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Toward an equivalence criterion for Hybrid RANS/LES methods

A criterion is established to assess the equivalence between hybrid RANS/LES methods, called H-equivalence, based on the modeled energy of the unresolved scales, which leads to similar low-order statistics of the resolved motion. Different equilibrium conditions are considered, and perturbation analyses about the equilibrium states are performed. The procedure is applied to demonstrate the equivalence between two particular hybrid methods, and leads to relationships between hybrid method parameters that control the partitioning of energy between the resolved and unresolved scales of motion. This equivalence is validated by numerical results obtained for the cases of plane and periodically constricted channel flows. This concept of H-equivalence makes it possible to view different hybrid methods as models for the same system of equations: as a consequence, detached-eddy simulation (DES), which is shown to be H-equivalent to the temporal partially integrated transport model (T-PITM) in inhomogeneous, stationary situations, can be interpreted as a model for the subfilter stress involved in the temporally filtered Navier-Stokes equations.

Introduction

Numerous proposals have been made for over a decade to develop a methodology capable of bridging the large-eddy simulation (LES) and Reynolds-averaged Navier-Stokes (RANS) methodologies [START_REF] Fröhlich | Hybrid LES/RANS methods for the simulation of turbulent flows[END_REF][START_REF] Sagaut | Multiscale and multiresolution approaches in turbulence[END_REF], in particular in a seamless way, i.e., without sharp interfaces. These bridging methodologies are intended to work simultaneously in LES mode in regions where spatially-filtered variables are desired, and in RANS mode in regions where the Reynolds averaged (statistically averaged) variables are desired. The main objective of these methods is to avoid the resolution of the whole domain in LES, since this approach is out of reach for most of the industrial applications, in particular due to the high computational cost associated with the near-wall region. Moreover, using seamless hybrid methodologies, an intermediate region necessarily exists in between the LES and RANS regions, where a limited portion of the turbulent energy is resolved. A complementary objective of these methods is then to correctly model the subgrid scales in this situation, which can be described as the very-large eddy simulation (VLES) capability of the method. Such a capability extends the flexibility of hybrid methods to the use of filters, or equivalently grid steps, larger than those used in standard LES, which can significantly reduce the computational cost. However, if the scale separation among resolved and unresolved motions lies in the productive region of the turbulent spectrum, the subgrid scale model is expected to reproduce, in addition to the transfer of energy toward the subgrid scales, complex effects of anisotropic production and redistribution. Therefore, the modeling of the subgrid-scale tensor in a VLES situation shares many features with standard RANS modeling, and, in particular, can potentially require the use of models more complex than linear-eddy viscosity models, ranging from explicit algebraic stress models [START_REF] Schmidt | Hybrid LES-URANS methodology for the prediction of non-equilibrium wall-bounded Internal and external flows[END_REF][START_REF] Marstorp | Explicit algebraic subgrid stress models with application to rotating channel flow[END_REF] to second moment closure [START_REF] Chaouat | A new partially integrated transport model for subgrid-scale stresses and dissipation rate for turbulent developing flows[END_REF][START_REF] Chaouat | Progress in subgrid-scale transport modelling for continuous hybrid non-zonal RANS/LES simulations[END_REF][START_REF] Fadai-Ghotbi | A seamless hybrid RANS-LES model based on transport equations for the subgrid stresses and elliptic blending[END_REF]. The development of such models require the knowledge of the physical role of the unclosed terms, in order to guide the choice of their functional form and of the associated turbulent scales, as well as to make possible a comparison with experimental or direct numerical simulation (DNS) results.

However, in the frame of inhomogeneous turbulent flows, a trait, common among most of the hybrid RANS/LES approaches proposed so far, is the inherent difference between variables obtained from spatially filtered instantaneous variables and variables obtained from long-time averaged instantaneous variables, with the latter being representative of an ensemble averaged variable through an ergodic hypothesis [START_REF] Gatski | Current trends in modeling research for turbulent aerodynamic flows[END_REF]. This problem is a strong limitation to the understanding and modeling of the physical interaction mechanisms in the intermediate regions that are not clearly RANS or LES regions, and consequently suffer from an ambiguous defini-tion of the variables of the model. This is the reason why Spalart [START_REF] Spalart | Detached-eddy simulation[END_REF], among the future issues to be addressed in DES and, in general, hybrid RANS/LES approaches, put forth the necessity of clarifying the underlying formalism:

"The link between the DES flow field and the exact or DNS flow field should be established."

As shown in Fadai-Ghotbi et al. [START_REF] Fadai-Ghotbi | Temporal filtering: a consistent formalism for seamless hybrid RANS-LES modeling in inhomogeneous turbulence[END_REF], this problem can be remedied within the context of temporal filtering, where for inhomogeneous, stationary flows, temporally-filtered quantities tend to Reynolds-averaged (long-time-averaged) quantities in the limit of infinite temporal filter width. It is worth emphasizing that, although the extension of the formalism to inhomogeneous flows is limited to stationary configurations, the practical application of the models based on this formalism is not restricted: for transient or statistically periodic flows, frequently encountered in industrial applications, such as turbomachines or wind turbines, the theoretical link with the instantaneous Navier-Stokes equations cannot be rigorously maintained but, similar to empirical approaches, the models based on temporal filtering remain applicable and relevant.

In the present work, the migration from a LES to a RANS model controlled by variable coefficients in the systems of equations for the ensemble-averaged filtered variables is investigated through a perturbation analysis about an equilibrium state. This is shown to establish an equivalence criterion between different hybrid methods, in such a way that they can be interpreted as variants of the same approach. Two hybrid methods satisfying this equivalence criterion are called herein H-equivalent, where H stands for Hybrid. The underlying objective is to propose a possible answer to the above-mentioned difficulty to establish a link between the resolved and the exact flow fields: if an empirically-built hybrid method is H-equivalent to a method derived to close the equations obtained within a consistent formalism, it can be interpreted as a model for the same equations. To make an analogy with mathematical concepts of the set theory, the criterion provides an equivalence relation that defines an equivalence class of closure models for a given system of equations. All the models belonging to the same class can then be compared to experimental or DNS fields using the same formalism.

Such an equivalence between three hybrid methods, based on different modifications of the same underlying RANS model, was observed by Kubacki and Dick [11] when computing impinging jet cases. The equivalence criterion proposed herein provides an analytical basis for such comparisons, that can be applied to hybrid methods resting on modifications of the length and/or time scales involved in RANS models, based on dimensional arguments. Here, the procedure is applied to two distinctly formulated approaches: detached eddy simulation (DES), which is, in a variety of versions, the most widespread hybrid RANS-LES approach, and is based on an empirical modification of the dissipation rate in the underlying RANS model, in order to reduce the level of eddy viscosity and thus promote the appearance of resolved fluctuations; and partially integrated transport model (PITM), which has the highly desirable property of being based on a clear formalism and precise hypotheses to close the equations in spectral space [START_REF] Chaouat | Analytical insights into the partially integrated transport modeling method for hybrid Reynold averaged Navier-Stokes equations-large eddy simulations of turbulent flows[END_REF]. A by-product of the present study is a new hybrid RANS/LES method that takes advantage of both the theoretical justification of the PITM and the robustness and ease of use of the DES methodology.

The paper is organized as follows: basic concepts, definitions and hypotheses, related to H-equivalence, are set in Sec. 2. The analysis is then performed in Sec. 3, assessing an equivalence criterion between PITM and DES under various assumptions and establishing a link between the grid size and the energy partitioning between resolved and unresolved scales. The equivalence criterion is then validated in Sec. 4 upon channel flow computations: plane then periodically constricted. Finally, conclusions are drawn in Sec. 5.

Definitions and postulate

Seamless, or continuous, hybrid RANS/LES methods are usually based on modifications of the constitutive relation for the unresolved stress and/or the corresponding transport equations that are formulated within the RANS framework. These modifications aim at controlling the energy partition among the resolved and unresolved scales, and then facilitate the appearance of large-scale structures in the simulated resolved field. Although hybrid approaches are based on modifications of different terms in the systems of equations of the models, using various criteria to control the energy partition and thus the migration from RANS to LES, it can be shown, within some constraints, that an equivalence criterion can be established. The present section defines the context of the subsequent analysis.

