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The CM class number one problem for

curves of genus 2

Piar Kilicer* and Marco Streng!

December 21, 2015

Abstract

The CM class number one problem for elliptic curves asked to find all
elliptic curves defined over the rationals with non-trivial endomorphism ring.
For genus-2 curves it is the problem of determining all CM curves of genus 2
defined over the reflex field. We solve the problem by showing that the list

given in Bouyer—Streng [3, Tables 1a, 1b, 2b, and 2c¢] is complete.

1 Introduction

By a curve, we always mean a projective smooth geometrically irreducible algebraic
curve. A curve C over a field k of genus g has complez multiplication (CM) if the
endomorphism ring of its Jacobian over k is an order O in a CM field of degree 2g,
that is, a totally imaginary quadratic extension of a totally real number field of
degree g. We say that C' has CM by O. For example, an elliptic curve £ has CM if
End(Ey) is an order in an imaginary quadratic field K. An elliptic curve £ with CM
by an order O can be defined over Q if and only if the class group Clg := I/ Pk
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is trivial. The CM class number one problem for elliptic curves asks to determine
all imaginary quadratic fields of class number one. This problem was solved by
Heegner [7] (1952), Baker [1] (1966) and Stark [22] (1967); the fields are K = Q(v/—d)
where d € {1, 2, 3, 7, 11, 19, 43, 67, 163}.

We consider the analogous problem for curves of genus 2.

In Theorem 2.2] we recall the definition of the CM class group Iy /Io(®") and we
call its order the CM class number. If a curve C' has CM by a maximal order O
and is defined over Q, then the CM class group is trivial, see Theorem 2.2l In [15],
Murabayashi and Umegaki listed all quartic CM fields K with curves having CM
by Ok defined over Q. This list contains only cyclic quartic CM fields, but not the
generic dihedral quartic CM fields because curves cannot be defined over QQ in the
dihedral case, see Shimura [20, Proposition 5.17]. The simplest examples that do
include the dihedral case are those defined over the reflex field, equivalently, those of
CM class number one (see [3]). We give the complete list of CM class number one

fields for curves of genus 2.

Theorem 1.1. There exist exactly 63 isomorphism classes of non-normal quartic

CM fields with CM class number one. The fields are listed in Theorem[3.17.

Theorem 1.2. There exist exactly 20 isomorphism classes of cyclic quartic CM fields
with CM class number one. The fields are listed in Theorem [4.5.

The list in Theorem [4.5] contains the list in [T5].

Corollary 1.3. There are exactly 125 curves of genus 2 defined over the reflex field
with CM by Ok for some quartic non-biquadratic K. The fields are the fields in
Theorems cmd and the curves are those of Bouyer—Streng [3, Tables 1a, 1b,
2b, and 2c].

Proof. This follows from the list given by Bouyer-Streng in [3] and Theorems [L.THI.2l
[

Corollary 1.4. There are exactly 21 absolutely simple curves of genus 2 defined
over Q with CM. The fields and 19 of the curves are given in van Wamelen [24)].
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The other two curves are y* = 2° — 42° + 102> — 6x — 1 and y* = 42° +402* — 4023 +
20z + 20x + 3 given in Theorem 14 of Bisson-Streng [2].

Proof. The 19 curves given in [3] are the curves of genus 2 defined over Q with CM
by Ok, see [15] or Corollary . In [2], Bisson—Streng prove that there are only 2
curves of genus 2 defined over Q with CM by a non-maximal order inside one of the

fields of Theorem [£.5] Theorem [I.2] finishes the proof. O

Corollary 1.5. There are finitely many curves of genus 2 with CM by an order O in a
number field K defined over the reflex field. The fields are those of Theorems
the complete list of orders can be computed using the methods of [2] and the curves

using the methods of [3]. O

In Section [2, we give some definitions and facts from CM theory, and state the
CM class number one problem for curves of genus g < 2. In Section |3, we prove
Theorem [Tl The strategy is as follows. We first show that there are only finitely
many such CM fields by bounding their discriminant. The bound will be too large
for practical purposes, but by using ramification theory and L-functions, we improve
the bound which we then use to enumerate the fields. Section [4 proves Theorem

using the same strategy as in Section
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2 Complex Multiplication

We refer to Shimura [21] and Lang [9] as references for this section.
Let K be a CM field of degree 2¢g and N’ be a number field that contains a subfield
isomorphic (over Q) to a normal closure of K. There exists an automorphism p of K

such that for every embedding 7 : K — C we have o7 = 7 0 p; we call it complex



conjugation and denote it by . If ¢ is an embedding of CM fields K; — K, then
we have “o ¢ = po-. We denote ¢p o= by ¢. A CM type of K with values in N’ is a
set @ of embeddings of K into N’ such that exactly one embedding of each of the g
complex conjugate pairs of embeddings ¢, ¢ : K — N’ is in ®.

Let ® be a CM type of K with values in N’. Let L D K be a CM field such
that N’ contains a subfield isomorphic to a normal closure of L. Then the CM type
of L induced by @ is {¢ € Hom(L, N') : ¢|x € ®}. A CM type ® is primitive if it
is not induced from a CM type of a proper CM subfield. We say that CM types &,
and ®, of K are equivalent if there is an automorphism o of K such that &; = ®50
holds.

Let N be a normal closure of K. From now on, we identify N’ with N by making
a choice of isomorphism and replacing N’ by a subfield. The reflex field of (K, ®) is

K =0} ole) |z € K}) C N
pecd
and satisfies Gal(N/K") = {0 € Gal(N/Q) : 0® = ®}. For example, if a CM field K
is Galois over QQ, then the reflex field K" of K is a subfield of K. Let ®5 be the
CM type of N induced by ®. Then the reflex field K" is a CM field with CM type
¢" = {07 g : 0 € Py} The pair (K", ®") is called the reflex of (K, ®). The type

norm is the multiplicative map

Ng : K — K",
v [ o),

satisfying NgNg = Ng/g(z) € Q. The type norm induces a homomorphism between
the groups of fractional ideals Ix and Ix+ by sending b € I to b’ € I+ such that
'Oy = ] ¢(b)Oy (Shimura [21, Proposition 29]).

