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Nabil Birgle¥ Jérome Jaffré} Jean E. Roberts*
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Abstract

General hexahedral and quadrangular grids present a challenge for
mixed finite elements for second-order, elliptic problems. We define and
analyze a mixed finite element method for a mesh made up of star-shaped
polygons. The scalar unknown is approximated by element-wise constants
and the vector unknown is determined by its flux through the edges of the
polygons. The elements are composite elements. Each polygon is split into
triangles by taking an interior point of the polygon, one for which it is
star-shaped, and considering the triangles radiating from that point and
having one side as a side of the polygon. Convergence of the method is
proven, and numerical experiments are shown to confirm the theoretical
results.

Keywords: mixed finite element, polygonal mesh, flow in porous media

1 Introduction

Single-phase, incompressible flow in a porous medium is governed by the Darcy
flow equation, a second-order elliptic equation, which when written in mixed
form as a system of first order equations consists of a conservation equation
together with Darcy’s law. If gravity is neglected, these equations may be written

as follows:
Viu=f and u=-KVp,

where p is the fluid pressure, u is the Darcy flow velocity, the coefficient K is a
symmetric, positive-definite tensor, and f is a source term. It has been known
since the early 1980’s that mixed finite element methods are particularly well
suited to solving these equations numerically. In particular, a mixed method
is locally conservative, it calculates the Darcy velocity u simultaneously with
the pressure p and to the same order of accuracy, it is well adapted to handling
a highly discontinuous and non diagonal permeability tensor K. For most
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applications it is desirable to have the discretization of the domain into finite
elements conform to the layering of the domain by the permeability coefficient
K. This is of course easily done with a grid of triangles or tetrahedra. However
there are obvious advantages to using a logically rectangular grid, and for a
grid of rectangles or rectangular solids, adapting to the natural layering of the
domain leads to a deformation of the rectangular structure.

Several mixed finite element methods for second-order elliptic problems, both
for meshes of triangles or tetrahedra and for meshes of rectangles or rectangular
solids have been introduced and analyzed. The most well known of these are
probably the elements defined by Raviart and Thomas (and by Nédélec in
3D) [15, 13] and the elements defined by Brezzi, Douglas and Marini (and
with Fortin for rectangular solids and by Brezzi, Douglas, Duran and Fortin
for tetrahedra), [?, 7, ?]. Methods have also been developed for meshes of
parallelograms or parallelipipeds and for triangular prisms. See also [6] or [16]
for an extensive bibliography. However straight forward extensions of these
methods to handle meshes of quadrilateral polygons or hexahedra lack essential
approximation properties. Several articles have addressed the problem of defining
a mixed finite element on a mesh of quadrilaterals or hexahedra. Some of these,
such as [18, 3, 9, 19, 1], have constructed mixed methods by enriching the
polynomial approximation space, but the number of degrees of freedom can
quickly become unmanageable, particularly in 3 dimensions. Others, such as
[11, 12, 17], have instead kept the original degrees of freedom of the lowest
order Raviart-Thomas-(Nédélec) elements, but, following an idea introduced
by Kuznetsov and Repin in [11], have used composite elements. In [17], each
hexahedron is divided into 5 tetrahedra, each face being divided into 2 triangles.
The method has optimal convergence properties, but there is no evident way
to extend the method to the case of generalized hexahedra which might have
a non planar face. To overcome this problem, a composite element, in which a
deformed cube is divided into 24 tetrahedra, was introduced in [5]. This element,
obtained by dividing each of the 6 faces of the deformed cube into 4 triangles and
considering the cones over the 24 resulting triangles emanating from an interior
point of the deformed cube, has in addition the following desirable attributes: it
has good symmetry properties and the division into 24 tetrahedra is uniquely
defined.

The aim of the present article is to analyze the two-dimensional counterpart
of the composite element of [5]. The results of [11, 12, 17] are extended for the
2D setting to the case of a composite element whose division into subcells has a
vertex in the interior of the cell. This we view as a first step towards the analysis
of the 3D composite element of [5].

