factorsV;(x) are compared for both analyses in figure 4a wHege= 0.99,1 = 2.5 cm,L = 50 cm and where the
characteristic length is taken ks= 10 cm (twice the sizel2f the damaged zone). The standard normalization does set the
damaged zone and averages across it when the new nonlolcahteinal time approach behaves for the undamaged domaiosta
as for two mdependent bars, as expected. The nonlocahstmdutamed with both approaches are compared in figure 4d.odal
strain |s piecewise constant, the standard nonlocal séfhir &) corresponds to the dot line, the modified (wave) nonlocairstr
&' = gl to the solid thick line. In this particular piecewise comrstaram field, the formulation with internal time gives apected
a nonlocal strain field closer to the local strain field thas skandard nonlocal approach for which too much importasigé/en to
points over the damaged zone when performing the integral (fote that in case of structural failure with damage ghgwtrain
localization leads to non homogeneous fields, as studietd nex

4. Strain-damage localization in a bar

A bar of a constant cross section subjected to uniaxialéerisisimulated with a one-dimensional nonlocal damage iiuated
on the stress-strain laww = E(1 — D)e and damage evolution law (10), with equivalent strain eqodhe positive part of strain,
EENE



Standard nonlocal approach

The simulation is first done using the standard nonlocalagiag approach. Due to boundaryests, damage would tend to
localize at one of the boundaries. Since we are interestétkievolution of a process zone that forms inside the boaysthution
localized at one boundary is artificially suppressed by i symmetry. The finite element mesh consisting of 32&direlements
is refined near the axis of symmetry, so that the shape of tadized strain profile can be resolved withistient accuracy. The total
length of the bar, P = 0.1 m, is five times the interaction radiis= 0.02 m used for evaluation of dimensionless variabte|x—¢|/R
in nonlocal weight function (4). Parameters of the consititLlaw are set t€ = 30 GPagy = 104 andes = 10°3. This means that
the tensile strength i§ = Egp = 3 MPa and, if the strain remained uniform, the initial postk slope of the load-displacement curve
would be ten times smaller than the slope of the elastic liraDae to localization, the actual softening branch becostessper, but
it does not exhibit snapback. Localization is triggered é&gucing the sectional area of one element in the middle dbaindy 1%o
(the length of this element is 20m, i.e.,R/1000).

The load-displacement diagram is plotted by the dash-diatieve in Fig. 5a, in terms of the normalized stress (or lpad};,
against the normalized displacemetyipeax = U/2Leo. Fig. 6a-c shows the evolution of the (local) straingdamage-driving variable
(maximum nonlocal straink = max &", and damage variabl®. Strain-like variables are normalized by the elastic listiin,
g0, and the spatial variable on the horizontal axis is normalized by the interaction wadR. It is obvious that the strain profile
is becoming more narrow during the localization process,tivet damage growth takes place in a relatively wide band.s &hi
documented in more detail in Fig. 6d, which shows the prozess sizelL4 normalized by the interaction raditsas a function of
the maximum damage at the center of the z@hg,«. Physically, the active part of the damage process zonddbewnderstood as
the set of points at which the damage is growing (at the ctistage of loading). The corresponding curve is plotted leystilid line.

It is seen that aBmax approaches its limit value 1, the size of the active damage approaches® For comparison, Fig. 6d also
contains a dashed curve that corresponds to the size of tleeaf@rowing local strain, which is smaller than the actiaendige zone
(characterized by growing nonlocal strain).