An adéee(;ian variety A over a field k of characteristic 0 of dimension g has CM by
an order O if K has degree 2¢ and there is an embedding 6 : K — End(A4;) ® Q.
Let Tgty(A) be the tangent space of A over k at 0. Given A with CM by Ok,

let @ be the set of homomorphisms K — k occurring in the representation of K
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on Endg(Tgty(Az)). Then @ is a CM type of K, and we say that (A,#) is of type
(K, ®). A polarized abelian variety of type (K, ®) is a triple P = (A, C, ) formed
by an abelian variety (A, ) of type (K, ®) and a polarization C' of A such that 6(K)
is stable under the involution of Endy;(A) ® Q determined by C'. For more details see
Shimura [21], Chapter 14].

We say that an abelian variety is absolutely simple if it is not isogenous over k to

product of abelian varieties of lower dimension.

Theorem 2.1 (Shimura [21], §8.2). An abelian variety of type (K, ®) is simple if

and only if  is primitive. [

Theorem 2.2 (First Main Theorem of Complex Multiplication, [21, Main Theorem 1]
in §15.3). Let (K, ®) be a primitive CM type and (K", ®") be the reflex of (K, P).
Let P = (A,C,0) be a polarized abelian variety of type (K, ®). Let M be the field
of moduli of (A,C). Then the composite Mg = K" - M is the unramified class field

over K" corresponding to the ideal group
Io(®") :={b € Igr: Ngr(b) = (o), Ngr/g(b) = o, for some v € K*}.

The Jacobian J(C') of a curve C/k of genus ¢ is an abelian variety of dimension g
such that we have J(C)(k) = Pic’(Cy); for details we refer to [I3]. We say that a
curve C' has CM by O, if there is an embedding 0 : K — Endg(J(C)z) @ Q.

Corollary 2.3. If a curve C' has CM by Ok and is defined over K", then the CM
class group Cer := Igr [1o(P") is trivial. O]

The CM class number one problem for CM fields of degree 2¢ asks to list all
primitive CM types (K, ®) degree 2¢g such that the CM class group Io(®") is trivial.
In the case g = 2, these are exactly the endomorphism algebras of simple CM curves
of genus 2 defined over the reflex field. Theorems and solve this problem for
non-biquadratic quartic CM fields.

In the genus-2 case, the quartic CM field K is either cyclic Galois, biquadratic
Galois, or non-Galois with Galois group D, (Shimura [2I, Example 8.4(2)]). We re-
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strict to the CM curves with simple Jacobian, which, by Theorem [2.1] have primitive
types. By |21, Example 8.4(2)] their CM fields are not biquadratic.

3 The non-normal quartic CM fields

This section, which is the largest in this paper, proves the main theorem in the case
of non-normal fields. The case of cyclic fields is much easier and is Section [4]

Suppose that K /Q is a non-normal quartic CM field with real quadratic subfield F'.
The normal closure N is a dihedral CM field of degree 8 with Galois group G :=
Gal(N/Q) = (z, y : y* = 2? = (zy)? = id). Complex conjugation - is  in this nota-
tion and the CM field K is the subfield of N fixed by (z). Let ® be a CM type of K
with values in N’. We can (and do) identify N with a subfield of N’ in such a way
that ® = {id, y|x }. Then the reflex field K" of ® is the fixed field of (xy), which is a
non-normal quartic CM field non-isomorphic to K with reflex type ®" = {id, y*|x+},
(see [21, Examples 8.4., 2(C)]). Denote the quadratic subfield of K" by F".

K’ K/N+\\’“ K" (xy //12>\(1‘y> (zy®)
TN/ NN
\Q/ |

Lattice of subfields and subgroups

Let N, be the maximal totally real subfield of N, and let F, be the fixed field
of (y).



3.1 An effective bound for non-normal quartic CM fields

with CM class number one

In this section, we find an effective upper bound for the discriminant of the non-
normal quartic CM fields with CM class number one. We first prove the following
relation between the relative class number hj, := hg/hp and the number ¢y of

ramified primes in K/F.

Proposition 3.1. Let K be a non-biquadratic quartic CM field with the real quadratic
subfield F. Assuming Io(®") = Ixr, we have Iy = 2!~ where tg is the number of
ramified primes in K/F.

Moreover, we have Wi = 25771 where tgr is the number of ramified primes

in K"/F".

Remark 3.2. In the case where K/Q is cyclic quartic, this result is (i) = (iii) of
Proposition 4.5 in Murabayashi [T])].

On the other hand, if K is a non-normal quartic CM field, Louboutin proves

*

I \/m with an effective error bound, see Proposition . Putting this
together with the result in Proposition gives approximately \/m < 2L,
As the left hand side grows more quickly than the right, this relation will give a
bound on the discriminant, precisely see Proposition

We start the proof of Proposition with the following lemma.

Lemma 3.3. Let K be a CM field with real quadratic subfield F' and group of roots
of unity pgx = {#1}. Let H denote the group Gal(K/F). Put I = {b € I | b = b}.
Then we have h} = 28I : I Pg], where Py is the group of principal fractional

ideals in K.

Proof. We have the exact sequence

(3.1) L= Ip=>If - @ Zjexr(p)Z — 1

p prime of F’



and

P ZfexrwZ = (2/22)*.
p prime of F

>~

Define P{ = Px NI, The map ¢ : I — L induces an isomorphism I} /PH

Pr
im(p) = I P/ Pk, so by (3.1), we have

hFZ[]F:PF]:[IE:PI?][PflgiPF]

= = 27K [[H P Pr][PE : Py,
[[K :IF]
hence
hK — - — 2 KH—.
hF [PK . PF]

It now suffices to prove [P : Pr| = 2, for which we claim that there is a surjective
group homomorphism ¢ : P —spux = {£1} given by ¢((a)) = a/@ with kernel Pp.
Proof of the Claim. The map ¢ is well-defined because the image is independent of
the choice of o as O} = O3 (cf. [10, Lemma 1}). It is clear that it is a homomorphism.
If ¢((a)) = 1, then /@ = 1, so a = @. This means « € F and hence (o) € Pr.
Therefore, the kernel is Pr. As K = F(y/—3) with a totally positive element 3 in F,

we have ¢((v/—05)) = —1, so ¢ is surjective.
Hence [P : Pr| = |Im(¢)| equals 2. O

Lemma 3.4. Let K be a non-normal quartic CM field with real quadratic subfield F'.
Then we have [Ix : IEPg] < [Igr : Io(®")]. Moreover, we have [Igr : I Prr] <

[Ixcr : Io(®")], where H' = Gal(K"/F").

