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Abstract

This paper deals with numerical solutions to an optimal multiple stopping problem.
The corresponding dynamic programming (DP) equation is a variational inequality
satisfied by the value function in the viscosity sense. The convergence of the numerical
scheme is shown by viscosity arguments. An optimal quantization method is used for
computing the conditional expectations arising in the DP equation. Numerical results

are presented for the price of swing option and the behavior of the value function.

Key words: quantization, Swing option, optimal multiple stopping time problem.



1 Introduction

In their paper, Carmona and Touzi presented and implemented a numerical method to
solve an optimal multiple stopping time problem by using Malliavin calculus to compute
the conditional expectation arising in the DP equation and the Monte Carlo method.
In this work we use the optimal quantization method and we prove the convergence of
our numerical scheme to the unique viscosity solution of the associated Hamilton-Jacobi-
Bellman Variational Inequality (HJBVI in short).

Optimal quantization has been developed in the 50s in the field of Signal Processing.
Its main purpose consists in approximating a continuous signal by a discrete one on an
optimal way. In the 90s, its application has been extended to the field of Numerical In-
tegration to compute some integral estimations by using finite weighted sums. And in
the early 2000s, this method has been applied to the field of Numerical Probabilities and
Financial Mathematics. This extension has been motivated by the necessity of design-
ing efficient methodologies for pricing and hedging more and more sophisticated financial
products. Indeed optimal quantization brought a natural answer to the conditional ex-
pectation computations appearing in these financial models (see for example Guilbaud et
al. [10] for numerical methods for an optimal order execution problem).

Given a random variable X, a quantization algorithm should provide a finite grid G and
the quantized approximation of X is then defined by the closest-neighbor projection of
X onto G. One of the main challenges is to compute the optimal grid ensuring that the
distance between X and its quantized approximation is minimal for a LP norm. There
already exist algorithms for such purposes such as Lloyd’s Method and the competitive

learning vector quantization procedure [1, 9, 15].

We fix the option maturity time 7" € (0, 00), i.e. the time of expiration of our right to
stop the process or exercise. Let (£, F,P) be a complete probability space modeling the
randomness of the market, with a filtration F = {F; }o<;<7 satisfying the usual conditions,
i.e. an increasing right continuous family of sub-c-algebras of F such that F{ contains all
the P-null sets. We consider that the state process (X¢)yc[o,7) follows the SDE:

dX;, = b(X,)dt + ¢(X,)dW;, Xo = x € RY, (1.1)

where W denotes a d-dimensional Brownian motion defined on the probability space
(Q,F,P), b:RY - R? and ¢ : R? — M(d, q) are Lipschitz continuous, where M(d, q)
denotes the set of matrix with d rows and ¢ columns. The value function of the swing

option problem with ¢ exercise rights and refraction time § > 0 is given by:

vO(z) = sup E@
(Tlv"'vTZ)e S(()a

V4
3 e%<xff>] , (1.2)

i=1



where ¢ : R — R™ is a Lipschitz payoff function with linear growth, and

SO . (71, 72) € S 71 € So, 7o —Tim1 2 0 on {7i1 + 0 < T} aus, (1.3)
' 7= Ty) on {rim1+0>T} as, Vi=2,..,0 ’ .

where Sy is the set of stopping times taking values in [0, 7.
The optimal multiple stopping time problem (1.2) can be seen as sequential ordinary
optimal stopping problems. It is known that the solution of each ordinary problem is the

unique viscosity solution of the HJIBVI
vk

min{rv® (¢, x)—w(t, z) — Lo (¢, 2);
v B (t,x) — vy (t,2)} =0, Y(t,z) € [0,T) x R? (1.4)
V(T 2) = ¢(x) Vo eRY, (1.5)

where ¢ : R — R* is a Lipschitz payoff function k= 1 4,

d d
k 1 T &%
Lo (¢, ) .—2;;(c(t,x)c (t,x)), i Dm0, -(t, ) —1—26 tx ,x) and
buen (t,2) = ¢(z) + e E [v(’H)(t +o, Xff(s)} VO<t<T—4§  (L6)

¢y(k—1)(t,1’) = ¢($)> VT —-0<t <T.

We refer to [4] in the jump diffusion case.

We recall the definition of the viscosity solution.

Definition 1.1 Let k= 1,....¢, and u*) be a continuous function.
(i) We say that u'®) is a viscosity super-solution (sub-solution) of (1.4)-(1.5) if

99 (10, 20) — Lib(to, 20); (b0, 70) — 9P (t0,70)} =0 (L7)

min{ri(tg, xg) — 5t

(< 0) whenever ¢ € CY2([0,T) xR)NC2([0, T) xR) and u'®) — has a strict global minimum
(mazimum) at (to,zo) € [0,T) x R.

(ii) We say that u'®) is a viscosity solution of (1.4)-(1.5) if it is both super and sub-solution
of (1.4)-(1.5).

Where
Co([0,T] x R) := {1 € C°([0,T] x R)/ sup [t )| < 400}
o,7)xk 1+ [z]?

The optimal quantization method is used for pricing an American option in a continuous-
time Markov process, which consists in solving a standard optimal stopping problem (see
Bally et al. [2]). In this paper we extend their result for a multiple stopping time problem.

We estimate the price of a swing option expiring at time 7', with ¢ rights of exercise when



the price process is solution of (1.1). The exact simulation of the diffusion at time ¢ is not

possible. We use the Markovian discretization scheme, e.g. the Euler scheme:

T
th+1 = th + b(th)M _I_ C(th)(th+1 - th)7 0 é n é M - 1? (]‘8)

where M is a positive integer and t, := nT/M.

We approximate the Snell envelope by quantization of the Euler scheme (1.8). Using
Zador’s Theorem we prove the convergence of our algorithm.

In one dimensional case, we consider that the price process X = (X;)o<i<7 satisfies the

following stochastic differential equation (SDE)
dX; = rX;dt + o X, dW,, Xo=a >0, (1.9)

where W denotes a one-dimensional Brownian motion defined on the probability space
(Q,F,P), r >0 and o € R. The filtration considered here is the natural filtration of the
Brownian motion completed by the P-null sets. It is known that there exists a unique
strong solution for the SDE, X; = a:e(r_g)“r”wt. So it suffices to consider a quantization

of the Brownian motion itself.

The paper is organized as follows. In section 2, we recall some basic facts about optimal
quantization. In section 3, we present our numerical scheme on general multidimensional

diffusion process and we prove, for some assumptions on b and ¢, the convergence of our
1+ X
algorithm with rate O [ ——— |, where N := Ny + ... + Nys (N, is the size of X,,, the
Nd
optimal discretization of X,,). In section 4, we present our numerical scheme on the specific
one-dimensional linear setting and we prove that our scheme is monotonous, stable and
consistent and consequently, it converges to the solution of our optimal multiple stopping
time problem. In section 5, we present some numerical results on one-dimensional linear
setting which are similar to those of Carmona and Touzi [6], we discuss the complexity of

the algorithm and we end by a comparison of our method with the finite difference one.