Modified (wave) approach

As described in section 1 the strength of nonlocal intesadbietween two points now depends not just on their physistdnce’
but rather on the time needed by an elastic wave to propagate dne point to the other. Since the wave speed is propaition

to V1- D, the same fect is obtained if the actual physical distance witlfetential & is replaced by anfiective distance with

differential & = dx/ V1 — D. A pure geometric approach can therefore be developed iartaalimensional setting, with no need of
dynamics computations, as thextive distance between pointandé is simply obtained as

~( ) max(x.£) dx’ (28)
ix :f ¥
¢ ming) V1—D(X)

and standard nonlocal averaging is modified as follows, raieg to the introduction of the internal time in nonlocatty:

_&4Q?) R aNCY)
a8 =~ wm—jl%LTT)% (29)

For uniform damag®, this would be equivalent to a reduction of the interactiadiusR by the factorvl - D. As D tends to 1,
the modified interaction radius tends to zero, and the mazigianse becomes local. In the general case of nonuniforragiam
the reduction of the interaction radius is strong in the higtamaged region. Such a modification is expected to eliteioartain
pathological €ects, such as the growth of damage to its limit value 1 in a Wwate of thicknessR

The intuitive expectations are confirmed by numerical satiahs. Fig. 7 shows the evolution of the strain profile. Skirig of
the zone in which strain keeps growing is much more pronaditizen for the standard nonlocal approach; see also the diasihee
in Fig. 8. Fig. 7a shows the early stages of localizationjrduwhich the width of the strain profile is comparable to thmti@al)
interaction radiu®k. Later on, the zone of growing strain becomes much thinress;parts (b) and (c) of the figure. Note that the
scales on the horizontal axis infidirent parts of the figure areftiirent, and the width of the profile in the bottom part is twoswsbf
magnitude smaller thaR. The zone in which the nonlocal strain is growing is also peggively shrinking; see Fig. 9. The evolution
of the damage profile is depicted in Fig. 10. Part (a) of thatrégorovides the global picture, while parts (b) and (c) doseups
focusing on the late stages of the softening process. Iltdargnt that damage tends to 1 only at the center of the praoess which
is confirmed by the solid curve in Fig. 8.

As the process zone gets thinner, the structural resportzerias more brittle. Consequently, the load-displacemiagiram
exhibits a snapback; see the solid curve in Fig. 5a. Connesgapon mesh refinement from element $ize 8 mm to 0.5 mm is
documented in Fig. 5b. Two sensitivity analyses are peréatfirst with respect to damage parametgmwhich is varied from 16°
to 4 x 10-2 while keeping the interaction radil®&= 20 mm, second with respect R) varied from 20 mm to 60 mm while keeping
g = 1073, The corresponding graphs show that the dissipated enargge controlled by variation af; andR but the snapback is
always present, in contrast to the dash-dotted curve witim@ fail, corresponding to the standard nonlocal approabls. indicates
that the reduction offéective characteristic length at late stages of damage &oplis closely linked to the increased brittleness. It
seems next to impossible to obtain simultaneously a propmralized damage profile and a long tail of the load-disphaent curve.
Similar phenomena have been observed in [24] for a familynefgetic gradient damage models. Note nevertheless }llae(Ehape
of quasi-static post-peak response of concrete obtainetdirect tension experiments is still under discussion 883, and (ii) in the
present and many other approaches the permanent straits daimage are not modeled. Such a modeling may prove pettinisn
nevertheless left to further work (see for instance refeesii27, 48, 30, 49] for permanent strain representatidmspre Continuum
Damage Mechanics framework).



To illustrate the evolution of the nonlocal weight functidaring the damage process, Fig. 11 shas &) as a function of for
several selected values wfat the initial undamaged state (part (a)) and at an early atedstage of damage evolution (parts (b) and
(c)). The initial and modified weight functions are compaireéig. 12a. Finally, Fig. 12b shows the evolution of the Baafactor
V:(x), which is initially constant in the central part of the baidavariable only near the boundaries, but later decreasesatically
in the damaged zone. This indirectly reflects the reductiadheetective interaction radius.