Self-consistent hybrid methods

At the outset, it is useful to introduce the notion of selfconsistency, which is used in the subsequent analysis: hybrid methods are self-consistent when they replicate the behavior expected of a filtered approach, as illustrated by figure 1(a). Specifically, in hybrid methods, the migration from a RANS to a LES behavior is enforced by some control parameters introduced in the model: in principle, this migration is linked to a variation of the filter width, which modifies the partition of energy among resolved and modeled scales. As long as the cutoff wavenumber or frequency of the filter is in the inertial range of the energy spectrum, resolved dissipation remains negligible compared to modeled dissipation, such that the latter is not affected by the variation of the control parameters. Although most of the hybrid methods are empirically built by modifying the turbulent scales in a RANS model, on k and ε. The filtered energy is evaluated using a Gaussian filter. (b) Energy ratio r (ratio of subfilter to total turbulent energy, as defined by Eq. 5) and subgrid-activity parameter s (ratio of subfilter to total dissipation, as defined by Eq. 4) as a function of the cutoff frequency, evaluated from this Karman spectrum.

and are not explicitly based on a filtered equations, it is desirable that they satisfy this behavior. In this case, they are qualified as self-consistent.

As shown by Gatski et al. [START_REF] Gatski | Current trends in modeling research for turbulent aerodynamic flows[END_REF], a framework can be established for self-consistent hybrid RANS-LES methodologies by defining the general filtering operator

f (x, t) = G(x, x ′ , t, t ′ ) f (x ′ , t ′ ) dx ′ dt ′ . (1) 
This definition introduces a filtering in both space and time, such that it encompasses various situations and solution methodologies. Standard LES methods are recovered in the case of a kernel of the form

G(x, x ′ , t, t ′ ) = G(x, x ′ ) δ(t ′ -t) , (2) 
where G stands for any standard spatial filter kernel and δ is the Dirac delta function. Such a spatial framework easily provides a formalism for hybrid RANS/LES methods in the case of homogeneous turbulence, since Reynolds averaging is then equivalent to spatial averaging, i.e., to spatial filtering in the limit of infinite filter widths. In the more general and useful case of inhomogeneous, stationary turbulence, in order to formulate a seamless hybrid methodology, a time filtering operator can be defined [START_REF] Gatski | Current trends in modeling research for turbulent aerodynamic flows[END_REF], with a filter kernel of the form

G(x, x ′ , t, t ′ ) = δ ref (x ′ -x) G(x, t ′ -t) , (3) 
where G is a temporal filter kernel with a filter width dependent on x, and δ ref is the delta function moving with a reference velocity U ref .

In order to unambiguously define the filtering operator, the arbitrary velocity vector U ref must be set in the observer's reference frame, and follows the usual transformation rules for velocities in a change of reference frame. With definition (3), the filter satisfies Galilean invariance, as shown by Fadai-Ghotbi et al. [START_REF] Fadai-Ghotbi | Temporal filtering: a consistent formalism for seamless hybrid RANS-LES modeling in inhomogeneous turbulence[END_REF]. It is worth emphasizing that this formalism also encompasses the URANS approach, since the URANS equations can be obtained as a subset of the general equations for temporally filtered hybrid methods in the case of a temporal filter width equal to the integral time scale [START_REF] Fadai-Ghotbi | Temporal filtering: a consistent formalism for seamless hybrid RANS-LES modeling in inhomogeneous turbulence[END_REF]. Within this context, the transition from RANS to LES corresponds to a variation of location of the cutoff wavenumber (spatial) or frequency (temporal), modifying the energy partition. Consequently, as long as the cutoff does not lie in the dissipative range of the spectrum, the modeled dissipation rate is not affected by this transition.

Energy ratio r

A consequence of this characteristic of self-consistent hybrid methods is that, in the budget of the resolved kinetic energy, the molecular dissipation rate ε R = ν S i j S i j , where S i j denotes the filtered strain tensor, an overbar the ensemble average and ν the molecular viscosity, remains negligible compared to the so-called turbulent dissipation -τ i j sfs S i j [START_REF] Geurts | A framework for predicting accuracy limitations in large-eddy simulation[END_REF], where τ i j sfs denotes the subfilter (SFS) stress tensor.

Since -τ i j sfs S i j is also the rate of production of subfilter energy, it is herein denoted by P M . The subgrid activity parameter s, which represents the portion of the dissipation of resolved energy due to the subfilter-scale model,

s = P M P M + ε R , (4) 
as defined by Geurts and Fröhlich [START_REF] Geurts | A framework for predicting accuracy limitations in large-eddy simulation[END_REF], thus remains close to unity. As illustrated by Fig. 1(b), s is the relevant parameter to identify the resolution of LES as compared to a well-resolved DNS, and the criterion s = 0.5 retained by Geurts and Fröhlich obviously corresponds to a cutoff frequency lying in the dissipative range. In the framework of hybrid RANS/LES methods, in the region of transition from a RANS to a LES behavior, s will remain very close to unity, such that a better parameter to characterize this transition is the energy ratio

r = k M k R + k M = k M k , (5) 
where k M = 1 2 τ iisfs and k R = 1 2 ũi ũi are the subfilter (modeled) and resolved turbulent energy, respectively. As shown in Fig. 1(b), this ratio approaches unity for a nondimensional cutoff frequency close to unity, i.e., corresponding to the characteristic frequency of the largest turbulent scales (RANS/URANS limit); reaches the threshold r = 0.5 in the energetic range of the spectrum; approaches zero for a well-resolved LES (Pope's definition [START_REF] Pope | Turbulent Flows[END_REF] of LES corresponds to r < 0.2); and reaches r = 0 for DNS. r is therefore a relevant parameter to identify the transition from a RANS to a LES behavior of the hybrid RANS/LES methods.

H-equivalence

A basis of comparison now needs to be defined between hybrid methods. The effects of any other characterizing features of each method should be minimized so that this comparison basis be effective in establishing a meaningful equivalence relationship. Each method being evaluated should be based on the same closure, that is, even though they use a different way to control the migration from RANS to LES, the constitutive relation for the unresolved turbulent stress field and the associated scale-providing transport equations should be identical at the RANS limit. Within this constraint, hybrid approaches can be said to use the same closure, but a different hybridization method.

When the control parameters are adjusted so that the level of modeled energy is the same for two methods, their respective resolved fields will be statistically similar. This statistical similarity includes the mean and second-order moments as well as associated correlations. Obviously, the instantaneous, resolved fields given by the two methods will differ and a similarity of their high-order statistics is not expected. However, as soon as they are intended to represent the same scales, i.e., the partition of energy is the same, and they are based on the same closure to represent the unresolved turbulent stresses, statistics such as the mean flow and the second moments will not differ significantly. This is not a very restrictive assumption, since, for two hybrid approaches based on the same closure, their systems of equations only differ by the turbulent scales made variable in order to hybridize RANS and LES, such that, if the scales are rigorously identical, the equations are rigorously the same. Therefore, two approaches based on the same closure and leading to the same energy partition in a particular situation will be called H-equivalent.

In summary, we put forth the following postulate:

Postulate: Two hybrid approaches based on the same closure, but using a different method of control of the energy partition, yield similar low-order statistics of the resolved velocity fields provided that they yield the same level of subfilter energy.

Once this postulate is admitted, the analysis can focus on the link between the form of the system of equations and the level of subfilter energy. Since the equivalence property is not concerned with the instantaneous field, but rather with the ensemble-averaged level of subfilter energy, the following analysis focuses on the equations for the ensembleaveraged filtered variables.

