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Abstract

This paper considers a linear quasi-cyclic product code of two given quasi-cyclic codes of relatively prime lengths over finite
fields. We give the spectral analysis of a quasi-cyclic product code in terms of the spectral analysis of the row- and the column-
code. Moreover, we provide a new lower bound on the minimum Hamming distance of a given quasi-cyclic code and present a
new algebraic decoding algorithm.

More specifically, we prove an explicit (unreduced) basis of an £4{g-quasi-cyclic product code in terms of the generator
matrix in reduced Grobner basis with respect to the position-over-term order (RGB/POT) form of the £4-quasi-cyclic row- and
the £p-quasi-cyclic column-code, respectively. This generalizes the work of Burton and Weldon for the generator polynomial of a
cyclic product code (where £4 = £ = 1). Furthermore, we derive the generator matrix in Pre-RGB/POT form of an ¢ 4¢g-quasi-
cyclic product code for two special cases: (i) for £4 = 2 and {5 = 1, and (ii) if the row-code is a 1-level £4-quasi-cyclic code
(for arbitrary £4) and £ = 1. For arbitrary £4 and ¢p, the Pre-RGB/POT form of the generator matrix of an £4/¢pg-quasi-cyclic
product code is conjectured.

The spectral analysis is applied to the generator matrix of the product of an /-quasi-cyclic and a cyclic code, and we propose
a new lower bound on the minimum Hamming distance of a given /-quasi-cyclic code. In addition, we develop an efficient
syndrome-based decoding algorithm for /-phased burst errors with guaranteed decoding radius.

Index Terms

Bound on the minimum Hamming distance, phased burst error, decoding, key equation, quasi-cyclic product code, reduced
Grobner basis, spectral analysis, syndrome

I. INTRODUCTION

The family of quasi-cyclic codes over finite fields is an important class of linear block codes, which is—in contrast to cyclic
codes—known to be asymptotically good (see, e.g., Chen et al. [2]). Several quasi-cyclic codes have the highest minimum
Hamming distance for a given length and dimension (see, e.g., Gulliver and Bhargava [3] as well as Chen’s and Grassl’s
databases [4], [5]). Many good LDPC codes are quasi-cyclic (see, e.g., [6]) and the connection to convolutional codes was
investigated among others in [7]-[9].

Recent works of Barbier et al. [10], [11], Lally and Fitzpatrick [9], [12], [13], Ling and Solé [14]-[16], Semenov and
Trifonov [17] and Giineri and Ozbudak [18] discuss different aspects of the algebraic structure of quasi-cyclic codes. Although
several of these works [9]-[18] propose new lower bounds on the minimum Hamming distance, their estimates are still far
away from the real minimum distance, and therefore, it is an open issue to find better bounds and in addition to develop
efficient algebraic decoding approaches.

The work of Wasan [19] considers quasi-cyclic product codes while investigating the mathematical properties of the wider
class of quasi-abelian codes. Some more results were published in a short note by Wasan and Dass [20]. Koshy proposed a
so-called “circle” quasi-cyclic product code in [21].

This work provides the generator matrix of an ¢4/ p-quasi-cyclic product code A ® B based on the given reduced Grobner
basis (RGB) representation of Lally and Fitzpatrick [12] of the £4-quasi-cyclic row-code A and the ¢p-quasi-cyclic column-
code B. This generalizes the results of Burton and Weldon [22] and Lin and Weldon [23] for the generator polynomial of a
cyclic product code (see also [24, Chapter 18]). The generator matrix in Pre-RGB/POT form of an ¢ 4¢p-quasi-cyclic product
code A® B is derived for two special cases: (i) for £4 = 2 and £g = 1, and (ii) if the row-code A is a 1-level £4-quasi-cyclic
code and /5 = 1. We conjecture the basis of A ® B for arbitrary ¢4 and /p.

We apply the spectral analysis of Semenov and Trifonov [17] to the generator matrix in Pre-RGB/POT form of an {-quasi-
cyclic product code A @ B, where A is an ¢-quasi-cyclic code and B is a cyclic code. Moreover, we propose a new lower
bound d* on the minimum Hamming distance of a given ¢-quasi-cyclic code 4 via embedding A into an ¢-quasi-cyclic product
code A ® B. This embedding approach provides an efficient syndrome-based algebraic decoding algorithm that guarantees to
decode up to |(d*—1)/2] ¢-phased burst errors.

A. Zeh has been supported by the German research council (Deutsche Forschungsgemeinschaft, DFG) under grant Ze1016/1-1. S. Ling has been supported
by NTU Research Grant M4080456. Parts of the presented work were published in the proceedings of the 10™ International ITG Conference on Systems,
Communications and Coding 2015 (SCC’2015) [l].



The paper is structured as follows. We introduce basic notation, recall relevant parts of the Grobner basis theory for quasi-
cyclic codes of Lally and Fitzpatrick [12] and the spectral analysis technique of Semenov and Trifonov [17] in Section IL
Section III covers elementary properties of quasi-cyclic product codes and our main theorem (Thm. 10) on the (unreduced)
basis of an ¢4¢p-quasi-cyclic product code A ® B, in terms of the two given generator matrices in RGB/POT form of the
¢ 4-quasi-cyclic row-code A and the ¢p-quasi-cyclic column-code B, is proven. The generator matrix of a quasi-cyclic product
code is derived for two special cases. The first case is a 2-quasi-cyclic product code of a 2-quasi-cyclic and a cyclic code and
its generator matrix in Pre-RGB/POT form is proposed in Thm. 12. Thm. 14 gives the RGB form for the second case, i.e., an
{-quasi-cyclic product code of a 1-level /-quasi-cyclic and a cyclic code. The explicit expression of the generator matrix of
A ® B in Pre-RGB/POT form for arbitrary £4 and {p is presumed in Conjecture 15, which we verified through reducing the
unreduced basis of several examples.

Although we could prove the RGB/POT form of the generator matrix of a quasi-cyclic product code only for the previously
mentioned cases (Thm. 12 and Thm. 14), we perform the spectral analysis for the instance of an ¢-quasi-cyclic product code
A ® B, where A is an (-quasi-cyclic and B is a cyclic code in Section IV based on Conjecture 15. The new lower bound
d* is proposed in Section IV-B. Section V contains our syndrome-based decoding algorithm with guaranteed ¢-phased burst
error-correcting radius | (d* — 1)/2]. We conclude the paper in Section VI.

II. PRELIMINARIES
A. Notation and Reduced Grobner Basis (RGB)

Let IF, denote the finite field of order ¢, F,[X] the polynomial ring over F, with indeterminate X, and I} the linear vector

space over [F, of dimension n. The entries of a vector v € ]Fg are indexed from zero to n—1, i.e., v.= (vg v1 -+ Up_1).
For two vectors v, w € Fg, the scalar product Z;:Ol v;w; is denoted by v o w. For two positive integers a,b with b > a the

set of integers {a,a+1,...,b— 1} is denoted by [a, b) and we define the short-hand notation [b) e [0,b). An m X n matrix
M € F**™ is denoted as M = (m”)z EE [[:L)) or where the size follows from the context, we use the short-hand notation (m; ;).

A linear [( - m, k,d], code C of length ¢m, dimension k, and minimum Hamming distance d over F, is ¢-quasi-cyclic if
every cyclic shift by £ of a codeword is again a codeword of C, more explicitly if:

(Co,o ctt Cp—1,0 €01t Ce—11 0 Coom—1 Cffl,mfl) eC=
(Co,m—l o Cp—1,m—-1 C,0 * C—1,0 " Coom—2 " Ce—l,m—z) eC.
We can represent a codeword of an [¢ - m, k,d], ¢-quasi-cyclic code C as ¢(X) = (co(X) c1(X) -+ cr—1(X)) € F,[X]5,
where each entry is given by

m—1
(X)Xt vielo). (1)
=0

Then, the defining property of the ¢-quasi-cyclic code C is that it is closed under multiplication by X modulo (X™ — 1) in
each entry.

