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EQUIVALENT ROBIN BOUNDARY CONDITIONS FOR ACOUSTIC
AND ELASTIC MEDIA*

JULIEN DIAZ! AND VICTOR PERON?

Abstract. We present equivalent conditions and asymptotic models for a diffraction problem
of acoustic and elastic waves. The mathematical problem is set with a Robin boundary condition.
Elastic and acoustic waves propagate in a solid medium surrounded by a thin layer of fluid medium.
Due to the thinness of the layer with respect to the wavelength, this problem is well suited for
the notion of equivalent conditions and the effect of the fluid medium on the solid is as a first
approximation local. This approach leads to solve only elastic equations. We derive and validate
equivalent conditions up to the third order for the elastic displacement. The construction of equivalent
conditions is based on a multiscale expansion in power series of the thickness of the layer for the
solution of the transmission problem.

Key words. Robin Boundary Conditions, Elasto-Acoustic Coupling, Asymptotic Expansions,
Equivalent Conditions

AMS subject classifications. 35C20, 35J25, 41A60, 74F10

1. Introduction. The concept of Equivalent Boundary Conditions (also called
approximate, effective, or impedance conditions) is classical in the modeling of wave
propagation phenomena. Equivalent Conditions (ECs) are usually introduced to re-
duce the computational domain. The main idea consists in replacing a reference
model inside a part of the domain (for instance a thin layer of dielectric or a highly
absorbing material) by an approximate boundary condition. This idea is pertinent
when the effective condition can be readily handled for numerical computations, for
instance when this condition is local [16, 35, 7, 8]. In the 1990’s Engquist—-Nédélec [16],
Abboud-Ammari [1], Bendali-Lemrabet [7], Ammari-Nédélec [3], and Lafitte [25] de-
rived equivalent conditions for acoustic and electromagnetic scattering problems to
approximate an obstacle coated by a thin layer of dielectric (absorbing) material inside
the domain of interest.

The main application of this work is the mathematical modeling of earthquake on
the Earth’s surface. The simulation of large-scale geophysics phenomena represents a
main challenge for our society. Seismic activities worldwide have shown how crucial
it is to enhance our understanding of the impact of earthquakes. In this context, the
coupling of elastic and acoustic waves equations is essential if we want to reproduce
real physical phenomena such as an earthquake. We can thus take into account
the propagation of seismic waves in the subsurface together with the propagation of
acoustic waves in a part of the ocean. Elasto-acoustic coupling problems are rather
classical in the mathematical modeling of wave propagation phenomena, in particular
in harmonic domain. The well-posedness of the direct problem has been studied
in [22, 27, 6, 14] and in the monography [12, §5.4.e] for the theoretical analysis of
the problem. Various other works have been devoted to the numerical solution of
the problem, using for instance BEM/FEM type method, where Boundary Element
Method (BEM) are used to discretize the fluid and Finite Element Method (FEM) to
discretize the solid [11, 19, 18, 30, 28, 34]; plane waves based methods, as in [15, 21]
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or Discontinuous Galerkin Methods [5]. The transient problem is mostly studied
for geophysical applications such as numerical simulation of earthquakes and many
works have been devoted to the numerical discretization of fluid-structure problems
using Finite Difference methods [33], Spectral Element Methods [24] or Discontinuous
Galerkin Methods allowing for non-conforming meshes [23]. Finally, we refer to [29, 2,
17] for the study of inverse problems of shape reconstruction of solid body immersed
in a fluid.

We intend to work in the context of geophysical applications for which we consider
that the medium consists of land areas surrounded by fluid zones whose thickness is
very small, typically with respect to the wavelength. This raises the difficulty of
applying a finite element method on a mesh that combines fine cells in the fluid zone
and much larger cells in the solid zone. To overcome this difficulty and to solve this
problem, we adopt an asymptotic method (based on a multiscale expansion) which
consists in “approximating” the fluid portion by an equivalent boundary condition.
This boundary condition is then coupled with the elastic wave equation and a finite
element method can be applied to solve the resulting boundary value problem.

In this paper, one considers a problem of elasto-acoustic coupling set with an
external Robin boundary condition. One presents elements of derivation together
with mathematical justifications for equivalent boundary conditions, which appear as
a first, second or third order approximations with respect to the small parameter € (the
thickness of the fluid layer) and which are satisfied by the elastic displacement u. This
work is concerned essentially with theoretical objectives. The numerical pertinence
of these ECs up to the second order have already been shown for the two-dimensional
problem [13]. In the context of geophysical applications one derives also ECs up to
the second order when the thickness of the layer is not constant with respect to the
tangential variable.

There are several similarities in this work and in the work in Ref. [32] where ECs
(up to the fourth order) are derived for a problem of elasto-acoustic coupling set with
an external Dirichlet boundary condition. As in [32], the ECs derived in this work
are of “u-n—to—T(u)” nature for elasto-acoustics since a local impedance operator
links the normal traces of u and the stress vector T(u). However, for a given order
of approximation in €, the new impedance operator is a partial differential operator
of higher order than the impedance operator derived in [32]. There are additional
differences between the results of this paper and the work in Ref. [32] and which appear
in the different proofs to validate the new ECs. One difficulty to validate the ECs lies
in the proof of uniform energy estimates for the solution of the transmission problem.
One overcomes this difficulty by removing a discret set of resonant frequencies (which
are known as Jone’s frequencies) and by using a compactness argument. We revisit and
adapt the proof of uniform estimates in Ref. [32]. One can not apply straightforwardly
this proof to the transmission problem of interest since the external Robin boundary
condition plays a crucial role. Then one proves well-posedness and convergence results
for ECs up to the third order using a compactness argument. .

The outline of the paper proceeds as follows. In Section 2, we introduce the math-
ematical model and the framework for the elasto-acoustic problem and one presents
briefly a formal derivation of ECs. Then one states uniform estimates for the solution
of the transmission problem. In Section 3, one presents ECs and asymptotic models
associated with the solution of the exact problem. In Section 4, one proves uniform
estimates for the solution of the elasto-acoustic problem. In Section 5, one derives
and validates a two-scale asymptotic expansion at any order for the solution of the
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problem, and we construct formally ECs. In Section 6, one proves stability results
for ECs and the convergence of ECs towards the exact model. In Appendix B, one
derives ECs in the bidimensional case when the layer has a non-constant thickness.

2. The Mathematical Model. In this section, one introduces the model prob-
lem (§2.2) and the framework for the elasto-acoustic problem. Then we remind the
definition of equivalent conditions and we state uniform estimates for the solution of
the exact problem. We start this section with a formal derivation of the approximate
boundary conditions.

2.1. Formal derivation of equivalent conditions. In this section, one presents
briefly a formal derivation of equivalent conditions. We summarize this process in two
steps. All the details and formal calculi are presented in Section 5.

First step : a multiscale expansion. The first step consists in deriving a
multiscale expansion for the solution (u.,p.) of the model problem (2.3) (Sec. 2.2):
it possesses an asymptotic expansion in power series of the small parameter

u.(x) = ug(x) + euy(x) + 2ua(x) + -+ in Qs
p=(x) = po(x;€) +ep1(x;€) + e2pa(x;e) +--- i O,

with p](X 5) = P](ym y3) .

Here, x € R3 are the cartesian coordinates and (ya, y3) is a “normal coordinate system”
[10, 31] to the surface I' = 0€)s on the manifold Qf : y, (a € {1,2}) is a tangential
coordinate on I' and y3 € (0,¢) is the distance to the surface I'. The term p; is a
“profile” defined on I' x (0,1). Formal calculi are presented in Section 5.1 and the
first terms (p;,u;) for j =0, 1,2 are explicited in Section 5.2.

Second step : derivation of equivalent conditions. The second step consists
in identifying for k € {0,1,2} a simpler problem satisfied by the truncated expansion

Ug e = Ug + €Uy + 52uQ + -+ eku;€
up to a residual term in O(e**1). The simpler problem writes
V- o(uf) + w?put =f in Qs
{ guf)n+Fp (uf -n)n= on I'.

Here, f is the data of the model problem (2.3) and Fy, . is a surfacic differential operator
acting on functions defined on I' and which depends on & when k £ 0 :

Fo,c(= Fo) = —iwepr I,
Fie = —iweps I+ ePi (D)),
Fo.. = —iweps (14 Py (D) + *Py(D)) |
where the operators P;(D) and P»(D) are defined respectively as
(2.1) Pi(D) = —2H1+ix *Ar

(22) P3(D)=—2ikHI+ ((4H*> — K)I— Ar)
+ (ik) P 2HAT — divp(HT — R)Vr) + Ar(2H)] + (ix) 2AR .
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Here, H and K denote respectively the mean curvature and the Gaussian curvature
of the surface I', Ar is the Laplace-Beltrami operator along I' and R is an intrinsic
symmetric linear operator defined on the tangent plane T,.(I') to I' at the point
xpr € I which characterizes the curvature of I' at the point xp. Equivalent conditions

are stated in Section 3.1. The construction of these conditions is detailed in Section
5.3.