Application of the Criterion

Description of the hybrid methods

The equivalence criterion can be applied to hybrid methods with very diverse formulation developments. The hybridization method can be based on various ways of modifying the scales involved in the equations: in the eddy-viscosity algebraic relation [START_REF] Batten | Interfacing statistical turbulence closures with large-eddy simulation[END_REF][START_REF] Lien | Partially resolved numerical simulation and RANS modeling of flow and passive scalar transport in an urban environment[END_REF] or its transport equation [START_REF] Spalart | Comments on the feasibility of LES for wings, and on a hybrid RANS/LES approach[END_REF], in the turbulent kinetic energy equation [START_REF] Travin | Physical and Numerical Upgrades in the Detached-Eddy Simulation of Complex Turbulent Flows[END_REF][START_REF] Gritskevich | Development of DDES and IDDES formulations for the k-ω shear stress transport model[END_REF], or in the scale providing equation [START_REF] Schiestel | Towards a new partially integrated transport model for coarse grid and unsteady turbulent flow simulations[END_REF][START_REF] Girimaji | Partially-averaged Navier-Stokes model for turbulence: A Reynolds-averaged Navier-Stokes to direct numerical simulation bridging method[END_REF][START_REF] Menter | The scale-adaptive simulation method for unsteady turbulent flow predictions. Part 1: Theory and model description[END_REF], or any combination of these methods [START_REF] Davidson | Hybrid LES-RANS modelling: A one-equation SGS model combined with a k-ω model for predicting recirculating flows[END_REF][START_REF] Kubacki | Simulation of plane impinging jets with k-ω based hybrid RANS/LES models[END_REF]. In order to illustrate the procedure that can be followed and the conclusions that can be drawn from the application of the criterion, two particular hybrid methods are selected, the partially integrated transport model [START_REF] Schiestel | Towards a new partially integrated transport model for coarse grid and unsteady turbulent flow simulations[END_REF][START_REF] Chaouat | A new partially integrated transport model for subgrid-scale stresses and dissipation rate for turbulent developing flows[END_REF] (PITM) and the two-equation detached eddy simulation [START_REF] Travin | Physical and Numerical Upgrades in the Detached-Eddy Simulation of Complex Turbulent Flows[END_REF] (DES) model.

The PITM method can be applied to any RANS model to derive an hybrid RANS-LES model. It is based on transport equations for the spectrally partitioned turbulent kinetic energy [START_REF] Schiestel | Towards a new partially integrated transport model for coarse grid and unsteady turbulent flow simulations[END_REF] or full Reynolds stress transport equations [START_REF] Chaouat | A new partially integrated transport model for subgrid-scale stresses and dissipation rate for turbulent developing flows[END_REF]. Additionally, the PITM methodology has been adapted to within a temporal filtering framework, that is T-PITM [START_REF] Fadai-Ghotbi | Temporal filtering: a consistent formalism for seamless hybrid RANS-LES modeling in inhomogeneous turbulence[END_REF], so that for inhomogeneous, stationary flows, in the limit of infinite (temporal) filter width, the filtered equations are consistent with the long-time averaged (RANS) equations. In the spatial [START_REF] Schiestel | Towards a new partially integrated transport model for coarse grid and unsteady turbulent flow simulations[END_REF][START_REF] Chaouat | From single-scale turbulence models to multiple-scale and subgrid-scale models by Fourier transform[END_REF] (resp., temporal [START_REF] Fadai-Ghotbi | Temporal filtering: a consistent formalism for seamless hybrid RANS-LES modeling in inhomogeneous turbulence[END_REF]) filtering context, it was shown that, by partially integrating (hence the name PITM) in the wavenumber (resp., frequency) space the transport equations for the energy spectrum, the transport equations for the ensemble-averaged quantities can be derived. The transport equation for the ensemble-averaged subfilter stress tensor

τ i j M = τ i j sfs is Dτ i j M Dt = P i j M + Φ i j M -ε i j M + D i j M . (6) 
Here, it is worth emphasizing that, although the PITM solves the time-dependent, filtered equations of motion (see section 4), the analysis is, as usual [START_REF] Chaouat | A new partially integrated transport model for subgrid-scale stresses and dissipation rate for turbulent developing flows[END_REF][START_REF] Chaouat | From single-scale turbulence models to multiple-scale and subgrid-scale models by Fourier transform[END_REF][START_REF] Fadai-Ghotbi | Temporal filtering: a consistent formalism for seamless hybrid RANS-LES modeling in inhomogeneous turbulence[END_REF], performed in a statistical framework, in order to analyze how the different terms depend on the filter width. Therefore, in the present section, we are concerned with ensemble-averaged filtered quantities and their equations: in homogeneous situations, the material derivative D/Dt reduces to a time derivative d/dt, since the ensemble-averaged filtered variables are functions of t only, i.e., Φ(x, t) = Φ M (t), for any filtered variable Φ; in contrast, in inhomogeneous, stationary turbulence, the material derivative is U k ∂/∂x k , where U k stands for the mean velocity, since the ensemble-averaged filtered variables are functions of x only, i.e., Φ(x, t) = Φ M (x). P i j M , Φ i j M , D i j M and ε i j M represent production of subfilter stresses, redistribution, diffusion and dissipation, respectively (for details, see Chaouat and Schiestel [START_REF] Chaouat | From single-scale turbulence models to multiple-scale and subgrid-scale models by Fourier transform[END_REF][START_REF] Chaouat | Analytical insights into the partially integrated transport modeling method for hybrid Reynold averaged Navier-Stokes equations-large eddy simulations of turbulent flows[END_REF]). Although the approach is generally used with a second moment closure, i.e., the transport equations [START_REF] Chaouat | Progress in subgrid-scale transport modelling for continuous hybrid non-zonal RANS/LES simulations[END_REF] for the subfilter stresses are used, the analysis herein focuses on the behavior of the subfilter or modeled energy k M = 1 2 τ iisfs , such that the transport equation for the latter is required, as well as that of its dissipation rate ε M :

Dk M Dt = P M -ε M + D M , (7) 
Dε M Dt = C ε1 ε M k M P M -C * ε2 ε 2 M k M + D ε , (8) 
where

P M = 1 2 P i j M , ε M = 1 2 ε i j M and D M = 1 2 D i j M are
production, dissipation and diffusion rates, respectively. These equations are formally similar to the RANS equations. The dissipation equation is sensitized to the variable wavenumber (resp., frequency) cutoff by using a variable coefficient for the destruction term

C * ε2 = C ε 1 + r C ε 2 -C ε 1 . (9) 
Note that PANS [START_REF] Girimaji | Partially-averaged Navier-Stokes model for turbulence: A Reynolds-averaged Navier-Stokes to direct numerical simulation bridging method[END_REF], albeit based on a completely different argumentation, also uses Eqs. ( 7), ( 8) and ( 9). The most recent version of PANS [START_REF] Basara | Near-Wall Formulation of the Partially Averaged Navier-Stokes Turbulence Model[END_REF][START_REF] Kubacki | Hybrid RANS/LES computations of plane impinging jets with DES and PANS models[END_REF] uses relation (49) between r and the grid step, such as it is H-equivalent to PITM in the equilibrium layers considered in section 3.2 and only differ by the diffusion coefficients in inhomogeneous flows.

In the PITM approach, the fundamental parameter is thus the ratio of modeled energy k M to total energy k defined by Eq. ( 5). Although the formalism is different in PITM and T-PITM (spatial filtering vs. temporal filtering) and, thus, the variables do not represent the same physical quantities, the form of the system of equations is the same. Since the method used below to establish the equivalence between hybrid methods is only based on the analysis of the properties of the system of equations, the distinction between PITM and T-PITM will not be necessary in the rest of section 3, and the two methods are simply denoted by PITM.

In the following sections, the analysis focuses on the Hequivalence between the PITM and DES approaches. DES was originally [START_REF] Spalart | Comments on the feasibility of LES for wings, and on a hybrid RANS/LES approach[END_REF] based on an empirical modification of the length-scale entering the dissipation term in the Spalart-Allmaras model, with the objective of allowing the model to migrate from a RANS behavior in attached boundary layers to a LES behavior in detached regions, by reducing the amount of eddy viscosity in the momentum equation. It can be generalized to any two-equation model [START_REF] Travin | Physical and Numerical Upgrades in the Detached-Eddy Simulation of Complex Turbulent Flows[END_REF] or secondmoment closure by modifying the length scale in the dissipation term of the kinetic energy (or Reynolds stress) transport equation. Other variations of this method have emerged since its inception [START_REF] Spalart | Detached-eddy simulation[END_REF]; however, for the comparative purposes here, the baseline form will highlight the steps necessary in establishing method equivalence.