2 Background on optimal quantization

We begin with a brief introduction to optimal quantization of random variable [2] (see
Graf and Luschgy [8] for an overview). Let (€, F,P) be a probability space and let X
be a random variable with distribution Pyx. Assume that X € LP, optimal L” mean
quantization (p > 1) with level N consists in studying the best LP approximation of X
by some random variable X = q(X), where ¢ : R — R? is a Borel function taking at
most N values. We associate to every Borel function ¢(X) taking at most N values, the
LP-mean quantization error || X — ¢(X)||, measuring the distance between the two random
vectors X and ¢(X) w.r.t. the mean LP-norm, where || X||, := (E|X[?)'/P and |.| denotes



an arbitrary norm on R?. Minimizing the L” mean quantization error, || X — ¢(X)||p, can

be decomposed into two successive phases:

1. Let T = (21, ...,zn) € (RHV, find a quantizer qr : R? — z1, ..., zx such that

| X — qr(X)|lp = inf{| X — ¢(X)|lp,q: R = z1,...,xn, Borel function}.  (2.1)

2. Find an N-tuple T* € (R%)N that achieves the infimum of | X — XT||, over (R)Y,
that is

IX — Xl = inf{||X — X", T € (RD)N},

where X = ¢p(X) and

N
TP — P — ; .
|x - X"p = ZE [Lo,m)|X —al”] = E [mN X - r]
1=

= i ; — y|PPx (dy). 2.2
[ min [z, — yBx (dy) (22
The solution of the first optimization problem, denoted qr, is the closest neighbor projec-

tions induced by the Voronoi tessellations of u as defined below.

Definition 2.1 (i) Let ' = (21,....,zn) € (R)N. A Borel partition C;(T'), i = 1,..., N,
of R? is a Voronoi tessellation of u if for every i € 1,...,N, C;(T) satisfies

CiT) © {y € R foi — y| = min [, — ]}

(i) The closest neighbor projection or Voronoi quantizer (function) qr induced by the

Voronoi tessellation (C;(T))1<i<n is defined, for everyy € R%, by qr(y) = Z zi1cyry(Y)-
1<i<N
(i4i) The random variable

X'=q(X)= Y xile,m(X)
1<i<N

18 called a Voronoi quantization of X. The N-tuple I' is often called an N -quantizer.
One shows (see [2]) that the solution of the second problem (2.1) is given by
|X — XU, = min{|| X — Z||,, Z : @ — RY, random variable ,|Z(Q)| < N},

and X' is called an optimal quantizer of X. We can see that when the grids are optimal
(in the quadratic quantization sense), the spatial order of convergence is better then that
obtained with usual grid methods. Zador’s Theorem (see [7], [5] and [8]) says that

|X — X% ||, = Cx N~V 4 o(N7V/9),



3 Multi-dimentional diffusion process

First, let us give some notations that will be used throughout this paper.
Notations:

e |.| will denote the canonical Euclidean norm on R

o M(d,q) will denote the set of matrix with d rows and ¢ columns.

e For every matrix A € M(d,q), set ||A||*> := Tr(AA*) (which corresponds to its

Euclidean norm as an element of R9*9).
e For a Lipschitz continuous function f, [f]ri, denotes the Lipschitz constant of
¢ : R4 = R.

The process X is the diffusion process solution of the stochastic differential equation

t t
Xt:x+/ b(Xs)der/ o(X)dWy, z € R? (3.1)
0 0

where b : R? = R? and ¢ : RY — M(d, q) are Lipschitz continuous, there exists a positive

constant CL such that
le(z) — e(a)|| + |b(x) — b(z')| < CHPlz — 2|, V(z,2') € R x R%. (3.2)

Note that b and ¢ have at most linear growth. We will assume that this real constant C'L%

also satisfies
le(@)]| + [b(z)| < CHP(1 4 [x]), VzeR% (3.3)

It is known that for all p > 1, there exists a positive constant C), 7 such that

E ( sup \Xt]p> < Cpr(1+|zP)
te[0,7)

Let us define the following HJBVI

(k)
min{rv® (¢, :c)—agt(t, z) — Lo (¢, 2);
v(k) (tv .fL') - ¢v(k*1) (ta :I")} = 07 V(t, '1") € [0> T) X Rd (34)
v"N(T, z) = ¢p(z) Vo e RY, (3.5)
where ¢ : R — R™ is a Lipschitz payoff function, k = 1 A
d 4 (k) v
Lo (¢, ) ':EZZ(c(t x)cl (t, )) % (t,x) +Zb t,x) v (t,z) and
2 == ’ i Qx; 0z ; 83,“] 3:cl
Sy (£,) = $(x) + e T E [ (=) (¢ 4 g, XH(;)} VO<t<T—6  (3.6)

(bv(k—l)(t?m) = ¢($)7 VT -6<t<T.



Assume that v(®) = 0 and for all t > T, v®) (¢, X;) = 0.
For k =1, ...,¢, we have that the solution of the following stopping time problem
oW () = ess sup E [efT(T*t)%(k_l)(T, X)X = x|, (3.7)
TE St

is the viscosity solution of the HIBVI (3.4)-(3.5), where S; := {7 € So ; t <7 < T} for
every t € .

3.1 Numerical scheme

Time discretization consists in approximating the continuous time diffusion (X¢);e[o,7] by
the following Euler scheme. Set t,, := nT' /M, where M > 1 is an integer, the Euler scheme
is defined by

_ _ _ T _ _
th+1 = th + b(th)M + C(th)(th+1 - th)? XO =Z. (38)

We denote by P™' the transition from X,, to X, ., P™'(v)(z) := E[v(Xnyi)|Xn = 2],
where v is a function from R? to R. We have that the transition P™’ is Lipschitz in the

following sense: for every Lipschitz continuous function f : R — R

[P™ flLip(1 + Coe0T/M)[f] Lips (3.9)

where Cy . is a positive constant depending on b, ¢ and T, (see, e.g., [1] for a proof).
Fork=1,...,0,n=0,.... M, let V,Sk) the solution of

Vn(k) = ess sup F |:€_T(T_tn)¢v(k—1)(7_, XT)|]~}”}, (3.10)
TE Op
where ©,, denotes the set of {t,, ...,tans }-valued (Fi,)uen,... .1} stopping times. It satisfies

the so-called backward programming formula (see [13]):

v = Xu),
]\(/56) . M)— h (k) - (3.11)
n = max{e "E[V, 1 |F,], 6,00 (X)), 0<n<M-1,

where

¢V(k—1) (XN) = ¢<XTZ) + eir(SE[V(k_l)“FtnL 0 S n S M - iO’

n+ig

¢V7£k_l)(X”) = ¢<Xn), M—ig<n<M-—1.
ip is an integer such that 6 = igT /M.
Using the Markov property, we derive a dynamic programming formula in distribution:

for k=1,...,¢, AL C) (Xn), n € {0,..., M}, where the function v is solution of

(3.12)

k
v](\/[) : o,
o) = max{e_’"hP”’l(vgle), ¢ k-n}, 0<n<M-1,

7



where for z € RY,

¢ -1 () = ¢(x) + e‘”sE[vgi_i;”X =z], 0<n<M-—i,

¢ -0 (7) = ¢(x), M —ig <n <M.