The remainder of this article is organized as follows: Section 2 recalls some of
the basic theory for mixed finite element methods. In Section 3, the composite
method is defined for a mesh made up of polygons. Approximation spaces are
defined locally on each polygonal cell using a triangular submesh constructed
by adding an additional vertex inside the cell. With this additional point in the
interior of a cell E, the local approximation space contains nontrivial velocity
vector fields in the image of the mapping curl : H!(E) — H(div, E) and thus in



the kernel of div : H(div, E) — L?(FE). Section 4 highlights the presence of these
velocities, which must be taken into account. Section 5 gives some preliminary
results for this extra difficulty. Optimal order convergence of the method is
proven in Section 6, and numerical experiments corroborating this result are
shown in Section 7.

2 Numerical analysis for mixed methods

Let © — R? be a polygonal domain that represents the porous medium. The
equations that govern an incompressible Darcy flow may be written as follows:
u=-KVp inQ
Vou=f in Q,

D =Dpq on 05,

where the unknowns are the pressure p and the Darcy velocity u. The symmetric,
positive-definite tensor K models the diffusion of the fluid in the porous medium.
The function f: Q — R is a source term. For simplicity, we have assumed that
the boundary conditions are only Dirichlet conditions. Let M = L?(Q) and
W = H(div, Q). The weak mixed formulation of the system is then

Find u e W and p € M such that
a(u,v) +b(v,p) = Ly(v), YveW, (P)
b(u,q) = Lam(a), Vge M,

where the bilinear forms a : W x W — R and b : W x M — R are defined by

a(u,v) = | K lu-v, Yue W,VveWw, (1)
Q

b(u,q) = —qu-u, Yue W,¥qe M, (2)
and the linear forms Lyy : W — R, and L : W — R by
Lw(v)=— LQ pav - n, Yvew,
Lanla) == | fa Vge M,
where pq is a function on the boundary of 2 determined by the Dirichlet data.

In [8, Proposition 3.1], [6] and [16], it is shown that if the bilinear forms a and b
defined respectively in (1) and (2) satisfy the following conditions:

1. a is V-elliptic, where V = {ve W :b(v,q) = 0,Yq € M}; i.e.

Ja > 0 such that a(v,v) > a|\v||il(div7m, Vv e, (3a)



2. b satisfies the following inf-sup condition:

38 > 0 such that inf sup b(v,q) = BIV|gaiv.0 llallo - (3b)
geM veWw

then problem (P) admits a unique solution (u,p).

We consider now a discrete version of problem (P). Let M} c M denote an
approximation space for the pressure and W), < W an approximation space for
the velocity. The discrete problem (P) obtained by replacing the spaces W and
M by the finite dimensional spaces W), and My, respectively in (P) is

Find u; € W, and pj, € M}, such that
a(up, vi) +b(vh,pn) = Lw(Vh), Yvi € Wh, (Pn)
b(un, qn) = Lrm(qn), Yan € Mp,.

As for the continuous problem (P), if for the approximation spaces My, and Wy,
the bilinear forms a and b defined in (1) and (2) satisfy the following conditions:

1. a is Vy-elliptic, where V}, = {vy, € Wy, : b(vp,qn) = 0,Vqn, € My}; ie.

Jay, > 0 such that a(vy,vy) = ah”Vh”iI(div,Q)’ Vv, € Vy, (4a)

2. b satisfies the following discrete inf-sup condition:

3Bn > 0 such that, inf  sup b(va,qn) = Bul Vel aiv.0)lanllo .o
qrn€Mp VRLEW),
(4b)

then the problem (Pp,) admits a unique solution (uy, py), and further there exists
C > 0 depending only on the constants of continuity of @ and b and the constants
ap, and [, such that

P = prllo,o + 0= nllgaiv0)

=¢ (qhiel}\f,[h@ —anlloq + vh'}(gfvh”‘l - Vh||H(div,Q)> )

Thus if the constants «y, and ) can be chosen independently of h, then C' will

also be independent of h, and the problem of obtaining error estimates is then
reduced to a problem of interpolation.

In the following we construct a composite mixed finite element space satisfying

conditions (4a) and (4b) with constants independent of the discretization

parameter h. Interpolation and approximation errors are shown later in Section 6.

3 A composite method for polygons

In this section we define the finite dimensional spaces Wy, € W and M; ¢ M
in which the approximations uy of u and p, of p will be sought. These are two
dimensional analogues of the spaces defined in [5].



