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1. Aim and scope

The purpose of this short communication is to highlight the
potential of a specific robust optimisation approach, namely the
cardinality-constrained model, in handling health care manage-
ment problems. In fact, although robust optimisation approaches
have been widely applied in health care, the cardinality-constrain-
ed model has seldom been considered. We briefly report our ex-
perience with this approach, which in our view can be fruitfully
applied to health care management problems, pointing out some
advantages and considerations that can be useful for operations re-
searchers while applying this approach to the same field.
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2. Uncertainty in health care management

The demand for mathematically based decision support tools
to optimise the delivery of health care services has been growing
significantly in recent years. In Western countries, the need for
efficient resource management is constantly increasing due to the
ageing population on the onehand,which is increasing the demand
for health care services, and the reduction in public health funding
on the other. Several studies have been conducted with the aim
of improving the ratio of service quality to cost in health care
systems. Among the adopted quantitative techniques, operations
research methods have proved to be effective in many sectors
where decision making support is necessary, such as industrial
planning and logistics, and are currently widely applied to health
care-related problems.

Typical features of health care systems include a high level of
complexity and a large amount of available data, which have only
recently begun to be stored digitally. Moreover, one of the major
problems faced by people working in health care management is
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data uncertainty [1]. Available data need to be properly analysed
and processed to obtain reliable input parameters. In fact, data re-
liability is a key factor in guaranteeing the feasibility and efficiency
of the obtained solution when it is applied to the real system. In
health care, uncertainty may arise in different contexts and due
to different causes. For example, in the emergency vehicles loca-
tion problems, uncertainty arises from ambulance availability [2];
in planning and scheduling operating rooms, uncertain data are the
duration of surgery, length of stay and rate of patient arrivals [3];
in home care services, the demand for care is uncertain in terms
of the number, duration and types of visits [4]. In all cases, uncer-
tainty cannot be neglected, as it may have a significant impact on
the solution and on the quality of service provided to patients. For
this reason, robust methods that explicitly take data uncertainty
into account are drawing the attention of the research community.

3. Methods and approaches for robustness

The concept of solution robustness is crucial when handling
uncertain data or parameters. Generally speaking, a solution is
considered robust if it is able to protect against uncertainty; i.e.,
the solution remains feasible even when parameters change with
respect to their nominal value, and the deterioration of the solution
quality is controlled or limited when it is applied to the real
uncertain system instead of the nominal case. Moreover, a trade-
off must be pursued between these two aspects, i.e., the level
of robustness (the feasibility in different scenarios defined by
possible realisations of parameters), and the efficiency and cost of
the solution (how much the solution deteriorates when applied to
the uncertain system). Indeed, a very conservative solution tailored
to unlikely scenarios may turn out to be highly expensive for more
likely scenarios or, alternatively, a solution that is not conservative
enough may become infeasible even for small variations with
respect to the nominal problem.

Different approaches have beenproposed in the literature to ad-
dress uncertain parameters in optimisation problems. They belong
to threemain groups: stochastic programming, distributionally ro-
bust optimisation, and robust optimisation.

In stochastic programming [5,6], uncertain parameters are
modelled as random variables and the probability distribution
of each parameter is assumed to be known. Hence, to approach
real life problems, stochastic programming requires both a strong
statistical background to manage the mathematical models and a
thorough knowledge of the real problem to derive the probability
distributions, which are not always easy to derive. The main
advantage of stochastic programming is that it produces solutions
that are usually not over-conservative as they protect against the
most likely realisations. The resulting optimisation problems can
be difficult to solve, however, often involving a very wide number
of scenarios. In addition, if the given distributions are not reliable
(i.e., they are different from the real ones), the solutions produced
by a stochastic method may not prove to be robust.

On the contrary, distributionally robust optimisation [7,8] and
ambiguous chance-constrained approaches [9] assume that the
probability distribution is not known, but lies within a known fam-
ily of distributions. The solution must protect against the worst-
case realisation given by the admissible probability distributions.
The problem is difficult, but computationally tractable approxima-
tions exist.

Robust optimisation approaches [10–14] are a good compro-
mise between the above mentioned methods. Robust optimisa-
tion approaches assume that each uncertain parameter belongs to
a given convex set, and no detailed knowledge of its probability
distribution is required. These approaches guarantee that the so-
lution is feasible for all of the values of the parameters within the
considered uncertainty set. They are usually computationallymore
tractable than the stochastic programming approaches. The pro-
duced solutions may be over-conservative, but the possibility of
managing the convex sets and the parameters’ movement within
them allow the level of robustness to be adjusted.

In the simplest definition of the uncertainty set, the uncertain
parameters are assumed to belong to an interval. Hence, when
addressing a (possibly mixed-integer) linear program of the form

minimise


j

cjxj

s.t. 
j

aijxj ≤ bi ∀i

xj ≥ 0 ∀j

a nominal value āij and a maximum deviation δij are given for each
uncertain parameter aij, i.e., aij ∈ [āij − δij, āij + δij].