2.2. The model problem. Our interest lies in an elasto-acoustic wave propaga-
tion problem in time-harmonic regime set in a domain with a thin layer. We consider
the following transmission problem

Ape +K%p. =0 in Qf
V.g(u:) +w?pu. =f  in €
(2.3) Onpe = prwu. - n on T
T(u.) = —pen on T
OnpPe — ikpe =0 on I¢ |

set in a smooth bounded simply connected domain Q° in R? made of a solid, elastic
object occupying a smooth connected subdomain ) entirely immersed in a fluid region
occupying the subdomain €2f. The domain Qf is a thin layer of uniform thickness €
(i.e. the euclidean distance between surfaces I' and I'® is €), see figure 1. We denote
by I'® the boundary of the domain ¢, and by I' the interface between the subdomains
Qf and (). We denote by n the unit normal to I' oriented from Qg to 5.

1_‘6

F1G. 1. A cross-section of the domain QF and its subdomains Qs and Q;?

In the elasto-acoustic system (2.3), we denote the unknowns by u. for the elastic
displacement and by p. for the acoustic pressure. The time-harmonic wave field
with angular frequency w is characterized by using the Helmholtz equation for the
pressure p., and by using an anisotropic discontinuous linear elasticity system for the
displacement u.. These equations contain several physical constants: k = w/c is the
acoustic wave number, ¢ is the speed of the sound in the fluid, p is the density of the
solid, and ps is the density of the fluid. All these constants are independent of e.

In the linear elastic equation, V- denotes the divergence operator for tensors, o (u)
is the stress tensor given by Hooke’s law B

g(u) = C e(u) .
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Here ¢(u) = 1(Yu+ Yu”) is the strain tensor where V denotes the gradient operator
for tensors, and C' = C(x) is the elasticity tensor. The components of C are the elas-

ticity moduli Cijzl 1 C = (Cyjri(x)). The traction operator T is a surfacic differential

operator defined on I" as

The right-hand side f is a data with support in {)s. The first transmission condition set
on I' is a kinematic interface condition whereas the second one is a dynamic interface
condition. The kinematic condition requires that the normal velocity of the fluid
match the normal velocity of the solid on the interface I'. The dynamic condition
results from the equilibrium of forces on the interface I'. The transmission conditions
are natural. Furthermore the pressure satisfies a Robin boundary condition set on I'®.

REMARK 2.1. The boundary I'® represents a physical absorbing boundary and
the Robin boundary condition set on ' can be seen as a low order approximation of
the outgoing radiation condition at infinity for the exterior scattering problem set in
R\ 0.

In the above framework, we address the issue of Equivalent Conditions (ECs) for
the elastic displacement u. as € — 0, see Section 2.4. This issue is linked with the
question of Uniform Estimates for the couple (u, p.) solution of the problem (2.3) as
€ — 0 (Section 2.5) since it is a main ingredient in the mathematical justification of
ECs. To answer these questions, we make hereafter several assumptions on the data
and on the regularity of the surface I'.

2.3. Framework. We will work under usual assumptions (symmetry and posi-
tiveness) on the elasticity tensor.

ASSUMPTION 2.2. (i) The elasticity moduli C;jr(x) are real valued smooth func-
tions in Q.
(ii) The tensor C is symmetric :

Cijki = Cjirt = Crusj  almost everywhere in Qs .

(iii) The tensor C is positive :

Ja >0, V&= (&;)symmetric tensor, Z C’ijkl&ja > az |f¢j|2 .
5,k 4,J

Some resonant frequencies may appear in the solid domain. However, we prove
uniform estimates for the elasto-acoustic field (u.,p:) as well as ECs for u. when
¢ — 0 under the following spectral assumption, compare with [32, Assumption 2.3].

ASSUMPTION 2.3. The angular frequency w is non-zero and is not an eigenfre-
quency of the problem

(2.4) { \Y uj(U) + w?pu =0 in Qs

T(u)=0 and u-n=0 on T.

REMARK 2.4. For axisymmetric bodies Qs (balls, ellipsoids, ...) and for a dis-
crete set of frequencies w, there exist non trivial solutions u to (2.4), [22, 27]. Such
a solution u, resp. frequency w, is called a Jones mode, resp. a Jones frequency.
However, Jones eigenmodes do not exist for generic domains, [20].
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Our whole analysis is valid under the following assumption on the surfaces I' and
Ie.

ASSUMPTION 2.5. The fluid-solid interface T' and the surface T are smooth.

For the sake of simplicity in the asymptotic modeling, we will work under the
following assumption on the data f.

ASSUMPTION 2.6. The right-hand side f in (2.3) is a smooth e-independent data.

In the framework above, we prove in this paper that it is possible to replace the
fluid region Qf by appropriate boundary conditions called equivalent conditions and
set on I

2.4. Validation of equivalent conditions. In this paper we derive surfacic
differential operators F.

F.:C®(T) —=Cc>(T),
together with u. which is a solution of the boundary value problem

{ V-a(u.) + wlpu, =f in Qs

(25) T(w)+F.(0:-nn=0 on T.

Then, in the framework of Section 2.3, we prove uniform estimates for the error
between the exact solution u. in (2.3) and 0. provided ¢ is small enough:

(2.6) lue = 8cfl1,0, < O

when &k € {0,1,2}, see Th. 3.4 for the main result and precise estimates. Here, we
denote by | - ||1.o, the norm in the Sobolev space H!(Q) = H(Q)3. We say that
the equivalent condition is of order k£ + 1 when such an a priori estimate (2.6) holds.
Then we define u* = 1. and we denote by Bi,c the operator B, corresponding to the
order k + 1, Sec. 3. The validation of ECs relies on uniform estimates for solutions
(ug, pe) of (2.3) as ¢ — 0. This issue is developped in Section 2.5.

2.5. Uniform estimates. We introduce a suitable variational framework for
the solution of the problem (2.3) with more general right-hand sides. This framework
is useful to prove error estimates (2.6).

Weak solutions. For given data (f,f, g, h) we consider the boundary value prob-
lem

Ap, + Kk%p. =f in Qf
V.o(u:) +w?pu. = f in 0
(2.7) Onpe = prw?u. -n+g on T
T(u:) = —pen on T
Onpe — ikp: = h on I¢.

Hereafter, we explicit a weak formulation of the problem (2.7). The variational prob-
lem writes : Find (ug,p.) € Vo = HY(Qs) x H}(Qf) such that

(2'8) V(Vvq) €Ve, ae ((u57 pe)’ (Vaq)) = <Fa (Va q)>vs/,v€ s

where the sesquilinear form a. is defined as

as ((u,p), (v,q)) = /Q (Vp-Va—x°pq) dx +/ (a(u) : €(V) — w?pu - v) dx

3 2 -

+/(w2pfu~n€1+p\7-n) do—im/ pqdo ,
r

€
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and the right-hand side F' is defined as
(Fo(v, )y = — fqu—/f-de—/qua—/ hgdo .
ee Qs Qs r e

We assume that the data (f,f, g, h) are smooth enough such that the right-hand side
F belongs to the space V.. The space V. is endowed with the piecewise H! norm in
Qs and Qf.

Statement of uniform estimates. In the framework of Section 2.3 we prove
e-uniform a priori estimates for the solution of problem (2.8). The following theorem
is the main result in this section.

THEOREM 2.7. Under Assumptions 2.2-2.8-2.5, there exists constants €q,C > 0
such that for all e € (0,e¢), the problem (2.8) with data F € V! has a unique solution
(ug, pe) € Vo which satisfies

(2.9) [[pe|

Lo: + lucllio, < CJF[lv: .

This result is proved in Section 4. The proof is based on a formulation of the
problem set in a fixed domain. This formulation is obtained through a scaling along
the thickness of the layer. As an application of uniform estimates (2.9), we prove the
convergence result (2.6) in Section 6.

3. Equivalent Conditions. In the framework above, we derive for all £ €
{0,1,2} a boundary condition set on I' which is associated with the problem (2.3)
and satisfied by u¥, i.e. u¥ solves the problem

3.1
) Tw) +Fec(uf - n)n=0 on T.

{ V-a(uf) +w?pul =f in Qs

Here Fj . is a surfacic differential operator acting on functions defined on I' and
which depends on e. In this section, we present Equivalent Conditions (ECs) up to
the second order and asymptotic models for the solution of the exact problem, Sec.
3.1. Then, we present well-posedness and convergence results, Sec. 3.2. Elements
of derivation and mathematical validations for ECs are presented in Section 5 and
Section 6.