Fy

Figure 1: The mesh Tg for a pentagon E divided into 5 triangles

Let T, be a conforming discretization of the domain 2, made up of polygons
E of diameter no greater than h. Each polygonal cell E € T;, is assumed to be
star-shaped with respect to the barycenter m g of its set of vertices. To define the
composite elements we make use of a refinement 7, of 7, made up of triangles.
If £ €7y is a polygon with ng edges, then it is divided into ng triangles each
of which is the cone with summit mpg over one of the edges of £ as shown in
Figure 1. The set of these ng triangles is denoted Tg, and 7}, is defined by

= o
EeTy

We let Fj, denote the set of all edges of elements of T, and ﬁh the set of all

edges of elements of ’7~7L Then F r will denote the set of edges of elements of 7~'E

We will also use some intermediate approximation spaces associated with
the mesh 7y,

My, = {Ge M: §lr is constant on T, VT € Ty}, Wh = RT(Th),
and the following spaces associated with the triangular submesh 7~'E:
Mg = {e L*(E): §|r is constant on T, VT € 7~'E}, W = RT0(7~'E),

where, for any triangular finite element mesh 7, RTo(7) denotes the
Raviart-Thomas space of lowest order associated with %.N

The approximation space for the pressure, M; < M; < M, is defined,
just as in the case of the standard Raviart-Thomas method with lowest-order
elements, to be the space of functions which are constant on each polygon E € Tj:

My ={qe Mh < M: q|g is constant on E, YE € Tp}.

We _would like to define the approximation space for the velocity,
Wy, € Wy, < W such that, just as in the case of the standard Raviart-Thomas
method, for each v, € Wy,

i) V-vy, is constant on each cell E € Tp; i.e. V-vj, € M.



ii) vy, is defined uniquely by its (constant) normal components on the edges
of the mesh Tj,.

The space W), will be defined locally; i.e. for each E € T, we will define a space
Wpg < Wg, and then W, will be defined by

Wi ={veW,cW:v|geWg, YEeT,}.

To define the spaces Wg we introduce some more notations. Let E be
a polygon with ng edges in 7j,. Then as noted earlier 7 has ng triangles,
T1,...,T,,. The set Fg of edges of these triangles contains 2ng elements, ng
edges F{*', ..., F&' on the boundary of E, and ng edges F{™, ..., FI"' in the
interior of E. We denote the corresponding sets of edges as follows:
Fpt ={FeFp:Fc B} = Fg( ) Fn
.Fglt = {F S ]N:E :Fc EO} = ﬁE\fEXt.
We suppose that these triangles and edges are numbered such that (see Figure 1):

o Fint ¢ Fint is an edge of Ty and of T,,,,.

o Fint e Fint i an edge of Tj—1 and of Ty, k =2,...,ng.
o FXte Fxtisan edge of Ty, k=1,...,ng.

For each edge F' in F £ we choose a unit normal vector ng such that if F' € fg"t
then ng points outward from E, and if F' = F; ,i“t € FI* then n Fint points inward
toward T}; again see Figure 1.

Clearly, if 77 is to be satisfied, the dimension of Wg should be equal to ng,
the number of edges of E, whereas that of WE is 2ng, the number of edges in
F g lfve WE, then, according to the divergence theorem, the flux through the
edges of T}, are related by the equations

int int ext
Uk+l_vk :dk_vk 5 kEZnE,

where vi" and v$*t, are the fluxes of v through Fj* and F** respectively, and
dy, is the 1ntegral of the divergence of v over T, k = 1,...,ng. If the ng values

v§*t are known then the average value (over E) of the d1vergence is known (again
from the divergence theorem), and if ?? is satisfied, then so are the ng values
di. From (??), we have then ng equations in ng unknowns which are the fluxes
on internal edges, however they are clearly not independent: summing these ng
equations we eliminate the unknowns and obtain the divergence theorem for F
which we have already used. Clearly if {vi™ : k = 1,...,ng} is a solution then

sois {vi" 4+ c:k=1,...,np} for any constant c; i.e. there remains one extra

dimension, in particular that generated by the nontrivial element ¢ € WE with
div ¢p = 0 defined by

ext int
©r :J ¢ npea =0, @p :J. SD'nFlicnt:l7 k=1,....ng.
F)Sxt lecnt



However any ng — 1 of these equations are independent and to obtain a

solution it would suffice to fix vi"® for any k, and to avoid a rotation it seems
reasonable to set some vi™ = O However this leaves an arbitrary choice so

instead we require that the average value of the vi"’s be 0. So we define the
space Wg by