In DES based on two-equation models (resp., second moment closures), the RANS-LES hybridization is performed through a modification of the dissipation term in the transport equation for the subfilter kinetic energy (resp., the subfilter stress tensor). In order to establish the H-equivalence of the PITM and DES approaches, the system of Eqs. ( 6)-( 8) is empirically reformulated in the DES form

Dτ i j M Dt = P i j M + Φ i j M -ψ ε i j M + D i j M , ( 10 
)
Dk M Dt = P M -ψ ε M + D M , (11) 
Dε M Dt = C ε1 ε M k M P M -C ε2 ε 2 M k M + D ε . (12) 
In comparison to the PITM system ( 6)-( 8), the DES system uses a constant coefficient C ε2 in the dissipation equation and a variable coefficient ψ in the subfilter stress or the subfilter energy equation. Again, Eq. [START_REF] Fadai-Ghotbi | Temporal filtering: a consistent formalism for seamless hybrid RANS-LES modeling in inhomogeneous turbulence[END_REF] will not be used in the analysis.

In order for the system to represent both the PITM and DES methods, the transport equations for the modeled energy and its dissipation rate can be generalized as

Dk M Dt = P M -ψ ε M + D M , (13) 
Dε M Dt = C ε1 ε M k M P M -C * ε2 ε 2 M k M + D ε . (14) 
For PITM, ψ = 1 and C * ε2 is given by Eq. ( 9), and for DES, C * ε2 = C ε2 and ψ is given by

ψ = max        1; k 3/2 M /ε M C des ∆        , (15) 
with ∆ the grid step and C des a calibration coefficient. The particular system (13)-( 14) is adequate to compare the PITM and DES methods: the same procedure can be applied to different systems of equations for different choices of hybrid methods. Again, it is worth pointing out that these equations are valid for eddy-viscosity models as well as for second moment closures, since Eq. ( 13) can be obtained by contracting the subfilter-stress transport equations. Note that for the present purpose, near-wall, low Reynolds number regions, treated in RANS mode, do not need to be considered, so that the additional complexity introduced by near-wall corrections is avoided.

In the system ( 13)-( 14),

P M = (P sfs ) = -τ i jsfs S i j = -k sfs b i jsfs S i j , (16) 
where b i jsfs = τ i jsfs /(2k sfs ) -δ i j /3 is the subfilter anisotropy, such that it is natural to rescale it using S = 2 S i j S i j and k M , thus defining

γ = P M k M S = k sfs b i jsfs S i j k M S , (17) 
which is merely a generalized correlation coefficient. Note that Eqs. ( 13) and ( 14) only describe the evolution of the ensemble-averaged subfilter energy and dissipation, k M and ε M : as each method uses a different way of partitioning resolved and unresolved energy, local and instantaneous dynamics may differ significantly between each other. This is why the equivalence can only be stated on low-order statistics of the flow, as precised in the postulate of Section 2. Despite the fact that, as mentioned by Spalart [START_REF] Spalart | Detached-eddy simulation[END_REF], a fully satisfactory formalism is not available for DES, it implicitly evolved from a spatially filtered framework, so that only for homogeneous flows are the statistically-averaged fields equivalent to spatially-filtered fields in the limit of infinite filter width. Although each method, DES and PITM, have diverse origins, it will be shown that an equivalence can be established, following the definition given in Sec. 2, and that the energy partitioning parameters can be related. A comprehensive way of posing the problem of H-equivalence is the question: in the system (11)- [START_REF] Chaouat | Analytical insights into the partially integrated transport modeling method for hybrid Reynold averaged Navier-Stokes equations-large eddy simulations of turbulent flows[END_REF], what ψ should be imposed, instead of Eq. ( 15), to reach the same mean equilibrium as the system ( 7)-( 8) for a given C * ε2 provided by the PITM theory? With the specification of the methods complete, it is now possible, in simplified situations, to establish the H-equivalence between the models and to identify the key equivalence parameters, for two families of flows.

H-equivalence in equilibrium layers

To first illustrate how the H-equivalence of the hybrid models can be determined, consider simple situations, such as homogeneous shear or in the logarithmic region of a boundary layer. In these cases, the turbulence evolves to a state where equilibrium values are reached for quantities such as the production-to-dissipation ratio, time scale, and turbulent stress anisotropies. Since H-equivalence is based on energy partitioning, the analysis focuses on variations of modeled kinetic energy. This variation is controlled by the parameters ψ and C * ε2 . Now, one aims at modifying the energy partition in the flow domain by applying either a variation δψ of ψ or a variation δC * ε2 of C * ε2 . With the objective of a perturbation analysis, the variation δk M of the modeled energy k M is a given infinitesimal percentage, i.e., the relative variation δk M /k M is imposed and constant throughout the domain (in the perturbation analyses performed in the present article, the relative variation of any quantity Φ denotes the ratio of the infinitesimal variation δΦ to the initial value of this quantity, i.e., δΦ/Φ). In order to know which δψ or δC * ε2 is to be applied, a relation must be found between δk M and δψ or δC * ε2 . In equilibrium layers, the turbulent time scale τ = k M /ε M asymptotically tends to equilibrium, Dτ/Dt = 0, such that, from Eqs. ( 13) and ( 14), an equation for τ can be written as

(C ε1 -1) P M ε M + k M ε 2 M D ε + ψ -C * ε2 - D M ε M = 0 , (18) 
where, due to global or local homogeneity, D M = D ε = 0, leading to the equilibrium solution

γ (C ε1 -1) C * ε2 -ψ S k M ε M = 1 , (19) 
in which Eq. ( 17) has been used. Consequently, for PITM, using ψ = 1 and introducing in Eq. ( 19) infinitesimal perturbations δγ, δS , δk M and δC * ε2 of the variables, it is simple algebra to obtain the relation

δC * ε2 = (C * ε2 -1) δk M k M + δγ γ + δS S , (20) 
which shows that a decrease of the amount of modeled energy (migration towards LES mode) is linked to a reduction of the C * ε2 coefficient (note that the PITM theory [START_REF] Chaouat | A new partially integrated transport model for subgrid-scale stresses and dissipation rate for turbulent developing flows[END_REF][START_REF] Schiestel | Towards a new partially integrated transport model for coarse grid and unsteady turbulent flow simulations[END_REF] shows that C * ε2 is in the range [C ε1 ; C ε2 ], such that the factor (C * ε2 -1) is always positive). In this derivation, the selfconsistency of the hybrid method is assumed, such that the dissipation rate is not affected by the modification of the energy partition (δε M =0). In the case of the DES system of equations, C * ε2 = C ε2 and δψ 1, and the same perturbation analysis yields

δψ = -(C ε2 -ψ) δk M k M + δγ γ + δS S . (21) 
Since it will be shown (see Eq. 23) that ψ is in the range [1; 1 + C ε2 -C ε1 ], the factor (C ε2 -ψ) is positive, such that a decrease of k M corresponds to an increase of ψ.