We assume that v,(Lk) =0ifn > M and %(10) =0, forn=0,...,M.

Let us prove the Lipschitz property of the function vék) fork=1,....fand n=0,..., M.

Proposition 3.1 Fork=1,...,0, n=0,...., M, v,(Lk) s Lipschitz continuous function and

there exists a positive constant C such that

0 Lip < Clo]Lip.

Proof. We will prove this proposition by induction in k.
For k = 1, we have that v](\}[) = ¢, then U](\}[) is Lipschitz continuous function and [UE\?} Lip =

[¢]Lip- Using the inequality

| max(a,b) — max(c,d)| < max(|la — |, |b— d|),

(1)

one concludes by induction in n that, for n =0, ..., M, vy’ is Lipschitz continuous function
and
(1)
[vn ] Lip < C[P]Lip-
Let 1 <k < /-1, assume that for n =0, ..., M, v,gk) is Lipschitz continuous function with

[vgk)] Lip < C[@]Lip and let us prove that it is also for o,

For n = M, we have that UE\SJFU = ¢, then v](\]frl) is Lipschitz continuous function and
(k+1)

[UM ]Lip = [(b]Lip-

Let M —ig+1 < n < M, assume that vfﬁ:rll) is Lipschitz continuous function with

[vgfll)] Lip < ClolLip and let us prove that it is also for vq(lkﬂ). Using the Lipschitz

property of P™!, we have that for z,y € R?

8 (@) — oD ()] < max{[@]Lip, Clol | Lip e — vl

< Clé]Liplr — yl.

Then, for M —ig+1<n < M, v&kﬂ) is Lipschitz continuous function with [w(lkﬂ)} Lip <
C[¢]Lip-

Now, let 0 < n < M — iy, assume that vgirll) is Lipschitz continuous function with
[vgfll) lLip < ClolLip and let us prove that it is also for o, Using the Lipschitz

property of P! and P™% we have that for z,y € R?

0D (2) — &) ()] < max{([¢]Lip + Ol 1ip), CL D Lip} 2 — ]
< C[¢]L1p|x - y|



We conclude that for k = 1,...,¢ and n = M, ..., 0, uﬁf“) is Lipschitz continuous function
with [v8] 1, < Cl@)Lip- 0

Now we discretize the random variable X;, by some o (X}, )-random variable X, taking
finitely many values in R, X, is the optimal quantization of X;, . Let N := Ng+...+ Ny
denote the total number of elementary quantizers used to quantize the whole Markov chain
(Xt,)o<n<ar. We denote by {z7, ..., 2% } = ¢n(RY) the grid of N,, points used to quantize
X;,, and by z" := (a7, -, ¥} ) the induced Ny-tuple. Note that Xo =z, so that Xo =z
is the best possible LP-mean quantization of Xy and Ny = 1.

We replace X,, in (3.11) by its quantized random vector X, and we obtain the quantized

dynamic programming formula

(K
= o(Xu),
(k) _ o) (1 4 (3.13)
n max{e E[Vn+1|X ]7¢‘}(k 1)(X )}7 0<n<M-1
where
b1 (Xn) = 6(Xn) + e BV VIX,], 0<n < M~
oo (Xn) = ¢(Xn), M —ig<n <M.
For simplicity of notation we denote by E,[] :== E[.|X,] and E,[] := E[.|X,], and we

assume that Vék) = Aék) =0forn> M.
We define the function vg ) by

oy (@M) = ¢(aM), Vi € {1, ..., Nas}

(k) o 1y 4N (3.14)
o8 (21) = max{e " Z a2 o) (@), 6Ny (tny2) 1 1 < i < N0 << M — 1,

where

'n+10

_ k—1) i . .
Gy (tn, 27) = Plaf) +e77° Z gt D@ty 1<i < N,0<n < M — i,

¢é\£k—1)(tn7x?) :¢(q’.n)7 1 SZSNH7M_ZO <TLSM,

K]
and form € {1,ip},i=1,.... Ny, j=1,.... Nyy1,n =0,.... M —m

L =P(Xpim = x”+m|Xn =a}) = P(Xpim € C;(2"T™)|X,, € Ci(2™))
7,m

p.. _ _ —
:;%m with pi;" := P(X, 4 € Cj(2z"™), X, € Ci(a™)) and pJ" := P(X,, € Ci(a")).

[

Assume that ©) = 0. We can see that V,\¥) = 50" (Xn).

Let us now move to the convergence of our method.



3.2 Convergence of the quantization method

In this paragraph we show some a priori LP-error bounds for ||Vrfk) — Vrgk)Hp, k=1,..1¢

and n = 0,..., M, based on the LP-mean quantization errors | X,, — X,||,, n =0, ..., M.

Theorem 3.1 Let (V\")ocnenr and (VA™)ocnenr, k = 1, ... ¢, be like in (3.11) and (3.13)
respectively. For everyn =0,..., M, let X, denote the quantization of X,. Then, for every

p > 1 there exists a real positive constant C' such that

M
VM =Vl <0 11X = Xillp. (3.15)

i=n

Proof. For k = 1,....0, n = 0,...,M and j a strictly positive integer, set wffj) =

P (vgfz ;)- This function satisfies

k > k > k) <
EW) (X F] = En[véjj<xn+j>1 =M X).

It is known from inequality (3.9) that ¢ ) is Lipschitz continuous function and [wflk])} Lip <
k

C[ 1(1+)]]sz

We similarly define w ; by the equality 1/1 ( ) = E, [ﬁr(fg j (X'nﬂ)].

First step: For k = 1.