Wg ={ve WE : div v is constant on E and ¢p(v) = 0},

where, for v € WE, o (v) is defined by
op(v) = J- Venpm, VVE We. (6)
nE k=1 ant

Then the local problems (Pg, p) which are used to compute the basis functions
for Wg are, for all F' € F&t,

Find wg r € WE such that

1
V-wgr= Ea
(PE,r)
. , = 6 VF/ ext
Wg p-Np 7| P Fu,
¢p(wgr) =0.

An explicit formula to compute the normal components of velocities from
the conditions defined in (Pg,r) is given in Lemma 4.1. Consequently, the
problem (Pg ) is well-posed, and has a unique solution.

Remark 1. Of course we could define basis functions w'; » and the space that
they generate Wy, by i 1mposmg, instead of the requlrement that ¢ g (W) E, r) =0,
the requirement that w’, . be a discrete gradient in the sense that it is a solution
of the following problem

Find W/E FE WE and pg r € ./\7]5 such that
a(wWp p, V) + b(V per)=0 Vve Ws,

b(w/E,F’a/) |E| J VCYGMEv

W/E,F "Dp = 5F e F5,

J PE,F = 07
E

where the bilinear form @ : W x W — R is defined by a(u,v) =
ueWE andveWE.

These definitions coincide in the case that the polygon FE is a regular
quadrangle, coming from a linear transformation of the reference element. We
compared the methods resulting from these two choices of basis functions and

||

pu-v, for



could not observe any significant difference in the error behavior. However the
computing cost is lower when using (Pg,r) because unlike (P ), the solution
of this problem does not depends on the shape of the polygon.

4 An explicit expression for the flux across the
interior edges of a composite element

We know that a velocity v € WE is uniquely defined by its normal components.
An expression is given for the interior fluxes, which depends only on the divergence
of v, its normal components at the boundary, and ¢g(v) defined in (6). This
expression of the normal components is used later to decompose v with a velocity
rotating around the node mg, and a remainder.

Lemma 4.1. Letve WE be arbitrary. Then for allk = 1,...,ng, we have
k—1 i ng—1 ng — i
int _ — (d — ext) d. — ext 7
vf ;nE( o) ; (=) +om(v), (D)

where ¢p(v) is defined in (6), and

di=| Vv, o™= VN, 5= V- Dpext, fori=1,...,ng.
T; Fiint v FiCXt v

Proof. Let v € Wg and k € {1,...,ng}. To prove (7), we introduce the
divergence theorem in (??) for v on triangles T; for i = 1,...,ng — 1. Counting
the definition of ¢ (v) in (6), there is ng equations, which are written in matrix
form and where the definition of ¢z (v) is placed on the k*® line. We obtain the
linear system
Mkvint _ bk,

where the components of the unknown vector v'® are its normal components to
the internal edges, pint — SFM V- Dpine. The matrix is

%

-1 1
-1 1
M, = 1 11 1 1 |« line &,
-1 1
-1 1

and the righthand side is
br; = di — v§** for i < k,
brr = ngor(v) for i = k,

bk,i = di—l — ’U?itl for ¢ > k.



Moreover, we can find an expression of the normal component v‘“t using the

structure of the matrix, by summing the lines from 1 to k — 1 to the k™ line,
and subtracting the lines from k£ + 1 to ng. On one hand we have

k—1 k—1 — k

. _ ext mt mt _ lnt 1nt
ZZbki_Z d*U Z Vi1 = Y Z
=1 =1 i=1 i=1

and on the other hand we have

ng ’ILE—l
Z (i—1—ng)by; = (i —ngp) (di — o)
i=k+1 i=k
’ILE—l
= (i —ng) (vt —o™)
i=k

I
~
3
=
\
-
S~—
e»—-
x5
o+
”'M
<
=3
=
o+

Therefore,

bry + Z iby; + Z (i —1—ng)by; = npdp(v) + npo — Z ™.
= i=k+1

And using the definition of ¢ (v) in (6), it follows that

k—1 ng
; 1
yint = - (bkk + Z by + Z (i—1-— nE)ka> ,

i=1 i=k+1

which can be rewritten as (7). O

Definition 1. According to (7), any velocity v € WE can be split into a velocity
rotating around the interior point of E denoted by ® g(v) € Wg and a remainder
‘I’E(V) € WE:

v==®g(v)+ Pg(v). (8)
Both projections are defined by their normal components on interior edges