Applying the postulate presented in Section 2, that is, the same modification δk M of the modeled energy for the two methods, PITM and DES, corresponds to the same modification of the low-order statistics of the resolved scales δS and δγ, then if the two methods are H-equivalent for some initial values of C * ε2 and ψ, they remain equivalent, according to [START_REF] Schiestel | Towards a new partially integrated transport model for coarse grid and unsteady turbulent flow simulations[END_REF] and [START_REF] Girimaji | Partially-averaged Navier-Stokes model for turbulence: A Reynolds-averaged Navier-Stokes to direct numerical simulation bridging method[END_REF], if the modifications of their control coefficients are related by

δC * ε2 C * ε2 -1 = - δψ C ε2 -ψ . ( 22 
)
Now, there is at least one initial state for which the two methods are exactly equivalent, the RANS limit, obtained when C * ε2 = C ε2 for PITM and ψ = 1 for DES, since, in this case, the equations of the two methods are identical. Therefore, the two methods remain equivalent if, starting from the RANS state, the partition of energy is gradually modified by applying successive infinitesimal variations of the coefficients ψ and C * ε2 , respectively, subject to constraint [START_REF] Menter | The scale-adaptive simulation method for unsteady turbulent flow predictions. Part 1: Theory and model description[END_REF]. Integrating between the RANS state and some arbitrary state yields

C * ε2 C ε2 1 x -1 dx = - ψ 1 1 C ε2 -y dy ,
and using the definition (9) of C * ε2 , shows that, if

ψ = 1 + (C ε2 -C ε1 ) (1 -r) , (23) 
DES and PITM are H-equivalent.

Influence of inhomogeneity

While the results for locally homogeneous sheared turbulence illustrated the procedure to be followed in formulating an equivalence between methods, the reality is that most flows of engineering relevance are inhomogeneous. Modeled diffusion and transport effects are necessarily reintroduced into Eqs. ( 13) and ( 14), which requires some additional restrictions to be applied in the analysis in order to keep a tractable system of equations. It is now assumed that both k M and ε M (rather than only the time-scale τ = k M /ε M ), are in equilibrium along mean streamlines (for fully developed flows in straight ducts this is exactly satisfied). The system of equations that describe both the PITM and DES methods then reads

P M -ψ ε M + D M = 0 , (24) 
C ε1 ε M k M P M -C * ε2 ε 2 M k M + D ε = 0 . ( 25 
)

Case of self-consistent methods

For the PITM (ψ = 1), assuming self-consistency (δε M = 0), and following the same procedure as for homogeneous shear, but now including also the infinitesimal variations δD M and δD ε in the system ( 24)-( 25), the resulting equation for the infinitesimal perturbations is

δP M + δD M = 0 , (26) 
C ε1 ε M k M P M δP M P M - δk M k M - C * ε2 ε 2 M k M δC * ε2 C * ε2 - δk M k M + δD ε = 0 . ( 27 
)
Turbulent diffusion terms D M and D ε are usually modeled as

D M = ∂ ∂x k C k 2 M ε M ∂k M ∂x k ( 28 
)
and

D ε = ∂ ∂x k C σ ε k 2 M ε M ∂ε M ∂x k . ( 29 
)
The perturbation of the modeled energy δk M is introduced in these two relations. As mentioned at the beginning of section 3.2, the objective of the analysis is to investigate how to enforce a variation δk M representing a given infinitesimal percentage of the modeled energy k M , such that the relative variation δk M /k M is imposed and constant throughout the domain. Therefore, writing the perturbed energy k M + δk M as k M (1 + δk M /k M ), the factor in parenthesis is independent of spatial coordinates, such that it can be easily shown that Eqs. ( 28) and ( 29) yield

δD M D M = 3 δk M k M , ( 30 
)
δD ε D ε = 2 δk M k M . (31) 
Thus, using the 6 equations ( 24)-( 25)-( 26)-( 27)-( 30)-( 31) and in the 6 unknowns, δC * ε2 , δP M , δD M , δD ε , D M and D ε , the following relation is obtained

δC * ε2 = 3 C * ε2 C ε1 -1 C ε1 δk M k M . (32) 
The same procedure can be followed for the DES system,

P M -ψε M + D M = 0 , (33) 
C ε1 ε M k M P M -C ε2 ε 2 M k M + D ε = 0 , (34) 
by introducing the infinitesimal modification δψ, leading to

δψ = -3 C ε2 C ε1 -ψ δk M k M . (35) 
Similar to the equilibrium layer case, using [START_REF] Perot | A self-adapting turbulence model for flow simulation at any mesh resolution[END_REF] and [START_REF] Spalart | A new version of detached-eddy simulation, resistant to ambiguous grid densities[END_REF], and integrating between the RANS state (C * ε2 = C ε2 and ψ = 1) and an arbitrary state, it is seen that PITM and DES remain H-equivalent if

ψ = 1 + 1 C ε1 (C ε2 -C ε1 ) (1 -r) . (36) 
Comparing this relation with [START_REF] Davidson | Hybrid LES-RANS modelling: A one-equation SGS model combined with a k-ω model for predicting recirculating flows[END_REF], it is observed that the only difference is the slope of the linear function, that differs by a factor C ε1 . This same type of influence of the diffusion term was also found by Rumsey et al. [START_REF] Rumsey | Arbitrary steadystate solutions with the k-ε model[END_REF] in their nullcline analysis of two-equation models. Note that, in the analysis leading to [START_REF] Chaouat | Subfilter-scale transport model for hybrid RANS/LES simulations applied to a complex bounded flow[END_REF], the self-consistency of the hybrid approaches has been assumed (ε M constant), but the postulate of Section 2 has not been invoked. It is worth mentioning that the opposite choice (ε M not constant) can be made, at the price of restricting the analysis to eddy-viscosity models, as shown in the next section.

Accounting for departure from self-consistency

Although self-consistency is a sensible assumption for approaches based on the application of a filter, as introduced in section 2.1, the complexity of the models and the unavoidable simplifications used in their derivation can be at the origin of small variations of the dissipation rate with the cutoff wavenumber or frequency. In the case of DES based on two-equations models or second moment closures, due to the empirical modification of the dissipative term in the subfilter energy equation, the scale ε does not really represent the physical dissipation rate anymore, except in the RANS limit. Therefore, the issue arises as to whether the analysis above is robust to a possible departure from self-consistency, i.e., robust to variations of the modeled dissipation rate ε M with the energy partition. This additional variation makes the above analysis more complex and, eventually, intractable. This difficulty can be circumvented by using an eddy-viscosity hypothesis to evaluate subfilter production

P sfs = 2 C µ k 2 sfs ε sfs S i j S i j . (37) 
The C µ coefficient can be either constant or function of turbulent invariants, depending on the linear or character of the constitutive relation leading to Eq. [START_REF] Wray | A selection of test cases for the validation of large-eddy simulations of turbulent flows[END_REF]. In order to simplify the analysis, only linear eddy-viscosity models are considered below. The case of nonlinear models is treated in Appendix A.

In the case of linear eddy-viscosity models, the ensemble-averaged subfilter production P M = (P sfs ) can now be made non-dimensional using k M , ε M and S , by introducing the new correlation coefficient

γ ′ = C µ k 2 sfs ε sfs S i j S i j C µ k 2 M ε M S 2 , (38) 
such that

P M = 2 γ ′ C µ k 2 M ε M S 2 . ( 39 
)
Again, introducing infinitesimal variations of the variables involved in (39), including for the dissipation rate ε M , the relative variation δP M /P M of the production term is

δP M P M = δγ ′ γ ′ + 2 δS S + 2 δk M k M - δε M ε M . ( 40 
)
Therefore, with the additional variable δε M and the additional equation (40), the same analysis as in section 3.3.1 leads to

δC * ε2 = C * ε2 -C ε1 P M ε M δk M k M - δγ ′ γ ′ -2 δS S , (41) 
for the PITM system and to

δψ = - (C ε2 -C ε1 ψ) C ε2 P M ε M δk M k M - δγ ′ γ ′ -2 δS S , (42) 
for the DES system. Invoking the postulate of equivalence presented in Section 2, i.e., if two methods are initially Hequivalent, the same modification of the low-order statistics of the resolved scales δS and δγ ′ are obtained for the same modification of the modeled energy δk M , the two methods remain equivalent if the relation

δC * ε2 C * ε2 -C ε1 = - C ε2 δψ (C ε2 -C ε1 ψ) , (43) 
is satisfied. Again, integrating between the RANS state and an arbitrary state yields the equivalence criterion

ψ = 1 + 1 C ε1 (C ε2 -C ε1 ) 1 -r C ε1 /C ε2 . ( 44 
)
It is worth pointing out that Eq. ( 44) is very close to Eq. ( 36), since the power C ε1 /C ε2 is about 0.75, and r only varies between 0 and 1. As will be illustrated in section 3.4 by translating the relations in terms of length scales, these equivalence criteria are very close to each other.