Proof. To prove the first assertion, we show that the kernel of the map Ng : Iy —
I/ Io(®T) is contained in T2 Py. For any a € I, we can compute (see [19, (3.1)])

NarNo(a) = Nigjo(a) <.
Suppose Ng(a) € Io(®"). Then Ngjg(a): = (a), where @ € K* and aa =
Nirjo(Neo(a)) = Ngjg(a)> € Q. So & = (), where 3 = Ng/g(a)~' - a, and hence
BB = 1. There is a v € K* such that 8 = g (this is a special case of Hilbert’s The-
orem 90, but can be seen directly by taking v = € + Be for any ¢ € K with v # 0.).
Thus we have a = 7a - (%) € I Py and therefore [I : TH Py] < [Igr : Io(®7)).

8



Now we prove the second assertion. By [19] (3.2)], we have

o] o

N@qu«(b) - NKr/Q(b)

Suppose b € Io(P"). Then NKT/@([J)% = (o), where o € K" and oo = No(Ngr/g(b))
= Ngr/g(b)? € Q. We finish the proof of b € I, Py exactly as above. O

Now let us recall and prove Proposition (3.1

Proposition . Let K be a (non-biquadratic) quartic CM field with the real quadratic
subfield F. Assuming Io(®") = I+, we have Iy = 2!~ where tx is the number of
ramified primes in K/F.

Moreover, we have hl, = 2'5"~1 where tyx- is the number of ramified primes

in K"/F".

Proof. Since jux = {1}, by Lemmal[3.3] we have hjy = 2/ ~1[I)c : 12 P]. We showed
in Lemma that, under the assumption Io(®") = Ix-, the quotient Iy /IH Py is
trivial. Therefore, we have h}, = 2!x~1.

Similarly, by Lemma [3.3, we have h}., = 25" 1[I : T8 Pyr] and hence ., =
2tk =1 follows from Lemma [3.4] O

The next step is to use the following bound from analytic number theory.

Let djs denote the discriminant of a number field M.

Proposition 3.5. (Louboutin [12], Remark 27 (1)) Let N be the normal closure of
a non-normal quartic CM field K with Galois group Dy. Assume d}V/S > 222. Then

(3.2) Rt > 2V/di/dr O

K = e (log(dx /dr) + 0.057)%

Proposition 3.6. Suppose Io(®") = Ix+. Then we have dg/dr < 2-10%.

Proof. Let

2v/'D

- — 2_t+1 AQ
Ver?(log(D) + 0.057)? and  g(t) f(pepe1 A7),

f(D)

where p; is the j-th prime and Aj = Hlepj.
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Here, if D = dg/dp, then f is the right hand side of the inequality in
Proposition . The quotient dg /dp is divisible by the product of ramified primes
in K/F, sodg/dp > Ay

On the other hand, the function f is monotonically increasing for D > 52, so
if tx > 4 then f(dx/dr) > f(A.). Therefore, by Proposition 3.1, we get that if
Iy(®") = Ikr, then

(3.3) 2 > fldi /dp) > f(Ay)

and hence ¢(t) < 1. The function ¢ is monotonically increasing for ¢ > 4 and
is greater than 1 if 5 > 14. Therefore, we get tx < 14 and hj} < 2'3) hence
dK/dF < 2-10%. ]

The bound that we get in Proposition |3.6|is unfortunately too large to list all the
fields. In the following section we study ramification of primes in N/Q and find a

sharper upper bound for dgr/dpr, see Proposition m

3.2 Almost all ramified primes are inert in F' and F”"

In this section, under the assumption [o(®") = Ir, we study the ramification behav-
ior of primes in N/Q, and prove that almost all ramified primes in K" /F" are inert
in F". Thus dg-/dp grows as the square of the product of such ramified primes and
we get a lower bound on f(dgr/dpr) of that grows even faster with ¢+ than
what we have had before, so, in the following section |3.3] we obtain a better upper
bound on dgr/dpr.

In this section, we prove the following theorem.

Proposition 3.7. Let K be a non-biquadratic quartic CM field of type ® and F be
its quadratic subfield. Suppose Io(®") = Ixr. Then F = Q(\/p) and F" = Q(\/q),
where p and q are prime numbers with ¢ 3 (mod 4) and (p/q) = (q¢/p) = 1. More-
over, all the ramified primes (distinct from the ones lying above p and q) in K" /F"

are inert in F' and F".
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We begin the proof with exploring the ramification behavior of primes in N/Q,

under the assumption [o(P") = Ir.

3.2.1 Ramification of primes in N/Q

Lemma 3.8. Let M /L be a Galois extension of number fields and ¢ be a prime of M
over an odd prime ideal p (that is, the prime p lies over an odd prime in Q) of L.
Then there is no surjective homomorphism from a subgroup of /; to a Klein four

group Vj.

Proof. For an odd prime ideal p in L, suppose that there is a surjective homomor-
phism from a subgroup of I, to V,. In other words, suppose a prime of F' over p
is totally ramified in a biquadratic intermediate extension E/F of M/L. The bi-
quadratic intermediate extension E/F has three quadratic intermediate extensions
E; = F(\/a;) for i = 1, 2, 3. Without loss of generality, take ord,(c;) € {0,1} for
each i. Note Op, contains Op[,/o;] of relative discriminant 4c; over Op. Since p is
odd, this implies that the relative discriminant D; of O, has ord,(D;) = ord,(a;).
At the same time, F3 = F(\/a103), so p ramifies in F; for an even number of 7’s. In

particular, p is not totally ramified in E/F. O]

Lemma 3.9. Let K be a non-biquadratic quartic CM field of type ® with the real
quadratic subfield F' and let K" be its reflex field with the quadratic subfield F™.

Then the following assertions hold.

(i) If a prime p is ramified in both F and F", then it is totally ramified in K/Q
and K" /Q.

(ii) If an odd prime p is ramified in F' (in F", respectively) as well as in F,, then p
splits in F" (in F, respectively). Moreover, at least one of the primes above p

is ramified in K"/F" (in K/F, respectively).

Proof. The statements (i) and (ii) are clear from Table []] on page [I7 Alternatively,

one can also prove the statements as follows:
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(i) Let px be a prime of N above p that is ramified in both F//Q and F"/Q. Then
the maximal unramified subextension of N/Q is contained in F,. Therefore,
the inertia group of px contains Gal(N/F,) = (y). By computing ramification
indices in the diagram of subfields one by one, we see that the prime p is totally

ramified in K and K".

(ii) Let p be an odd prime that is ramified in F//Q and F;/Q and py be a prime
above p in N. The inertia group of an odd prime cannot be a biquadratic group
by Lemma [3.8] so I, is a proper subgroup of Gal(N/F"). Since I, is a normal

subgroup in Dy, the group D,, cannot be the full Galois group Gal(N/Q).