Lemma 1 (Codeword Representation: Vector to Univariate Polynomial). Let (co(X) ¢1(X) -+ ¢i—1(X)) be a codeword of
an [0 - m,k,d), {-quasi-cyclic code C, where the entries are defined as in (1). Then a codeword in C, represented as one
univariate polynomial of degree smaller than ¢m, is

o(X) =) (X)X 2)
§=0
Proof. Substituting (1) into (2) leads to:
£—1 £—1m—1
(X)) =) ¢(XHXI = cj i X,
7=0 7=0 =0

O

Lally and Fitzpatrick [12], [25] showed that an /-quasi-cyclic code C can be viewed as an R-submodule of the algebra R,
where R = F,[X]/(X™ —1). The code C is the image of an F,[X]-submodule C of F,[X]* containing

K= (X" =1)ej,jel0),
where e; € F,[X ]¢ is the standard basis vector with one in position j and zero elsewhere under the natural homomorphism
¢: F,[X]* — R

(co(X) -+ co—1(X)) = (co(X) +(X™ —=1) -+ 1 (X)+(X™ = 1)). ©)



The submodule has a generating set of the form {u;,i € [2),(X™ — 1)e;,j € [¢)}, where u; € F[X]* and z < ¢ (see,
e.g., [26, Chapter 5] for further information) and can be represented as a matrix with entries in [, [X]:

ug,0(X) up(X) - wuge—1(X)
Ul,o(X) U1,1(X) Ul,é—l(X)
R e L R @
Xm -1 0
0

Xm—1

Every matrix U(X) as in (4) of an ¢-quasi-cyclic code C can be transformed to a reduced Grobner basis (RGB) with respect
to the position-over-term order (POT) in F,[X ]f (as shown in [12], [25]). A basis in RGB/POT form can be represented by
an upper-triangular ¢ x ¢ matrix with entries in F,[X] as follows:

900(X) goa(X) -+ goe-1(X)

Gx) = g1,1(X) 91,5—:1(X) )

0

ge—1,0-1(X)

where the following conditions must be fulfilled:

Cl: g,yj(X) = 0, VOS]<Z<€,
C2: degg;i(X) < deggii(X), Vi<iield),
C3: gii(X) | (Xm-=1), Viell),
C4:  ifg(X) = X™—1 then

gi;(X) = 0, Vieli+1,¢).

We refer to these conditions as RGB/POT conditions C1-C4 throughout this paper and refer to the unreduced representation
as in (4) if necessary. The rows of G(X) with g; ;(X) # X™ — 1 (i.e., the rows that do not map to zero under ¢ as in (3))
are called the reduced generating set of the quasi-cyclic code C. Let k; = m — deg g; ;(X) for all j € [¢). A codeword of C
can be represented as c(X) = i(X)G(X), where i(X) = (ig(X) 11(X) --- 4—1(X)) and degi;(X) < kj, Vj € [¢). The
dimension of C is k = ml — Ef;é deg g, (X). For £ = 1, the generator matrix G(X) in RGB/POT form as in (5) becomes
the well-known generator polynomial of a cyclic code of degree m — k. In this paper we consider the single-root case, i.e.,
ged(m, char(Fy)) = 1.

We recall the following definition (see [25, Thm. 3.2]).

Definition 2 (r-level Quasi-Cyclic Code [25, Thm. 3.2]). We call an [(-m, k,d], {-quasi-cyclic code C an r-level quasi-cyclic
code if there is an index r € [{) for which the RGB/POT matrix as defined in (5) is such that g,_1,-1(X) # X™ — 1 and
grr(X) = =ge10-1(X) = X" — 1.

Furthermore, the generator matrix in RGB/POT form of a 1-level ¢-quasi-cyclic code as in Def. 2 is stated in the following
corollary.

Corollary 3 (1-level Quasi-Cyclic Code [25, Corollary 3.3]). The generator matrix in RGB/POT form of an [¢-m, k,d], 1-level
L-quasi-cyclic code C has the following form:

G(X) = (9(X) g(X)fi(X) -+ g(X)fer(X)),
where g(X) | (X™ —1), degg(X) =m —k, and f1(X),..., fe1(X) € Fg[X].

B. Spectral Analysis of Quasi-Cyclic Codes

Let G(X) be the upper-triangular generator matrix of a given [¢ - m, k,d], ¢-quasi-cyclic code C in RGB/POT form as
in (5). Let a € F,= be an m™ root of unity. An eigenvalue \; of C is defined to be a root of det(G(X)), i.e., a root of
Hf;é g;,;(X). The algebraic multiplicity of \; is the largest integer u; such that (X — A\;)* | det(G(X)). Semenov and
Trifonov [17] defined the geometric multiplicity of an eigenvalue \; as the dimension of the right kernel of the matrix G(\;),
i.e., the dimension of the solution space of the homogeneous linear system of equations:

G(\)v =0. (6)



The solution space of (6) is called the right kernel eigenspace and it is denoted by V;. Furthermore, it was shown that,
for a matrix G(X) € F,[X]** in RGB/POT form, the algebraic multiplicity u; of an eigenvalue \; equals the geometric
multiplicity [17, Lemma 1].

Definition 4 (Pre-RGB/POT Form). A generator matrix G(X) of C that satisfies RGB/POT Conditions CI, C3 and C4, but
not C2, is called a matrix in Pre-RGB/POT form. More explicitly, the generator matrix has the following form:

900(X) Go1(X) -+ Goe1(X)
g1a(X) o Fre(X)
0 9571,£;1(X)

where the entries of G(X) that can be different from their counterparts in the RGB/POT form, are marked by a bar.

Lemma 5 (Equivalence of the Spectral Analysis of a Matrix in Pre-RGB/POT Form). Let G(X) be an ¢ X { generator matrix
of an {-quasi-cyclic code C in RGB/POT form as in (5) and let G(X) be a generator matrix of the same code in Pre-RGB/POT
form as in Definition 4.

Let \; be an eigenvalue of G(X). Then, the right kernels of G()\;) and G(\;) are equal, i.e., the (algebraic and geometric)
multiplicity and the corresponding eigenvalues are identical.

Proof. To reduce the matrix G(X) to G(X) only linear transformations in F,[X], i.e., linear combinations of rows are
necessary and therefore the right kernels of G(\;) and G();) are the same. O

Moreover, Semenov and Trifonov [17] gave an explicit construction of the parity-check matrix of an [£-m, k, d], {-quasi-
cyclic code C and proved a BCH-like [27], [28] lower bound on the minimum Hamming distance d (see Thm. 19) using the
parity-check matrix and the so-called eigencode. We generalize their approach in Section IV, but do not explicitly need the

parity-check matrix for the proof, though the eigencode is still needed.

Definition 6 (Eigencode). Let V C IFf;s be an eigenspace. Define the [n°® = {,k°°,d°°|, eigencode corresponding to V by

(C(V)déf{CEFfHVVEV:VOC:O}.

If there exists an eigenvector v = (vg v1 --- vg—1) € V with entries vg,v1,...,v,—1 that are linearly independent over F,
then C(V) ={(00 --- 0)} and d°° is infinity.
To describe quasi-cyclic codes explicitly, we need to recall the following facts related to cyclic codes. A g-cyclotomic coset
M; is defined as:
M; i mod m|je o)}, )
where a is the smallest positive integer such that ig® = i mod m. The minimal polynomial in F,[X] of the element o’ € F-
is given by
My (X) = J] (X - ). 9)
JEM;
ITI. QuAsI-CycLIc PRoODUCT CODES

In this section we consider an ¢4¢p-quasi-cyclic product code A ® B, where the symbol ® stems from the fact that a
generator matrix with entries in IF;, of A ® B is the Kronecker product of the generator matrices (with entries in Fy) of A and
B (see, e.g., [24, Ch. 18. §2]). In the following, let A be an [ng = €4 - ma, ka,dalq £a-quasi-cyclic code generated by the
following matrix in RGB/POT form as defined in 4):

964,0(X) 964,1(X) 964£A—1(X)

A (x) ... A X
GA(X): 91,1( ) ' gl,ZAf.l( ) , (10)

92%4—1,2,4—1()()

and let B be an [ng = {p - mp, kp,dp], {p-quasi-cyclic code with generator matrix in RGB/POT form:

gfo(X) gfl(X) g(?ZB—l(X)

B (X) ... B X
GB(X): 91,1( ) . 91,ZBT1( ) . (11

923—1,133—1()()



We assume throughout the paper that ged(na,np) = 1. Let two integers a and b be such that
anyg +bng = 1. (12)

A codeword ¢(X) € F,[X] of the [n = £alp - mamp,k = kakp,d = dadp], product code A ® B can then be obtained

i€ . .. ..
J€lna) representation, where each row is in A and each column is in 3, as follows:

from the np X n4 matrix (m; ')ie[nB)

i
np—1na—1
o(X)= Y > miXH) mod (X7 - 1), (13)
i=0 j=0
where we give p(i,j) in Lemma 7. This mapping was stated by Wasan in [19] and generalizes the result of Burton and
Weldon [22, Thm. I] for a cyclic pr_oduct code to the case of an 4/ B—quasi-cyac product code A ® B.

Lemma 7 (Mapping to a Univariate Polynomial [19]). Let A be an { s-quasi-cyclic code of length ns and let B be an (-
quasi-cyclic code of length ng. The product code AR B is an { ol g-quasi-cyclic code of length n = nanp if gcd(na,np) = 1.
J€lna)
i€[ng)’
where each row is a codeword of .4 and each column is a codeword of B. The entries of the matrix (m; ;) in the i row and
4™ column are mapped to the coefficients of the codeword by:

Proof. A codeword of the [nanp, kakp, dadp]q product code A® B can be represented by an np X n4 matrix (m; ;)

) def

w(i,7) = ianala + jbngls mod n, (14)

where ¢ € [np) and j € [n4). In order to prove that the product code A ® B is £4¢p-quasi-cyclic it is sufficient to show that
a shift by {4¢p of a codeword in A ® B serialized to a univariate polynomial by (14) is again a codeword in A ® B. This
will be true if a shift by £ in every row and a shift by /5 in every column correspond to an ¢ 4¢p-quasi-cyclic shift of the
univariate codeword obtained by (14), which is indeed the case:
u(i +4p,7+ EA) = (Z + EB)anAéA + (j + gA)anfB mod n
=ianala + jnglp + Lalp(ans +bng) mod n
= u(i,j) +alp mod n.