Link between energy partitioning, turbulent scales and grid step

Consequences of the equivalence criteria obtained in the last section can be further explored. In the system of equations of two-equation or second-moment-closure-based DES, in the regions treated in LES, the ψ coefficient is set to

ψ = k 3/2 M ε M L , ( 45 
)
that is, the dissipation term in the k M equation is k 3/2 M /L, where the length scale L = C des ∆ is directly proportional to the local grid step. Using the self-consistency hypothesis (ε = ε M ), Eq. (45) shows that the length scale to be used in DES to ensure H-equivalence with PITM is

L = r 3/2 ψ(r) L int , (46) 
where

L int = k 3/2 ε ( 47 
)
is the integral length scale. Similar to PITM, the fundamental parameter in this relation is the energy ratio

r = k M k R + k M = k M k . ( 48 
)
As was shown by Schiestel and Dejoan [START_REF] Schiestel | Towards a new partially integrated transport model for coarse grid and unsteady turbulent flow simulations[END_REF] for the PITM and by Fadai-Ghotbi et al. [START_REF] Fadai-Ghotbi | Temporal filtering: a consistent formalism for seamless hybrid RANS-LES modeling in inhomogeneous turbulence[END_REF] for the T-PITM, an evaluation of r as a function of ∆ can be obtained by integrating the wavenumber spectrum or the Eulerian frequency spectrum, respectively, under Kolmogorov assumptions,

r = 1 β 0 π 2/3 ∆ L int 2 3 . ( 49 
)
Introducing this relation into the length scales L = k 3/2 M /(ε ψ) obtained for equilibrium layers or spatially developed flows in section 3 shows that, for the DES method to be equivalent to PITM, the constant coefficient C des must be replaced by the function

f des = r 3/2 L int ψ∆ = 1 
β 3/2 0 πψ(r) . (50) 
If the coefficients C des and β 0 are calibrated in such a way that the length scales L obtained from the different equivalence criteria reach the integral scale for the same value of the grid step, figure 2 shows that these criteria lead to very similar variations of the length scale as a function of ∆, and that standard DES is a simple linear approximation of formulation (50), called equivalent-DES. 
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Computational validation

As introduced in section 2.3, the H-equivalence property is concerned with the link between the ensemble-averaged subfilter energy and the variable coefficients C * ε2 or ψ used to hybridize RANS and LES. Therefore, the analysis does not provide information about the time-dependent solutions of the filtered equations given below (Eq. 51), but only to their low-order statistical properties, in particular the partition of energy. Moreover, the analysis of section 3 provides analytical equivalence criteria only in particular situations of equilibrium turbulence. The purpose of the present computational validation is then twofold (i) In order to investigate the validity of applying to time-dependent hybrid RANS/LES computations the equivalence criteria obtained by the analysis at the ensemble-averaged level, a channel flow [START_REF] Moser | Direct numerical simulation of turbulent channel flow up to Re τ = 590[END_REF] at Re τ = 395 is computed. In other words, the objective is to examine the statistical properties of a real, timedependent computation using the T-PITM and the equivalent-DES, whose coefficients satisfy an equivalence criterion. In order to compare the influence of the particular form of the equivalence relation obtained under different assumptions, four different computations are performed using equivalent-DES, using the four length scale relations plotted in figure 2. (ii) With the purpose of validating the applicability of the equivalence criteria in a case that does not comply with the equilibrium hypothesis of the theoretical analysis, a flow over a periodic hill at bulk Reynolds number Re b = 10595 is computed [START_REF] Breuer | Flow over periodic hillsnumerical and experimental study in a wide range of Reynolds num-bers[END_REF].

The T-PITM model used for the computations is a second moment closure of the temporally-filtered, incompressible Navier-Stokes equations

∂ũ i ∂t + ũk ∂ũ i ∂x k = - 1 ρ ∂ p ∂x i + ν ∂ 2 ũi ∂x j ∂x j - ∂τ i j sfs ∂x j , (51) 
where ũi and p denote the temporally-filtered velocity and pressure, respectively, which are dependent on x and t. The transport equation for the subfilter stress

∂τ i j sfs ∂t + Ũk ∂τ i j sfs ∂x k = P i j sfs -ε i j sfs + φ * i j sfs + D T i j sfs + D ν i j sfs (52)
is modeled using an adaptation of the Elliptic-Blending Reynolds-Stress model [START_REF] Manceau | Elliptic blending model: A new near-wall Reynolds-stress turbulence closure[END_REF][START_REF] Manceau | Recent progress in the development of the Elliptic Blending Reynolds-stress model[END_REF] to the hybrid temporal LES framework [START_REF] Fadai-Ghotbi | Temporal filtering: a consistent formalism for seamless hybrid RANS-LES modeling in inhomogeneous turbulence[END_REF]. In this equation, similar to the case of the Reynolds-stress transport equation used in RANS, P i j sfs , ε i j sfs , φ * i j sfs , D T i j sfs and D ν i j sfs denote subfilter production, dissipation, velocity-pressure gradient correlation, turbulent diffusion and viscous diffusion tensors, respectively. The main characteristic of this second moment closure is the blending of near-wall and homogeneous forms of the velocitypressure gradient correlation and dissipation tensors, in order to reproduce the wall-blockage effects and the associated two-component limit of turbulence, under the form

φ i j sfs = (1 -α 3 ) φ w i j + α 3 φ h i j , (53) 
ε i j sfs = (1 -α 3 ) τ i j sfs k sfs ε sfs + α 3 2 3 ε sfs δ i j , ( 54 
)
where α is a blending parameter, solution of an elliptic relaxation equation

α -L 2 sfs ∇ 2 α = 1 ( 55 
)
(for details, see Fadai-Ghotbi et al. [START_REF] Fadai-Ghotbi | Temporal filtering: a consistent formalism for seamless hybrid RANS-LES modeling in inhomogeneous turbulence[END_REF]). The dissipation rate is obtained via the transport equation

∂ε sfs ∂t + Ũk ∂ε sfs ∂x k = C ′ ε 1 P sfs -C * ε 2 ε sfs T + ∂ ∂x l C µ σ ε τ lmsfs T ∂ε sfs ∂x m + ν ∂ 2 ε sfs ∂x k ∂x k , (56) 
in which, in order to sensitize the model to the filter width and thus migrate from a RANS to a LES behavior, the C * Eq. ( 9). Since r is the ratio of modeled energy k M to total energy k, it can be computed during the simulation, leading to a self-adaptive method, i.e., a method that does not explicitly depend on the grid step, as for instance the scale-adaptive simulation [START_REF] Menter | The scale-adaptive simulation method for unsteady turbulent flow predictions. Part 1: Theory and model description[END_REF], the "universal model" of Perot & Gadebusch [START_REF] Perot | A self-adapting turbulence model for flow simulation at any mesh resolution[END_REF], or the dynamic hybrid RANS/LES [START_REF] Bhushan | A dynamic hybrid Reynolds-averaged Navier Stokes-Large eddy simulation modeling framework[END_REF]. Another pos-sibility, which is applied here, is to evaluate r using (49), obtained by analytical integration of a generic spectrum [START_REF] Fadai-Ghotbi | Temporal filtering: a consistent formalism for seamless hybrid RANS-LES modeling in inhomogeneous turbulence[END_REF].