For one-dimensional problems, the wave approach requilgsaaelatively simple modification of the standard nonlatamage
model implemented in a finite element code such as OOFEM [39,14 a typical implementation, each Gauss integratiompxyj
creates and stores a list of pointers to all the “neighbdr@auss pointxy whose distance is smaller than the interaction ra&ius
Simultaneously, a list of corresponding nonlocal inteémactveightsa,q is precomputed and stored. The interaction weights depen
on the value of the nonlocal weight function but also on thé@heattributed to poinkg in the Gauss quadrature formula and on the
Jacobian of the isoparametric mapping. It is a good pratticempute first the non-normalized weights

. [IXp — Xqll

a0, = Wegato (T (30)

which would be used in a numerical approximation of the irdaeg

lIxp — &l [IXp — Xl .
j\; Oto( R )(V(f)df ~ Zq: ao (T V(Xq)Wadq = a4V (Xq) (31)
and then normalize them to
a*
Pg

apg = 32
NS (32)

This procedure leads to interaction weights that exactlgfyahe conditiony,, apq = 1 for eachp, and so the numerical approximation
of nonlocal averaging by a finite sum does not modify a con$teal field.

For the standard nonlocal model, the interaction weighisare precomputed for all interacting pairs of Gauss pointsrieghe
start of the actual incremental-iterative nonlinear asialy They are stored in the form of lists and reused in evesjuetion of the
nonlocal variable. For the modified wave approach, thetedi® also precomputed and stored, but during the nonlaredysis it is
necessary to adjust the weights, taking into account theectidamage field. In 1D, it is flicient to sort the Gauss poingsn the
list of the nonlocal neighbors of Gauss popin the ascending order according to their spatial coordirgand mark the position of
the receiver poinp (which always belongs among its own nonlocal neighborsgntthe list is processed first from pojmto the end
of the list (“to the right”) and then from poir to the beginning of the list (“to the left”), and th&ective distances are computed by
accumulating the contributions of individual segmentsieein the nearest neighbors. To describe that formally, weasaume for
simplicity that the global numbering of Gauss points is diortee ascending order according to the spatial coordifdte evaluation
of effective distanceéyq = {(Xp, Xq) can then be described by the recursive scheme

lp = O (33)
~ ~ Xq+l_xq 1 1
4 = {pg+ + s =p,p+lp+2,...e-1 34
p.g+1 Pq 2 (\/1_Dq \/l—Dq+1] q p,p p P ( )
~ ~ — Xg-1 1 1
lpg-1 = qu+xq qu ( ] g=p,p-1,p-2,...bp+1 (35)

+

whereb, ande, are respectively the numbers of the Gauss points at the tiegiand at the end of the~list of ne~ighbors of Gauss
point p. In practice, the evaluation of distance in the directioth®right (or to the left) is terminated whépq.1 (or £pq-1) exceeds

the interaction radiuR. Since ¥ V1- D > 1, the domain that contributes to the nonlocal average ai jpas always contained in
the interval &, — R, Xp + R) and the initial list of neighbors never needs to be exten@atte the fective distances are known, the
interaction weights are updated as

a, = WwgJ —qu 36
pPq qJq@0 R ( )
a*
= Pg
= 7
AN =TS 40

Of course, an extension of this procedure to multiple spdimensions is not straightforward, and it turns out to bey\veIpful
to consider an alternative interpretation of the wave aaghnoto be presented next.



5. Interpretation in terms of di fferential geometry and extension to anisotropic damage

In the previous so-called modified (wave) approach, thetpaina structures have been “pushed farther apart” by theagam
field present between them. This has been formulated in 1Bdbas the concept of internal time for nonlocal theories, @&s-d
(1-D(x))"Y2dx. In the uniaxial setting, there is in fact no need for dynamwiomputations, since a purely geometric equivalent
formulation can be used. If one needs to model as many wavygagations as the number of Gauss points in a structure, th
computational cost may become prohibitive in 3D! The wayeetiias also to be chosen.

Let us show that the 1D purely geometric approach can be@gteto 3D if isotropic damage is considered, dropping theregfce
to the concept of internal time.

5.1. Eikonal approximation in the 3D case with isotropic daya

Let us consider the unstrained medium with a non-homogesisotropic damage fiel®(x), constant in time, previously used
to calculate the information propagation timg by a dynamic simulation. Setting = G(1 — D) = effective shear modulus and
K = K(1 - D) = effective bulk modulus, the displacementorresponding to an elastic wave satisfies the equation

2
GV2u+(IZ+%G)V(V-u)+(V-u)V(R—%G)+VG-VU+VU-VG—p(ZTg =0 (38)

which is the wave equation for an isotropic but non-homogesanedium, with non-homogeneity caused by the damageemntadi
VD. Of course, Eq. (38) in general does not have a closed-folutico.