3.1. Statement of Equivalent conditions. We obtain a hierarchy of boundary-
value problems. Each one gives a model with a different order of accuracy in £ and
reflects the effect of the thin layer on the elastic displacement. We derive in Section
5.3 the following boundary conditions in problem (3.1) :

Order 1.
(3.2) T(ug) — iwcpsug-nn=0 on T
Order 2.
(3.3) T(ul) —iweps (T+eP (D)) (ul-n)n=0 on T

Here the operator P;(D) is given by (2.1) .
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Order 3.
(3.4) T(u?) — iweps (I+ePy (D) +e°Po(D)) (uZ-n)n=0 on T

Here the operator Py(D) is defined in (2.2).

Successive corrections appear in these conditions when increasing the order of
approximation. The Order 1 condition involves only partial derivatives of first order in
the operator T, whereas the Order 2 condition is a kind of “Ventcel’s condition” [4, 26]
since it involves partial derivatives of second order and the Order 3 condition involves
partial derivatives up to the fourth order.

REMARK 3.1. The “background” solution ug (= u?) is independent of €. It
corresponds to a model where the effect of the fluid part appears through the density
pi. The influence of the geometry of the surface I' appears from the order 2 model
through the mean curvature of T".

REMARK 3.2 (Layer with non-constant thickness). In the context of geophysical
applications, it is relevant to consider that the thickness of the layer is no longer
constant with respect to the tangential variable. In this framework it is still possible
to derive equivalent conditions and one derives ECs (B.1)-(B.2) which appear as first
and second order of approximations. One presents elements of derivation for these
conditions in the bidimensional case in appendiz, see Section B. The order 1 condition
is still (3.2) but the order 2 and 3 conditions are different from (3.3) and (3.4).
The derivation of the asymptotics are more tedious since the change of variables (or
scaling) lead to additional terms which come from the determinant of the metric of
the layer.

3.2. Stability and convergence of Equivalent conditions. Our goal in the
next sections is to validate ECs set on I' (Sec. 3.1) proving estimates for u. — u¥
for all k € {0, 1,2}, where u” is the solution of the approximate model (3.1), and u,
satisfies the problem (2.3). The functional setting for u¥ is described by the Hilbert
space V¥ :

NoTATION 3.3. V* denotes the space H' (k) when k = 0, and V¥ denotes the
space {u € HY(Q)| u-njp € H*(T)} when k =1,2 .

THEOREM 3.4. Under Assumptions 2.2-2.3-2.5-2.6, for all k € {0,1,2} there
exists constants ey, Ci, > 0 such that for all e € (0,ey), the problem (3.1) with data
f € L2(%) has a unique solution u® € V¥ which satisfies uniform estimates

(3.5) uz — uf 10, < Cre™*t .

The well-posedness result for the problem (3.1) is stated in Thm. 5.3 and is proved
in Section 6.1. It appears nontrivial to work straightforwardly with the difference
u. — u*. A usual method consists in using the truncated series uy . introduced in
Section 5.3 as intermediate quantities [32]. Then, the error analysis is splitted into

two steps detailed in the next sections :

1. We prove uniform estimates for the difference u. — ug . in Thm. 5.2 (Sec.
5.4)
2. We prove uniform estimates for the difference uj . — u® (Sec. 6.2).
REMARK 3.5. The first step of the proof is independent of ECs and is valid for
any integer k. The second step for k =0 is useless since ug . = u?

e
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4. Uniform Estimates. In this section, we prove uniform estimates for the
exact solution of the elasto-acoustic problem. Since the functional setting of the
variational problem (2.8) depends on the small parameter ¢, it is not well suited to
prove uniform estimates for solutions (u,p.) € V.. To overcome this difficulty, we
adapt an idea developed in [7, 32] writing equivalently the problem (2.8) in a common
functional framework as e varying, Sec. 4.1. We state uniform estimates in this new
framework, Th. 4.1. One uses a compactness argument to prove estimates, Sec. 4.2.

4.1. The scaled problem. We write the variational problem (2.8) in a fixed
domain through the scaling S = e~!v where v € (0,¢) is the distance to the surface
I'. The fixed domain writes s x 5 where €5 :=T" x (0,1) and the ad-hoc functional
space writes

vV =H"(Q) x H'(Q) .

Then the variational problem writes : Find (ug,pe) € V such that for all (v,q) € V
(4.1) eaf(e;pe,q) + as(us,v) + / (w?ppu-ng+pv-n) dl

—m/FpE(.,l)q(.,l)det (I+eR) dT = Be, (v, D))y

where

1
as(e;p,q) = / /F {(H +eSR) 2 VrpVrg + e 205pdsi — H2pﬁ} det (I+eSR)dI'dS ,
0

as(u,v) = /Q (o(u) : €(V) —w?pu-v)dx ,

s

and (3o, (v, )y g = — fE(det(]I—i—sSR)dFdS—/ f.vdx
Q; Qs

—/Fgﬁdl“—/Fh(.,l)q(.,l)det(]l—i—sR) dr .

Here, R is an intrinsic symmetric linear operator defined on the tangent plane Ty, (T")
to I' at the point xp € I which characterizes the curvature of I" at the point xp. We
refer to [7, 32]-[31, §4.1] for the introduction of geometrical tools and more details. The
parameter € weighting the form a¢(e; p, q) in formulation (4.1) may lead to a solution
(ug,pe) € V such that the surface gradient Vrp. can be unbounded as ¢ — 0. This
is a similarity with the works in Ref. [7, 32]. Furthermore, the sign of the left-hand
side of the problem (4.1) for (v,q) = (u.,p.) cannot be controlled. Hence due to
the lack of strong coerciveness of the variational formulation (4.1) one cannot get
straightforwardly estimates. Our main result for the problem (4.1) is the following a
priori estimate, uniform as € — 0.

THEOREM 4.1. Under Assumptions 2.2-2.3-2.5, there exists constants gq9,C > 0
such that for all e € (0,e¢), the problem (4.1) with data §. € V' has a unique solution
(ue,pe) € V which satisfies the uniform estimates

(4.2) VEVrpllog, +vE [9spe

0.9; T [IPello,o; + Ipellor + [Jucll1,0, < C|IF:llv -
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This theorem is the key for the proof of Thm. 2.7 : as a consequence of the following
estimates

(4.3a) Vo e L2(9%),  lIpllogr =~ VElplog, -
(43b)  VpeHYQE) . [IVplloos = VEIVrpllog, +vE (s

available for £ small enough (see [32]) we obtain estimates (2.9). In (4.3a)-(4.3b), for
any function p defined in €f, the function p is defined in the domain € as

|O,Qf 5

pxr, S) = p(x), (xr,S = g) eT x (0,1) .

In (4.3a)-(4.3b), the symbol >~ means that quantities [|p[lo.of and v/z[|pllo,o; are equal
up to a multiplicative constant which is independent of e.

The proof of Thm. 4.1 is based on the following statement.

LEMMA 4.2. Under Assumptions 2.2-2.8-2.5, there exists constants €q,C > 0
such that for all € € (0,e0), any solution (u.,p:) € V of problem (4.1) with a data
5. € V! satisfies the uniform estimates

(4.4) [(ue; pe)llo,oixar + flue - nlflor + flpellor < ClISellv -

The proof of this Lemma, which is given in Section 4.2, involves both a compact-
ness argument and the spectral Assumption 2.3. As a consequence of estimates (4.4),
we infer estimates (4.2). Since the problem (4.1) is of Fredholm type, Thm. 4.1 is
then obtained as a consequence of the Fredholm alternative. We refer for instance to
the work in Ref [32] for a similar context.

4.2. Proof of Lemma 4.2: Uniform estimate of (u.,p.). We prove this
lemma by contradiction : We assume that there exists a sequence (Un,,pm) € V,
m € N, of solutions of problem (4.1) associated with a parameter €, and a right-hand
side §,, € V':

(4.5) Y(v,q) €V, emat(em;Pm,q) + as(um,v) + / (WprUm g+ pyv- n) dr
r

—m/rpm(.,l)q(.,l)det I+ emR) T = (Fom (v, D))y

satisfying the following conditions

(4.6a) em — 0 as m — oo,
(4.6b) (U, o) |0,Qs><Qr + |lup - n or + ||pm||o7r =1 forallmeN,
(4.6¢) IFmllv: — 0 as m — oo.

Choosing tests functions (v, q) = (U, p.m) in (4.5), one obtains

(4.7)  emas(Em; Pm, Pm) + as(Up,, upy,) -|-/ (Uﬂpfum NP+ Pl - n) dr
r

—m/ o (-, )P det (T+ £, R) AT = (Fm, (s Prm)) oy -
Iy
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First, taking the real part of (4.7), one obtains with the help of conditions (4.6a)-

(4.6b)-(4.6¢) the following uniform bounds :
(i) The sequence {u,,} is bounded in the Sobolev space H(Q).
(i) The sequences {\/Z,nVrpm} and {\/Em 'dspm} are bounded in the space L2(£).