Fint ¢ Fit and on edges included in the boundary of the mesh F** e F&<.
P (v) is defined by using the definition of ¢g(v) in (6):

() npe =05, | @p() g =0 b= Lo,
Fént Fext i



and the remainder ¥ g(v):

k=1 .
i
~ Up(v) npm = 2 — <J V-v—f V'nFicxt>
pine onE T Foxt
TLEfl .
ng —1
_ [ ov—| vone). @
= ng T; Ficx': v

5 A bound on the velocities

From the Definition 1, we can study the behavior of a velocity v € WE inside
the composite element. This decomposition allow us to estimate the norm of v,
from its divergence, its normal components at the boundary and ¢g(v).

5.1 A bound of the remainder

We need first to introduce the following norm for functions of W
W= [ fvonl vTeTi we i,
oT

and a shape regularity assumption to estimate the L2 norm of v.

Definition 2 (Shape regularity). Let pr be the radius of the inscribed circle of

the triangle T and hr be its diameter. The shape constant of T is op = % oE,

the shape constant of the mesh 7~'E and oy, that of the mesh 7j, are

Op = mmaxor, Op = MaXOoOp = INAXO0T.
TeTE EeTh TeTh

The family of meshes {7y, h € H} is shape regular if o, is uniformly bounded.

Lemma 5.1 (Norm equivalence). For any velocity v € RTNy(T), there are
constants ar and Bt such that

with ap and Br non-negative constants that depend on T .
Moreover, if the family of meshes {Tp,h € H} is shape regular, then there
are constants o and B independent of T and h such that VT € Tg, E€ T, he H

2
Ivllo.z

V7

<. (10)

10



Proof. The proof is a scaling argument. It is similar to that in [17] where F was
an hexahedron divided into 5 tetrahedra. O

We can now estimate the norm of Wg(v) by the following theorem,

Theorem 5.2. For any v € WE, there exists a constant C > 0 independent of
h and v such that

1sle <0 | [ [wvi+ 3| venel ) (1)

FeFgt

Proof. Let ve We. By using the norm equivalence (10), we have

1@ eI < 52% <48 zjm ‘g

FeFg

We deduce inequality (11) from the expression of normal components of ¥ g(v)
in (9). O

5.2 Projection operators

It remains to bound the norm of ® g(v), which is possible if v is the projection
of a velocity in H'(E). We define then the projection operators onto the
approximation spaces.

Let 7, be the projection operator from M = L?(£2) onto the approximation
space M), defined as

1
m(@)|s = 75 (a), mq):@fE% VE €T, Ve M.

Let IT;, be the projection operator from H'(Q2) onto the space Wj, defined as

IT,(v)|g = Mg(v), Hg(v)= Z VFWE F, UR = ‘[ v-ng,
FeFgt r (12)

VE e T, Vv e H(Q)

with wg g, F € F3, the basis functions of W, solutions of problems (Pg ).

Similarly, the projection operators onto the approximation spaces (MV hs Wh)
for the RTN method are defined on the submesh '7~71 Let 7, be the projection
operator from M = L?(Q2) onto M, defined as

~ ~ - 1 ~
(@)l = Fr(q), ”T@‘TJT% VT e, Vge M.

11



Let II, be the projection operator from H!(Q) onto Wh defined as

Hh(v)|T = HT(V), ﬁT(V) = Z VFWE, Up = f vV-np,
FG}—T F

VT € T, Vv e H'(Q)

where the basis functions wr of the RTINy method are associated with the edges
F e Fr of the triangle T

We deduce some known results from the definition of the projection operators.
It is known [4, 14] that the following results hold for constants C' > 0 independent
of h:

For q € L*(E) lg = 76(@lop < Cllallyx VEeTh (13)
For q € L*(T) llg = F2(9)llo.+ < Cllgllo.r VT e Th (14)
For e H'(E) lg = 7e(@)llo,z < CRIV allo g VE € Th. (15)
For g e H'(T) lg = Fr(@llor < ChlIV dllgr VT € Tp.