If we are interested in how a wave with a high frequea@nd a small wavelengthy propagates at velocity, i.e. at a high wave
numberky = w/co = 21/, we can seek the complex-valued displacement field in thar f@lim of WKB approximation [59, 25, 7],

u(x, t) = up(x) ekeSX-eb (39)

whereug is the position-dependent wave amplitude &xl) is the so-called eikonal function, selected such thatrfigi wave front

is its zero level set. It will now be demonstrated tB4x) corresponds to thefliective distancé(£, x) between the initial wave front

at whichS(¢) = 0 and a given (arbitrary) point Consequently, the eikonal function can be interpretediegsh set function.
Differentiation of the displacement field (39) leads to

Vu = (ikolo ® VS + Vup) €459 ~ ikoug @ VS oSV (40)

V-u = (ikoVS-ug+V-ug)d®eS = »ijkVS . upekeS-«H (41)

VWU = [-KUo® VS ® VS + ikgVUo & VS + V(ikolio ® VS + Vug) | €45°) ~ —Idup @ VS @ VS o™ (42)
V(V-u) = [-KGVS(VS- ug) +ikoVS(V - Ug)V (ikoV'S - Up + V - o) | €050 ~ —IGVS(VS - ug) oS~ (43)
Vu=V-Vu = [-K}(VS-VS)up+ikoVS - Vug + V- (ikoo ® VS + Vug) | €4057) » —IG(VS - VS)u oS~V (44)
‘9;7‘2’ = —wupeteSeh (45)

The approximation signs above mean "at high wave nurk@yeii.e. at high frequency. WKB approximation also uses assumptions
on the gradients of material properties, which are heregutamal to the damage gradient, sinc& = —KVD andVG = -GVD.
Assuming that the wave length is much smaller than the ieveatue of the damage gradient, < 1/||VD||, we can neglect all
terms in the wave equation (38) which contain the produchefdisplacement gradient (or divergence) with the gradieréduced
(damaged) elastic moduli, because they are much smallettiesterms of ordekg that are considered by the WKB approximation.
After these simplifications, Eq. (38) is reduced to

~ L 1
~GK(VS - VS)up - (K + §G) k3VS(VS - Up) + pw?Up = 0 (46)
This is a set of homogeneous equationsuigrwhich has a nontrivial solution if and only if

det

(R . %G) VS © S - (pu? - GRIVSI?) 1] =0 (47

It is easy to show th&#S® VS has eigenvalugi’S||? and 0, the latter being a double eigenvalue. Therefore ghdition of zero
determinant (47) is satisfied if either

- ~ 14
pw? — GR|IVS|? = (K n §G) Ka|IVS|I? (48)
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or

pw’ — GKIIVS|* = 0 (49)
The first case corresponds to a P-wavex(u = 0) and gives
KSIVSIP = =— & (50)
3
while the second case corresponds to an S-wevel(= 0) and gives
2
w
KIvS|? = 2 (51)
G
Both cases can be presented in the form
2
VS| = —— 52
KSIVSI? = 2(1-D) (52)

wherec, is the wave speed in the undamaged medium, givery by /(K + 4G/3)/p for the P-wave andy = +/G/p for the S-wave.
The ambiguity in the definition dfy andS (only their product matters) can be removed by setking w/co. Eq. (52) then reduces
to the (isotropic) eikonal equation

1
VS|l = — (53)
Vv1-D
When the WKB approximation is combined with the conditioattthe initial wave front is the zero level set of functiBnit
turns out thasS represents the signed distarfciEom the initial wave frong. For a uniformly damaged medium, the usual distance

¢ = |Ix — €|l is scaled by the factor/tV1 — D; see Eq. (23) in 1D. This is extended to a three-dimensiomaumiformly damaged
medium by the choice of high frequency elastic waves, tloeedfy defining &ective distanceS = ¢ from eikonal equation (53). The
result derived here for isotropic damage is found indepenolithe type of wave, since the same eikonal equation apfieoth P-
waves and S-waves. For the undamaged mediumvith0, we obtain the conditioffvS|| = 1, which meansth& = ¢ = £ = ||x-£]|.