As a consequence, the sequence {p,,} is bounded in the space H = H!(0, 1; L2(T"))
and the sequence {Jsp,, } converges to 0 in L2(£;).

REMARK 4.3. Remind that H is the space of distributions p € D’(0,1;L3(T"))
such that p and p’ belong to L2(0,1;L%(T)). Subsequently, we identify the space
L2(0,1;L2(T)) and L2(%).

Then taking the imaginary part of (4.7), one obtains with the help of conditions
(4.6b)-(4.6¢) the following uniform bound :

(iii) The sequence {p,(-,1)} is bounded in the space LZ(T).

Limit of the sequence {u,,,p,}. As a consequence of (4.6b) and (%)- (i), the
sequence {Uy,, P, } is bounded in the space W defined as W = H* () xH*(0, 1; L2(T)):

(4.8) (U, pr) [ < C.

Since the domain () is bounded, the embedding of H'(£)s) into L?() is compact.
As a consequence of (4.8), using the Rellich Lemma one can extract a subsequence of
{uy, P} (still denoted by {uy,, p.m }) which is strongly converging in L?(€2s) x L?(€2;),
and one can assume that the sequence {Vu,,} is weakly converging in L?().

Summarizing these convergence results, one deduces that there exists (u,p) €
L?(Qs) x L2(€2) such that

(4.9) u, —»u in L*Q),
(4.10) pm —p in L3(Q),

and

(4.11) e(upn) = e(u) in L*(Q),
(4.12) é)sipm — aS; =0 in L%(Qy),

since the sequence {dsp,,} converges to 0 in L?(£;).

Another consequence of (4.8) is that the sequence {u,, - n} is bounded in H3 (T).
Therefore (up to the extraction of a subsequence) we can assume that the sequence
{u,, - n} is strongly converging in L2(T).

(4.13) Up,-n—u-n in L*T).

Furthermore, as a consequence of the convergence results (4.10)-(4.12), the sequence
{~obm} converges to vop in L2(T)

(414) YoPm — YoP in L2(F) .

To prove (4.14), one applies the following trace inequality to ¢ = p,, — p (which is
available in the Hilbert space H) together with (4.10)-(4.12):
PROPOSITION 4.4 (Trace inequality in H). There exists C > 0 such that

(4.15) VgeH, |74

o.r < C(llallo,o; + 9sdllo.q;) -
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Proof. Let p € Hand Y € (0,1). There holds

Y
p(xe, 0) = p(xe, V) — / Dsp(xr, S)dS .
0

Note that since p(xr, .) is a continuous function, the trace p(xr,0) on I' is well defined.
Integrating over I' and using a Jensen inequality, one infers

[ e oyar <o ( [ e vy + 3SP||(2),Q,> .
T I

One concludes the proof by integrating over Y € (0,1) . O

Finally, as a consequence of (iii) (the sequence {p,,(-,1)} is bounded in the space
L%(T)),x and up to the extraction of a subsequence, one can assume that the sequence
{pm (-, 1)} is weakly converging in L?(T)

(4.16) Pm(,1) = p(,1) in L*(I) .
As a consequence of the convergence results (4.9)-(4.10)-(4.13)-(4.14) together
with (4.6b), we infer

(4.17) [[(u, p)

Conclusion. Using Assumption 2.3, we are going to prove hereafter that u = 0
and p = 0, which will contradict (4.17), and finally prove estimate (4.4).

One first characterizes u as a solution of a variational problem and then one
defines p from the Dirichlet trace u-n on I'

PROPOSITION 4.5. The vector field u € H () satisfies : for all v € H(Qy),

(4.18) /Q (a(u) : €(¥) —w?pu-v) dx — iwcpf/ru ‘nv-ndo=0.

0.2x9; + lu-nllor + [[vopllor =1 .

Furthermore p is a function constant in S in ()
(4.19) p(-,5) = —iwcpru - n .

The proof of this proposition is postponed to the end of this section. Then taking
v = u as test function in (4.18) and then taking the imaginary part one infers

u-n=0 on T.
Furthermore, according to (4.19) one obtains
p=0 in .
Finally, integrating by parts the first term in the sesquilinear form (4.18) as

(4.20) —/Q a(u) : e(v) dx = /Q (V-g(u))-vdx—(T(u),v)p ,

one finds that u satisfies the problem

V.-g(u)+w?pu=0 in Qs
T(u)=0 and u-n=0 on I.
Using Assumption 2.3 one deduces that u = 0. Finally, one gets a contradiction with

(4.17) and ends the proof of Lemma 4.2.
We are going to prove hereafter Proposition 4.5.
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Proof of Proposition 4.5. One uses (v,q = 0) € V as test functions in (4.5):
there holds

/ (g<um) : g(‘7) - szum "7) dx + / pmV - ndl = (§p, (v, O)>V’,V .
Qg r

According to the convergence results (4.9)-(4.11)-(4.14) and (4.6¢), taking limits
as m — 400, one deduces from the previous equalities u € H!(€)) satisfies : for all
v e HY(Qy),

(4.21) /s (c(u) : €(v) — w’pu - V) dx—|—/Fp v-ndl'=0.

Furthermore p is a function constant in .S in Q; since dgp = 0 (4.12).
Then, one uses (v =0,q) € V, such that dgq = 0, as tests functions in (4.5); one
obtains

(422) emaf(g'm; Pm, q) =+ w2pf/ Uy - “ﬁdr

r
— m/ P (., Dgdet (I +e,R) dT' = (Fm, (0,9)) v s
r

According to the convergence results (4.10)-(4.12), (4.6a), and since dsq = 0 there
holds

emaf(Em;Pm,q) = 0 as m — oo .

Hence, according to the convergence results (4.13)-(4.16), (4.6¢), taking limits as
m — 400, one deduces from the previous equalities (4.22)

(4.23) w2pf/u-nﬁdF—m/p(.,l)ﬁszO
r r

for smooth functions g on I'. Since p = p(., 1) is a function constant in S, one infers
wpu-n—ikp=0 on T

which proves (4.19). Furthermore one deduces (4.18) from (4.21), which ends the
proof of Proposition 4.5.

5. Derivation of Equivalent Conditions. In this section, we exhibit an asymp-
totic expansion for u. and p., §5.1. We explicit the first terms in asymptotics, §5.2.
Then we construct formally equivalent conditions, §5.3. In §5.4 we validate the asymp-
totic expansion with estimates for the remainders. The main result of this section is
the Theorem 5.3 in §5.5 which proves the stability of equivalent conditions.

5.1. Multiscale expansion. We can exhibit series expansions in powers of &
for u. and p; :

(5.1) u.(x) ~ Zsjuj(x),
>0

(5.2) P (x) ~ Zeﬂ'pj(x;e) with  p;(x;¢) =9, (Yo, %) ,
Jj=0
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see Sec. 5.4 for precise estimates. Here (ya,y3) is a “normal coordinate system”
[10, 31] to the surface I' on the manifold Q) : y, (a € {1,2}) is a tangential coordinate
on I' and y3 € (0,¢) is the distance to the surface I'. The term p; is a “profile” defined
on I'x (0,1). The formal calculi concerning the problem are presented in Section 5.1.1
and the first terms (p;, u;) for j = 0,1,2 are explicited in Section 5.2.

Expansion of the Helmholtz operator. It is possible to write the three dimen-
sional Helmholtz operator in the layer Qf through the local coordinates (ya,y3) [31,
Prop. B.1]. Then we make the scaling Y3 = ¢~ 1y3 € (0, 1) into the normal coordinate
and we expand formally the Helmholtz operator in power series of € with coefficient
intrinsic operators :

N—-1
A+ K21d = 72 (Z "L 4 eNR§V> for all N € N* .
n=0
The remainder RY has smooth coefficients in y, and Y3 which are bounded in ¢, and
the first operators L™ (n = 0, 1,2) are explicited in [32]-[31, Prop. B.3] :

L0=02, L'=2H(ya)ds, L*>=Ar+w’1—22H>~K) (ya)Y30s -

Here, 03 is the partial derivative with respect to Y3. We remind that Ar is the Laplace-
Beltrami operator along I', H and K are respectively the mean and the Gaussian
curvature of the surface I'. It is also possible to explicit the operator L3. Tedious
calculi lead to

L? = 2Y3[dive (H(ya)l = R) Vi — H(ya) Ar] + 4V H(ya) (3K + 2H?) (ya)0s

The operator R is a tangent linear operator which characterizes the curvature of T’
(see section 4.1).

5.1.1. Elementary problems. After the change of variables y3 — Y3 = e~ 1y3
in the thin layer Qf, the problem (4.9) becomes :

V-o(u.) +w?pu. =f in O
T(u:) = —pen on T
(5.3) e2[3p+ Y "L ] =0 in Tx(0,1)
n>=1
e 10sp. = prw?u, - n on I x {0}
e~ 0sp. —ikp. =0 on I'x{1}.