For vector functions, we have the following commutative properties:
For ve HY(E) me(V-v) = V-Ig(v), VEeT,  (16)
For v e HY(T) Fr(V-v) = V-Tp(v), VI eTh (17

The interpolation errors for I, are known and proven in [16, Theorem 6.3] or
in [6, Proposition 2.5.1]:

For v e H'(E) Iv —TL,(v)[lg 5 < Chlv], 5, VE € Ty. (18)
Foove H'(E) [[V.v—V-IL(V)|oz <ChV-v| 5  VEET.

The interpolation errors for IT; will be proven in Section 6.2.

5.3 A bound of the rotating velocity

If v e H(E), the velocity ® g (I, (v)) can be interpreted as an interpolation error
because these normal components at the boundary of E are zero. Consequently, its
norm can be bounded like the estimate (18). We recall first the Bramble-Hilbert
lemma in [7, Theorem 2], which is used to bound the interpolation errors. Later

we give an estimate of ||‘I>E(ﬁh(v))||O’E.

Lemma 5.3 (Bramble-Hilbert). Let E < Q be a Lipschitz domain. If the linear
operator F: HY(E) — R meets the following conditions for any v € H*(E):

1. H]:(V)HO,E < CHVHLE;

2. F(v) =0 when v is constant,

12



then there exists a constant C > 0 independent of h and v such that

IF Vo, & < CRIVIL &

Theorem 5.4. Let v e HY(E). There exists a constant C > 0 independent of h
and v such that N
[@EIIn(V)lo,p < CRIVI, 5 (19)

Proof. We prove the estimate of Theorem 5.4, by showing that on E € 7, the
operator Fg := ®p o I}, satisfies the conditions of Lemma 5.3. For v e H!(E)
we have N

IFe()llo,e < ¥lop + Ce@a(v)lo g < Cllviy g
by using the decomposition of v in (8), the estimate (11) and the norm equivalence
in (10).

Remains to prove the condition F(v) = 0 when v is constant. As shown in
Figure 2, we place ourselves into the coordinate system centered on mpg, where
the z axis is oriented to follow v. For ¢ = 1,...,ng, the different vertices of
E are denoted p; = (3! ). We deduce that §,.. v - npme = —||v|ly; because v
follows the z axis and V-v = 0. Consequently:

ne

vl
= =0
(bE (V) nEe ; Yi )
because mg is the barycenter of the vertices of E. O

6 A priori error estimation

From the previous results, we can now prove the convergence of the composite
method. First, we estimate the norm of the projection Il (v), needed to have
the estimate (5). Then we prove the convergence of the composite method.

b1

Figure 2: The mesh Tg with a constant velocity

13



6.1 A bound of the projection operator for the velocities

From a trace theorem [10, Theorem 1.5.1.10], there exists a constant C > 0
independent of A such that,

fiom

With this result, the norm of the velocities projected by IT; can be estimated,
which is necessary to prove the convergence of the method.

<C|vll,p VFeFp VYveH'(E), VEeT,. (20)

Theorem 6.1. For velocities v € H (), there ewists a constant C > 0
independent of h such that

I () llexaiv,0) < Cllviio- (21)

Proof. Let v.e HY(Q). The norm is studied on each element E € Ty,. By definition
of the projection operator (12), we have

JV~1’1F
F

For an edge F € Fg, the basis function wg g solves the problem (Pg r). From
it, we deduce that the norm of wg r can be bounded by (11), by using the
decomposition (8) of velocities, and the property ¢g(wg r) = 0. There exists
then a constant C' > 0 such that

lwe,rllp 5 < (f V-wprl+ ) f WP - npf>

F’E]‘—E

IMe(v)llpp < D)

FeFg

IwWe,rllo g

-1 -1
Moreover, we have V-wg p = |E|” and wg r-np = |F| 0pp, for an edge
I’ € Fg. Consequently,
f vV -ng|,
F

and from (20), we obtain |[IIg(v)|l, p < Clv|, g-
Concerning the divergence of IIg(v), using the commutativity property (16)
we obtain

IMe)|gp<C .
FE]:E

V-Ig(V) =Vl g+ Vvl

IV- e V)l <
< |mp(Vev) — V'VHO,E + ||V'V||0,E'

|
|
We conclude by using inequality (13). O

We can prove that the approximation spaces Mj and W, satisfy the
conditions (4a) and (4b), and so prove the estimate (5) with the previous
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results. The first condition (4a) on the bilinear form a holds using (3a) and the
fact that V), is a subset of V.