Note that the eikonal equation is derived|&S]|| = n in geometric optics (withm the index of the medium), and allows then for
the determination of a light ray path without solving the waguations (electrodynamic Maxwell's equations in opti€Zficient
algorithms to solve the eikonal equation are available; thelude, e.qg., Dijkstra-like algorithms and Fast Marahimethods [16, 57,
53].

5.2. Anisotropic eikonal equation in anisotropic damagsea
In the case of induced anisotropic damage, representedyoypaetric second-order tensbrwith component®;;, the coupling

of initially isotropic elasticity tensor with anlsotropdamageE ]E(D) is model dependent (a fourth-order tensor with components
Dij can similarly be considered). For the example given in eacti3, the damaged fiiess tensor is given by

1-D)®(1-D)

B M5 - Y2
E = 2G|(1- D)¥28(1 - D) 05

}+K(1—%ntrD'H(tre))1®1 (54)

whereH(x) is the Heaviside function, and tensorial prodeds defined by the identityA®B) : C = A - C - B for all symmetric
tensorsA, B, C. The elastic waves in the unstrained medium are solutions of

R ER Y P (55)
' Poe =
The WKB approximation at high frequency leads to
~ d°u
E:V(Vu)-p— =0 56
(VW) s (56)

The same developments as in the previous isotropic damagencav lead to an anisotropic eikonal equation fidective distance
S=¢,

Vi ( Ho E2 ”0] vi-1 (57)
lluoll pcg  luoll
The choicegp = /(K + %G)/p whereky = w/Co can be made in order to recover the limiting case of isotrdpimage wittD = D1
andn = 1.
Both isotropic and anisotropic damage cases are unifiednaatkingle eikonal equation
vi-gt-vi=1 (58)

with g~! denoting a symmetric second-order tensor, dependent oagiann the anisotropic cage! also depends on the position,
on the wave type (which is even evolving when damage anigpiad intensity increase) and on the damage model itself.

An alternative is to define the information propagation nmea damaged medium from a straightforward extension afreik
equation (53) to anisotropy by settiggt = 1 — D and rewriting (58) as

Vi-1-D)-Vi=1 (59)
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5.3. Space curved by damage

The Hamilton-Jacobi standard theory allows to show thattkenal equation in fact defines a geodesic dfedtential geometry
[56]: the information timery defined from Eq. (53) or (58) multiplied by the wave velodigyis the shortest path in a Riemannian
space curved by damage.

In order to derive this result in the present damage mechkamialysis, let us consider the tengot (1 — D)~! with covariant
componentsgjj = gji = [(1 - D)71];; as the (symmetric) metric of affiérential geometry manifold, and let us define the incremént o
effective distancé by . ' ‘

df? = dx - g- dx = dx'g;;dx’ (60)
In such a curved space contravariant and covariant codadidfer. One has the usual rule to lower or raise indexes with thigene
a = gikad, Aij = gigj AY, g*gkj = 6ij. The case of isotropic damage is the case of spherical ngetrit/(1 - D), gij = 6ij/(1 - D),
with d72 = dxidx /(1 — D) = ||dx||/(1 — D). Note that other contributions where geometry has beed tasdescribe damage can be
found in [28, 29, 18, 19]._
The dfective distancé between pointg; andx, is a measure of curvilinear abscissa along a geodesic,

X2 X2
=f VX-(1-D(x))L- X dt =f L(x,X) dt (61)
X1 X1
oL doL .
If extremity positionsx; andx, are fixed, the Euler-Lagrange extremality condition of pathgth ¢ is — X Gk 0, with

Lagrangianf(x,X) = y/X - (1 - D(x))-1 - x. This gives the standard geodesic equation as

X<, dxd
d_f); + 1) d); dX =0 where T = ((5k| — D) ([A - D) ™Mij + [(A-D) i - [A-D) i) (62)

The Levi-Civita connection is used here. The Chﬂsﬁbsymbolsl" are damage-dependent, they vanish in a homogeneously dan
aged medium (in which geodesics are straight lines).