Inserting the Ansatz (5.1)-(5.2) in equations (5.3), we get the following two fam-
ilies of problems, coupled by their boundary conditions on I' (i.e. when Y5 = 0):

(5.4) V-o(u,) +w?pu, =55  in €
’ T(u,) = —pun on T
O3pp=— > Llp, for Y3€(0,1)
l+p=n,l>1
(55> 33Pn = hWQUn—l -n for Y3 =0
03Ppn = 1KPp_1 for Y3=1.

In (5.4), 6 denotes the Kronecker symbol and in (5.5) one uses the convention u_; =
0.
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5.2. First terms. One finds successively from (5.4)-(5.5) when n = 0,1,2 : ug
solves the problem

(5.6) V- a(ug) +w?pug = f in
’ T(ug) —iwepsug-nn=0  on I,

and then one obtains

(5.7) Po(= po(¥a)) = —iwepruo - A

At the step n = 1, one finds that u; solves the boundary value problem

{ V- o(ur) +w?pu; =0 in Qg

5.8
(58) T(uy) — iwcepsuy - nn = dweps Pr(D)(ug - nyp)n on T

where P (D) = — (2H + (ix)"'Ar) and

(5.9) p1(Ya, Y3) = prwuo - nirYs + by (ya)

where
b1(ya) = —iwcps P1(D)(ug - njr) — iwcpsuy - N

At step n = 2 one finds that uy solves the boundary value problem

(5.10)
V- o(ug) +w?pugy =0 in
T(uz) — iwcpsus - nn = jweps (Pr(D)(ug - n) + Po(D)(ug -n)) n on T

where P(D) is defined by (2.2) (Section 3.1). Then one obtains ps which writes

(5.11) P2(Ya, ¥3) = a2(ya) Y5 + b2(ya)Vs + c2(ya)
where

as = wpy (—wH + Sic[Ar + £71]) (ug - n)
(5.12) by = w?prup - n

¢ = —iweps (uz - n+ Py(D)(uy - n) + Py(D)(ug - n)) .

We refer the reader to Appendix A for more details. The whole construction of
the asymptotics comes from an induction argument : if the sequences (u,) and (p,,)
are known until rank n = N — 1, then the problem (5.4) and the Sturm-Liouville
problem (5.5) uniquely define uy and pn. The next proposition ensures existence
and uniqueness results together with regularity results for the first terms uy, in H! ()
k=0,1,2.

PROPOSITION 5.1. Under Assumptions 2.2-2.3-2.5, if f € L%(s) then the bound-
ary value problem (5.6) (resp. (5.8)) has a unique solution ug (resp. uy) in H'(Q);
furthermore if Qg is of class C* and f € H?(Qs) then the boundary value problem
(5.10) has a unique solution ug in H(€).

Let | be a non-negative integer. Under Assumptions 2.2-2.3, if Qs is of class C'2
and f € H' (), then ug, uy belong to HF2(); furthermore if | > 1, Qs is of class
C!** and f € H'*2(€)) then uy belongs to H2(Qy).

Here the regularity of ug, u; and us is obtained by a general shift result available
in Sobolev spaces, see for instance [12, Th. 3.4.5].
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5.3. Construction of equivalent conditions. In this section, we derive for-
mally ECs (Sec. 3.1).

Order 1. Since the equations in (5.6) are independent of e, the condition of order
1 writes

T(up) — iwcprug-nn=0 on I'. on T.

Order 2. According to (5.6) and (5.8), the truncated expansion u; . = ug + cuy
solves the elastic equation in 25 together with the boundary condition

T(uyc) —iweprug - nn = ciweps P (D)(ug -n)pn on T,
Writting ug = uy, — €uy, there holds
T(uy.) — iwepruy o - nn — giwepe P (D) (uy < - n) n = —e%iwepe Py (D) (ug -n) n .

Neglecting the term of order €2 in the previous right-hand side, we infer the condition
(3.3).

Order 3. According to (5.6)-(5.8) and (5.10), the truncated expansion uz. =
ug +cuy +2uy solves the elastic equation in Qs together with the boundary condition

(5.13) T(ua.) —iwcps (14 Py (D) +e*Py(D)) (uze -n)n =
— e%iweps (P1(D)(ug -n) + Po(D) ((eug +uy) -n))n on T

Then, neglecting the term of order &3 in the previous right-hand side, one deduces
the condition (3.4).

5.4. Estimates for the remainders. The validation of the asymptotic expan-
sion (5.1)-(5.2) consists in proving estimates for remainders (r,rY) defined in €
and () as

(5.14)

N N
¥ =u-Y e, i 9, and V(%) = pe(x)- D £ (Ya, %) for allx € Qf .
n=0 n=0

The convergence result is the following statement.

THEOREM 5.2. Under Assumptions 2.2-2.8-2.5-2.6 and for € small enough, the
solution (ug,pe) of problem (2.3) has a two-scale expansion which can be written in
the form (5.1)-(5.2), with u; € H' (%) and p; € H* (I x (0,1)). For each N € N, the

remainders (v, rN) satisfy

(5.15) e, + Vellrd 1,0 < One™ !

with a constant Cy independent of ¢.
The error estimate (5.15) is obtained through an evaluation of the right-hand

sides when applying Theorem 2.7 to the couple (u,p) = (r2¥, 7).

g e
Proof. The proof is rather standard, see for instance the proof of [9, Th.2.1]
where the authors consider an interface problem for the Laplacian operator set in a

domain with a thin layer. The error estimate (5.15) is obtained through an evaluation
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of the right-hand sides when the elasto-acoustic operator is applied to (r,rY). By
construction, the remainder (rY,rY) is solution of problem

egrte
ArN 4+ 52N = fy . in Qf
Vo) +w?prd =0 in Qg
(5.16) Oy = prw?rY cn+ gy on T
T(rY)=—r¥n on T
O —ikrY = hy . on I*.

Here, the right-hand sides are explicit :

N
fN,s = EN_l[FN — ZElRé\H_lpl] in Q? s
=0

gNe = pfw25NuN ‘n on I', and hy.= ineNpN on I°¢.

We have the following estimates for the residues fy . and gy .

N

0.0; =0(EN"7) , gnelor =O(N) and |lhxeflore = OEN) .

We can apply Theorem 2.7 to the couple (u,p) = (rX¥,rY), and we obtain

I
¥ g, + 1N (e < OneN=3 .
f

Writting vy = M2 4 N F2un o + eNFluy gy and 7Y = pNF2 4 NP2 +

eN*lpn i1, we apply the previous estimate to the couple (r¥+2 rN+2) and we use

estimates

1

[ullio.=0@1) and |jpfly,0: = O(e™2)

to infer the optimal estimates (5.15). O

5.5. Validation of equivalent conditions. We consider the problem (3.1)
with an equivalent condition and at a fixed non-zero frequency w satisfying Assump-
tion 2.3. The main result of this section is the following statement, that is for all
k € {0,1,2} the problem (3.1) is well-posed in the space V¥ (Not. 3.3), and its
solution satisfies uniform H! estimates.

THEOREM 5.3. Under Assumptions 2.2-2.8-2.5, for all k € {0,1,2} there are
constants €, C, > 0 such that for all ¢ € (0,ex), the problem (3.1) with a data
f € L2(%) has a unique solution u® € V¥ which satisfies the uniform estimates:

(5.17a) luoll1,0, < Collflloa,  (uo :=u),
(5.17b) [ullli,, + IVe(ul-n)lor < Cilfllogq,
(5.17c) JuZll1,0, + IVe(uZ - n)lor + [|Ar(uZ - n)[or < Caffllo.q, -

The key for the proof of Thm. 5.3 is the following Lemma.
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LEMMA 5.4. Under Assumptions 2.2-2.3-2.5, for all k € {0,1,2} there exists
constants ey, Cy > 0 such that for all € € (0,¢1), any solution uf € V¥ of problem
(3.1) with a data f € L?(Qs) satisfies the uniform estimate:

(5.18a) luollo,2. < Collfllo.q.
(5.18b) [ulllo.o, + Ve (ul-n)for < Cilifllo.c. ,
(5.18c) |uZ (uZ - n)|lo,r + [[Ar(uZ - n)[lor < Callffo.q, -

REMARK 5.5. For k =0, the Theorem 5.3 and the Lemma 5.4 hold for all € > 0.
For k=1,2, using a compactness argument one proves uniform estimates provided
is small enough.

The Lemma 5.4 is proved in Section 6.1. As a consequence of this Lemma, each
solution of the problem (3.1) satisfies uniform H!-estimates (5.17a), (5.17b), (5.17c¢)
respectively when k = 0,1,2. Then, the proof of Thm. 5.3 is obtained as a conse-
quence of the Fredholm alternative since the problem (3.1) is of Fredholm type. One
passes from Lemma 5.4 to Theorem 5.3 as one passes from Lemma 4.2 to Theorem
4.1. We refer also to the work in Ref [32] for a similar context.