The cardinality-constrained robust optimisation method [14]
considers such uncertainty sets. As it is unlikely that all parameters
will deviate from their nominal value at the same time, themethod
assumes also that only a subset of at mostΓi parameters is allowed
to change in the ith constraint. In this sense, the cardinality of
the parameters permitted to change is constrained. The generated
solution must be feasible for the worst possible scenario in which
Γi parameters assume their maximum values while the others
assume their nominal ones.

We remark that very little knowledge of the parameters’ vari-
ability is required; furthermore, the decision maker can tune the
level of robustness by setting the parameters Γi. It is interesting to
note that, as the constraints added by the cardinality-constrained
approach are linear [14], the robust counterpart of an integer lin-
ear programming problem can be solved by any commercial solver,
except in very large instances. Additionally, the robust counterpart
of a linear programmingmodel is still a linear programmingmodel,
and can therefore be solved in polynomial time.

The area of robust optimisation is vast and continuously ex-
panding. For instance, scenario-based approaches are proposed
in [15], whose aim is to produce solutions that have the best
worst-case objective value considering all possible scenarios. In
adjustable robust optimisation methods [16,17], a multistage de-
cision policy is used. In [18,19] robust optimisation approaches
have been proposed in which the robustness is enforced by cutting
planes. A computational study on cutting planes versus reformu-
lations is also provided in [20]. For other approaches and in-depth
analyses of robust optimisation, we address the reader to Ben-Tal
et al. [21], Bertsimas et al. [22], Gorissen et al. [23], and the refer-
ences within.

4. Applying the cardinality-constrained approach to health
care management problems

Several approaches are largely applied when handling uncer-
tainty in health care problems, such as probabilistic models [2,24]
or stochastic optimisation approaches [25,26]. On the contrary, to
the best of our knowledge, the cardinality-constrained approach
has thus far been rarely applied to health care problems. In May
2014, a search on Scopus for papers citing Bertsimas and Sim [14]
in relation to health care yielded only five results [27–31] other
than our contributions in a conference book [32,33], the latter also
extended in a journal [34].

However, the cardinality-constrained approach seems to be
suitable for handling several health care management optimisa-
tion problems. We recently tested this hypothesis by applying
the cardinality-constrained approach to two relevant health care
problems: the operating room planning problem and the nurse-to-
patient assignment problem in home care services. In the follow-
ing, we briefly describe our experience in applying this approach
to these problems, focusing on general considerations, advantages,



and remarks that can help operations researchers in evaluating the
approach for other applications in the health care field.

5. Our experience in two applications

The surgical case assignment problem is considered in [35]
(extended work of Addis et al. [32]). For each specialty, a given
number of surgical blocks is available, togetherwith their allocable
timespan. Patients must be assigned to these blocks taking into
account their surgery durations, with the goal of minimising the
total delay for patients. The surgery duration is uncertain, and
the cardinality-constrained approach is applied to compute an
assignment of surgery cases to the blocks, which shall not exceed
each block’s capacity, even if a subset of surgery durations per
block assumes the maximum value instead of the expected one.
In this way, a certain degree of robustness is obtained without the
need to protect against all possible realisations of surgery duration.

The nurse-to-patient assignment problem arises in home care
service management when the continuity of care is pursued [34].
Continuity of care means that only one nurse (i.e., the reference
nurse) is assigned to each patient, and the assignment is kept
over a long period. The problem consists of assigning each new
patient entering the service to his/her reference nurse. Nurses have
a certain amount of working hours over a defined time interval,
usually a week, and must be extra paid for working overtime.
Moreover, amaximumovertime is allowed for each nurse. The aim
is to provide a suitable service quality, minimising overtime costs
and/or balancing nurses’ workloads. The amount of treatment time
required for each patient in the time slot may vary with respect
to its expected planned value, e.g., due to sudden changes in the
patient’s health conditions. Therefore, the time amount for visits
required by each patient in each time interval is the uncertain
parameter of the planning process. We tackled the problem by
applying the cardinality-constrained approach, with the aim of
guaranteeing that the obtained assignments are feasible even if a
subset of patients assigned to each nurse requires the maximum
treatment time.

The results of both applications are promising: computational
times are reasonable, thus guaranteeing the applicability of the
cardinality-constrained approach in real life cases. Moreover,
when tested on a set of randomly generated scenarios and/or on
historical data, the solutions display good behaviour in terms of
quality performance metrics and improvement with respect to
their non-robust counterparts.