The Hamilton-Jacobi theory can provide additional infotimra [56], because the changé of the dfective distance between
points& andx resulting from a change ofby 6x (at fixed€) can be expressed as

oL (0L daoL
. dt 63
X+f(6x dtax) ox (63)
Since the integration is done along a geodesic, the intégiad]. (63) vanishes. The gradient of th@eetive distance can thus be
expressed as

i L
i _oL__(A-D)y7 X (64)

xaxm

and it is easy to show that it satisfies the anisotropic eikegaation
Vi-1-D)-Vi=1 (65)

In the case of isotropic damage, this reducdif) = (1— D) Y2 The eikonal function (the wave front level set functirstands for
the dfective distance, algebraic in the present variationaltalions, defined as based on the propagation along a geotiéisent
is divided by the wave velocitg, in an undamaged medium, it can be interpreted in the isatrdginage case as the travel time
of a wave propagating from poigtto pointx. As the geodesic is then the path of the shortest travel tiraen@ve propagating from
¢ to x, the minimal path principle can be seen as the shortestl tiiave principle. In addition, the eikonal equation, thenef the
numerically éficient Fast Marching Methods, can be used to find the short@st wath and hence th&ective length? introduced
into the nonlocal integral theory.

Due to non-homogeneity of the damage field, the space in whizkfective distanceé,: = |£(x, £)| between pointg andx are
measured (and then used as an argument of the nonlocakiierfunctiona(Z/1.)) is not a flat space anymore: it is curved by the
damage field. The shortest distance between two points s stoaight line but a geodesic curve, either of the eikonaaggn (65),
or of the more classical geodesic equation (62).

Eikonal NonLocal (ENL) integral damage models use tlieative dlstance’x‘;, instead of the physical distanfe — £||, within
the averaging weight function, setting then for the initieérnal time (IT) approach

n _ _ Exf
P(x) = Ve f ( )q/(g)d.f Vi (X) = fv ao(r)df ENL-IT approach (66)

A potential alternative would be to use the mapping X, & — £, from metricg to perform the integration in the fiective” (curved)
space, withV(§) = V(£), Vi (x) = Vi(X) and

ao(ﬁ—“]ﬂ”v(é)dé, v = [ ao[f—“]dé ENL-E approach (67)
\% c \%

le

V= 6
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5.4. 1D and 3D diagonal cases
In one dimension, the geometric interpretation gives

dx
1-D

df =

(68)

In three dimensions, if the coordinate axes are aligned thighprincipal axes of damage, the damage tensor is repeesbgta
diagonal matrix

D, 0 0
D=| 0 D, 0 (69)
0 0 Ds

The dfect of damage anisotropy (BBrent values ob1, D, andDs) is illustrated by the calculation of thefective distances, Zy,
— found to be dferent — from the origif = (0,0,0) to a pointx at the same distanaebut respectively taken as = (¢, 0, 0),
x=(0,¢,0),x =(0,0,¢):
P f‘) X i £ dy i f‘) z
g 0 Vl—Dl Y 0 Vl—Dg ‘ 0 Vl—D3
In full 3D, the knowledge of the metrig, directly obtained from the calculation of the anisotragiienage, allows then to calculate
lengthsij.e. effective distances, from any point, at any time step, in a contin damage mechanics computation.