6. Analysis of Equivalent Conditions. In this section, one first proves the
Lemma 5.4, i.e. uniform L%-estimate (5.18a) for the solution of problem (3.1). In
Section 6.2, we prove that the solution u¥ of problem (3.1) satisfies uniform H' error
estimates (3.5) and we infer the Theorem 3.4. We focus on the proof of Lemma 5.4
for k = 2 since the proofs when k& = 0,1 are simpler. Hence we consider the problem
(here u = u?)
(6.1) { V-o(u)+w?pu=Ff in Qg

T(u)+F.(u-n)n=0 on I,

where the operator F. is defined as
F. = J.0+ B.Ar 4 v divp (HI — R)Vr + 6. A2 .

Here J. and . are smooth scalar functions defined on I" as

(6.2a) J. = —iweps {1 —2eH +&” (4H* — K — 2i [s'ArH + kH]) }
(6.2b) Be = ec?pr (1 +ire [L+2ik ' H]) ,
and 7. = €2c?pr > 0 and 6, = —ie?xk~1c?ps .

To prepare for the proof, we introduce the variational formulation for u. If u € V2
is a solution of (6.1), then it satisfies for all v € V2

(6.3) /Q (o(u) : €(V) — w?pu - V) dx+/rjgu~n v-ndo
- /FVp(u n) - Vr(Bev-n)do — 7. /(’HH —R)Vr(u-n)-Vrp(v-n)do

+6/Apun)Apvn /fvdx
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6.1. Proof of Lemma 5.4: Uniform L2-estimate of the elastic displace-
ment. Reductio ad absurdum: We assume that there is a sequence (u,,) € V2

m € N, of solutions of the problem (6.1) associated with a parameter &,, and a
right-hand side f,,, € L?(€):

(6.4a) V-a(un) + Wwpty, =f, in Q,
(6.4b)
T(um) + (Tl + BnAr + Vi dive(HI — R)Vr + 6, AF) (U, -n)n=0 on T

(with T, := Je.., B = Be,,s Ym = 7Ve,, and 0, = Jc, ) satisfying the following
conditions

(6.5a) Em — 0 as m — 0o
(6.5b) lumllo.o. + Ve (U - M)]lor + |Ar(un, - n)|jor =1 for allm e N
(6.5¢) [l ll0.0, — 0 as m — 0o .

6.1.1. Estimates of the sequence {u,,}. We first prove that the sequence
{u,,} is bounded in V2. We particularize the elastic variational formulation (6.3) for
the sequence {u,,}: For all v e V2

(6.6) /Q (g(um) ce(V) — w? puy, - \7) dx + /F TmUm -0V - ndo
- / Vr(um - n) - V(B -n)do — v, /(7—[]1 —R)Vr(uy, -n) - Vr(V-n)do
r r

+5,”/Ap(um-n)Ap(\7-n)da:—/ f, -vdx.
r

Qs

We first take the imaginary part of the previous equality (6.6) when v = u,,. Accord-
ing to Assumption 2.2, there holds

- / 10yt - 02 o+ Tma(Bp) |V (- 0)][2
I

— Im(6,) || Ar (U, - n)||§71~ = Im/ - Uy dx .
Qs

Since the sequence of functions {Im(7,,)} is bounded (Im(7,,) — —wcps a.e. on I as
m — o0) and since Im 3, — 0 and d,, — 0 (see (6.5a)) as m — oo, one deduces from
the last equality and with the help of conditions (6.5b)-(6.5¢) the following uniform
bound

(67) ||u7n . n”O,F g Cl .
Since the tensor €(u) is symmetric, thanks to the assumptions 2.2 (%)- (i) together

with the Korn inequality, we infer : there exists constants C,c > 0 such that for all
u € HY()

(6.8) C e(w) : (@)dx > aClul o, — aclu

2
= = 0,95 -
Qs
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Then taking the real part of the equality (6.6) when v = u,,, there holds

[ lun) s elim) dx =, + [ Re(T) -l do
Qs T

*/VI‘(Um'I’I)'VF(Reﬂm ﬁm'ﬂ)dO’*’Ym/(/H]I*R)‘VF(Um'n)‘de'
r r

:fRe/ f,,-u,, dx,
Qs

and since the sequences of functions {Re 7}, {RefBm}, {Vr(ReByn)} and the se-
quence {v,,} are bounded, one obtains with the help of conditions (6.5a)-(6.5b)-(6.5¢)
together with the previous inequalities (6.7)-(6.8), a uniform bound in H () (and
thus in the space V? using the condition (6.5b) again) for the sequence {u,,} :

(6.9) [um 1.0, + IV (up - n)

or + [[Ar(upy, - n)or < Cso .
Another consequence of (6.9) is that the sequence {u,, - n} is bounded in H*(T) :
(6.10) [Um - nfl2r < C .

6.1.2. Limit of the sequence and conclusion. The domain €2 being bounded,
the embedding of H'(€)s) in L?(€)s) is compact. Hence as a consequence of (6.9), us-
ing the Rellich Lemma we can extract a subsequence of {u,,} (still denoted by {u,,})
which is converging in L?(Qs). By the Banach-Alaoglu theorem, one can assume that
the sequence {Vu,,} is weakly converging in L?(€) and the sequence {Ar(u,, - n)}
is weakly converging in L?(T"). As a consequence of (6.10) and since the embedding
of H*(T) in HY(T) is compact, up to the extraction of a subsequence we can assume
that the sequence {u,, - n} is strongly converging in HY(T') : We deduce that there is
u € L2(€) such that

€(um) — €(u) in - L2(Q)
(6.11) Ar(up, -n) = Ap(u-n)  in L3

Up, — U i L2(9)

Up-N—u-n in HY(I).

Using Assumption 2.3, we are going to prove that u = 0, which will contradict
(6.5b), and finally prove estimate (5.18b). Let v € V2 be a test function in (6.6)

(6.12) / (g(um) ce(V) — wpuy, - \7) dx + / TmUm - NV - ndo
Q = r
- / Vr(um - n) - V(B -n)do — v, /(7—[]1 —R)Vr(uy, -n) - Vr(V-n)do
r r
+ 5m/ Ar(u,, -n)Ar(v-n)do = —/ f, -vdx.
F SS

Since J,, — —iwcps, B — 0 and VB, — 0 a.e. on I' and since ~,, — 0 and
0m — 0 as m — oo, taking limits as m — oo one deduces from the previous equalities
(6.11)-(6.12) that u € V? satisfies for all v.€ V2

(6.13) as(u,v)—iwcpf/u-nv-ndozo .
r
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Taking the imaginary part of the previous equality when v = u, one deduces u-n =0
on I'. Then integrating by parts we find that u satisfies the problem

V-g(u)+w?pu=0 in Qg
T(u)=0 and u-n=0 on T.

According to Assumption 2.3, we infer

Thus according to (6.11), there holds

u, —»0 in  L2(Q)
(6.14) Vr(um-n) =0 in LT
Ar(up,-n) =0  in LA(T),

which contradicts (6.5b) and ends the proof of Lemma 5.4.

6.2. Proof of error estimates . In this section we prove the Theorem 3.4.
Since the problem (3.1) is of Fredholm type, it is sufficient to prove that any solution
u® of (3.1) satisfies the error estimate (3.5)

Jus — UI;”LQS < CeM

We prove hereafter the estimate (3.5) in two steps (Sec. 6.2.1 and Sec. 6.2.2).

6.2.1. Step A. The first step consists in deriving an expansion of u¥ and to
show that the truncated expansions of uf and u. coincide up to the order £*:

(6.15) u. = ug +euy +52uQ+~--+5kuk+r’§,

(6.16) uf =ug + cuy +52uQ+---+skuk+f"§ .

Hereafter, we justify the expansion (6.16). By construction, u® admits an expan-
sion
uf =g +evy + vy + oo+ fvy + FF
where each term v,,, for 0 < n < k, satisfies the problem (5.4) as well as the term u,,.
Using the spectral Assumption 2.3, we infer that for all 0 < n < k, v, = u, in Q,
and the expansion (6.16) holds.
Hence,

lue — ufll0, = rf = FE]1q, -

The estimate of the remainder r¥ is already proved in Thm 5.2 (Sec. 5.4) : |r¥

Ce**+1. In the next step, we prove estimates for the remainder ¥¥.

l1 o <

6.2.2. Step B. According to (6.16), the remainder ¥¥ satisfies the elastic equa-
tion in . We apply the operator T + Fj . (where Fy .(u) := Fi .(u-n)n ) to the
remainder ¥¥. Then, we prove hereafter that

TE) + Fro(® -nin=0("*") on T.