For n = M we have that V]\(}) = ¢, then V]\(}) is Lipschitz continuous function and
(1)

[VM ]Lip = [(ﬂLip-

Forn=20,..., M,

VD — V| <]g(X) — (Xn)| + [0 (X) — L (X00)]

<@ Lipl Xn — Xl + [0 (Xn) — Ealo (Xl + 1Bl (X)) — 950 (X))

(3.16)
On the other hand, we have
61 (Xn) = Eal)(X)]] <[] (X > M (X)| + Bl (%) — 48 (X))
< C[ ]sz ‘X Xn’ + En|Xn - Xn‘)a

then

1 (Xn) — Eale) (Xa)]llp < Clol) i il X — Xallp- (3.17)

By using the tower property of the conditional expectation and since X, is o(X,)-

measurable, we have

B[l (X0)] — 05 (Rn) =EnlEalol) ) (Xns1)]] — Balo()y (Xns1)]
:En[vr(LlJZ1(Xn+1) 7(142 (Xns1)]-

10



Then,

B[ (Xn)] = 6 (Xl < 1V = VD (3.18)

Finally, it follows from the above inequalities and (3.16) that for n € {0,..., M}

; 1 - o 1 (1
VO = VO, <((@nip + Clol L)z K — Xallp + 1V = V11,
1 ~ (1
<Cl@]ip) Xn — Xallp + VS = V.

oN

The last inequality is deduced from v,/
On the other hand, ||V1\(41) — V]\(})”p < [@)Lipl| X — Xl s0 that

M
||V751) - Vn(l)”p < C[¢]Ll’p Z HXZ - Xi”p'

i=n

M
Second step: Let 1 < k < ¢ — 1, assume that ||[V,® — V®)| < C[qﬁ]LipZ 1X; — Xillp,

i=n
and let us prove that it is true for k£ + 1.
We have that Vﬂ(f ) _ ¢, then Vﬂ(f D s Lipschitz continuous function and [Vj\(/}c +1)] Lip =

[d)]Lip-
For n=M,...,0, we have

VD — D] < 5 (X) — 90D (X0 + om0 (Xn) = dpm (Xa)l. (3.19)
As it is done in the first step, we obtain that

k ~ 5 k k k
D () — 5 (Kl <Ol VLl X — Xl + IVETY = VED),

)

k 1 k 1
<ClelLipll X — Xallp + [VETY —VED)0 (3.20)

According to the definitions of gbv(k) and gZ)V(k), we have that

164,00 (Xn) = b0 (Xn)| < [Bluipl X = Kl + [0 (X) = Enlll) (X))
B[, (X)) = O (). (3.21)

On the other hand, we have

W) (Xa) = Bl (X))l <o) (%) — o) ()l + 1088 (X0) — Bl ) (X))l
<8 1 Lip(1 X0 — Xl + Enl X — Xaal),

then

1®) (%) = Ealo®) (X1l <Clo )il X — Xl
<Cl8]Lip| X = Xl (3.22)

11



A~

By using the tower property of the conditional expectation and since X, is o(X,)-

measurable, we have

Ea o) (X)) = %) (X)) = BalEalol) (Xasio)]] = Ealo®), (Xuntio)]
Enlol®), (Xntig) — 08 (Xnio)]-

Then

> ~(k k
1Ea[0*) (X)) = %) (Xl < 1VE, = V& |, (3.23)

From inequalities (3.19), (3.20), (3.21), (3.22) and (3.23), we obtain that

(k+1 k+1 k)
VD = VDI, < Cléluap | Xn = Xallp + IVETY = GET 1 + 1V, = Vi Il
From the induction hypothesis we obtain that
(k (k U
9 +1) +1)
”VnEkJrl V Hp < C[ ]LZPHX X ”p + ”Vn+1 - n+1 Hp + C LZPZ HX X ”p
=n
M
(k+1 (k+1
< Cloluip D 1% = Zillp + VETY = D5V,
=n
From the deﬁnition of V(k—H) and V]\(/fﬂ), we have that
[VIED _ D) < o) il Xar — Xarllp and the result follows, i.e.
(k k =5
IV = GV, < Clelip XL, 1K — Xl 0

Remark 3.1 Bally and Pagés introduced the following assumption. they assumed that
the LP-mean quantization errors of the X, are ¢-dominated, i.e. there exists a random
vector R € LPT1(P)(n > 0) and a sequence (@mn)o<m<n<oo Such that, for every n > 1,
every m € {0,...,n} and every N > 1,

1Xm — Xnllp < omnl|R = Rllp- (3.24)

It is shown in [2, Theorem 4] that: We assume that (X,)o<n<nr is p-dominated in the
sense of (3.24) by on.m = cy/n/M. Let N > M+1, assume that for everyn € {1,..., M },

d
) T (g
Ny = |X4(€)] = =1 ,

t12(d+1) + . +t2(d+1) + . +t2(d+1)

where [x] := min{k € N|k > a}. Then, there exists a positive constant C), such that

Ml‘l’*
Oglax ||V k)Hp <Cp
n<M Nd
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4 Numerical scheme for one-dimensional case

From this section we will study the one-dimensional case. We define the process

X = (X¢)o<t<r which evolves according to the following stochastic differential equation:
dXy = rXedt + o XedWy, Xog=2x >0, (41)

where W is a standard Brownian motion, » > 0 and ¢ € R. We shall also use the notation
X5 for X, whenever we need to emphasize the dependence of the process X on its initial
condition. Let us define the following HJBVI

(k) 24)(k) (k)
min{rv®) (t,w)—agt(t, x) — %0’21'2 881;2 (t,z) — rmagx (t,x);
oW (1,2) = byocn(t.2)} =0, W(tz)€[0,T) x (0,00)  (42)
V(T 2) = ¢(x) Va € (0,00), (4.3)

where ¢ : R — R is a Lipschitz payoff function (in later use we define ¢(z) = (K —z)4),
kE=1,..¢and

b (t,z) = o(z) + e °F [v(’f*) (t+6,X50)],  vo<t<T-5  (44)
by-1) (t, ) = ¢(z), VT -6<t<T.

Assume that v(9) = 0 and for all t > T, v*) (¢, X;) = 0.
For k=1, ..., ¢, we have that the solution of the following stopping time problem

v® () = esssup E |:€_T(T_t)¢v(k—1)(7_, X)X = x|, (4.5)
7€ St

is the viscosity solution of the HIBVI (4.2)-(4.3), where S; := {r € Sy ; t <7 < T} for
every t € Sp. We can see that the diffusion process (Xj), solution of (4.1), is a function

of the Brownian motion, defined by
0_2
X, = 2" T D+oWert o1 g > ¢ where X; = z.

Then, it suffices to consider a quantizer of the Brownian motion. Let U be a standard

normal random variable, then we can write
02
X ~ xe(T_T)(S_tH”VS_tU, for s > t, where X; = x.

Note that the optimal quantization has no closed formula for the solutions. Quadratic
optimal N-quantization of the N(0, I;) distributions has been carried out systematically
for various sizes N € {1, ...,400} and dimensions d € {1, ...,10}. Some files of these optimal
grids (including their weights) can be downloaded from the website [17].

Let (u1,...,un) N real variables, U the optimal quantizer of U with values in (ug, ..., un)

and

2

X% = et T ) +oVs=tU g1 ¢ >t where X}" = .