PN
So Dy, is a proper subgroup of Gal(N/F") and hence p splits in F". Moreover,
since p is ramified in F', hence in K, hence in K", at least one of the primes

above p in F" is ramified in K". Since F' and F" are symmetric in N/Q, the

same argument holds for F" as well.
O
Lemma 3.10. Assuming [o(®") = Igr, if K" has a prime p of prime norm p
with p = p, then F' = Q(y/p).

Proof. By assumption, we have
Ngr(p) = () such that a@ = Ngrg(p) = p.

Since p = p, we have (o) = (@), and so a = e for a unit € in Oj with absolute
value 1 (hence a root of unity). Since pux = {1}, we get a®> = +p. The case
a? = —p is not possible, since K has no imaginary quadratic intermediate field.

Hence we have a? = p and so VP EF. O

Corollary 3.11. Suppose 1o(®") = Ixr. If p is totally ramified in K" /Q, or splits
in F"/Q and at least one of the primes over p in F" ramifies in K" /F", then F =

Qvp)- O
Proposition 3.12. Suppose Iy(®") = Igr. Then F' = Q(\/p), where p is a rational

prime.
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Proof. Suppose that there is an odd prime p that is ramified in F'. Then p is ramified
either in F' and F" or in F' and F.

If p is ramified in both F' and F", then by Lemma (i), the prime p is totally
ramified in K" /Q. If p is ramified in F and F, then by Lemma[3.9}(ii), the prime p
splits in F" and at least one of the primes over p in F" ramifies in K" /F". In both
cases, by Corollary 3.11 we have ' = Q(/p).

Therefore, if an odd prime p is ramified in F, then we have F' = Q(y/p). If

no odd prime ramifies in F' then the only prime that ramifies in F' is 2, and so we

have F' = Q(v/2). O
Lemma 3.13. Suppose I4(P") = Ix-. Then the following assertions are true.

(i) If a rational prime [ is unramified in both F/Q and F"/Q, but is ramified
in K/Q or K"/Q, then all primes above [ in F' and F" are ramified in K/F and
K" /F" and [ is inert in F".

(ii) If FF = Q(y/p) with a prime number p = 3 (mod 4), then 2 is inert in F".

Proof. (i) It follows from Table [1| for except the statement that [ is inert in F”.

Suppose that [ splits in F”. Then by Corollary [3.11] we have VI € F, but we

assumed that [ is unramified in F'. Therefore, the prime [ is inert in F".

(ii) If 2 is ramified in F", then by Lemma [3.9}(i), the prime 2 is totally ramified
in K and K". If 2 splits in F", then at least one of the primes in F" above 2
ramifies in K" since 2 ramifies in K/Q. Therefore, by Corollary in both

cases we have F' = Q(v/2), contradiction. Hence the prime 2 is inert in F".

]

3.2.2 Equality of tx and tg-

In the previous section, we proved that the primes that are unramified in F' and F",
but are ramified in K"/F" are inert in F”. Thus these primes contribute to the

number of ramified primes tx+ in K”/F" with one prime, on the other hand they
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contribute to tx with at least one prime and exactly two if the prime splits in F"/Q.
So if we could prove tx = tgr, then that would approximately say that all such

primes are inert in both F' and F".

Proposition 3.14. (Shimura, [19, Proposition A.7.]) Let the notation be as above.

Then, we have hj, = hjer.

Proof. The idea of the proof is to first show

(3.4) Ck(5)/Cr(s) = Ckr(s)/Crr(s)

and then use the class number formula. Louboutin [10, Theorem A] shows by
writing the Dedekind zeta functions of K, K", F' and F" as a product of Artin L-
functions and finding relations between these combinations of L-functions (see, [10,
Theorem Al).

We can also get this equality by comparing the local factors of the Euler products
of the Dedekind (-functions of the fields. By using Table |1} we see that each ramified
prime in N/Q has the same factors in the Euler products of the quotients of the
Dedekind (-functions on both sides of . As an example, we take a rational
prime p with ramification type (6) in Table [I] where the local factors for p of the
Dedekind (-functions are as follows:

1 IR 1
1-— NPKJ—S 1-— NpK,y_s 1-— (pQ)_s 1-— p—s’

Cr(s)p =

1 1 1 2
S = . = ,
Cr(s)y 1—-Nppi1™® 1—Npp,— <1 — p_s>

1 1
Crr(8)y = 1— Npgr,—® —1_ (p?)~*’

1 1
Crr(8)p =

- 1—Npgrg—®  1—p
So for such a prime, we get

1

= 1+p— = Cier(8)p/Crr(8)p-

Cre(8)p/Cr(8)p

Similarly, by using Table 3.5.1 in [6], we can get this equality for the unramified

primes as well.
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The analytic class number formula at s = 0 (see, [25, Chapter 4]) says that the
Dedekind zeta function (p(s) of an algebraic number field M has a zero at s = 0

and the derivative of (p/(s) at s = 0 has the value

ha- Ry
wp ’

where h,, is the class number; R); is the regulator; and w,; is the order of the group
of roots of unity .
Since wx = 2 = wp and Rk = 2Ry (see Washington, [25, Proposition 4.16]), the

analytic class number formula at s = 0 gives

. Ck(s)
lim = 2h%.
Therefore, the result follows by the identity (3.4]). ]

Corollary 3.15. Assuming Io(®") = Ixr, we have t ==ty = tgr.

Proof. By Proposition [3.1} we have h% = 2/~ and h}., = 2!x"~1. Then by Propo-
sition [3.14], we get tx = txr. O

3.2.3 Proof of Proposition |3.7]

Proposition [3.7 Let K be a non-biquadratic quartic CM field of type ® and F be
its quadratic subfield. Suppose Io(®") = Ixr. Then F = Q(\/p) and F" = Q(\/q),
where p and q are prime numbers with ¢ # 3 (mod 4) and (p/q) = (q¢/p) = 1. More-
over, all the ramified primes (distinct from the ones lying above p and q) in K" /F"

are inert in F' and F".

Proof. We first prove that if a prime [ ramifies in both F' and F”, then it is equal

to p, where F' = Q(y/p).
Indeed, by Lemma [3.9}(i), the prime [ is totally ramified in K"/Q and hence by

Corollary [3.11} we get F' = Q(V/1), so | = p.