Indeed, concerning the surgical case assignment problem, the
robust model has been tested on a set of realistic instances and
has been comparedwith the non-robust counterpart. The obtained
solutions, both robust and non-robust, have also been tested
on a set of scenarios. The number of patients operated on may
decrease slightly when robustness is guaranteed; however, when
the solutions are applied to scenarios, the robustness dramatically
reduces – up to one third – the number of patients who cannot be
operated on in the scheduled day due to surgery time variations
with respect to the expected value. In this way, from the patient’s
point of view, the quality of the solution is highly improved.
Increasing the level of robustness, the number of cancelled patients
is almost zero, but on the other hand, the utilisation rate is reduced.
Evenwhen the highest level of robustness is required, however, the
utilisation rate never drops below 50%.

Concerning the home care application, the proposed model has
been tested on both historical data and a set of generated sample
paths. The robust model guarantees a better performance in terms
of overtime costs, as well as a more evenly distributed workload
for the nurses, with respect to the nominal model. Briefly, apply-
ing the robust model instead of the non-robust counterpart has
generated savings of up to 30% on penalty costs, considering his-
torical data of a real home care provider over six months. Both
palliative and non-palliative patients are treated by the consid-
ered provider. Advantages are mainly ascribed to non-palliative
patients rather than to palliative ones because the latter have a
more defined care pathway associated with lower uncertainty.
Computational times needed to solve the model in practice with a
weekly basis are reasonable. Compared to the othermethodologies
applied to this problem [24,26,36], the cardinality-constrained ap-
proach is able to produce competitive solutions. It requires reduced
computational time and fewer assumptions on the variability of
patients’ demands. On the contrary, the stochastic programming
approach [26] requires a high computational time due to the in-
clusion of stochasticity with the scenario generation, and the an-
alytical approach based on stochastic ordering [24,36] requires
introducing several assumptions on the shape of the density func-
tions.

6. Analysis and general conclusions

The cardinality-constrained approach proves to behave well
in the two considered applications, based on which, some of the
advantages of this approach that can be useful for research into
other health care management problems are highlighted below.

As already mentioned, this approach uses a very simple ge-
ometry for the convex sets: parameters are assumed to lie on
an interval, and a limited number of them are assumed to take
the maximum possible value instead of the nominal one. There-
fore, the approach does not require the knowledge of the en-
tire probability density functions of the uncertain parameters,
but only some knowledge of them. In health care applications,
enormous amounts of historical data are usually available, from
which the little information required can be easily derived. In
contrast, it can be difficult to find the more detailed information
required for other approaches. Moreover, unlike other methods,
the cardinality-constrained approach does not rely on a detailed
description of the uncertainty, and for the same reason, it is less
sensitive to estimation errors in the data and their probability dis-
tributions. Finally, the approach provides a robust solution with a
reasonable computational effort.

Another relevant advantage is that the basic idea of the ap-
proach can be easily understood by clinicians and health care ser-
vice managers without any background in statistics or operations
research. The robustness of the solution can be easily tuned by the
service managers themselves according to the desired level of risk
protection, by imposing the cardinality of the subsets of parame-
ters assuming their maximum values. Such cardinality has a prac-
tical meaning that can easily be interpreted, and its impact can be
tested to properly select the trade-off between the level of robust-
ness and the cost of the solution.

It is worth noting several factors with respect to the param-
eter setting. Other parameters must be set besides cardinalities
Γi, and their values must be carefully evaluated. Indeed, the ap-
proach assumes that the majority of uncertain parameters take
their expected values, whereas a subset of them takes their max-
imum ones. Thus, each nominal value āij must have a real mean-
ing in the considered application. In the health care applications
described above, the lengths of treatment (e.g., surgery and visit
durations) are usually continuous parameters, and their nominal
values can be taken as the expected value of a suitable statistical
distribution, or from standard values given by national or regional
health systems. If an integer parameter is considered, however, a
fractional expected value does not occur in any realisation. Regard-
ing the maximum values āij + δij, if a distribution is derived for aij
based on historical data, attention must be paid when setting the



value of the maximum deviation δij. If we are not willing to pro-
tect against some values as they are considered to be very unlikely,
these values must be outside the given interval. To do so, one pos-
sibility is to take āij + δij in correspondence of a given quantile of
the distribution rather than the maximum value.

In addition to the benefits, we have experienced two main
drawbacks in conducting our work [34,35] that we consider note-
worthy. First, the approach may become computationally expen-
sive for large instances, and computational time may also depend
on the value of parameters Γi. Second, characterising the uncer-
tain parameters with only two values, āij and āij + δij, might not be
sufficient to capture the behaviour of peculiar parameters. Quite
straightforward improvements in the method can overcome both
drawbacks. Concerning the computational effort, cutting plane-
based approaches [19] can be applied to reduce computational
time. On the other hand, to provide amore detailed representation
of uncertain parameters, additional side-constraints may be added
to the model.

In general, we think that great advantages can be obtained by
the standard formulation of the cardinality-constrained approach.
Should any of these two drawbacks occur in the solution of a
specific application, the alternatives we discussed are worthy of
implementation.
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