13



We define Pr:R — [0, R]
r — 2l g + R1(R c0)s

%}ffn (t,2) = p(x) + e B[V (¢ 46, PR(XE)] Ve e [0,T -4,

%ﬁn (t,x) = ¢(x) Vte (T -0,

We denote by ﬁ}(ﬁ), the solution of

{@,(f)(t,a:) = ¢(z) Vte [T —hT]

o () = max{e B[ (t + b, Pr(XEE))), ng(le)(t 2} vie,r—n). 49

Assume that v,(L ) =0 and U(k) (t,z) =0 for all t > T'. We denote the numerical scheme of
the HIBVI (4.2)-(4.3) by

SENEEG 2 oW (1, 2), 0 65y =0 W(t,2) € [0,T — h) x (0, 00) (4.7)

o (t,2) = 6lw) V(t,2) € [T~ b, T] x (0,00), (48)
where
—rh
ok~ e " Elag(t + h, PRXT))]
SRR & pr, ag, ap_1) = min{ 3 tih 1Pk — ¢é\i’i (t, )}
(4.9)

The following proposition shows the Lipschitz property of v,(L ), k=1,...,0 and an upper

bound of the corresponding Lipschitz constant.

Proposition 4.1 Fork =1,...,¢, the solution @}(Lk) of (4.7)-(4.8) is Lipschitz with respect

to the state variable and

[ NLip < Z ej(TM)d 02 []Lip, where [¢]Lip :=sup M (4.10)
TH#Y r—=y

Proof. For k = 1, by the Lipschitz assumption of ¢ we have that for t € [T — h,T],
8\V(t, ) is Lipschitz and [6" (¢, )] ip = [¢]Lip. For t € [T —2h, T — h) we have

o5 (1) — o5 (¢, )|

<max< ThE[ (1)(t+h PR( t+h)) ( )(t+h PR( t—}—h))
< (6] iy masx (e E [| Pr(X{) = Pa(X(5)|| 1o = vl)
] |z yl)

[QZ)]Lip max <6Th |J,‘ — y| E |:€(7102)h+0\/EU:| : |l‘ o y|>

[¢]L1pe 2 ‘J) - y‘

|516(@) - s1)

IN

< []Lip maX( ' E HXt-i-h Xi

IN

IN
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where the last inequality is deduced from the fact that U is the optimal quantizer of U,

then E e”‘/ﬁﬁ] =F [e”‘/ﬁE [UW]}, and using Jensen’s inequality we obtain

E [e"‘/ﬁE[Ulm] <FE [E [e"‘/ﬁUWH =F [e”‘/ﬁU} = e"Qh, SO

E [e”‘/EU] e (4.11)

By repeating the same reasoning for ¢ on each interval of the form [T'— (i+1)h, T —ih), for
02
i=2,...,M — 1, we obtain that f)}(ll)(t, .) is also Lipschitz and [@,Sl)(t, Niip < e LB Lip-
Let 1 <k </ —1, assume that @,(f) is Lipschitz in space with
) o2 52
[v,(lk)(t Nrip < (Zl’?_l AT e T T[], and let us prove that v(k+ ) is also. By the
Lipschitz assumption of ¢ we have that for ¢ € [T — h,T], (kH)( t,.) is Lipschitz with
k+1
[U}(L )(ta ')]sz = [¢]L1p'
For t € [T'—2h,T — h), we have that

o (t0) - o Ve, y)|

<max(e ™"E {

o8 (4 by PRCRIE) = 0 (4 b, Pr(XEE)|

16(@) = o(y) |+~ B [[of) (¢ + 6, Pr(X[5) — 017 (¢ + 6. Pa(X1%)||)

0_2
< max e_rh[¢sz HXH,L Xffhu (@] Lip |z —y| (1 —I—ZeJ(T’L‘ST

2

<z:ej(T""S 5 [PlLiplr —y| -

By repeating the same reasoning for ¢ on each interval of the form [T" — (i + 1)k, T — ih),
fori=2,...,.M —1, We obtain that v(kﬂ)(t, .) is Lipschitz in space with
(k1 o2
[0t aap < % IR T 9] [~y
We deduce then the desired result. a

4.1 Convergence of the scheme

We focus now on the convergence (when h goes to zero) of the solution f),gk) of (4.7)-(4.8)
toward the value function v(¥) solution of (4.2)-(4.3). Following Barles and Souganidis [3],
we must show that the scheme S"":* defined by (4.9) is monotone, stable and consistent.
We will prove such properties by induction arguments. For the consistency at step k£ 4 1
(k > 1), we need the convergence of the numerical scheme at step k. Let us first define

the monotonicity, stability and consistency properties.

Definition 4.1 For k= 1,...,¢, we say that SNEF defined by (4.9) is monotonous if

Sh’N’RJC(tJ X, Pk, Ak, ak—l) Z ShJV’R’k(tJ X,y Pk, bk7 ak—l)
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if a, < by for all (t,xz) € [0,T] x (0,00),pr € R, ag,br and ax_1 Lipschitz in space and

satisfying the linear growth condition.

Definition 4 2 Fork=1,...,4, we say that SPNBF s stable if for all h > 0, there exists
a solution v Uh of (4.7)-(4. 8) which is uniformly bounded in h, N and R.

Definition 4.3 For k = 1,....4, we say that S™NBF s consistent if for all Lipschitz
function 1 € CH2([0,T] x (0,00)), and all (t,x) € [0,T] x (0, 0)

- { U(s,y) — e "B (s + h, Pr(X2Y)]

lim
NVh,R— 00
h—0,(s,y)—(t,z)

; (s,y) - asjiﬁl)(s,y)}

_mm{ W (1.2) - Lot w<t,x>—¢v<k-n<t,x>},

where @,(lk Y 4s the solution of (4.7)-(4.8), v~V is the wiscosity solution of (4.2)-(4.3),

and

Lp(t,x): = —ri(t,x) + O’ Tw( t,x) + r$g—f(t,x).

Let us now present and prove the convergence theorem.

Theorem 4.1 Assume that for k =1, ...,£, SPNEE s monotonous, consistent and stable
for (t,x) € D, where D is a subset of [0,T] x (0,00). Then, as h — 0, Nv/h and R — oo,
the solutwn vh of (4.7)-(4.8) converges locally uniformly in D to the unique viscosity

solution v'®) of (4.2)-(4.3).

Proof. For k € {1, ..., ¢}, we define

7®) (¢, z) == limsup @,(f)(s,y), v (t,z) ;= liminf f)}(ﬁ)(s,y) (4.12)

N+vVh,R—oc0 NVh,R—o00
(s,y)—(t,x),h—0 (s,y)—(t,z),h—0

and 0)(T, z) == o®(T, z) := ¢(x).