O

Instead of representing a codeword in A ® B as one univariate polynomial in F,[X] as in (13), we want to represent it
as a vector of £4¢p univariate polynomials in Fy[X] (as in Lemma 1) to obtain an explicit expression of the basis of the
¢ 4£g-quasi-cyclic product code A ® B.

Lemma 8 (Mapping to £4¢p Univariate Polynomials). Let A be an { 4-quasi-cyclic code of length na = {ama and let B be
an {g-quasi-cyclic code of length ng = {pmp. Let { = L4lp, m = mamp, and n = nanp. Let (miﬁj)]e["“‘) be a codeword

i€[ng)
of the (-quasi-cyclic product code A ® B, where each row is in A and each column is in B. i
Define ¢ univariate polynomials as:
mp—1ma—1 o
Con(X) = XM NN i g e n XPED mod (X™ 1), Vg € [g),h € [La), (15)
i=0 =0
with
V(gv h) = g(_me) + h(_amA) mod m, (16)
(i, j) =iana + jbng  mod m. 17)
Then the codeword ¢(X) € A® B corresponding to (m”)z ee[[:;;)) is given by:
bp—16,4—1
dX)= D D cuu(XFate)xotathts mod (X7 - 1). (18)
g=0 h=0

Proof. We have:

y =7(i,j) +v(g,h) mod m.
=
Calpy = Lalp(u(i,5) + v(g,h)) mod n. (19)



With ang —1 = —bng = —bmpfp and bnp — 1 = —ans = —am {4, and using (16), we can rewrite (19) to:
Calp(a(i, j) + v(g, h)) = Lalpp(i, j) + gla(—bmplp) + hlp(—amals) mod n
=lalpn(i,j) + glalana — 1) + hlp(bng —1) mod n. (20)
With 7(4, j) as in (17) and p(7,7) as in (14), we get from (20):
Lalp(iana + jong) + glalana — 1)+ hlp(bng — 1) = (ilg + g)anala + (j€a + h)onplp — gla — hlp mod n
= wu(ilg +g,jla+h)—gla — hlp mod n. 2n
Inserting (15) into (18) and using the result (21) for the manipulations of the exponents leads to:

fol ZA*I mgfl m,qfl

(X128 S S e XHE I o (7 1), @

g=0 h=0 i=0 ;=0
With i/ = ilp + g and j' = jl4 + h, we obtain from (22):

np—1na—1

C(X) = Z Z mi/)j,X“(ilvj,) mod (Xn _ 1),

=0 j'=0
which coincides with the expression as in (13). [
The mapping 7i(i, j) as in (17) of the ¢ submatrices (Mg jo,)s (Mitg jea+1),- - (Mitgtep—1jeatea—1) € FFEX™A to
the £ univariate polynomials co o(X), co,1(X), ..., cep—1,6,4—1(X) is the same as the one used to map the codeword of a cyclic

product code of length m gmp from its matrix representation to the polynomial representation (see [22, Thm. 1] and Fig. 1(c)).
We illustrate the mapping of the matrix to the polynomial representation of a codeword of an ¢-quasi-cyclic product code as
discussed in Lemma 7 and Lemma 8 in the following example.

Example 9 (6-Quasi-Cyclic Product Code). Let A be a 2-quasi-cyclic code of length ng = 2 -5 = 10 and let B be a
3-quasi-cyclic of length ng = 3-3 =9. Let a = 1 and b = —1, such that (12) holds. For the purpose of this illustration,
the field size q is irrelevant, but we assume that gcd(n.a,q) = ged(np, q) = 1. Fig. 1 contains three different representations
of a codeword of the 6-quasi-cyclic product code A ® B of length 90. The 9 x 10 matrix (miyj)gee[%)o), where each row is a
codeword in A and each column is a codeword in B, is illustrated in Fig. 1(a). The entries of (m; ;) contain the indices of the
coefficients if the matrix (m; ;) is mapped to a univariate polynomial as Wn in (13). The color of a code symbol indicates
the membership of an entry when the codeword in A ® B is represented as six univariate polynomials as stated in Lemma 8.
The corresponding six 3 X b submatrices (mig,ﬂ), (mi3+1,j2), (mi3+2,j2), (mig,]‘2+1), (mi3+1,j2+1), (mi3+2,j2+1) S F2X5 are
depicted separately twice in Fig. 1(b) and in Fig. 1(c), respectively. Both figures contain different indices of the six univariate
polynomials as outlined in the corresponding captions. 4

We consider the entry in the 2" row and the 2" column of the full 9 x 10 matrix (miyj)?ee[[gl)o) € A® B shown in Fig. 1(a).
According to (14), we have 1(2,2) = 76, i.e., the coefficient of X6 of the univariate polynomial ¢(X) € A® B is c76 = ma.o.
The entry mq o belongs to the 3 X 5 submatrix (Mg 12 jo, )Zg[[??)) (bottom leftmost submatrix in Fig. 1(b) and in Fig. 1(c), with
parameters g = 2 and h = 0). The entry in the 0" row and the 1% column of the submatrix (mmB+Tng) is the coefficient of
X12 of the polynomial c5 (X)), because v(2,0) +z(0,1) = 6 +6 = 12 according to (15). Via (1), it can be verified that the
coefficient of X' of c2.0(X) is the coefficient of X' of ¢(X) € A® B.

In the following theorem, we state a basis of the ¢-quasi-cyclic product code A ® B in terms of the two given generator
matrices of .4 and 5 in RGB/POT form.

Theorem 10 (Unreduced Basis of a Quasi-Cyclic Product Code). Let A be an [{4 - ma,ka,dal, {a-quasi-cyclic code with
generator matrix GA(X) € F, [X]fa*a as in (10), let B be an [{p-mp, kg, dglq £B-quasi-cyclic code with generator matrix
GB(X) e F [X]***s as in (11). Let { = Ll and m = mamp.

Let ¢(X) = (co0(X) c10(X) -+ cop-1,0(X) -+ cop—14-1(X)) € F4[X]* be a codeword in AR B, where c, ,(X),Vg €
[¢g),h € [La), is as defined in (15).

Then, a generator matrix in unreduced form with entries in F,[X] of the (-quasi-cyclic product code A ® B is given by

U(Xx) = (Efgg) ; (23)
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(for i € [3) and j € [5)) of the 9 X 10 matrix (m; ;) as
given in Fig. 1(a). The entry of the " row and the j"
column of (1m;344, j2+1) is the value (i34 g, 52+ h)
for all g € [3) and h € [2).
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(c) All'six 3x 5 submatrices as in Fig. 1(b). Here, the entry
of the i row and the j™ column of (344, j2+4) is the
value 7i(é,7) + 93 + h(—5) mod 15 that is equivalent
to 6(u(i3 + g,72 + h) — g2 — h3) mod 90 according
to (21). The entries are the coefficients of the six univariate
polynomials ¢g,0(X), c1,0(X), ¢c2,0(X) (left column)
and co,1(X), ¢1,1(X), c2,1(X) (right column) as in (15).

Fig. 1. Tlustration of (%, 5) as in (14) and f(%, j) as in (17) for a 6-quasi-cyclic product code A ® B of length 6- 15, where the row-code A is 2-quasi-cyclic
and has length 2 - 5 and the column-code B is 3-quasi-cyclic and has length 3 - 3. The mapping p(i, j) to one univariate polynomial is shown in Fig. 1(a).

The mapping 7(%, j) to six univariate polynomials is illustrated in Fig. 1(b) and Fig. 1(c).

where

ug,0(X)

- diag (1,X”(1’0), ce

and where

Ughtg g +hes (X) = i (XP2)gl (X)) mod (X™ — 1),
Vg e [lg),h€lla),g €lg,lB),n €[h,la),

Up—2,0—2(X)

XvUs=10) 7Xu(er1,£Af1)) ’

ug,0—1(X)
uy o—1(X)
ue—2,z;1(X) (24)
Wfl,zf1(X)
(25)



and
UHX) = (X™ - 1)1,

where 1, denotes the ¢ x { identity matrix. The function v(g,h) is as defined in (16).