Now we see that there are four types of prime numbers that ramify in N/Q:
(I) The prime p, which is ramified in F' and possibly in F".
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(IT) The primes that are unramified in F', but ramified in F", say q1, -+, ¢s.
(ITI) The primes that are unramified in F' and F", but ramified in K, say r1, -+, 7.

(IV) If p = 3 (mod4), then 2 # pis ramified in F and is inert in F" by Lemma [3.13} (ii).
Let io =1 if p= 3 (mod4), and iy = 0 if p # 3 (mod 4).

We will compute the contribution of each ramification type to the number of
ramified primes tx in K/F and tg- in K"/F". Let f, and f] be the contributions of
the primes over p to tx and tg-, respectively. We claim tx > f, + s+ m + iy with
equality only if all primes of type (III) are inert in F' and tgr = f) + m + .

Proof of the claim: By Table lincluding Lemma[3.10] we see that for i =1,--- s
exactly one of the primes above ¢; in F' ramifies in K /F and the unique prime above g;
in F" does not ramify in K"/F". By Lemma[3.13}(i), we see that for j = 1,--- ,m
the prime r; is inert in F" so contributes with ezactly one prime to tx-, and with
at least one prime to tx and with exactly one if and only if r; is inert in F/Q. If
p =3 (mod 4), then by Lemma[3.13}(ii), the prime 2 is inert in F". As furthermore 2
is ramified in F and F' 2 Q(v/2), the prime 2 has the decomposition (14) in Table ,
so it contributes ezactly with one prime to tx and tx-. So we get tx > f,+s+m+iy
with equality if and only if all primes of type (III) are inert in I and tgr = f +m+is,
which proves the claim.

We observe that s > 0 holds. Indeed, if s = 0, then all primes that ramify in F"
also ramify in F'. Hence dp- divides dp, which is equal to p if p = 1 (mod 4) and 4p
otherwise. So " = F'| a contradiction.

If p ramifies in both F’ and F", then by Lemma (i), we have f, = f) = 1. The
same is true if p is of type (14) of Table . By Corollary , we have tx = tgr, SO
in this case m + 12 > s+ m + iy, so s = 0, a contradiction. Therefore, the prime p
is not ramified in F" and is not of type (14), leaving only the possibility (¢/p) = 1.
By Table , we see that f — f, = 1. Hence {x = {x- implies that all primes of
type (III) are inert in F' and s = 1. In particular, since p is unramified in F", we get

F" = Q(/q) for a prime ¢ # 3 (mod 4). Moreover, Table I|implies (p/q) = 1. O
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L1

Table 1: Ramification table of a non-normal quartic CM field

Case 1 D decomp. of p in N decomp. of p in K decomp. of p in F decomp. of p in FL decomp. of p in F" decomp. of p in K" Ngr(pgr 1) VP €EF
(1)* (v?) (v?) PALIPN, PNy PN oy PR, IPR .y PEAPE,y PFLPE, .y PET APET 4y Pcr 1PET PRIPK,y v
(2) (%) (y) PRIy PR pr1 PELAPEL Y prr1 PRy P
3) (y?) (z, y%) PALIP ALY PR 1PK .y PEAPE,y PFL 1 pET 1 PR 1 P
(4)* (y?) (zy, y?) PR PRy P PP pEy 1 PEr APET PRr 1 P%r .y PR 1 v
I A I O I R L LS i LS L LTI I T LT O IR Vo] Verao | PiraPierye | Prky |
(b) (zy?) (zy?) BRI L PR PR, yP R 3 PEAPE,y P, 1 p2r g PRr 1Pk .y PE,IP K 3
@@ @ @ | Ry | brabiy | prabry | Voo | Vera o | Pkea | or o]
®) | (2v% (z,9%) PRPR Ly PR IPK,y PEAPE,y PE, 1 PEr g pRr 1
m @ L | e | PR e, | PRaPige | R N S brErabEry | PR aPRTPrrys | PP |
(b) (zy3) (zy®) PR PR PR 2P N8 PR 1PK .y P31 Py 1 PET 1PET y PRT 1P PR 2 Pi1 v
@ @ | | ewy® | Rk, | LU LSS I P | PErabETy | PRraPRTy | S IO
) | (=y®) (zy, y°) PR PRy PR PR P, 1 PErAPET PRT 1Py P v
(9 (v) (v) PR PNy Phc b, PR, IPE, Y P34 phr 1 PR v
(10) (v) G Ph 2 Pk 1 pE PR, 1 p3r i Pk v
(an* (z,y%) (z,y%) PPNy PR.1PK .y PFAPF,y P, 1 P2y Phr 1 Pr,1PK,y v
(12)* (z, %) G pia Pk 1 Pr1 PE, 1 P31 P 1 PK,1 v
(13) (zy,v?) | (zy,v?) PPNy Pk pE1 P, 1 PErAPET .y PRr 1Pkr .y PR v
(14) (zy, y?) G pha pk 1 P31 Py 1 PET Picr 1 P
(15) G G p?\i,l P%{,l P%«“,l Piur,l PEr q p%<r,1 p%(.,l v

Table 2: This table lists all 19 pairs (I, D) where 1 # I<D < D4 = (z, y) and D/I is cyclic, partitioned into 15 conjugacy classes

(1) — (15). In particular, it contains all possible inertia and decomposition groups of ramified primes of N. This table is a corrected

subset of [6] Table 3.5.1]. We restricted to I # 1, added the case 8-(b), which is missing in [6] Table 3.5.1], and corrected the type

norm column of some cases. The cases (11) — (15) can only occur for the prime 2, see Lemma If there is a checkmark in the last

column, then by Lemma [3.10] such splitting implies \/p € F (i.e., F = Q(y/p)) under the assumption Io(®") = Ixr. The cases with *

do not occur under the assumption Io(®") = I+ because p is not ramified in F' in these cases, but on the other hand \/p € F by

Lemma



3.3 A sharper bound for dg-/dp-

Proposition 3.16. Suppose Iy(P") = Ix- and djlv/8 > 222. Then we have b, < 2°
a/nd dKr/dFr S 3 ‘ 1010.

Proof. Under the assumption Iy(®") = Ik, in Propositions and we proved
F = Q(y/p) and F" = Q(,/q), where p and ¢ are prime numbers. Additionally, we
proved that at least one of the ramified primes above p in F" is ramified in K" /F",
and the other ramified primes in K" /F" are inert in F", say ry,--- ,r;_1. Therefore,
we have dgr /dpr > pgri---r2 .