To prove (4b), another condition is shown from (3b) in [16, Theorem 13.2].
The bilinear form b satisfies the inf-sup condition with respect to the spaces My,
and H!(Q),

38>0, inf - sup b(v,qn) = BVl allgnllo -
thMh, veH! (Q)

Consequently, for g, € My, there exists a velocity v € H!(Q) such that

b(v,qn) = BIIVIm ollanllo o

Since b(I1,(v),qn) = b(v, gn) and since the velocity is bounded by (21), we have
b(ILn(v), qn) = BOITLL (V)| g (aiv, 0 1900 -

This inequality holds for a velocity v, = I (v) € Wj, so for the supremum,

and for all functions ¢, € My, which proves the estimate (5).

6.2 FError estimates

It remains to estimate the interpolation errors for the composite method.

Theorem 6.2 (Interpolation errors). Let u € W, p € M be the solution of
problem (P). If ue HY(Q) and V-u e L?(2), then there exist constants C > 0
independent of h such that

lp = 7 (P)llo,0 < ChIpl; o (22)
[u =TI, (u)llgq < Chlul, o, (23)
[V-(u =T, (w))l[g.q < CRV-ul; o (24)

Proof. The estimate of the interpolation error for the scalar functions (22) is
just inequality (15) extended to €.
For the interpolation error of the vector functions (23) we have

lu =TI, (u)llg . < lu =TI () o + [[TLx(u) = Tx(u)ll, o-
Estimate (18) gives a bound on [[u—IIj, (u)||y - To bound || I}, (u) — I, (u)|| ¢
we use the decomposition of velocities in (8) on a polygon E € T;,. We also remark

that ¢ (ITn(u)) = 0, since it is a linear combination of the basis functions, which
are solutions of problems (Pg, r). Therefore we obtain

115 (u) — Iy (W)l < @£ (0)l|o 5 + 1€ 5 (T1, (0) — I, () [l -

15



Since u € H!(E), the rotating velocity ®(II,(u)) is bounded by (19). The
remainder is bounded by (11), which gives

19 55 0) ~ 10 ) = ([ |7 (Bt )

© 3 [ ) urf),
FeFg

with €' > 0 independent of / and u. On an edge F' € Fg at the boundary,
I, (u)|p = Ip(a)|p, so

J ‘(ﬁh(u) - Hh(u)> ~np’ —0.
F
Concerning the estimate of divergence in the sum, the Cauchy-Schwarz inequality

used together with the commutative properties (16) and (17), and inequalities (13)
and (14) gives:

fE\v (B (w) — 0 (w) | < 1B12]| V- (T () — 10, (w))

< h (17 (V1) = V-ullg g + V-0 = (V- w) | )

HO,E

< Ch|[V-ully g

where C' is a constant independent of h.
Finally to prove inequality (24), the commutativity property (16) together
with inequality (15) imply

V- (u =T ()l 5 = [V-a = mn(V-1)lly g < CAIV-ull; g

where C'is a constant independent of h. This concludes the proof of Theorem 6.2.
O

Theorem 6.3. Letue W, p e M be the solution of problem (P), and up, € Wy,
pn € My, be the solution of (Pr,). If u € HY(Q), then there exists a constant
C > 0 independent of h such that

[P = pnlloo + [0 =l < Ch (|P|1,Q + [[ufl, o + ||V-u||1’9) .

Proof. The error of the convergence is proved by using the error estimate (5)
and the interpolation errors (22), (23) and (24). O

7 Numerical experiments

The convergence of the composite method is shown on the domain Q = [0;1]
with meshes of quadrangles. n denotes the number of discretization intervals in
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each direction. The exact scalar solution to compute is

133 2
p(z,y) = 5 ey

With an anisotropic tensor K = (% 4 ), the expression of the exact velocity u is:

322 + 2y% + 2zy
u(@,y) = - <§m2 +y? +40zy )

The first numerical experiment is performed on rectangular meshes, shown
in Figure 3. The convergence errors and orders of convergence of the composite
method are shown in Table 1, and compared with the errors of the RTNj
method on the corresponding triangular submesh in Table 2 and one can check
that the two methods converge with the same rate.