Proof. To get an explicit expression for the entries g ey, g7+ h7e5 (X) of the matrix U°(X) € F [X]%*¢ as in (24), we define
a subcode of the product code A ® B that is generated by one row of U°(X) as given in (24).
Let A denote a subcode of the given ¢4-quasi-cyclic code A that is spanned by

def
a™(X) = (0 -+ 0 g7 (X) gitp (X)) -+ gite,_1(X)), VhE[la). (26)
Similarly, let B be a subcode of the given £z-quasi-cyclic code B spanned by
def
b(X)E (0 -+ 0 970(X) g7 11(X) - g5, 1(X)), Vg € [ln). 27
Clearly, we have for the row-code A and the column-code B that:
lpa—1 lp—1
A= AM,  B= BY, (28)
h=0 g=0
and
AwB=@ (A" @ B@). (29)

Let kap = my — degg,ﬁh(X). The subcode A" is spanned by {X®a((X) : a € [kap)}. As in (2), a codeword of
A is an F,-linear combination of a(h)(X) < s>0a-1 x1', ,(1 ) (X*4), where agl ) (X) = Xg2,,(X). More explicitly if
Qf?,h/ (X) = EZ“O ! g}‘?h, X*, we have:

la—1 La—1ma—1
(h Ot) Z Xh XZAagh }L Z Z gh h uXh +2AQ+EAH7 Vh S [éA), o€ [kA7h) (30)
h'=h =h u=0

Slmllarly, let kg = mB — deggl,(X). The subcode B9 is spanned by {X’b)(X) : 8 € [kp,)} and therefore if
98 (X) =0 ! 98y »X", a codeword of B(9) is an F,-linear combination of

@B 1 éBflmel
d f ! v
pOA(X) = Y X XD (Xt =N N gB, XY g e [05), B € [kpy). 31
9'=g g'=g v=0

By definition of the product code A ® B as in (29), in the product array of X*a®)(X) @ X?b9)(X), the (i,7)™ entry is

i uly o 0 (32)
where
i=¢g +B+lpv,
. g, BB+ B (33)
j=h +lpa+Lu.

By Lemma 7, the corresponding codeword in A ® B is then an [F,-linear combination of

> Gt gl XM (34)
h'.g' u,v
With (4, 5) as in (14), and with ¢, j as in (33), we obtain from (34):

n(i,3) A B ianala+jbnpl

it b g o XM = Ihont g, 0 X ATITETE
9,9, n,uJdg,gt,

h',g" u,v h',g" u,v

7 ’7
E g;?h’ ugfg’ 1))(g anAZAJrﬁanAZJrvanAZXh bnplp+abnglt+ubnpt
h',g9"uv
’ !
— XZ(ﬂanA+aan) § gg&yh/’uggg/’vaanAZXubngfxg anAZAXh bnplp
h',g" ,u,v

_ XZ(,BanA+aan) Z gh anBé)g

h'.g’

B (XanAl)Xg’anAZA Xh'anfB ) (35)



With (5, ) as defined in (17) and using (12), we can reformulate (35) as follows:

X@(BanA-i-aan) Z g}ﬁh’ (anBé)ggg’ (XanAZ)Xg’anA@A Xh’anZB

h'.g'

— X Ba) Z Q}ﬁh' (anse)g!fgl (XanAZ)Xg'ZA+h'ZBXZA£B(—g’me—h’amA)
h/,gl

— Xeﬁ(ﬁ,a) Z g;?,h’ (anBZ)gf,g' (XanAZ)Xg/ZA+h’ZBXfy(g"h/)’ (36)
h/ gl

where v(g’, ') is as in (16). With (18) of Lemma 8, the (¢/, /)™ polynomial of the codeword X®a")(X) ® X#b(¥)(X) in
A ® B, in the form of a vector of {4/{p univariate polynomials, is from (36):

Xﬁ(&a)g}ﬁh/ (Xxtns )ggg,(X“"A)X”(gl’h/) = XUy iy g hrts (X)XV(gl»h/). (37)
Hence X“*a®)(X) ® XPbl9)(X) is given by

XPE (0 -+ 0 Ugyney ganes (X) -+ tUginese—1(X)) diag (1,...,X”(@B‘1=“‘1)), Va € [kan), B € [kpg), (38)

and therefore the subcode A" ® B9 is in the subspace generated by (0 --- 0 Ugthtp,g+htp(X) - Ugpnege—1(X)) -
diag (1, X*10) . Xv(¢s=1a=1) Furthermore, we know that
XT(0 - 0 tginey.ginen(X) -+ Ugeneye—1(X)) - diag (I,X”(l’o),...,X”“B‘L“‘U) (39)

equals X7a (X)® X7b9)(X), because 7i(7,7) = yana +ybng = v mod m. Hence (39) spans A" @ B for all  and
therefore the subcode A @ B9 is the subspace generated by (39), for v € [m). [

We consider the unreduced generating set of a 6-quasi-cyclic product code in the following example according to Thm. 10.

Example 11 (Unreduced Basis of a 6-Quasi-Cyclic Product Code). Let A be a 2-quasi-cyclic code of length ng = 2m 4 and
let B be a 3-quasi-cyclic code of length ng = 3mp, where gcd(na,ng) = 1. Let m = mamp. The generator matrices of A
and B in RGB/POT form are

B B B
A A QO,O(X) 901(X)  go2(X)
G0 = (O ) ereo = (0 R af()
1.1 0 0 g52(X)
The unreduced basis (U°(X) UY(X))T of the 6-quasi-cyclic product code A® B as in (23) is
UOyo(X) Uo’l(X) UO’Q(X) ’Lbo_rg(X) U074(X) U075(X)
ur (X))  ur2(X) 0 ura(X)  urs(X)
X) 0 0 ug 5(X)
UO X) — U;Q,Q( 2,5 40
(X) uz 3(X) w3 a(X) uzs(X) (40)
O ’U,474(X) U475(X)
U5,5(X)
. diag (1’XV(I,O),XV(2,0)7XV(O,1),Xu(l,l)’XV(2,1)> ’
and UL(X) = (X™ — 1)Ig. With Y = X""B, Z = X4, we can write (40) explicitly
964,0<Y)969,0(Z) gézo(y)g(gl(z) géo(y)g(gz(z> 964,1(Y>969,0(Z) 9621(3/)9(21(2) 99‘21(Y)9§2(Z)
0 96.0(Y)911(Z) Q%O(Y)g}éz(z) 0 961(Y)g11(Z) g%l(Y)QIBQ(Z)
UO(X) _ 0 0 go,o(Y)gz,Q(Z) 0 5 N 0 5 g%l(y)g%g(z)
0 0 0 91,1(Y)90,0(Z) gkl(Y)g%l(Z) gkl(Y)g%g(Z)
0 0 0 0 91,1(Y)91,1(Z) 91,1(Y)9g2(z)
0 0 0 0 0 gf‘,l(y)gz 2(Z)

. diag <1’XV(1,O)7XV(27O),XU(O,l)’XV(1,1)7XV(2,1)) ’

where each nonzero non-diagonal element is taken modulo (X™ — 1). Note that the matrix U°(X) in (40) has a zero entry
at the same position as the Kronecker product of G*(X) ® GP(X).



In the following, we derive a reduced basis of a 2-quasi-cyclic product code A @ B, where {4 = 2 and {p = 1. As in
Lemma 5, we denote the polynomials of the Pre-RGB/POT form that can be different from their counterparts in the RGB/POT
form by a bar.

Theorem 12 (Generator Matrix of a 2-Quasi-Cyclic Product Code in Pre-RGB/POT Form). Let A be an [na = 2-ma, ka,dalq
2-quasi-cyclic code with generator matrix G*(X) € F,[X]**? as in (10) and let B be an [ng = mp, kg, dg], cyclic code
with generator polynomial g% (X) € F,[X]. Let m = mamp. Then, a generator matrix in F,[X]?*? in Pre-RGB/POT form
as in (1) of the 2-quasi-cyclic product code A ® B is given by:

ral _ gO,O(X) gO,l(X) LA —ama
G(X) = < 0 91,1(X)) diag(1, X ), 41
where
90,0(X) = ged (X™ — 1, gty (X2 )gP (X))
= up(X)(X™ = 1) +vo(X)gglo(X2)g" (Xm4), (42)
d

91,1 (X) = ged (X — 1, gft, (X")gP (X))

Fql
(
90,1 (X) = vo(X )Qél(anB)gB(XanA)-
) € F,[X] be such that

Sor some polynomials ug(X),vo(X) €

..q
R
Q
S

Proof. Let two polynomials u1(X), v (X
91.1(X) = ged (Xm - 1’914,1(Xbmg)gB(X“"A))
=u(X)(X™ —1) + Ul(X)gﬁl(anB)gB(XanA).