Let

B 2vD
~ Ver2(log(D) + 0.057)2

f(D) and g(t) = 27t+1f<ptpt+1Af)a

where p; is the j-th prime and A = H;;:l p;. If D =dgr/dpr, then hgr > f(D) by
Proposition (3.5}

Recall that, by the proof of Proposition [3.6 the function f is monotonically
increasing for D > 52. Therefore, if ¢ > 3, then f(dgr/dp) > f(piper1A?). So in
that case by Proposition and Corollary we have h¥;, = 27! hence we get
g(t) < 1. Further, the function g is monotonically increasing for ¢ > 4 and is greater

than 1 for t = 7. So we get t < 6. O

3.4 Enumerating the fields

To specify quartic CM fields, we use the following notation of the ECHIDNA
database [5]. Given a quartic CM field K, let D be the discriminant of the real
quadratic subfield F. Write K = F(y/a) where « is a totally negative element
of Op and take « such that A := —Trp/g(a) > 0 is minimal and let B := Ng/g(a).
We choose o with minimal B if there is more than one B with the same A. We
use the triple [D, A, B] to uniquely represent the isomorphism class of the CM field
K~ Q[X]/(X*+ AX? + B).
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Theorem 3.17. There exist exactly 63 isomorphism classes of non-normal quartic
CM fields K that have a CM type ® satisfying Io(®") = Ixr, where K" is the reflex
field of ®. The fields are given by K = Q[X]/(X*+ AX? + B) > Q(vD) where
[D, A, B] ranges over

[5,13,41], [5,17,61], [5,21,109], [5,26,149], [5,34,269], [5,41,389),
8,10,17], [8,18,73], [8,22,89], [8,34,281], [8,38,233], [13,9,17),
[13,18,29], [13,29,181], [13,41,157], [17,5,2], [17,15,52], [17,46,257],
[17,47,548], [29,9,13], [29,26,53], [41,11,20], [53,13,29], [61,9,5],
73,9,2], [73,47,388], [89,11,8], [97,94,657], [109,17,45],

(137, 35,272], [149,13,5], [157,25,117], [181,41,13], [233,19,32], [269,17,5],

281,17, 2], [389,37,245]
with class number 1;

[5,11,29], [5,33,261], [5,66,909], [8,50,425], [8,66,1017], [17,25,50],
29,7,5], [29,21,45], [101,33,45], [113,33,18], [8,14,41], [8,26,137],
[12,8,13], [12,10,13], [12,14,37], [12,26,61], [12,26,157], [44,8,5],

[44,14,5), [76,18,5], [172,34,117], [236,32,20]

with class number 2;
[257,23, 68|
with class number 3;
[8,30,153], [12,50,325], [44,42,45]

with class number 4.

We start the proof by combining the ramification results into the following explicit

form for KT.

Lemma 3.18. Suppose Io(®") = Ix-. Then there exist prime numbers p, ¢, and
§1 < o0 < 8 with u € {tgr — 1, tgr — 2} such that all of the following hold. We

have ' = Q(,/p) and F" = Q(,/q) with ¢ # 3 (mod 4) and (p/q) = (q/p) = 1. There
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exists a prime p lying above p in F" that ramifies in K", an odd 7 > 0 in Z and a

totally positive generator 7 of p’. Moreover, for exactly one such p and each such 7

and j, we have K™ = Q(y/—7s1 - Sy)-

Proof. By Proposition , we have ' = Q(,/p) and F'" = Q(,/q), where p and ¢ are
prime numbers with ¢ # 3 (mod 4) and (p/q) = (¢/p) = 1.

There exists a totally positive element 3 in F”* such that K" = F"(y/—3), where 3
is uniquely defined up to (F7*)? (without loss of generality, we can take 3 in Opr).

Since Oxr D Opr[v/=B] D Opr, the quotient of the discriminant ideals
A(Okr /Opr) | A(Opr[/—B]/Op+) is a square ideal in Opr, see Cohen [4, pp.79],
where A(Opr[v/=pB)/Or) = (—4B). As (3 is unique up to squares, and we can
take [-minimal 3’ € B(F*)? for each prime [ of Opr, we get

;

1 (mod 2) if [ is ramified in K"/F" and [/2,

(3.5) ordi((8)) = 4 0 (mod 2) if [ is not ramified in K" /F",

0 or 1 (mod 2) if [ is ramified in K"/F" and [|2.
\

Let 1, -+, . € Opr be the primes over the prime numbers ly,--- ,l;,., respec-
tively, that ramify in K" /F". Let n; > 0 be minimal such that [;" is generated by
a totally positive \; € Opr. Since F" = Q(,/q) with prime ¢ # 3 (mod 4), genus
theory implies that Clp- = Cl}.. has odd order, and so n; is odd. Let

o ﬁ Ardi(8) mod 2
=1

By proving the following two claims we finish the proof.

Claim 1. We have a/ € (F"™*)2.

Claim 2. We have o = ws; - -+ s, with m, s; and u as in the statement.

Proof of Claim 1. We first prove that (a/8) = («) /() is a square ideal.

Let [ be any prime of F". If [ is unramified in K" /F", then by , we have
ord(((8)) = 0 (mod 2) so ordi((«)) = 0. If [ is ramified in K"/F", then there
exists i such that [ = [;, so ord(((«)) = ord,((B)) - ord;, ((A;)) = ord,, ((£)) (mod 2)

as n; = ordy,((A;)) is odd. Therefore, the ideal (§) is a square of an ideal a in Op-.
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Thus a? is generated by the totally positive a/3. So the ideal class [a] is 2-torsion
in Cl}., which has an odd order, so there is a totally positive element € F” that
generates a. So a/B = p? - v for some v € (O3,)*. Since Clpr = Clf,, the norm of
the fundamental unit € is negative. Therefore, a unit in Op- is totally positive if and
only if it is a square in Opr. Hence, we have o/ € (F™)2.

Proof of Claim 2. For any given 4, if [; is inert in F"/Q, then n; = 1 and
Ai = l; € Zsp is prime. If [; is not inert in F"/Q then I; € {p, q}, by Proposition [3.7]
If I; = g, then [; is not ramified in K" /F" otherwise by Corollarywe get \/q € F.
So l; = p.