22 J. DIAZ, AND V. PERON
Since u! = ug, then 2 = 0. Relying on the construction of equivalent conditions
detailed in section 5.3, there holds

T(E) +Fio(F-n)n = c%iwepe P (D)(up -n) n on T
T(F2) + Fa . (¥2 - n)n = e®iwepr (Pr(D)(uz - n) + Po(D) ((eug +uy) -n))n .
Then, according to estimates (5.17b) one deduces the uniform estimate
7€l 0, < CEF,
which ends the proof of Theorem 3.4.

7. Conclusion. In this paper, a new equivalent conditions has been proposed
to approximate a thin layer of water with a Robin boundary condition on top of it.
The asymptotic model has been derived up to the third order thanks to a two scale
asymptotic expansion. The stability of the new condition and the convergence of
the asymptotic model have been proven. The equivalent condition has been designed
in order to be easily implemented in Finite Element codes, in particular in those
based on Discontinuous Galerkin methods. Thus, the next of this work will be the
performance analysis of the equivalent condition on numerical simulations. The next
issue to tackle is the case where the layer of fluid, which usually models the ocean,
is coupled with the atmosphere. In such a case, a first solution consists in replacing
the ocean by an Equivalent Boundary Condition. However, since the atmosphere
can be considered as infinite, it is usually modeled thanks to a high order Absorbing
Boundary Condition (ABC). Hence, a very promising perspective of the work is the
construction of Equivalent Boundary Condition in the case where a high order ABC is
imposed on top of the water. Finally, the extension of the proposed EBC to transient
problems is far from trivial and should be the object of a furture work.

Appendix A. First terms of the multiscale expansion.

The aim of this appendix is to detail the calculus of the first terms pg, ug, p1, U1, o, us
(see Section 5.2) of the multiscale expansion (5.1)-(5.2).

In the case n = 0, one obtains from (5.5)

o = po(¥a) »

where po(yq) has to be determined. Then, from (5.4) we deduce that ug solves the
problem

(A1) { V.o(ug) +w?pug =f  in O
T(ug) = —po(ya)n on T.

At step n = 1, according to (5.5) since po = po(yo) there holds

6§p1 =0 for Y3 € (0, 1)
(A.2) O3p1 = prw?ug-n  for Y3 =0
83131 = 1KPg for Y3=1.

Since the right-hand side of the first equation in (A.2) is zero, the function d5p1 (=
93p1(Ya)) = psw?ug - n is independent of the variable Y3. Hence, there exists two
functions aq, by defined on I" such that p1(ya, Y3) = a1(ya)Y3 + b1(ya). Using the last
two equations in the system (A.2), the function a; satisfies

{ a1(yo) = psw?ug - n on T
al(ya) = i"@po(ya) .
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We infer that p; writes as follow

p1(Ya, Y3) = prwPug - nrYs + bi(ya)

where b1 (yo) = P1(Ya, 0) has to be determined. Using the above expression of py we
can explicit the boundary condition in (A.1)

T(up) — iweprug -nn=0 on I'.

Hence ug solves the problem (5.6) and pg satisfies (5.7). According to (5.4), u; solves

(A.3) { Veog(u)+w’puy =0 in O
T(u1) = —p1(Ya,0)n on I'.
In the problem (A.3), the right-hand side term p1(y4,0) = b1(yo) has to be explicited.

At step n = 2, according to (5.5) we find

d3p2 = —2H0sp1(Ya) — Arpo(Ya) — K°po(ya)  for Yz € (0,1)
(A4) d3p2 = prwuy - n for Y3=0
O3p2 = iK1 (Yar 1) for Y3=1.

Since the right-hand side of the first equation in (A.4) does not depend on Y3, there
exists functions ag, by and cp such that p2(ya, Y3) = a2(ya)Y$ + b2(Ya) Y3 + c2(Ya),
where the couple of functions (ag, b2) solves the system

202(ya) = —2HI3p1(Ya) — Arpo(¥a) — £*po(ya)  for Yz e (0,1)
b2 (ye) = psw?uy - n for Y53=0
2a2(ya) + b2(ya) =ik (a3p1(ya) + bl(ya)) for Y;=1.

One eliminates as and bs in the previous system to explicit the function by:
b1(ya) = (ir) " (=2HB3p1(ya) — Arpo(Ya) — £7Po(Ya) + prw’ur - n) — d3p1(ya)
Since d3p1 (Yo ) = prw’ug - nir and po(ya) is given by (5.7), one deduces
b1 (ya) = (ir) ' psw® (—2H — (ik) "' Ar) (up - n)r + (ik) " prwuy - .
Finally we can explicit the boundary condition in (A.3):
T(uy) — iwepruy - nn = (ik) " ppw® (2H + (ik) "'Ar) (ug-n)pn on T .

Hence u; solves the boundary value problem (5.8) and p; satisfies (5.9).
Similar and tedious calculi lead to the expressions of uy (5.10) and ps (5.11).
According to (5.4), ug solves

(A.5) { V.o(ug) +w?puy =0  in

T(uz) = —p2(Ya,0)n on I.

In the problem (A.5), the right-hand side term ps(ya,0) = c2(yq) has to be explicited.
At step n = 3, according to (5.5) one deduces

03ps = — (L1p2 +L%p; + LSPO) (Ya, Y3) for Y3 € (0,1)

(A6) 33]33 = pfw2u2 ‘N for Y3=0
D3p3 = ikP2(Ya, 1) for Ys=1.
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Since the right-hand side of the first equation in (A.6) is polynomial of degree 1 with
respect to Y3, there exists functions (as, b, c3,d3) such that p3(ya, Y3) = a3(ya)Y5 +
b3(Ya)YZ + ¢3(ya)Y3 + d3(ya), where functions (as, b, c3) solve the system
6a3(ya)Y3 + 2b3(ya) = - (L1p2 + L2p1 + L3p0) (ya7 }/3) for Y3 € (07 1)
c3(Yo) = psw?ug - n for Y3=0
(3as + 2b3 + ¢3)(ya) = ik (az + by + ¢2) (Ya) for Y3=1.

One eliminates functions agz, b3 and c3 in the previous system to explicit the function
co. Tedious calculi lead to

2(ya) = —iweps (uz - n+ P(D)(uy - n) + Po(D)(ug - n)) .
Hence uy solves the boundary value problem (5.10) and po satisfies (5.11).

Appendix B. Equivalent Conditions - The case of a thin layer with a
variable thickness.

In this section, we consider the transmission problem (2.3) set in a smooth
bounded domain Q° C R? made of a solid, elastic object occupying a subdomain
Qs entirely immersed in a fluid region occupying the subdomain Qf, which is a thin
layer with a variable thickness along the interface I'

QF = {x=x(t) +sf(t)n(t) eR?* | x(t)eTl, sec(0,e)}.

Here t is an arc-length coordinate on I" and f denotes a smooth function such that
f(t) # 0. In this framework it is also possible to mimic the diffraction problem in the
fluid region €2 with equivalent conditions set on I'.

B.1. Statement of equivalent conditions. For £ = 0,1 one derives an equiv-
alent condition (of order k + 1) set on I' and which is satisfied by u¥ which solves the
following boundary value problem

V-g(uf) +w?pul =f in Q
T(ub) +Byc(uf-n)n=0 on I.

Here By . is a surfacic differential operator acting on functions defined on I' and f is
a data.

Order 1.
(B.1) T(ug) —iwcppug-nn=0 on I' (ug=u?)
Order 2.
(B:2)  T(u) —iwepy (1+e (—f(t)e(t) +in~ [g(t)d, + | f()|FF])) (uz -n)n =0
Here g is the function defined on T as
(B.3) g(t) = (2 f2(t)) sen (f(1)) f'(2) -

The formal derivation of these ECs is presented in Section B.4.

REMARK B.1. When f(t) = 1, there holds g(t) = 0 and we recover the EC of
order 2 for a thin layer with a uniform thickness e in the bidimensional case (compare
with (3.3))

T(ul) —iwepy (L+ ¢ (—c(t) +ix'07)) (ul -n)n=0
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B.2. Geometrical tools - Notations. We introduce a “system of coordinates’
(t,s) in Qf. Here, t is an arc-length coordinate on the curve I' : T' = {x = x(t) €
R? | te€[0,L)} (L is the length of the curve I') and s € (0,¢) is a coordinate such
that sf(t) represents the distance to the point x(¢) on the curve I and f is a smooth
L-periodic function defined on the torus R/LZ which depends on the arc-length ¢ such
that f(t) # 0. Then, there exists a constant g > 0 such that for all € € (0,¢() the
thin layer Qf can be parameterized with coordinates (t, s) :

Qf = {x=x(t) +sf(t)n(t) eR*| x(t)eTl, sc(0,¢)}.