(70)

5.5. Remark on gradient-enhanced nonlocal models

Let us make a final remark concerning the gradient-enhameediation with the nonlocal equivalent straifl (see section 1.3)
or any other quantit”" determined from the dierential equation [41]

1
- EIEVZé”' =2 (71)

énl
with | representing a (constant) characteristic length.
A straightforward transformation of such a partiafeiential equation by the use of metggives

1

anl 2 nl a

£ 2 (\/det g gl vs ) & (72)
which defines the nonlocal equivalent strain in what can Hedthe Eikonal NonLocal gradient-enhanced damage mo#e|s(72)

can be derived from the fEective” eikonal nonlocal integral approach ENL-E; for distaee the Appendix.
For isotropic damagB(x, t), possibly evolvingg = 1/(1 - D), detg = 1/(1 — D)3, and Eq. (72) reads

1 1 1
& - —|§(1 -D)*?v.((1- D) 2ve") = &" - —|§(1 - D)V2&" - —|§ VD -Ve" =& (73)

Atunloading points with decreasinf;damage and its gradient remain constant and Eq. (73) catmzidor the nonlocal equivalent
strain. In the active part of the process zone where damagevsng, one hag = &" —«(D) = 0, D = «1(&") (Eq. (10) for example)

andVvD = ‘(’jgml V&". In such a loading case the nonlocal equivalent st2lirs the solution of

1 dk?
anl 2 ~17ank) g2anl 2
sn—§| (1—/< (sn))V sn——l

c 2le gar!VeIP =2 (74)

This indirectly introduces an evolving internal lengthptege-dependent as in [17, 43]. Let us point out that theredisision by
V1-Dinterm3l2(1- D)¥2V - ((1- D) "¥/2v&") of Eq. (73) which makes the recovery of a local straiat 1 somewhat tricky. It
is nevertheless automatic if functian* becomes constant (equal to 1) with a continuously vanistiériyative with respect te™, so
the last term on the left-hand side of (74) vanished at 1~. This is the case for damage law (10).

The extension to second-order anisotropic damage is btfaigvard from the geometric point of view with metge= (1 — D).
An interesting particular case is the tensile damage cagetémsion along direction 1), for which the damage tensdidgonal with
D11 = Dy as the only non-zero component, and tiiee: diag[D4, 0, 0] in basis €, g, &) and there is no equivalent strain gradient
along directions 2 and (- V&" = e, - V&" = 0). Then deg = 1/(1 - D) and the governing equation can be written as

——|C\/1 Di~ (\/1 Df(9 ) & (75)

In the plane of full damage; = 1), i.e., the crack plane, the nonlocal equivalent ste8linehds to the local value
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6. Conclusion

An internal time, instead of an internal length, has beeréhiced into the integral nonlocal theory, leading to thigniteon of
an dfective or "dynamic” distance and to an internal length eir@with the damage field present between interacting poifite
important feature is that the distance between these pisimist the argument of the nonlocal averaging weight fumcéinymore.

It is replaced by the information on wave propagation timevieen them. Pre-computations of wave propagation in theidered
structure are needed to determine the corresponding redrdonnectivity matrix, with the open questions of their afidg, of the
wave type and of the computational cost. The standard nahtbeory is recovered far from nonconvex boundaries andoiwr
damage. The presence of cracks and notches is naturally atceaccount by the wave propagation within the proposedaual
theory with internal time. Such a modified (wave) approact$eto an equivalence between a crack and a highly damaged zor
since points shielded by a notch have a reduced contribtgitire nonlocal averaging. An important point is that no agsiion on

the medium isotropy is made. The proposed nonlocal framkeimgtudes anisotropy, either initial or induced.

Convergence upon mesh refinement has been demonstratediax@alexample of a bar loaded in tension, with the full dgma
(D = 1) reached at a single point (and notin a spreading zoneatéstages of the localization process, when the damageates
in a band much smaller than the initial one, the global respdn terms of the load-displacement diagram becomes vétiebr
However, the total dissipation per unit sectional area resfnite and can be controlled by adjusting the nonloca&renttion radius
or the parameter that controls the damage evolution.