Now, we transform the basis of the preimage directly. We denote a new Row ¢ by R[i]" and give the operation between two
matrices. For ease of notation, we omit the term diag(l X~em4). From Thm. 10, we have:

93o(Xme)gB(Xama) gty (XPne)gB (X ana)
0 (anB) B(XanA)
Xm—1 0
0 Xm -1
R[0]) + R[0] - vo + R[2] - ug
go,0(X) vo(X)gghy (XPre)gB(Xana)
gito (X2 )gP(Xm) gy (X (Xen)
0 91,1(leB)QB(XanA)
Xm—1 0
0 Xm -1
A bn B an
Goo(X7"P) g7 (Xm4)
R[1) « R[1] — == -R[0
1] R[] s 0
X -1
R[3] + R —— - RJO
[ ] do, O(X) [ }
90,0(X) vo(X)gity (XPB)gB (X oma)
n an 3 (anB) B(XM’VA)
0 gty (XPe)gB(Xma) (1 — vg(X) P e )
0 {1 (X0)g8 (Xm0 , 43
0 g)(fo—l ( ) (anB) B(XcmA)
0 Xm -1
and with (42), we can reformulate Row R[1] of the matrix in (43) to
0o(X)  wp(X)gfh (X9)gB (x0m)
gk (X0 gB (X4 Yup (X) X0k
gl (XPe) gl (Xna) : (44)

0

0

0~ o(X)aga (X2)gP (X77)
0 XM -1



Using that uo(X) and vo(X) are relatively prime, we can merge R[1] and R[3] of the matrix in (44) to:
90,0(X) (X)go 1(Xb"B) B(xana)
0 {1 ()8 (o)
0 g)so(;(l) Yo, 1(anB)gB (XanA)
O X77L _ 1
Merge R[1] and R[3], because g1,1(X) = ged (X™ — 1, g, (X""7)gP (X))

90,0(X) (X)go 1(an3) B(XanA)

0 ;§ G901 (X )P (Xema) | (45)
0 g1,1(X)
In the last step, we show that g1 1(X) g‘le&l) 961 (XP5)gP(X*4) and therefore Row R[1] of the matrix as in (45) can be

deleted. From [12, Eq. (4)], we know that for any generator matrix G*(X) € F,[X]?*? in RGB/POT form, there exists a
matrix A(X) = (a2, (X))Je[z) € Fy[X]**2 with af'((X) = 0 such that

0J €[2)
A(X)GA(X) = (X™4 — 1)I,. (46)
We have
ng(X) — ng (gfl(Xb”B)gB(Xa"A),X'” _ 1)
= lem (ged (g, (XP"5), X™ — 1), ged (g% (X*™4), X™ — 1)) (47)
From (46), we obtain gi'; (X""7) = —gd', (X7 )ag'((X""5) /ag'y (XP"7) and inserted in (47) leads to:
A (xbnp)qA (Xxbns
g1,1(X) =lem | ged 90.( T . ),mel ,gcd(gB(X“”A),mel) . (48)
7 ap, (Xbne)

From (48), we can conclude that:
g1.1(X) [ lem (ged (g311 (X2 )ag o (X*"#), X™ — 1), ged (g7 (X"4), X™ — 1)),
which implies that
91,1(X) | g1 (XP"5) lem (ged (ag o(XP"2), X™ — 1), ged (g7 (X"4), X™ — 1)). (49)

The polynomial X™4 — 1 has no repeated roots and we have af'o(X)gglo(X) = X™4 — 1. Clearly ago(X) and gg';(X) are

co-prime, i.e., Ju(X),v(X) € F,[X], such that
u(X)ago(X) + v(X)ggo(X) = 1,
implying that
u(XP)ad o (X5 ) 4+ 0(XP8)gily (XP5) = 1.

Hence, the polynomials ao (XP5) and g4lo(XP"2) are also relatively prime. From ao (Xtns)g 64,0(X bnpy = XM 1, we
can conclude that

ged(ago(XU"), X™ — 1) ged(gglo(X7), X™ — 1) = ged(X™ — 1, X™ — 1) = X™ — 1.

Therefore
Xm -1
d Xbne)y X™ 1) = . 50
gc ( o ) ) ng(géo(anB)me —1) (50)

Inserting (50) in (49) leads to:

XM -1
ged(gglo(Xte), Xm — 1)

g1,1(X) gé‘h(X“B)lcm( ,ged (gB(X“"ALX’"—l)). (51)

Note that
ged (g0 (XPmB)gP (X)), X™ — 1) | ged (980 (XP"2), X™ — 1) ged (g7 (X*4), X™ — 1), (52)



which is equivalent to
F(X) ged (g8 (XP2)gP (Xm4), X™ — 1) = ged (g5 (X""2), X™ — 1) ged (¢ (X*™4), X™ — 1), (53)
for some f(X) € F,[X]. Extending the numerator and the denominator of the first lem-term in (51) by ged(gZ (X 4), X™ —1)

gives:
(X — 1) ged(g® (X*74), X™ — 1)
F(X) ged (ggio(Xbme)gB(Xama), Xm — 1

91.1(X) | g5, (X""5) lem ( ),gcd (g% (X)), X™ — 1)) : (54)

Multiplying the RHS of (54) by a polynomial in F,[X] does not change the divisibility. We multiply with f(X) as in (53)
and obtain:

(X™ — 1) ged(gP (X@4), X™ — 1)
f(X) gcd (géO(Xb7LB)gB(Xa7LA>7 Xm —

g1,1(X) | gga (X*"#) lem ( 1)f(X),gcd (g7 (xma), x™ — 1)) - (59)

We can extract the obtained factors from (55) and get:

n X™ -1 an m an m
91,1(X) | 9o (X° ") g X (ged(g” (X™4), X™ — 1), ged (g7 (X*"4), X™ — 1)),
= g (X072) 2 e (9P (X)X - 1),
’ 90,0(X)
Xm—1
X A anB B xanay
91.1(X) | 901 ( )gO’O(X)g ( )
Therefore we can delete Row R[1] of the matrix as in (45) and obtain the matrix in Pre-RGB/POT form as in (41), where we
omitted the term diag(1, X ~*™4) during the proof. O

We consider an example of the generator matrix of a binary 2-quasi-cyclic product code A ® B in Pre-RGB/POT form,
where the row-code A is 2-quasi-cyclic and the column-code B is cyclic.

Example 13 (Binary 2-Quasi-Cyclic Product Code). Let a be a 21 root of unity in Fo12 =2 Fo[X] /(X2 4+ X7+ X0 + X° +
X3+ X +1). Let A be a binary [2 - 21,17, 8]y 2-quasi-cyclic code with generator matrix in RGB/POT form:

Ay _ (900(X) g81(X)
a0 = (M ).

where

90,0(X) = Ma(X) - Mas(X) - Mo (X),

61 (X) = gho(X) - (X? 1 1),
914,1(X) = géo(X) : Ma9(X)7

where the minimal polynomial M,:(X) was defined in (9). The common roots o' of g(ﬁo(X),gél(X) and gi“,l(X), where
i€ M UMsUM; ={1,2,3,4,6,7,8,11,12,14, 16} are eigenvalues of G*(X) with multiplicity two and the corresponding
eigenvectors span the full space Fglz (see (8) for the definition of a cyclotomic coset M;).

Let 3 be a 5™ root of unity and let gP(X) = Mgo(X) = X + 1 be the generator polynomial of the [5,4,2]s cyclic code
B. Let a = 3 and b = —25 be such that (12) holds. Let v = a3 and we have

X105 1 = 11 M. (X).
. _{0,1,3,5,7,9,11,13,15,
*€717,21,25,35,45,49}
According to Thm. 12, the generator matrix in Pre-RGB/POT form as defined in (1) of the [2 - 105,68, 16]o 2-quasi-cyclic
product code AR B is

- (47 3wt



where

go,0(X) = 11 M., (X),
{0,1,3,5,7,9,11,
15,21,25,35,45}

To,1(X) = vo(X)gg (X 72°9)gP(X**) mod (X% —1)
= (X39+X38—|—X36+X35—|—X32+X30—|—X25+X24+X22+X20+X18—|—X17+X12—|—X11 +X10—|—
X6+X3+X2+1)(X95+X91 +X76+X71 +X70+X55+X51 +X5O+X46+X31+X30+X25+
X2 4 x4+ X0 4 1) mod (X' —1)
= X% 4 X9 4 X9 4 X909 4 x84 X864 x84 x84 X824 X80 L X7 4 X724 X7 4 X694 X674
X62 —|—X61 +X59 —|—X57 +X52 _|_X51 +X49 +X47 +X45 +X30 —|—X27 —|—X26 —|—X24 +X22 —|—X20+
X15+X12+X11+X10+X9+X6+X5+X4+X2+1 mod (){105_1)7
91,1(X) = QO,O(X) ) M’YQ(X)v

S

where deg g11(X) = T7. Performing row-reduction on G(X) leads to the RGB/POT form, where:
901(X) = X7 4 X 4 X 4 X 4 X7 4 X0 4 X0 4 X% 4 X0 4 X% 4 X0 4 X574 X0 4 X% 4 X%y
X31 +X30 +X29+X27+X25+X20 +X17+X16+X14+X12 +X10.
The following theorem gives the generator matrix in RGB/POT form (as defined in (5)) of an ¢-quasi-cyclic product code
A® B, where the row-code A is a 1-level £-quasi-cyclic code and B is a cyclic code (see Definition 2 for the property 1-level).