We claim that %) and v(®) are respectively sub- and super-solutions of (4.2)-(4.3). Assume

for the moment that this claim is true; then, by the comparison theorem (see [4]) we obtain

that 9®) < v(*) on D. But the opposite inequality is obvious by the definition of ) and
v®), hence v®) = §*) = y(*) is the unique continuous solution of (4.2)-(4.3). This fact

together with (4.12) also imply the local uniform convergence of v( ) to vk,

Our aim now is to prove the above claim.

Let us prove that 7% is a Viscosity sub-solution of the HIBVI (4.2)-(4.3). Let (to, o) be

a strict local maximum of 3¥) — ) on D such that
V(t,x) € B((to,xo)w)\{(to,xo)} np
7™ (t, ) — o(t,2) < ¥ (to, z0) — P(to, 20) := 0, (4.13)
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where 9 is bounded and infinitely differentiable function defined on D, such that

1 > 2C  out side the ball B((tg,xq),)
1 < C on the ball B((to,zo),r).

Where C > 0 is such that ‘@;Lk)(t,m)‘ < C, V(t,z) € D,h,R > 0 and N € N\{0}, the
existence of C' is insured by the boundedness of the function ¢.

It is known that there exist sequences hy, > 0, N,, in N\{0}, R,, in [0, 00) and (sp,yn) € D
such that as n — oo, hy, — 0, Ry, Nyvhn — 00, (Sp,yn) — (to, o), f),(li)(sn,yn) —
) (o, z0) and (s,,y,) is a global maximum point of @gz) — ). Let us prove that

min {—%f(to, x0) — LY(to, z0); Y (to, €o) — Gy-1) (to,xo)} < 0. (4.14)

Denoting by p, the quantity f),(li)(sn, Yn) — ¥(Sn,Yn), then we have p, — 0 and
o) (¢, 2) < P(t,x) + py for all (t,z) € D. (4.15)

The definition of 17}(1?, the monotonicity of S nNn:ftnk and (4.15) yield

k—1
ShnyNnyR'ruk(sn,yn,w(sn’yn) _i_pn’w—i—pn”[)f(Ln ))
(k) (k-1
< Sthn’Rmk(sna Yn> Y (Sns Yn) + Pns Uf(zn)7 Ui(zn )) = 0. (4.16)
Taking limits in (4.16) and using the consistency of S"nNn-Fnk e obtain

. k-1
O 2 ll’rI]:rl ShnyNnanyk($n7 y?’L71/}<Sn7yn) + p?’l7 /(/} + p?’l7 U}(‘Ln ))

- h,N,R,k k-1
> liminf S (8,y7¢(5,y)+P)¢+PvU}(L ))
N~vVh,R—00,p—0 "

h—0,(s,y)—(tg,z0)

> min {—%f(to, x0) — LY (to, 70); P (to, o) — Pye—1) (fo, 330)} ; (4.17)

then inequality (4.14) is proved and we conclude then that o) is a viscosity sub-solution
of the HIBVI (4.2)-(4.3). We can prove identically that v(¥) is a viscosity super-solution
of the HIBVI (4.2)-(4.3). Then by the comparison theorem we obtain that f),(lk) converges
locally uniformly to the unique viscosity solution of (4.2)-(4.3). O

Let us now prove the monotonicity, stability and consistency of our numerical scheme.
For the consistency property, we will prove that our scheme is consistent for (¢,2) €
[0, TI\{T—6}%x(0,00). Then from the last theorem we obtain the local uniform convergence
of 9" to v®) in [0, T)\ {T — 6} x (0, 0).

The monotonicity of the scheme is obvious.
Proposition 4.2 For all k=1,....£, SPN1k s monotonous.

Proposition 4.3 For k=1, ...,¢, SPNEE s stable.
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Proof. We have that for all (t,z) € [0, — h) x (0, c0)

ShNRE G e 6 (1), 0P, 0 ) =0 &

@;Lk)(t,x) = max(e ThE[ ok )(t-i-h Pp( t+h))] ¢ ak= 1>(t x)).

Our aim now is to prove that for £k = 1,.... 7, @,(Zk) is uniformly bounded in h, N and R.
We define the pay-off function ¢(z) := (K — x)4, where K > 0.

For k= 1:

Forte [T —hT), o"(t=z)=d()<K.

For t € [T —2h,T — h),

o\ (t, z) :max( "hE[ (¢4 h, Pr( Hh))] d)(x))
<K,

where the last inequality is deduced from the fact that ¢t + h € [T'— h,T). Then f),(ll) is
uniformly bounded in h, N and R when ¢t € [T'— 2h, T — h). By repeating this reasoning
on each interval of the form [T'— (i + 1)h, T — th), for i = 2,..., M — 1, we obtain that @}(Ll)
is uniformly bounded in h, N and R.

Let 1 < k < /£, assume that @}Lk) is uniformly bounded in A, N and R and let us prove that
f)}(Lk) is also.

Forte [T —hT), oVt z)=0¢@)<K.

For t € [T — 2h,T — h) there are two cases:

1% case: If t € (T — 6,71,

o8Vt @) = max (7B [0V (¢ + b, PR(RL5)] s (@)

< K.
2" case: If t € [0,T — 6],
o8Vt 2) = max (e B oV (¢ + b Pr(X[5))] s0(@) + B [0+ 6, X155 )

We have that when t € [T'—h,T], © A(k+ ) is uniformly bounded in ~, N and R, then by the

et , we deduce that it is uniformly bounded

induction assumption and the deﬁnltlon of 0,
in h, N and R.

We repeat the same argument on each interval of the form [T'— (i + 1)h,T — ih), for
1 =2,...,M — 1 we obtain that U(k+ )i

then the stability of SPNHRE for k= 1,..., 0. |

is uniformly bounded in h, N and R. We conclude

The definition of qﬁ]f}f differs if t < T —d or t > T — 9. Then we will prove by
v

h
induction the consistency of the numerical scheme for all t € [0,7]\ {T" — 0}, here we
choose D = [0,T]\ {T"— d} x (0,00). We need the following two Lemmas.
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Lemma 4.1 For all Lipschitz function ¢ € C([0,T] x (0,00)), ¥(s,y) € [0,T] x (0,00)
and for N = h*, where o < —1/2, we have

B+ PR - B[l + 0, X05)]

R
i h

=0 (4.18)
Proof. We have that for all Lipschitz function ¢ € C2([0,7] x (0,00)) and for all
(s,9) €[0,77 x (0,00)

B [0(s + b PRCZED)] = B [0(s + b X20)]| < CB [|Pr(x3,) - X34].
So by applying the dominated convergence theorem we obtain that

Tim | E(s + b, Pr(XSED] - B [0(s + b X0 < B [|£38, - x5 ]] - @19)

It is well known that there exists a normal random variable U such that, Yu € [s, T
X3 = yelr =)=+ 0V g5 then

XoY _ xsy H _ ye(r——)hE[

H s+h s+h
62 2 A~
< COyovhe =g [(eomf +eVhUY T — U|]

< Cym/ﬁar—“bh\/za (e 4 covvy) \/E 10— U]
< Cyov/helr=% ) (\/E [2VA0] 4+ \/E [e%\/ﬁﬂ) \/E 10 - uP].