For the equivalent-DES method, the same transport equations (52) for the subfilter stresses are solved, using the same model ( 53)-( 54 is constant, and equal to the usual RANS value C ε2 , and the dissipation rate ε sfs in Eq. ( 54) is replaced by max ε sfs ;

L = r 3/2 L int L = r 3/2 L int /ψ with ψ from: (23) (36) (44) 
y + k + Modeled Resolved Total (b) 0 100 200 300 400 -2 -1.5 -1 -0.5 0 (c) 
L = r 3/2 L int L = r 3/2 L int /ψ with ψ from: (23) (36) (44) 
y + τ + 12 Modeled Resolved Total 0 100 200 300 400 -2 -1.5 -1 -0.5 0 (d) 
L = r 3/2 L int L = r 3/2 L int /ψ with ψ from: (23) (36) 
k 3/2 sfs L . ( 57 
)
where L is given by Eq. ( 46). For comparison, the four versions plotted in figure 2 are applied, corresponding to the different forms of the equivalent criterion ( 23), ( 36) and (44), and to the linear approximation L = r 3/2 L int .

Channel flow

Computations are performed with Code S aturne, a second order accurate, parallel, finite volume solver on unstructured grids, developed at EDF [START_REF] Archambeau | Code Saturne: A finite volume code for the computation of turbulent incompressible flows -Industrial applications[END_REF]. The size of the computational domain is 8h × 2h × 4h in the streamwise, normalwise and spanwise directions, respectively, where h is the channel half-width, which corresponds to 3160 × 790 × 1580 in wall units. The reference grid is made of about 221,000 cells (64 × 54 × 64). The grid resolution in the streamwise and spanwise directions thus corresponds to ∆x + ≃ 50 and ∆z + ≃ 25, respectively. In the wall-normal direction, the grid is clustered in the vicinity of the walls, with a first discretization point located at y + ≃ 1.5, and cells of size ∆y + ≃ 40 at the centerline. In order to investigate the evolution with the grid of the solutions, and, in particular, the partition of energy among resolved and modeled scales, a coarser mesh in also used, similar to the reference (fine) grid, but reduced to 55,000 cells.

It can be seen in figure 3 that the predictions of the equivalent-DES method are very close to those of the T-PITM. A refinement of the grid leads to a significant modification of the partition of energy and shear stress among resolved and modeled scales, leaving the total energy almost constant, as already observed by Chaouat and Schiestel [START_REF] Chaouat | A new partially integrated transport model for subgrid-scale stresses and dissipation rate for turbulent developing flows[END_REF] and Fadai-Ghotbi et al. [START_REF] Fadai-Ghotbi | A seamless hybrid RANS-LES model based on transport equations for the subgrid stresses and elliptic blending[END_REF]. Here, the version with relation (44) is used. As will be shown below, the different relations obtained in section 3 yield slightly different results. The model based on (44) is the closest formulation to the T-PITM.

For the two grids, the energy partition given by the two methods is nearly the same, with the same transition from RANS to LES when moving away from the wall. This obser-vation is made for the decomposition of k into modeled and resolved parts: the turbulent energy k is dominated by the modeled contribution in the near-wall region, which shows that the model works in RANS mode; far away from the wall, the relative contribution of the resolved part increases, as the model gradually switches to the LES mode. The RANS to LES transition is driven by the ratio of the grid step to the integral length scale that enters the energy ratio r in Eq. ( 49). Although r is involved in the C * ε2 coefficient for the T-PITM and the ψ coefficient for the equivalent-DES, the obtained energy partition and the transition from RANS to LES are very similar for the two grids, which validates the equivalence criterion of section 3: although this criterion is established based on the equations for the ensemble-averaged filtered variables, the present results show that two H-equivalent approaches, i.e., whose coefficients satisfy the equivalence criterion, give very similar statistics. The similarity is even more striking for the partition of the shear stress τ 12 . This result validates the postulate put forth in section 2.3, and is mainly due to the use of the same closure for the subfilter stress: as soon as the partition of energy among resolved and modeled scales is the same, the length and time scales entering the subfilter stress closure for the two methods are the same, such that the system of equations are identical. However, the mean velocity shown in figure 3 is slightly overpredicted by the equivalent-DES at the center of the channel compared to the T-PITM, but this problem could be easily fixed by a recalibration: the same coefficients as for T-PITM have been used for the equivalent-DES, in order to evaluate the validity of the H-equivalence between the two methods. In particular, the optimal coefficient β 0 entering the evaluation of r should be slightly different. The velocity profile does not reproduce the DNS very well, but it is worth mentioning that the hybrid methods are used in a challenging situation, the RANS to LES transition being activated at the beginning of the log layer. The results could be improved by protecting the log layer from the transition to the LES mode, either by coarsening the grid and by introducing a shield function, as done for instance in DDES [START_REF] Spalart | A new version of detached-eddy simulation, resistant to ambiguous grid densities[END_REF], but such a method would be in contradiction with the purpose of showing the equivalence between the two approaches, within the theoretical framework of this paper.

Figure 4 shows, for the two grids, a comparison between the versions of the equivalent-DES obtained using the four length scales plotted in figure 2. It can be seen that the formulations obtained using different hypotheses lead to a slight variability of the partition among resolved and modeled scales, without much affecting the total. This variability is reduced when the grid is coarsened, because the hybrid methods gradually approach the RANS limit, for which they are exactly equivalent. The formulation using relation (44) is used in the comparison with the T-PITM in figure 3 and for the periodic hill case in section 4.2, because it provides the closest results to the T-PITM. It is interesting to remark that this formulation is obtained based on the less restrictive hypotheses: the influence of diffusion is accounted for, as well as the departure from self-consistency. The fact that it is necessary to use the eddy-viscosity assumption [START_REF] Wray | A selection of test cases for the validation of large-eddy simulations of turbulent flows[END_REF] for the subfilter production in order to obtain the analytical form of the equivalence criterion is not detrimental to the validity of this relation. 

Periodic hill flow

The validity of the equivalence criterion is now assessed in a massively separated flow, far from the equilibrium assumptions used in the theoretical derivation, the periodic hill flow at Re b = 10595 [START_REF] Breuer | Flow over periodic hillsnumerical and experimental study in a wide range of Reynolds num-bers[END_REF], for which PITM proved successful [START_REF] Chaouat | Subfilter-scale transport model for hybrid RANS/LES simulations applied to a complex bounded flow[END_REF]. The size of the computational domain is 9h × 3.035h × 4.5h (h is henceforth the height of the hill). The reference grid contains 960,000 cells (160 × 100 × 60). The evolution with the grid of the solution and, in particular, the partition among resolved and modeled scales, is investigated using a coarser grid, reduced to 240,000 cells.

Although the purpose here is not to compare results given by the hybrid and RANS methods, streamlines are plotted in figure 5 in order to provide the reader with a global overview of the flow fields under consideration. It clearly appears that the RANS model gives too long a recirculation region, with a reattachment point located at x/h = 5.3, to be compared with x/h = 4.7 for the reference fine LES [START_REF] Breuer | Flow over periodic hillsnumerical and experimental study in a wide range of Reynolds num-bers[END_REF]. The two hybrid RANS/LES methods, T-PITM and equivalent-DES, yield very close reattachment points, both at x/h = 4.5. Note that on the coarse grid (streamlines not shown here), this point is moved to x/h = 5.0 for the two hybrid methods.

Profiles extracted at x/h = 0, 2, 3, 5 and 7, respectively, are shown in figures 6 to 8. Despite the fact that such a flow strays from the theoretical framework of Sec. 3, it can be seen that the predictions of the equivalent-DES method is in overall strong agreement with T-PITM, for the two grids, even in the recirculation region (see profiles at x/h = 2, 3 and 5). Figure 6 shows mean flow quantities: profiles of the streamwise and normalwise velocities. It is observed that, although the mean velocity fields given by the hybrid methods are dependent on the grid refinement, they remain in close agreement with each other in the domain. It also appears that, when the grid is refined, the hybrid solutions approach the LES solution, thus exhibiting the expected behavior, i.e., a migration from a RANS-type to a LES-type solution.