Theorem 14 (Generator Matrix of a 1-Level Quasi-Cyclic Product Code in RGB/POT Form). Let A be an [ng = £ -
ma, ka,daly 1-level (-quasi-cyclic code with generator matrix in RGB/POT form:

GA(X) = (964,0()() gél(X) gée—l(X))
= (9" (X) MXOX) - gMX) (X))

as shown in Corollary 3. Let B be an [ng = mp, kp,dglq cyclic code with generator polynomial g?(X) € Fq[X]. Let
m = mamp. Then the generator matrix of the 1-level {-quasi-cyclic product code A ® B in RGB/POT form is:

G(X) = (9(X) g(X)FAX™E) o g(X)f{4(XI2)) - diag (1, X0ma, X —20ma x~(=Dama),

where

g(X) = ged (X™ = 1,97 (X""2)gP (X "4)) .
Proof. Let two polynomials u(X),v(X) € F,[X] be such that:

9(X) = u(X)(X™ = 1) +v(X)gH (X""7)gP (X"4). (56)
We show how to reduce the basis representation to the RGB/POT form. As in the proof of Thm. 12, we denote a new Row ¢
by R[i]’. For ease of notation, we omit the term diag(1, X ~*™a, X —2ema  x—(=Dama)
According to Thm. 10, the unreduced basis of A ® B is:
gA (X )gB(X)  gA (XY FAX IR )GB (XY e AT SR (X )gB (X0 )
Xm—1
Xm—-1 O (57)

0

R0} ¢ v(X)R[0] + u(X)R[L] + w(X) f (X*"#)R[2] + - + u(X) fL, (X*"#)R[(]

XM -1

9(X g(X)ffH(X2) g(X) i, (Xe)
g (X )gB (X ema)  gA(XPme) f (X )gB (X ema) e gA (X A (XPE) g B (X ema)
Xm—1
xXm 1 0 ; (58)

0

Xxm—1



where the i" entry in the new Row R[0] in the matrix in (58) from matrix in (57) was obtained using:
V(X)) g (X0 fAX0 ) gP (X4 bu(X) fA (X)) (X 1)
= [ ) (0(X) g™ (XP) g P (X 4) + u(X)(X™ ~ 1)). (59)
Inserting (56) into (39) gives:
FAXE) (0(X)g M (X 2)gP (X ) + u(X)(X™ — 1)) = FH(X2)g(X).

Clearly, g(X) divides g#(X""#)gB(X"4) and it is easy to check that Row R[1] of the matrix in (58) can be obtained from
Row R[0] by multiplying by g (X®"5)gB(X™4)/g(X). Therefore, we can omit the linearly dependent Row R[1] in (58) and
the reduced basis in RGB/POT form is:

(g(X) g(X)ff(anB) g(X)sz_l(leB)) 7
where we omitted the matrix diag(1, X ~"4, X —2ema . X~(t=1ema) during the proof. O

We conjecture the (general form of the) generator matrix in Pre-RGB/POT form of an £ 4¢5-quasi-cyclic product code A® B
in the following. We reduced the unreduced basis of several examples and could verify Conjecture 15.

Conjecture 15 (Generator Matrix of an £4¢p-Quasi-Cyclic Product Code in Pre-RGB/POT Form). Let A be an [ny =
Ca-ma,ka,dal, £a-quasi-cyclic code with generator matrix GA(X) € F [X]*4*% as in (10) and let B be an [np =
lp - mp,kp,dglq {p-quasi-cyclic code with generator matrix GB(X) ¢ ]F‘q[X}ZB”B as in (11). Let m = mamp and
0 =100p.

Then, a generator matrix in F,[ X" in Pre-RGB/POT form of the [n = £ - m,kakp,dadp, {-quasi-cyclic product code
A ® B is given by:

90.0(X) Go1(X) .- Jo.0—1(X)
g11(X) - G1,0-1(X)
Gx) = S s
9e—2,0-2(X)  Gpo,—1(X)
0 A

3

. diag (1, xv(10)  xvls—10) ,X”“B*W*l))
where the { diagonal entries are

Jg+htn.g+hes(X) = ged (Xm - 179??,h(Xb”B)9£g(X“"A)>7 Vg € [(p),Vh € [(4). (60)
Let the polynomials ug p(X),vg n(X) € Fo[X] be such that:

Ga+hts.grhes(X) =g n(X)(X™ = 1) 4 vg 1 (X)gitp (XP"P) gl (X4), Vg € [(p),Vh € [La).
Then the off-diagonal entries of the matrix G(X) are given by

Tothty.g+hig(X) = Ug,h(X)Qi?,h' (Xb"B)gfg/ (X*"4) mod (X™ —1),
Vg € [EB); h e [ZA)ag/ € [g + 17£B)a S [h’ + 1a€A>‘

Note that the expression of the diagonal terms in (60) is equivalent to the generator polynomial of a cyclic product code
A ® B where the cyclic row-code A is generated by g,ﬁ »(X) and the generator polynomial of the cyclic column-code B is

B
Gg.9(X).

IV. SPECTRAL ANALYSIS OF A QUASI-CYCLIC PRODUCT CODE AND BOUNDING THE MINIMUM HAMMING DISTANCE
A. Spectral Analysis

In this section, we apply the spectral techniques of Semenov and Trifonov [17] to an {-quasi-cyclic product code A ® B,
where A is an {-quasi-cyclic code and B is a cyclic code, and generalize the results for a cyclic product code as in [23,
Thm. 4]. Furthermore, we bound the minimum Hamming distance of a given ¢-quasi-cyclic code A by embedding it into an
{-quasi-cyclic product code A ® B. This method extends the approach of [29, Thm. 4], where a lower bound on the minimum
Hamming distance of a given cyclic code was obtained through embedding it into a cyclic product code.

It turns out that the eigenvalues of maximal multiplicity ¢ of the ¢-quasi-cyclic code A and the zeros of B occur in the
spectral analysis of the ¢-quasi-cyclic code A ® B with maximal multiplicity ¢. This is similar to the appearance of the zeros
of two cyclic codes in the generator polynomial of their cyclic product code. The eigenvalues of multiplicity smaller than /¢



of A and the nonzeros of B are reflected in the spectral analysis of A ® B in a manner similar to that of the nonzeros of two
cyclic codes A and B in the case of a cyclic product code A ® B. Therefore, they are treated separately in Lemma 16 and in
Lemma 17.

Throughout this section, let A be an [n4 = €-ma, ka,da]q ¢-quasi-cyclic code with generator matrix in RGB/POT form as
in (10) and let B be an [ng = mp, kg, dg]4 cyclic code with generator polynomial gP(X). Let m = mamp. The product code
A®Bisan [(-m,kakp,dadg], (-quasi-cyclic code with generator matrix in Pre-RGB/POT form as given in Conjecture 15,
i.e., their entries are: T

n,n(X) = un(X)(X™ = 1) +v(X)git, (XP2)gP (X4), Vh € [0), (61)
G (X) = o (X) gl (X772 g P (X 72), Vh e [0),h' € [h+1,0). (62)

Furthermore, as in (12) let throughout this section two nonzero integers a,b be such that ans + bnp = 1. For a given set
def
A={ag,ai,...,a.4-1}, denote by A®* = {a; +z | a; € A}.

Lemma 16 (Eigenvalues Of Maximal Multiplicity). Let A be an [€-ma,ka,d sl (-quasi-cyclic code with generator matrix
GA(X) in RGB/POT form. Let o be an element of order m 4 in Fysa, B an [ng = mp, kp,dgly cyclic code, and 3 an

element of order mp in Fys5. Define s def lem(sa, sg). Let vy def af be in Fys. Let the set A®) C [mA) contain the exponents
of all eigenvalues \2 = o* ¥z € AW of A of (algebraic and geometric) multiplicity (. Let B C [mp) be the defining set of
B, i.e., the set of exponents of all roots of the generator polynomial g®(X) = [Licsg(X — BY) of B. Then, the set:

0 D2ma

OO — 4O [ AOF™A Al U...u A©®me=—ma 5 pems ) go2me ... g(ma—)ms

is the set of all the exponents of the eigenvalues \, = ~* for all z € C) of the (-quasi-cyclic product code A® B of maximal
multiplicity 0. Furthermore, we have |C¥)| = |A®)|\mp + (mp — kp)ma — |[A©|(mp — k) = (mp — kp)ma + |A©)|kp.