Here, n(t) = n (x(t)) denotes the normal vector on I at the point x(¢). Let (g;;): j=1,2
be the Euclidean metric of the layer Qf defined through the local coordinates (¢, s):

911 =< 0; P, 0P > , go2 =< 05P,0,P > , g12 = go1 =< 0;P, 0P >

where ®(t,s) = x(t) + sf(t)n(t) and < -,- > is the Euclidean scalar product in R2.
One defines the unit tangent vector 7 and the scalar curvature c(t) of T' in x(¥)
as Oyx(t) = 7 and 9¢n(t) = c(t)7. Then there holds

gu(s,1) = (L+ sf(0e®)’ + (1)
gaa(s,t) = f()> and  gia(s,t) = sf(t) f'(¢) -
REMARK B.2. We denote by g the determinant of the metric (gi;) : g is a
polynomial function of degree 2 with respect to s :

g(s,t) = f2(t) (1 +2f(t)c(t)s + f(t)Qc(t)QSQ) )

There holds \/g(s,t) = |f(t)| (1 + sf(t)c(t)). We assume that € € (0,g9) where g9 <
m. Then ® is a Cl-diffeomorphism from R/LZ x (0,€) onto its image since

g(s,t) # 0.
For any function p defined in Qf, we denote p the function defined in the “scaled
domain” €5 =T x (0,1) such that :

S

P(x) =p(t,5), (t,5=-)€[0,L)x(0,1).

B.3. Formal asymptotic expansion. We can exhibit formal series expansions
in powers of ¢ for the elastic displacement u. and for the acoustic pressure p; :

us(x) = ug(x) + euy (x) + %ua(x) + - - -,

p=(x) = po(x;€) + ep1(x;€) + e2pa(x;8) + -+,  pj(x;e) = p;(L, §)~

The term p; is a "profile” defined on I" x (0,1). The formal calculus concerning the
problem are presented in Sec. B.4 and the first asymptotics are given in Sec. B.4.1.

B.3.1. Expansion of the Helmholtz operator. We write the Laplace oper-
ator set in the layer through the metric (gi;)s, j=1,2:

Ay = \;g{as (\}g(gn@s - 912@)) + O (\}g(gmat - 91253)>}

We make the scaling S = 7 's € (0,1) into the local coordinates. It maps
[0,L) x (0,¢) onto [0,L) x (0,1). The small parameter ¢ does not appear anymore
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in the geometry but in the equations (4.9) written through the expression of the
Helmholtz operator into power of € in the thin layer :

N-1
A+ r2d =72 | f(t) 202 +ef (t) e(t)0s + Z e"A, +eNRY

n=2

for all N € N*. We denote by A; the operator A; = f(t)~'c(t)ds. Here, the operator
A, = A, (t, S, 04, 0g) have smooth coefficients in ¢, and polynomial in S. The operator
RY has smooth coefficients in ¢, and S, and bounded in ¢, [9]. There holds

Ay = K21 + Szglag + 59265 + Sggo”'tﬁs + g46t + 8,52 .
Here the functions g; are defined as
g1 = (f/)Qf_2 y 92 = 2(f/)2f_2 - f_lf” - Sgn(f)c2 )
gs=—=2ff"" and ga=(f"'=f)f
Expansion of the normal derivative. We write the normal derivative set on

I'UTI*® through the metric (g;;)s j=1,2:

1 912
D 0 B, = — (Vg10s — 228, ) |,
n \ c{0,1} \/E ( gi1 \/gj t> \ {0,1}

After the scaling S = £~ !s, the normal derivative expands in power series of ¢ as

On=c"'f()]7'9s on T

N-1
On = M f(H)| 105 + Z "B, +eVQY on T*¢

n=1

for all N € N*. Here By = Bi(t,d;,0s) = (%ff(t)?@s —sgn(f)f’(t)8t>, the

operator B,, = B,(t,d;,0s) have smooth coefficients in ¢ and the operator QY has
smooth coefficients in ¢ and bounded in .

B.4. Formal derivations, first terms and construction of equivalent con-
ditions. One makes the scaling s — S = ¢~ !s in the transmission problem (2.3), it

writes :
e[ f(1)7203+ ) A po=0 in [0,L) x (0,1)
1>1
e f()| 7 Ospe = prwue - n on [0,L)x {0}
(B.4)
e ()05 + > 'Bi | pe —irp-=0  on [0,L)x {1}
>1
V- o(u.) +w?pu. = iy in O

T(u.) = —pen on I'.
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Inserting the Ansatz (5.1)-(5.2) in equations (B.4), we get the following two fam-
ilies of problems coupled by their boundary conditions on I (i.e. when S = 0):

pn =—f2(t) . A, for S e (0,1)
l+p=n,l>1
(B.5) Dspn = ps®[f(t)[up—1 -1 for S=0

Ospn = ik f(O)lpna +[f(O] > Bipp, for §=1

l+p=n—1,12>1

(B.6)

V.o(u,) +w?pu, =féy  in Q
T(u,) = —ppn on I.

We explicit the first terms (ug, po) and (uy,p1) in Section B.4.1 and we give details
for the calculus in Section B.4.2.

B.4.1. First terms. In the case n = 0, ug solves the problem

B.7) V- a(ug) +w?pug = f in Q
' T(ug) —iwepsugp-nn=0  on I,

and then we obtain

(B.8) po(=po(t)) = —iwcpsug - nr.

At the step n = 1, we find that uy solves the boundary value problem
(B.9)
{ V-o(uy) +w?pu; =0
T(uy) — iweprur - nn = iwepy (—f(t)e(t) + i~ g(t)0r + | f(t)|07]) (ug - n)n

and
(B.10) p1(t, S) = pswiug - nipS + by (1)
where
b () = —ioeppur -+ iwoepp f(E)c(t)o - 0+ pglg(H)0y + | F(D]0)uo - n
B.4.2. Formal calculus. In the case n = 0, we obtain from (B.5)
po = po(t) ,
where po(t) has to be determined. Then (B.6) yields ug solves the problem

(B.11) { V- a(ug) +w?pug = f in 0

T(ug) = —po(t)n on T.
At step n = 1, according to (B.5) since py = po(t) there holds

2p1(t,8) =0 for Se€(0,1)
(B.12) dspi(t,0) = | f(t)|prw?uo - m
Isp1(t, 1) = [f(t)[irpo(t) -
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Since the right-hand side of the first equation in (B.12) is zero, the function dgpi(=
dsp1(t)) = prwug - n = |f(t)|ikpo(t) is independent of the variable S. Hence, there
exists two functions aq, by defined on T such that py(¢,.5) = a1(¢)S + by (t). Using the
last two equations in the system (B.12), a; satisfies

{ a1(t) = |f()|psw?up-n  on T
a1 (t) = | f(t)lirpo(t) -

We infer that pg satisfies (B.8) and p; writes as follow
pL(t.S) = | f(t)|prw®uo - nS + ba(t)

where by (t) = p1(¢,0) has to be determined. Using the above expression of pg we can
explicit the boundary condition in (B.11)

(B.13) T(ug) —iwepsug-nn=0 on I.
Hence ug solves the problem (B.7). According to (B.6), uy solves

V.g(u) +w?pu; =0 in €

(B.14) { T(uy) = —p1(£,0)n on I'.

In the problem (B.14), we have to explicit p;(¢,0) = b1(t). At step n = 2, according
o (B.5) we find

(B.15)
%pa = f3(1) (ffl( )e ( )dsp1(t) + Aopo(t) + K?po(t))  for S € (0,1)
dsp2 = | f(t)|prwuy - for S=0
Osp2 = |f(t)| (irp1 (L, 1) Bipo(t)) for S=1.

Since the right-hand side of the first equation in (B.15) does not dependent on S,
there exists functions as, bo and ¢y such that pa(t,.5) = az(t)S? + ba(t)S + ca(t),
where the couple of functions (ag, b2) solves the system

2a5(t) = —f(t)e(t)ar(t) — (f — f2).f' (£)Oepo(t) — F2(t) Arpo(t) — Kpo(t)
(B.16) { ba(t) = [f(t)|pw?ur -
2a5(t) + ba(t) = | £ ()] (sgn(f)f"(t)Oupo(t) + irpa(t, 1))

We eliminate ag and by in the system (B.16) to explicit the function b;:
bi(t) = —iweppur -0+ iwepy f(t)e(t)ug - n+ Eprlg()d; + | £(1)[0Fug - .

Remind that ¢ is the function defined in (B.3). One deduces p; satisfies (B.10) and
we can explicit the boundary condition in equation (B.14)

(B.17) T(uy) —iwepsuy -nn = —iwepy f(E)c(t)ug -nn—cpr[g(t)0; + | £(2)|07]ug - nn .

Hence uy solves the problem (B.9).

B.4.3. Construction of equivalent conditions. Following the method used
in Section 5.3 one derives equivalent conditions (B.1) and (B.2) from boundary con-
ditions in (B.7) and (B.9).
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