The pure geometric point of view that thfective distance between interacting points is increasetdgamage field in between
has finally been extended to 3D by means of th&edéntial geometry interpretation that damage, possibigoatopic, curves the
space. WKB approximation for high-frequency wave propagah a damaged medium has allowed us to defifectéive (interaction)
distances as the solution of an eikonal equation, eithéroigi or anisotropic, depending on the nature, scalar msaeal, of the
damage variable. This builds a pure geometric approachmwatheed anymore of many additional dynamics computationsh S
a result will simplify the numerical implementation in 2 ob3as dficient algorithms for solving the eikonal equation (e.g.tFas
Marching Methods) are available for both the isotropic drelanisotropic cases.

The pure geometric approach applies to nonlocal integraltedsas gradient-enhanced theories, making the intermegthes
evolve and defining Eikonal NonLocal (ENL) damage models.ofparative study of dierent nonlocal averaging schemes and of
the corresponding gradient enhancements is left to futor&.w
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Appendix : Gradient-enhanced model based on "fective” nonlocal integral averaging (ENL-E)

Let us consider the Tféective” eikonal nonlocal averaging scheme ENL-E (Eq. (6V3n infinite medium, in which the integration
is done over a curved space equipped by metric

Let us use polar geodesic coordinates in the space curvedrbgge, so that/d = d¢ - p - d§ dé - g - d¢ defines a polar metric
p, detp = 1. One setX = £(x) = 0 as the origin, so that the first component of polar posifiasé’ = fx,; = { (point at distancé

from the origin poinf = 0 along a geodesic). The volume measures &re drd = +/detgd¢ with dQ denoting the solid angle
measure in the curved space. One has then

1 AN
V(x) = f (—)(v £2dedQ

0=y .ol V@
Taylor expansion of local equwalent strain in curved spgives V" =V + VYV - &

+
gradient (of covariant componeﬁrV) and Hessian (of covariant compondrm = %'6j(V)
means the covariant derivative. Using polar geodesic é¢oatels, we can write

VYV E®E+ ... with constant ternV,
taken at¢ = X = 0 and wher&V =

P(x) = .| dédQ

L (D)o s £ s Lo £
Vi (X) fv . ao(E)[v(x)ghV(V(x).?g:uévvwx)_?®

where integrals of scalar term@( )52”” with respect to and integrals of spherical tern%s ® - ® % over the solid angle are
independentin an infinite medium. Due to normalisatiopx) the term multiplying the local equwalent straln = Vis classically
found equal to 1. The middle term, contaning the intei{ﬁ dQ vanishes due to spherical symmetry.

The integrations ovef — from O toco — are performed along geodesics of the curved space. Thgratiten with respect to the
solid angle can be performed at any distaficand so it is evaluated in the neighborhood of the origin,ucligian tangent frame at
negligible curvature, with Riemann change of variable f)% E = |Ir|l & such tha? = vr -t = ||r|]| at smallf. The use of spherical

(Euclidian) coordinates defines the solid angle meas@re diQ) equal — in the neighboorhood of origin — to the Euclidiandaligle
measure & defined from Riemann positian One has then

fﬁzw(v'z@gdg VV(V.(pZ Qer®erde2)_3tr(p V) =

271-~
=3 Rl
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as over the Euclidian unit sphefg g ® & dQ = %1 and whereV?V = Vv,V = iV V¥, defined as the trace of the inverse
of metric tensor times the Hessian, is the Laplacian (in edrspace) of the local equivalent strafhat the considered poirk(x).
Following [41], one has then for the Gaussian weig(t'/l.) = e 27, detailing terms up to order 2 only,

AR I A AL A

At the second order we recover the implicit Peerlings graidienlocal enhancemeft™ — %IE@Z(T/”' = V, coupled with damage as
in the physical coordinate systed" = V"(x) = V"(X), V = V(x) = V(X), as then nonlocal variabf®" is solution of

i~ Lz 1 V- (/detg gt vV") =V

2° \[detg
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Specimen (b)

Specimen (c)
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Figure 1: Notched and damaged specimens.



Specimen (a) Specimen (b) Specimen (c)

Figure 2: Square plate, notched and damaged specimeni thatkness = 0.1m). Geometry and pictures of wave propagation at the sastenn
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