Proof. For an eigenvalue \2 = o*,Vz € A of the (-quasi-cyclic code A of multiplicity ¢, all ¢ diagonal entries gfi n(X) of
G#(X) are divisible by (X — o). From Conjecture 15, we can conclude that if a* is a root of g,‘ih(X), then

z4+ma z42ma
b

VAT FRERA Ly e ma (63)

are mp roots of g, (X""#) and therefore of gy 5 (X) as in (61), because:

z+imA)an _ zbnp — OéanBBanB _ azlmB (64)

(v v ;

where in the first step we used the fact that the order of vy is m 4npg. The order of « is m 4 and with (12), we obtain from (64):

zbnp zbnp zana __ o

« = (0%

The zeros of the generator polynomial g”(X) of B appear in the spectral analysis of the product code A ® B similar to the
eigenvalues of A with multiplicity £. A nonzero polynomial g, ,,(X),Vh € [¢) as given in (61) has a zero at

z+mp z+2mp (ma—1)mp
’

vy g b ,

if 3% is a zero of g®(X). From [23, Thm. 3], we know that the polynomial g;i »(X) as in (61) has a zero if and only if
either the polynomial g;', (X*"5) has a zero or the polynomial g”(X®"4) has a zero or both. Therefore, the polynomial
Hi;lo gp.,(X) has a zero of multiplicity £ if and only if the polynomial Hfl;lo g,‘i ,(XP"2) has a zero of multiplicity ¢ or the
polynomial g”(X?"4) has a zero or both. The cardinality |C'“)| follows. O

The following lemma considers eigenvalues of the ¢-quasi-cyclic product code .4 ® B of multiplicity smaller than ¢ and their
corresponding eigenvectors. Lemma 17 applies also to eigenvalues of .4 ® B of multiplicity 7 = 0, which are non-eigenvalues.

Lemma 17 (Eigenvalues Of Smaller Multiplicity and Their Eigenvectors). Let the two codes A and B with parameters be
given as in Lemma 16.

Let the set A") C [ma) contain the exponents of all eigenvalues )\f = a?,Vz € A") of A of (algebraic and geometric)
multiplicity v € [{). Let V?,m Vél, e ,Vér_l € ]ngA be the corresponding r eigenvectors of X2 as defined in (6), i.e., a basis

of the right kernel of GA(\2). Let B C [mp) be the defining set of B, i.e., the set of exponents of all roots of the generator
polynomial gB(X) =],cp(X — B8) of B. Let v def

= of be in Fys. Then, the set:
C(r) — (A(r) U A(T)GBmA U A(T)GBQmA U---U A(r)GB(mel)mA) \ (B U B®ms |y BO2mB (... B@(mA—l)mB)



is the set of all exponents of the eigenvalues ), = ~* for all z € C'") of the (-quasi-cyclic product code A® B of multiplicity
r. The number of eigenvalues of A ® B of multiplicity r is |C’(7")| = \A(’")\kB. Furthermore, the corresponding eigenvectors
V20,Vz1,-..,Vzr—1 are’
Vi = VIzqmod ma,j? Vz € C(T)aj € [T)
Proof. The polynomial Hi_:lo 95, (X) has a zero v* of multiplicity r if and only if the polynomial Hi_:% g,‘i L (XP"2) has a
zero v* of multiplicity r (i.e., exactly r polynomials g,ﬁ »(X) have a zero at o®) and the polynomial gP(X4) is nonzero if
evaluated at 7 (see [23, Thm. 3]). The cardinality |C(™)| follows.
With v = o8 we obtain for (61) and (62), that

on (V) g (@B)7) g% (B)**™4) = v (v7) gt pr (777 ) g P (87474
= (V) gi ()" (57), Vh e [0),1 € [h,0).
This allows us to rewrite:

G(7?) = diag (v0(), v1(Y¥), . .. ,ve—1(77)) G (a%) g7 (67).

The right kernel of G#(a?) is therefore contained in the right kernel of G(v?). Since these two kernels have the same
cardinalities, it follows that they must be equal. O

Example 18 (Eigenvalues of a 2-Quasi-Cyclic Product Code). Let the two codes A and B with generator matrix GA(X )€
Fo[X]?*2 and generator polynomial g®(X) € F2[X] be as in Example 13. Let & denote a primitive element in Far2 =
Fo[X]/ (X2 + X"+ X6 + X° + X3+ X + 1), a = &% be a 21 root of unity, 3 = &2 a 5" root of unity and
v = af = 101 q 105" root of unity in Fao.

Clearly, all eigenvalues \{* = o' for all i € A®) = My UMsU M; = {1,2,3,4,6,7,8,11,12,14,16} are roots ofgé‘%o(X)
and gf"l(X ), and have multiplicity two. The corresponding eigenvectors span the full space an. The defining set of B is
B = {0}. According to Lemma 16, we have:

2)@21 2)@42 (2) P63 (2) D84

C® =A@ y Al U Al UA UA UBUB® U B®Oy...yBe0
=1{1,2,3,4,6,7,8,11,12,14,16} U {22, 23, 24, 25,27, 28,29, 32,33,35,37} U {43,...,58} U {64,...,79}
U {85,...,100} U {0} U {5} U---U{100}
={0,1,2,3,4,5,6,7,8,10,11,12,13,15,16, ...,102}
as the set of exponents of all eigenvalues \; = +*,¥i € C®) of (maximal) multiplicity two. We have
ICP | =21(5—4) +11-4 = 65.

The eigenvalues )\iA =o' forallie AN = My = {9,15, 18} have multiplicity one and the eigenvalues o' for all i € AO) =
My U M5 ={0,5,10,13,17,19,20} have multiplicity zero. The two sets
ch = {9, 18,36, 39,51, 57,72,78, 81,93, 99, 102} and
cO = {13, 17,19,21,26,31, 34, 38,41,42,47,52, 59,61, 62, 63, 68, 73, 76, 82, 83, 84, 89, 94, 97,101, 103, 104}
contain the exponents of the eigenvalues of multiplicity one and zero respectively (according to Lemma 17). We obtain:
M| =3.4=12 and
O =7-4=28
9

We explicitly calculate an eigenvector of multiplicity one. For N} = o we get:

GA(Ozg) _ <Ma1 (Oég)Maso(Oég)Ma7(a9) M (ag)Ma3 (ag)Mag)(ag) 1+ o’ + als))

and a corresponding eigenvector is
T
vio=(1 "+ &+ 101 1¢) (65)

and according to Lemma 17, the 2-quasi-cyclic product code A ® B has eigenvectors v o = V51,0 = V72,0 = V93,0 = vgl’o.
The eigenvalue A3 is of multiplicity two, and the corresponding eigenvectors V3o o and vso 1 span the space F%lg.



B. Bounding the Minimum Hamming Distance

In the following, we recall the BCH-like lower bound on the minimum Hamming distance of a quasi-cyclic code based on
the spectral analysis of Semenov and Trifonov [17], because we use this fact subsequently.

Theorem 19 (BCH-like Bound on the Minimum Hamming Distance of a Quasi-Cyclic Code [17, Thm. 2]). Let C be an
[¢-m, k,d], {-quasi-cyclic code, o an element of order m in F 4=, and let the set

DY f4ef+2z. f+(6—2)z)

for some integers f > 0,z > 0,0 > 2 with gcd(z,m) = 1 be given. Let the eigenvalues \; = o',¥i € D and their

corresponding eigenspaces V; for all i € D be given. Define the intersection of eigenspaces V def NiepVi and let C(V) be
the corresponding eigencode as in Definition 6 with distance d°°. If

Zc(af”Z) ovX'=0 mod X°!

=0
holds for all ¢(X) = (co(X) c1(X) -+ ¢—1(X)) € C and for all v = (vg v1 -+ ve—1) €V, then, d > min(J, d°°).
Proof. See proof of [17, Thm. 2] or proof of [30, Thm. 1 for v = 0]. O

Similar to the embedding of a given cyclic code A into a cyclic product codes A ® B as in [29, Thm. 4], we propose in the
following theorem a new lower bound on the minimum Hamming distance of a given ¢-quasi-cyclic code .4 by embedding it
into an ¢-quasi-cyclic product code A ® B.

Theorem 20 (Generalized Semenov-Trifonov Bound). Let A be an [{ - ma,ka,dalq C-quasi-cyclic code, o an element
of order ma in Fgsa, B an [ngp = mp,kp,dglq cyclic code, and (3 an element of order mp in Fys5. Furthermore, let
ged(ma, mp) = 1.
Let the integers f1 >0, fo > 0,21 > 0,29 > 0,0 > 2 with gcd(z1,ma) = 1, and ged(z2,mp) = 1 be given, such that:
(a(a =) (BT =2)) o vX =0 mod X°7* (66)
i=0
holds for all a(X) = (ao(X) a1(X) -+ ar—1(X)) € A b(X) € B, and for all v = (vo v1 -+ vi_1) € F!

qoa in the
intersection of the eigenspaces

def

V= NjepVi, (67)
where .
D = {fl +iz | (B2TE2) £ 0, Vie [5—1)}. (68)
Let the distance of the eigencode C(V) be d°°. Then:
da > d* {mm@d)w . )
dp

Proof. Let v = af. The sequence a(a/1)b(3/2) o v,a(a/1T21)b(p21%2) ov,... a(a1TO=22)p(2H00=222) oy of § — 1
zeros corresponds to § — 1 zeros c(y/ %) o v for all i € [§ — 1), where c¢(X) is a codeword of the ¢-quasi-cyclic product
code A® B (see [29, Prop. 1] for the values of f and z). Hence, the minimum Hamming distance d4dp of the product code
A ® B is at least min(J, d*“) due to the lower bound of Thm. 19 on the minimum Hamming distance of A ® B. O

Note that the zeros of the cyclic code B correspond to eigenvalues of multiplicity ¢ of the ¢-quasi-cyclic product code 4 ® B
and do not influence the intersection of the eigenspaces.