Asin (4.11), we have E [ QUIU} €27’ and by Zador’s Theorem we have , | E [|U - U|2} =

1
O <N>’ then

oVRU _ ea\/EUH

1 T
Blltt -] < govvh i (420

Let N = h%, where a < —%, then

HXerh Xjfh”
h

< e(h), (4.21)

where e(h) := Cyahféfa goes to 0 when h goes to 0. We deduce then by inequalities
(4.19) and (4.21) that

El(s + h, Pr(XE))] = B [0(s + b, X3,
h

— 0, when h — 0 and R — oco. (4.22)

|
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Lemma 4.2 For all Lipschitz function ¢ € CY2([0,T] x (0,00)) and for all
(t,x) €10, T] x (0,00), we have

. U(s,y) —e TME [Y(s 4+ h, X)) o
lim = ——
h—0 h 81}

(s,9)—(t,2)

(t,x) — LY(t, x). (4.23)

Proof. By applying Itd’s formula to v — e~ "(“~)ip(u, Xi¥) in [s, s + h] we obtain

s+h o
(s X vt = [ e (G XE) + Lol X)) du

s+h
+ / e““S)gz/’(u, X3Y)o XS AW,
s Xr

By dividing the last inequality by h and taking the expectation we obtain

7rhE +h’X§1y _ , 1 s+h B 3 8
B XAV L[ ot (W, sy 4t x00) ) ].

By sending h to 0 and using the dominated convergence theorem we obtain that

U(sy) —e ME (s +h XY oy

li =—— — . 4.24
Lim, Y g¢ (59) = LY(s,y) (4.24)
Then by the regularity of 1) we obtain equality (4.23). O

Proposition 4.4 For k = 1,...,¢, SPNEF s consistent for N = h®, where a < —1/2,
and fort € [0,T]\ {T —d}.

Proof. By Lemma 4.1 and Lemma 4.2 we obtain that for all Lipschitz function
Y € CH2([0,T] x (0,00)), and all (t,x) € [0,7] x (0,00)

_ _—rh Sy
. lim Yy —e E[wi(lerh’ Pr(X,ih)) = —%f(t,x) — Lyt x).  (4.25)

h—0,(s,y)—(t,x)

Then to prove the consistency of SN 4+l we will just prove that

. N,R
’ — . 42
N\/E,Ilzl_rgo gb@ﬁk)(svy) Py (8, 2) (426)
h—0,(s,y)—(t,z)

We will prove this equality by induction.
For £ = 1, by the assumption v}(lo) = {),(LO) = 0, we obtain that ¢, (t,2) = ¢(z) and

qb{\i;ff(s, y) = ¢(y), then equality (4.26) is satisfied for k£ = 1.

Yh
Let 1 < k < £—1, assume that equality (4.26) is satisfied for k, then S™™V-%* is consistent,
and let us prove that so is for k + 1. We have that S"»V-®* is monotonous, stable and
consistent for ¢t # T — §, then by theorem 4.1, we obtain that for t £ T — 4, @;Lk) converges

to vk,

20



For s near ¢t we have two cases: s and ¢ are in [0,7 — J) or in (T"— 4, T7.
1% case: For s and t in [0,T — §)

< l6(y) — o(@)| + B [0 (s + 6, Pa(X3%) — ot + 8, X[7)

|

N,R
¢’D(}€) (87 y) - ¢v(k) (tv x)
h

< Clx — vy +E[ o )(5+5 Pr( s+6)) _U(k)(5+5 Xs+5)H

Using the Lipschitz property of ﬁ}(Lk) and inequality (4.20) we obtain that

+E H B (s + 6, X7%) — oWt + 6, X755 | -

E {61 (s + 8, Pr(X 3250 = 0O (s + 6, X35) || <B (|05 + 6, Pr(X3) — 01 (s + 6, X3 |
+E H o )(5 +6, X2%) — v® (s + 4, Xs+5)H
SNCyJ\/Ee(T+%)h

o8 (s 4 6, X35) = oM (s + 6, X))

+ B |[|of

So by the convergence of ﬁ,(lk) to v(¥) we obtain that

lim E [
NvVh,R—o0
h—0,(s,y)—(t,z)

o) (s 4 6, Pr(X5Y,)) — <Ns+5XH9H:o. (4.27)

EHw@@+axjgy—w@@+5xgg)

|

+ B ([0 + 8, X15) - 0@t + 8, X15)

| <B [0+ 8, X38) — v® (s + 6, X17)

)
N

<CE [|x3ts - Xth|] + CB [1+ | X115,

<Clz —y|+ C(1 + [z[)V/|s — ],

where the second inequality is deduced by the continuity of v*), see [4], and the last one
is deduced by Pham [16]. We conclude then that

. k s T
im B H ®) (546, X20) — o®) (¢ 4 6, X12) } ~0. (4.28)
h—0,(s,y)— (t,)
274 case: For s and t in (T — 6, T]
485 60) = G 1.0)] = 105) — 6(0)] < Cla =], (429)

which goes to 0 when (s,y) goes to (t,z).

In the two cases we obtain equality (4.26). We deduce then the consistency of SNk,
fork=1,..¢. |
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We have proved that our scheme is monotonous and stable for ¢ € [0,7] and consistent
for t € [0,7] \ {T" — ¢}, then by theorem 4.1 we conclude that f)}(f) converges locally
uniformly on [0, 7]\ {T'— 6} x (0,00) to the unique viscosity solution v*) of (4.2)-(4.3).
By the following corollary we obtain the convergence of {)}(lk), on [0,7] x (0,00), to the

unique viscosity solution v(®) of (4.2)-(4.3).

Corollary 4.1 If Ol(lk) converges locally uniformly on [0, T)\{T' —4d} x (0,00) to the unique
viscosity solution v®) of (4.2)-(4.3). Then f)i(Lk) converges on [0,T] x (0,00) to the unique
viscosity solution v of (4.2)-(4.3).

Proof. We have that @;Lk) converges locally uniformly to v¥) (¢, z) in [0, T]\{T'— 6} x (0, 00)
then Vz € (0, 00)

5(k) _ R _ s\
(s’y>ng—5a%) Oh (S’y) v ((T 5) ax)a (430)
s<T—06
and
li (k) — O (T — 5 2. 31
o By O (500) = (T = 0)7,a) (1.31)

Equalities (4.30) and (4.31) added to the continuity of v*) on [0,7] x (0,00), imply the
convergence of f)}(Lk) to v¥) on (T — 6, x).
We conclude then that ﬁ}(lk) converges on [0,7] x (0,00) to the unique viscosity solution

v ) of (4.2)-(4.3). O

Note that the approximation scheme is not yet fully implementable, since it requires an
approximation method for the expectations arising in (4.9). This is the concern of the

next section.