The second numerical experiment uses non rectangular meshes shown in
Figure 4. These meshes are not built by refining a coarse mesh, so all meshes
maintain the same aspect ratio for the quadrangles. Even on this kind of meshes,
the method converges with an optimal rate as shown in Table 3, even though
the errors are a little larger than that of the RTN( method on the triangular
submeshes shown in Table 4.

Note that in both experiments the triangular RTNgy method uses for velocity
3 times as many degrees of freedom as the composite method and 4 times as
many for pressure.

8 Conclusion

We constructed a two-dimensional composite mixed finite element for polygonal
meshes by adding an interior point to the polygonal cell which serves as a vertex
as well as the polygon vertices for a triangular submesh of the polygon. We
analyzed the method and showed optimal convergence. This convergence was
confirmed by numerical experiments. This analysis is a first step towards the
analysis of a 3-D composite mixed finite element with one interior point inside
the element [5].

17



) 0.20.406 0.8 1 ) 0.2 040608 1

(a) forn =38 (b) for n =16

Figure 3: Rectangular meshes.

Ip = prllo.o [u—unly o
n h error rate error rate

2 7.07-107! 1.66-107! 3.79 - 10°
4 3.54-107Y 855-1072 096 1.91-10° 0.99
8 1.77-107! 4.30-107%2 0.99 9.57-107! 1.00
16 884-1072 2.15-1072 1.00 4.79-10~! 1.00
32 4.42-1072 1.08-1072 1.00 2.39-10"' 1.00
64 221-1072 5.39-107% 1.00 1.20-10~%! 1.00
128 1.10-1072 2.69-107% 1.00 5.98-10"2 1.00
256  5.52-107% 1.35-107% 1.00 2.99-1072 1.00

Table 1: Error of the composite method on rectangular meshes.

lp — pn |o,Q f[u— uhHO,Q
n h error rate error rate

2 5.00-107' 1.03-107! 3.85-10°
4 250-107% 5.01-1072 1.03 1.95-10° 0.98
8 1.25-107! 249-1072 1.01 9.77-10! 1.00
16 6.25-1072 1.25-1072 1.00 4.89-10"' 1.00
32 3.13-1072 6.22-107% 1.00 2.44-10"' 1.00
64 1.56-1072 3.11-107% 1.00 1.22-10~! 1.00
128 7.81-107* 1.56-107% 1.00 6.11-10"2 1.00
256 3.91-107% 7.78-107* 1.00 3.06- 102 1.00

Table 2: Error of the RTNy method on the triangular submeshes of the rectangular
meshes.
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) 0.2 040608 ] ) 0.2 0406 0.8 !

(a) forn =38 (b) for n =16

Figure 4: Non rectangular meshes with fixed aspect ratio.

Ip = prllo.q [u—unfyq
n h error rate error rate

2 820-107' 1.63-10! 5.11- 109
4 4.10-107' 9.07-1072 0.85 3.20-10° 0.67
8 2.05-107% 4.65-1072 096 1.61-10° 0.99
16 1.03-107' 235-1072 0.98 7.79-10"' 1.05
32 5.13-1072 1.18-1072 0.99 3.81-10~! 1.03
64 2.56-1072 591-10~° 1.00 1.88-10~! 1.02
128 1.28-1072 296-1073 1.00 9.34-1072 1.01
256 6.41-1073 1.48-10"% 1.00 4.65-10"2 1.01

Table 3: Error of the composite method on non rectangular meshes with fixed aspect
ratio.

Ip = prllo.q [u—unlyq
n h error rate error rate

2 6.50-107' 1.12-107! 4.88-109
4 4.00-107' 6.63-1072 0.76 3.10-10° 0.66
8 200-107' 3.30-1072 1.01 1.58-10° 0.97
16 1.00-10~' 1.63-1072 1.02 7.74-107' 1.03
32 5.00-1072 8.13-107% 1.00 3.80-10"! 1.02
64 2.50-1072 4.08-107% 0.99 1.88-10"! 1.01
128 1.25-1072 2.05-1073% 1.00 9.36-10"2 1.01
256 6.25-10"2 1.03-10~% 1.00 4.67-10"2 1.00

Table 4: Error of the RTINy method on non rectangular meshes with fixed aspect
ratio.
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