Example 21 (Bound via Quasi-Cyclic Product Code). We consider the [2 - 21,17, 8]s 2-quasi-cyclic code A and the [5,4,2],
cyclic single-parity check code B as in Example 18. For f1 = 0,21 =1, fo = 0,22 = 1, and the set

D =1{1,2,3,4,6,7,8,9,11,12},
Thm. 20 holds for § = 14 with d°° = oo and therefore dy > [14/2] = 7. More explicitly, the sequence of length § — 1 = 13
is:

a(a®)b(8°),a(a')b(8"), ..., ala”)b(BY), ..., a(a")b(5?).

The defining set B = {0} of the associated cyclic code B of length np =5 fill the “gaps” at position 0,5, 10. The eigenvalues
of A® B that correspond to the product a(a’)b(53),Vi € [13) have multiplicity two, except the one that relates to a(a®)b(34).



The eigenspace Vg of A has (geometric) multiplicity one and is generated by the eigenvector vg,‘{o as in (65). The two entries
of vg{() are linearly independent over Fy and therefore d°¢ = cc.

The BCH-like bound as in Thm. 19 for A states that the minimum Hamming distance of A is at least five. The Hartmann—
Tzeng-like [31] lower bound as shown in [30] gives six. Therefore Thm. 20 gives an improvement over these two bounds in
this case.

V. SYNDROME-BASED PHASED BURST ERROR CORRECTION UP TO THE NEW BOUND

Let Abe an [£-my,ka,da], ¢-quasi-cyclic code and let B be an [mp, kg, dg], cyclic code as in Thm. 20. Moreover, we
assume throughout this section that there exists an eigenvector (vg vy -+ vp_1) € ]Fé . in the intersection of the eigenspaces
as in Thm. 20 with entries vg, v1,...,v,—1 that are linearly independent over F, and therefore d4 > d* = [6/dg].

Similar to our approach for cyclic codes [32], [33], we develop a syndrome-based decoding algorithm for a given ¢-quasi-
cyclic code A, which guarantees to correct up to |(d* —1)/2| ¢-phased burst errors in F,. We define syndromes, derive a key
equation, and describe the algorithm with guaranteed burst error decoding radius.

After transmitting a codeword (ag(X) a1(X) -+ ar—1(X)) € A, let the received word be:

r(X) = (ro(X) ri(X) -+ r—1(X)) = (ao(X) + eo(X) a1(X) + er(X) -+ ar—1(X) + e—1(X)),
where
ej(X) = Z ejini7 j€lo),

i€E;

L . def Lo .
are ¢ error polynomials in F,[X] of weight ¢; = |&;| and degree less than m 4. An (-phased burst error at position 4 consists
of at least one nonzero entry eg ;,e1,.-.,¢e—1,; € Fg. The cardinality of the set:

-1
& déf U Ej Q [mA)
7=0

of ¢-phased burst errors is denoted by & 2 €.

Algo 1: DECODING AN [(-ma,ka,da > d*]q £-QUASI-CYCLIC CODE UP TO | (d* — 1)/2| £-PHASED BURST ERRORS

Input: Parameters £,ma,ka,da,q of Aand o € Fgsa
Parameters np, kp,dp of B, and a codeword b(X) = >, b; X% € B with |W|=dp, and B € Fys5
Integers f1 > 0, fo > 0,0 > 2, and z1 > 0, 25 > 0 with ged(z1,ma) = 1, and ged(z2,mp) =1

as in Thm. 20, and an eigenvector (vg v1 -+ Vp—1) € ng 4 with F-linearly independent entries

Received word r(X) = (ro(X) r1(X) -+ ri—1(X)) € F [X)*

Output: Estimated codeword a(X) = (ap(X) a1(X) -+ ay—1(X)) € A or DECODING FAILURE

Preprocess:

for all i € [m4): calculate v; = 377*2a~%1, where j € W

1 Calculate syndrome polynomial S(X) as in (70
2 Solving Key Equation (A(X), (X)) = EEA(S(X), X°71) /+ Extended Euclidean Algorithm =/
3 Find all i € [m4), where A(y;) =0, = & = {ip,%1,...,%—1} /% Chien-like Root-Finding +/

4 if edp < deg A(X) then
5 L Declare DECODING FAILURE

6 else

7 Determine €0,i;5Clyijy- -+ Cl—1,i; S Fq, VZJ eé /* Error-Evaluation as in [33, Prop. 4] x/
7'/ .

8 | (X)) ¢ Diee, €X' Vi€l

b

aj(X) 1 (X) —e;(X), Vjiell)

Algorithm 1 is the decoding procedure for a given ¢-quasi-cyclic code A that is guaranteed to decode up to
< -1
T .
- 2

b(X) =Y bX

JEW

{-phased burst errors. Let



be a codeword of weight |W| = dp of the associated [ng, kg, dg], cyclic code B with zeros in Fysx. Let f1, f2, 21, 22,0,
and an eigenvector v = (vg v1 -+ vp—1) € V C IF(’;SA be given as in Thm. 20, where the entries vy, v1,...,v,_1 are linearly
independent over F,. Let s = lem(s4, sp). Define the following syndrome polynomial in F« [X]:

oo -

-

S(X) dé Z f1+1z1 5f2+122)vj X' mod X%
=0 \ j=
6—2 (14—
= rj(afl“zl)b(ﬂfﬁizz)uj X' (70)
i=0 \ j=0

From Thm. 20 it follows that the syndrome polynomial S(X) as defined in (70) is independent of a codeword in A and
therefore the expression of (70) for the syndrome polynomial can be rewritten as:

§—2 [0
— Z Ze f1+121 ﬁfQ'HZ?)vj Xt (71
i=0
Define an error-locator polynomial in F s [X]:
dBE
def ZA XZ def H H Xazli622j) , (72)

€€ jEW

which depends on the position of the burst error and on the nonzero lowest-weight codeword of the associated cyclic code B.
For some j € W, define m4 elements in Fs as:

Y pringTin e my). (73)
We pre-calculate the m 4 values as in (73) to identify the roots of a given error-locator polynomial A(X) as in (72) (see Line 3
of Algorithm 1).

Combining the syndrome definition as in (71) and definition of the error-locator polynomial as in (72) gives, like in the
classical case of cyclic codes, a Key Equation of the following form:

A(X)-S(X)=Q(X) mod X°1, (74)

where the degree of the so-called error-evaluator polynomial Q(X) is smaller than dpe.

Solving the Key Equation (74) can be realized by shift-register synthesis or the Extended Euclidean Algorithm (EEA). We
use the EEA in Line 2 of Algorithm 1 that returns the error-locator polynomial A(X) and the error-evaluator polynomial
Q(X) given the syndrome polynomial S(X) and the monomial X°~!. Determining the error-values (Line 7 in Algorithm 1)
is straightforward (see, e.g., [33, Prop. 4]).

Our syndrome-based decoding approach can be easily extended to the case of a x-interleaved code, i.e., a code that consists
of k vertically arranged ¢-quasi-cyclic codes. If errors occur, in addition to the ¢-phased arrangement within each vector in
]Ff;’”*‘, as x-phased burst errors in the interleaved code, we obtain overall x¢-phased burst errors in F,. Then, the x Key
Equations as in (74) have a common error-locator polynomial, which allows collaborative decoding up to

Lﬁi @ - I)J

rf-phased burst errors with high probability (analyzed, e.g., in [34]-[36]). In the case of x = 2, this gives for the binary
2-quasi-cyclic code of Example 21 a collaborative decoding radius of 4.

VI. CONCLUSION AND OUTLOOK

We have derived an unreduced basis of an ¢4/¢p-quasi-cyclic product code in terms of the given generator matrices in
RGB/POT form of the ¢ 4-quasi-cyclic row-code and the ¢p-quasi-cyclic column-code. For two special cases, the generator
matrix in Pre-RGB/POT form of the ¢ 4¢p-quasi-cyclic product code was derived. The general expression for the reduced basis
was conjectured.

Based on spectral analysis, a technique for bounding the minimum Hamming distance of a given ¢-quasi-cyclic code via
embedding it into an ¢-quasi-cyclic product code was outlined, which outperforms existing known bounds in many cases. We
have proposed an algebraic decoding algorithm with guaranteed ¢-phased burst error correction radius.

Beside the proof of Conjecture 15, the investigation of concatenated quasi-cyclic codes (see [37] and [38]) is open future
work. Furthermore, an extension of the embedding technique to an interpolation-based list decoding algorithm (see [39]) seems
possible.
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