5 Numerical solution for one-dimensional case

In this section, we introduce an implementable scheme. We discretize in time the optimal
stopping problem (4.5). Let M € N\{0} and h = T/M be the time step. We assume
that there exists ig € {1,..., M} such that § = igh. For ¢ = 0,..., M, we denote by
ty = qgh. We define for ¢ = 1,...,N, ¢ = M,...,0, z] := :ce(“ﬁ)qh*"\/qih“i, x? =,
z? = {af,...,2%}, where (ui,...,uy) is an optimal quantization grid of the standard
univariate normal distribution.

Our aim now is to calculate the value @}(lk)((), x) for z > 0.
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We define f/;(k) solution of

s

Vi (tar,a)) = o(@M)  Vi=1,..N

X i i

N t,.x t,x
. . P(X2F € Cij(xit), X € Ci(a?
V(k)(tq,xg) =max{ e " E %Ei)(tq+1,PR(a:?+l)) Ko i ) Xg (1))
=1

P(Xy" € Ci(x9))
M) (2N} Wi=1,.,N,q=M—1,..,0,

7t7x

t,x ’

N SED g, g ]P’(X;’_fio € Cj(x9ti0), X" € Cy(a?))
Z t,x (Q‘HO?xj ) t.x
P(Xy" € Ci(z9))

Vq = 0, couy M — i(),

The following table presents Swing put option values for different numbers of simulations
for £ =5, T =1 year, 6 = 0.1 year, x = K = 100, » = 0.05, 0 = 0.3, M = 50, N = 150
and 250.

N—150 | N=250
v 00,2) | 987 | 9.6
v2(0,2) | 1921 | 1934
V90,2) | 2775 | 2841
V(0,2) | 3649 | 36.49
VO (0,2) | 4425 | 44.26

This result is similar to those of Carmona and Touzi [6].

We have implemented and tested the above algorithm for the swing put option with the
following characteristics: maturity 7" = 1 year, refraction period § = 0.1 year, r = 0.05,
o = 0.30, maximal number of exercise rights £ = 5 and the number of points in the
optimal quantization grid N = 150. The following figure gives the plots of the graphs of
the functions z — v(*)(0,z) for k = 1,2,..., 5.

5.1 Complexity of the algorithm

The computation of the value function has not an expensive computation cost. Indeed,
this grid contains O(M) points, and at each point t4,¢ =0, ..., M, one has to compute
(1) the approximation of conditional expectation E[@}(Lk) (tq + A, PR(XZZ(S))] that costs
O(N) unitary operations,

(2) the localization procedure has constant computational cost O(1).
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Figure 1: graph of the functions v*)(0,.) for k =1,2,3,4 and 5

Therefore, we obtain
complexity = O(MN).

Actually, setting K = max(M, N), the complexity of the algorithm is O(K?). Yet, practi-
cal implementation of the algorithm can achieve much better performance. In the optimal
quantization for the computation of the expectations in the numerical algorithm, we can
choose N = O(M'/?%€) for all € > 0. In this case, the complexity is reduced to

complexity = O(M®/?+¢)  for all € > 0,

which is satisfactory when considering that there are O(M) points to compute in the
time axis,. If we consider the space discretization with M points, the complexity of the

algorithm will be

complexity = O(MM?®/?+¢)  for all € > 0.

5.2 Comparison with the finite-difference scheme

Let us compare our result with usual finite difference scheme. Let us briefly introduce the
class of theta schemes. We refer the reader to Lapeyre et al. [12] for a complete discussion
about this class of schemes. We will assume that the value function is sufficiently smooth,
and we focus in this section on the diffusive part of the HIBVI, so that the target equation

we have to solve is

ovk) &
5 () + Lo® (¢t 2) =0 VY(t,z)€[0,T) x (0,0),
together with a terminal condition on {T'} x (0, 00), where
92y vk

LoP)(t,2) = —roP (¢, 2) + 1021'2

5 81‘2 (t, x) + T.%W(t, .7})
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To solve numerically this Kolmogorov parabolic equation with finite time horizon, we can

discretize it using a theta scheme. Let 6 € [0,1], A := R/M, with M € N* denote the

spatial step, and Oa := {iA,i = 0,..., M} be the associated spatial grid. We denote by

h:=T/K, with K € N* the time step. The approximation consists in the following:
vk

5 (t2) + LoO(t,2) 2 P oMt ),

where

(k) _ (k)
Pl a0 (1, 2) =TI I V) 01,0 4 (1 0)Lav® 1 4 b ),

2.2 (k) _ (k) (k) B
Lav®(t, z) ::0; oW (tx +A) =20 A(;t,a:)ﬂ (t,z — A)

(k) —p) —
+ gl (t,x + A)zAv (tx—4A) ro®) ().

The discretized equation is
Phav®(t,2) =0 Y(t,z) € Op x [0,T).

From the finite-differences approximation, we have the following precision:

(k)
%(ta z) + Lo® (L, z) = P,27Av(k) (t,x) + O(h? + A7),

where p and ¢ depend on the choice of 6: if 6 # 1/2 we obtain that p =1 and if § = 1/2 we
obtain that p = 2 which corresponds to the Crank-Nicholson scheme. Due to the second
order derivative in £, and by using standard finite-difference approximation, the rate of
convergence for the spatial approximation is ¢ = 2, for all § € [0,1]. Therefore, in our
case, we see that theta schemes have order 1 in time and order 2 in space, except for
the Crank-Nicholson scheme, which gives an order 2 in time and order 2 in space. For
comparison purposes, the optimally quantized scheme that we use has a precision of o(h)
in time provided that N ~ h~(1/2+€) where N is the number of points in the optimal
quantization grid. Indeed, we have that
vk

5 () + Lo (t,z) =0 Y(t,z) €[0,T) x (0,00).

Then by Lemma 4.1 and Lemma 4.2 we obtain that
00t 2) = B [ (¢ + by Pr(XTE)| +o(h).

This prompts two comments. First, we see that, in contrast with the finite-difference
scheme, the precision of the optimally quantized scheme is controlled by the number of
points IV of the optimal quantization grid, and not by the space step A. Therefore, we can
improve the precision by increasing N without increasing the size of the grid, which is very

interesting when dealing with high-dimensional state space. Second, using the optimally
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quantized method we keep a precision of o(h). Whereas, using a finite-difference scheme,

the above result allows us to choose M « K'/4 to obtain a precision of O(h'/?) due to

spatial approximation. Therefore, by using an optimally quantized scheme, we can obtain

a satisfactory precision, while managing efficiently the size of the grid, and subsequently

the memory needed to achieve computation, which is highly relevant when dealing with

high-dimensional state space.
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