Let {s1,---,su} = {l; : l;is inert in F"/Q and ramified in K" /F" and ord,,((f)) =
1 (mod 2)}. Then u € {txr — 1, txr — 2, txr — 3} by (3.5).

u (1 mod 2
S

Let pOpr = pp’. Then we have a = 77’ ITi=; s ), where 7 and #’ are

u (1 mod 2)
i=15i €z

totally positive generators of p/ and p” for odd j. Here, we have ]
and a, @’ € {0, 1}. If a = d/, then o € Z, which leads to contradiction since K" is
non-biquadratic. So for a unique p, we can take a; = 1 and ay = 0. In particular, we

have u € {txr — 1, tgr — 2} O

Combining Lemma [3.1§ and the bound on the discriminant in Proposition [3.16]
we now have a good way of listing the fields. Next, we need a fast way of eliminating
fields from our list if they have CM class number > 1.

The following lemma is a special case of Theorem D in Louboutin [I0].

Lemma 3.19. Let K be a non-biquadratic quartic CM field with real quadratic
subfield F'. Let dix and dr be the absolute values of the discriminants of K and F'.

Then assuming Iy(®") = I+, if a rational prime [ totally splits in K"/Q, then

l > V dK/dF2

4

Proof. Let | be a prime that totally splits in K"/Q. Let [+ be a prime ideal
in K" above [. By the assumption Io(®") = Igr, there exists 7 € K* such that
Ngr(Igr) = (1) and 77 = [. Here 7 # 7, since VI ¢ K. Then since Ox D Op[7]
and A(Op(7]/OF) = (1 —7)?, we have dk /d}. = Np/g(dr/r) = Nrg(A(Ok/OF)) <
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Npo((T—7)%). Moreover, since 77 = [, we have (7 —7)? < (2V/1)? for all embeddings
of I into R, hence dk /d% < Npjg((r —7)?) < 16[%. O

Every prime s; as in Lemma divides A(K"/F") and so s?|dxr, hence s?}|dy.
The primes p and ¢ are ramified in F' and F", so p* and ¢* divide the discriminant dy

of the normal closure N of degree 8. Hence dy > p'qist-- s} .

Algorithm 3.20. Output: [D, A, B] representations of all non-normal quartic
CM fields K satisfying Io(®") = Ir.

Step 1. Find all square-free integers smaller than 3-10'° having at most 8 prime divisors

and find all square-free integers smaller than 2222.

Step 2. Order the prime factors of each of these square-free integers as tuples of primes

(pyq, 81,7+, 8u) with s1 < -+ < 8 in (u+ 1)(u+ 2)-ways, then take only the
tuples satisfying q # 3 (mod 4), (p/q) = (¢/p) = 1 and (p/s;) = (q/s;) = —1
for alli.

Step 3. For each (p,q,s1, - ,5u), let F" = Q(\/q), write pOpr = pp’, and take a =
7815, € F", where m is a totally positive generator of p? for an odd j € Z.

Construct K™ = F"(y/—a).

Step 4. Eliminate the fields K" that have totally split primes in K" below the bound
Vdg/d% /4. (In this step we eliminate most of the CM fields.)

Step 5. For each q with norm Q below the bound 121log(|dx-|)?, check whether it is in
In(®") as follows. List all quartic Weil Q-polynomials, that is, monic integer
polynomials of degree 4 such that all roots in C have absolute value +/Q. For
each, take its roots in K and check whether Ner(q) is generated by such a root.

If not, then q is not in Io(P"), so we throw away the field.
Step 6. For each K", compute the class group of K" and test Io(®")/Pxr = Ixr/Pkr.

Step 7. Find [D, A, B] representations for the reflex fields K of the remaining pairs
(K", ®).
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Proof. Note that Step 4 and Step 5 of the algorithm above do not affect the validity of
the algorithm by Lemma|3.19, These two steps are only to speed up the computation.

Suppose that a non-normal quartic CM field K satisfies In(®") = Ixr. Then
by Lemma we have F' = Q(\/p) and F" = Q(,/q), where p and ¢ are prime
numbers with ¢ # 3 (mod 4) and (p/q) = (¢/p) = 1. Also by Lemma [3.18] there
exist a prime p lying above p in F" that ramifies in K" and a totally positive element

a = TSy ---8,, where 7 is a totally positive generator of p’/ for an odd j € Z,

such that K" = F"(y/—«). By Proposition [3.7 the ramified primes in K”/F" that

are distinct from p are inert in F and F". As sy,---, s, are such primes, we have
(p/si) = —1 and (q/s;) = —1. By Lemma [3.16] we have either h}, = 2/x7~1 < 25
and dgr/dpr < 3-10% or dy < 2228. Therefore, the CM field K is listed. O

We implemented the algorithm in SAGE [18, [17, 23] and obtained the list of the
fields in Theorem [3.17, The implementation is available online at [8]. This proves
Theorems and [L11 O

This computation takes few days on a computer.

Remark 3.21. There are no fields eliminated in Step 6, because they turned out to
be already eliminated in Step 5.

4 The cyclic quartic CM fields

In [I5], Murabayashi and Umegaki determined the cyclic CM fields whose ring of in-
tegers are isomorphic to the endomorphism rings of the (simple) Jacobians of genus-2
curves defined over Q. Such fields have CM class number one, however there are more
examples, for example, the fields in Table 1b of [3] have CM class number one, but
the curves corresponding to these fields have not a model over Q. We apply the strat-
egy in the previous section to cyclic quartic CM fields and list all cyclic quartic CM
fields with CM class number one. Murabayashi [I4, Proposition 4.5] proves that the

relative class group of cyclic quartic CM fields with CM class number one is 2tx 1,
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where tx is the number of ramified primes in K/F. This result also follows from
Proposition [3.1] in Section [3.1]

Suppose that K/Q is a cyclic quartic CM field with Gal(K/Q) = (o). Since K/Q
is normal, we consider CM types with values in K. The CM type, up to equivalence,
is ® = {id, o}, which is primitive. The reflex field K" is K and the reflex type of ® is
the CM type {id, 0®} (Example 8.4(1) of [21I]). In this notation complex conjugation ~
is o2

Suppose K = Q((5), where (,, denotes a primitive m-th of unity. Then the class
group of K is trivial, so the equality Io(®") = Ik holds. Hence K = Q((;) will occur
in the list of cyclic quartic fields satisfying Io(®") = k.

From now on, suppose K % Q((5).

Lemma 4.1. (Murabayashi [14], Lemma 4.2) If [o(®") = Ik, then there is exactly
one totally ramified prime in K/Q (i.e., F = Q(/p) with prime p # 3 (mod 4)) and
the other ramified primes of K/Q are inert in F/Q. H

Example 4.2. Suppose I4(®") = Ix. The relative class number hi. equals 1 if
and only if K/F has evactly one ramified prime. This ramified prime is /p when

F=Q(yp).

Now, we determine such CM fields by using a lower bound on their relative class

numbers from analytic number theory.

Theorem 4.3. (Louboutin [11], Theorem 5) Let K be a cyclic quartic CM field of

conductor fx and discriminant dx. Then we have

1/2
(4.1) B> 2 <1—47T6 ) LS 0

— 3en? d}(/‘l (log(fx) + 0.05)%

Proposition 4.4. Let K be a cyclic quartic CM field satisfying Io(®") = Ix. Then

we have bl < 25 and fx < 2.1-10°.

Proof. Lemma [4.1] implies, under the assumption, that there is exactly one totally

ramified prime in K/Q and the other ramified primes of K/Q are inert in F'/Q.
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Let A; be the product of the first ¢-primes. The ramified primes in K/Q divide
the conductor fx, so we have fx > A;,. Further, by Proposition 11.9 and 11.10
in Chapter VII [16], we have dx = ff - dp so dx > A} . The right hand side of
is monotonically increasing with fx > 2. Further, by Proposition we have
hi = 2!x~1 so, by dividing the both side of by 2tx~1 we obtain

(4.2) 1> 2 [y Ame” B .
— 3en? Azl/f 2t (log(A¢, ) +0.05)2

The right hand side of (4.2]) is monotonically increasing with tx > 2, and if tx =7,
then the right hand side is greater than 1. Hence t < 6. So we get hj < 2°, and
therefore, we get fr < 2.1-10°. O

Theorem 4.5. There exist exactly 20 isomorphism classes of cyclic quartic CM fields K
with CM class number one. The fields are given by K = Q[X]/(X*+ AX? + B) D
Q(vVD) where [D, A, B] ranges over

[5,5,5], [8,4,2], [13,13,13], [29,29,29], [37,37,333], [53,53,53], [61,61,549]
with class number 1;
[5,65,845], [5,85,1445], [5,10,20], [8,12,18],
[8,20,50], [13,65,325], [13,26,52], [17,119,3332]
with class number 2;
[5,30,180], [5,35,245], [5,15,45], [5,105,2205], [17,255,15300]
with class number 4.

We start proving with the following lemma.

Lemma 4.6. If a cyclic quartic CM field K satisfies Io(®") = Ik, then there exist
prime numbers p, s,---,8, € Z such that F' = Q(/p) with p # 3 (mod 4) and

(p/si) = —1for all i, and we have K" = Q(y/—€51 - -+ 54/pD) Withu € {tg—1, tx —2}

for every e € Of with €,/p >> 0.
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Proof. By Proposition , we have F' = Q(,/p), where p is prime p # 3 (mod 4). If
there are tx ramified primes in K/F, the ones that are distinct from the one above p
are inert in F'//Q, by Proposition , denote them by sy, -, 5.

There exists a totally positive element 3 in F* (without loss and generality, we
can take 8 in Op) such that K = F(y/—f3), where 3 is uniquely defined up to (F*)2.
As in the proof of Lemma|3.18|in the previous section, we will define a totally positive
element o € F* with respect to the ramified primes in K/F and show that o and
differ by a factor in (F*)2.

Let € € OF such that e,/p >> 0. This element exists since p # 3 (mod 4). As f3 is
unique up to squares and we can take [-minimal 3’ € 3(F™*)? for each prime [ of Op,
then we get the cases in for ord,((5)).

If p # 2 and the prime (2) in Op is ramified in K/F with ord(y)((8)) = 0 (mod 2),
then take o := €sy -+ sy\/p With u = tx — 2. If p=2 and ord( 5 ((8)) = 0 (mod 2),
then take o := s;---s, with v = tx — 1. For all other cases in , take o =
€51+ Suy/p With u =t — 1.

By construction of «, for all ideals [ C Op we have ord(((a/3)) = 0 (mod 2). So
(a/B) = a? for a fractional Op-ideal a. The ideal a is a 2-torsion element in Cly.
Since F' = Q(,/p) with p # 3 (mod 4), genus theory implies that Clp = CIf has
odd order. Therefore, there is a totally positive element p that generates a. So
a/B = u? - v for some v € Of. Since Clp = Cl}, the fundamental unit has negative
norm, and so OF. = (Or)?. Hence, o/3 € (F*)?.

In the case p = 2 and ord5,((8)) = 0 (mod 2), we get K = F(y/=s1""54),
which is a biquadratic extension of Q. Therefore, we get K = Q(\/Tsu\/]_))
with u € {tx_1, tx_2}. O

Algorithm 4.7. Output: [D, A, B] representations of all cyclic quartic CM fields K
satisfying Io(P") = Ik.

Step 1. Find all square-free integers less than 2.1 - 10° and having at most 6 prime

divisors.

26



Step 2.

Step 3.

Step 4.

Step 5.

Step 6.

Step 7.

Order the prime factors of each of these square-free integers as tuples of primes
(pyS1,++ , Su) with 57 < -++ < s, in (u+ 1)-ways, then take only the tuples
satisfying p Z 3 (mod 4) and (p/s;) = —1 for all i.

For each (p,s1,---,54), let F' = Q(\/p) and take a totally positive element
Q = €81 8yy/p, where € is a fundamental unit in F such that e,/p >> 0.
Construct K = F(y/—a).

Eliminate the fields K that have totally split primes in K below the bound
Vdg/d% /4. (In this step we eliminate most of the CM fields.)

For each q with norm Q below the bound 12log(|dk-|)?, check whether it is in
Io(®") as follows. List all quartic Weil Q-polynomials, that is, monic integer
polynomials of degree 4 such that all roots in C have absolute value +/Q. For
each, take its roots in K and check whether Ngr(q) is generated by such a root.

If not, then q is not in Io(P"), so we throw away the field.

For each K compute the class group of the fields K and test Io(®")/Px =
I/ Pre.

Find [D, A, B] representations for the quartic CM class number one fields K.

Proof. The idea of the proof of this algorithm is exactly as the proof of Algorithm |3.20]

In this algorithm, Step 1 follows from Proposition .4} Step 2 and 3 follow from
Lemma Step 4 follows from Lemma [3.19 O

We implemented the algorithm in SAGE [18, [17, 23] and obtained the list of the

fields in Theorem [£.5] The implementation is available online at [§]. This proves
Theorems [[.2] and B3 O

This computation takes few hours on a computer.
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