Besides the H-equivalence between T-PITM and equivalent-DES, it is worth emphasizing that the agreement with the reference LES is satisfactory. For such out-ofequilibrium flows, seamless hybrid RANS/LES methods significantly improve the predictions of their parent RANS model, independently of the hybridization method. In particular, in the recirculation region, which is far from equilibrium, RANS is far from fine LES, and the hybrid RANS/LES models gradually depart from RANS and tend to LES with grid refinement. In contrast, in regions close to equilibrium, such as the upper half of the channel, RANS is close to LES, such that the room for improvement is not sufficient for hybrid RANS/LES methods to exhibit a major superiority. Figure 7 shows the profiles of the Reynolds stresses for the two grids. It is clearly observed that RANS yields correct profiles for all the components in the upper half of the channel, but is not providing the correct levels of fluctuations in nonequilibrium regions, such as the recirculation bubble, and, above all, in the separated shear layer. The lack of turbulent stresses is at the origin of the above-mentioned overestimation of the recirculation length. Hybrid RANS/LES methods are able to compensate for this under-prediction by resolv- ing a significant part of the stresses. Indeed, figure 8 shows that, in the separated shear layer, the main contribution to the shear stress is due to the resolved motion, and that the weight of the resolved part increases with grid refinement.

It is also noticeable that the Reynolds stresses predicted by the two hybrid RANS/LES methods are virtually identical in the whole domain and for the two grids. Again, the hybrid RANS/LES solutions gradually depart from RANS and approach LES when the grid is refined.

With the objective of validating the analytical results of section 3, figure 8 is particularly useful. Indeed, for the two grids, the relative contributions of the resolved and modeled motions to the total shear stress are very similar for the two hybrid methods. The partition is significantly modified with grid refinement, but in the same way for the two methods, as expected from the analysis of section 3. These results, obtained in a case outside of the range of application of the theoretical analysis, suggest that different hybrid methodologies can be made H-equivalent with a relevant choice of the parameters controlling the transition from RANS to LES. Therefore, the subfilter scale closure and the hybridization method can be chosen independently of each other.

Conclusion

The analysis and the results shown in the present article lead to the conclusion that, under some conditions, an equivalence relation, called H-equivalence, can be defined between two different seamless hybrid RANS/LES methods, ensuring that the two methods yield the same partition of energy among resolved and unresolved scales. The obtained equivalence criteria lead to constraints to be satisfied by the variable coefficients introduced to enforce the migration from a RANS to a LES behavior. The H-equivalence is estab-lished without any assumption about the closure of the subfilter stresses, provided that the methods are self-consistent, i.e., the modeled dissipation rate is independent on the cutoff wavenumber, as expected from a filtered approach. If selfconsistency is not exactly satisfied, H-equivalence appears to be established only for eddy-viscosity models. Moreover, the equivalence criteria were empirically assessed for the flow upon a periodic hill, involving massive separation and turbulence far from equilibrium, thus excluded from the theoretical framework of the present article. The encouraging agreement between the two hybrid methods observed for this case suggests that the equivalence criteria are valid beyond the restrictive framework of equilibrium flows. This result corroborates the fact that Kubacki and Dick [START_REF] Kubacki | Simulation of plane impinging jets with k-ω based hybrid RANS/LES models[END_REF] observed a similar equivalent behavior between hybrid methods, when simulating plane impinging jets.

The length scale appearing in DES to control the partition of energy is, in the version H-equivalent to PITM, parametrized by the energy ratio r (modeled energy over total energy), and does not explicitly depend on the grid step. Nonetheless, if r is evaluated from a Kolmogorov spectrum assumption, as usual in PITM, it can be shown that the standard DES length scale L = C des ∆ is recovered, however with a variable C des coefficient. Now, as shown by Fadai-Ghotbi et al. [START_REF] Fadai-Ghotbi | Temporal filtering: a consistent formalism for seamless hybrid RANS-LES modeling in inhomogeneous turbulence[END_REF], the spatialfiltering formalism used for PITM in homogeneous flows can be replaced by temporal filtering in the case of inhomogeneous flows, leading to T-PITM. Therefore, in most of the practical applications, that are inhomogeneous and stationary, the H-equivalence criterion applied to DES and T-PITM suggests that DES can be interpreted as a model for the subfilter stress appearing in the temporally filtered Navier-Stokes equations, compatible with the limit of infinite temporal filter width (RANS) in stationary flows. Therefore, the H-equivalence criterion can be used to provide a formalism to link DES to the equations of motion. Indeed, as illustrated in figure 9, DES can be derived by a four step modeling process: the formalism of temporal filtering is first introduced in the equations of motion, leading to unclosed equations; second, a physical model (i.e., a model based on the physical interpretation of the terms) is introduced for the subfilter stress, such as the T-PITM, based on a spectral partitioning of the turbulent field; third, the H-equivalence criterion is applied, as shown in section 3, in order to obtain a hybrid method (denoted as equivalent-DES) that gives loworder statistical results similar to the T-PITM, with a control of the energy partition via the subfilter energy equation rather than the dissipation equation; fourth, the length scale entering this approach is approximated by a linear length scale, leading to standard DES. It is worth emphasizing that during all this process, the compatibility of the equations with the Reynolds-averaged equations and the corresponding RANS model is preserved in the limit of infinite filter widths. Therefore, the variables entering the DES approach can be interpreted as temporally-filtered variables, which facilitates the understanding and modeling of the physical role of the terms of the different transport equations and the comparison of the results with existing databases. This interpretation is a possible answer to the issue raised by Spalart [START_REF] Spalart | Detached-eddy simulation[END_REF] of the missing link between the DES flow field and the exact or DNS flow field.

where

β = 1 + a 1 η 2 1 - P M ε M 1 + a 1 η 2 1 - C ε1 C ε2 P M ε M . (A.8)
Equation (A.7) is similar to Eq. ( 43), except for the presence of the β coefficient, and shows that an equivalence criterion can be found for non-linear eddy-viscosity models. However, in contrast to the previous cases, this equation cannot be analytically integrated, because of the variable coefficient β. It is worth pointing out that, if the variations of β are not too strong, which is expected if subfilter turbulence is close to equilibrium (P M ≃ ε M ), the approximate relation

ψ = 1 + 1 C ε1 (C ε2 -C ε1 ) 1 -r βC ε1 /C ε2 , (A.9)
is obtained, which just differs from Eq. ( 44) by the factor β. If a 1 is set to zero in Eq. (A.8), the case of linear eddy-viscosity models, Eq. ( 44), is recovered.

Appendix B. Decaying isotropic turbulence

One of the particularities of the approaches derived in the present paper is that the key parameter is the energy ratio r. As shown by Eq. (49), this ratio can be evaluated as a function of the grid step if a Kolmogorov spectrum is In this case, the value of the coefficient β 0 directly related to the Kolmogorov constant C κ by β 0 = 2/(3C κ ) ≃ 0.44. Therefore, contrary to standard DES, for which the coefficient C des is calibrated against decaying isotropic turbulence, the function f des of the equivalent DES is entirely determined by the analysis and is not a calibrated value, such that the ability of the f des function to provide the correct level of dissipation needs to be validated.

The validation is performed in the case of incompressible decaying isotropic turbulence. The initial velocity field at Re λ = 104.5 and the reference DNS data are from Wray [START_REF] Wray | A selection of test cases for the validation of large-eddy simulations of turbulent flows[END_REF]. The triply-periodic domain is a (2π) 3 box. Computations are performed with Code Saturne. Two grids, consisting of 32 3 and 64 3 cells, are used. The initial velocity field is obtained by filtering the DNS field using a cutoff filter adapted to the grid step. The initial fields of the subfilter quantities are obtained by running a preliminary computation with frozen velocities (initial velocity field). Figure B.10 shows the decay of the resolved turbulent energy, for the two grids. This test case is particularly relevant since the effect of the variable function ψ(r) can be observed as a function of the grid step. First, it can be seen that, with the theoretical value 0.44 of the coefficient β 0 , the two versions of the equivalent DES compared in figure B.10 provide a correct amount of dissipation, very close to the standard DES with the optimized coefficient C des = 0.6. On the coarser mesh, a hierarchy cannot be established among the three versions of DES. On the contrary, on the finer mesh, the equivalent DES with a linear function ψ(r), Eq. ( 23), which is derived using the homogeneity hypothesis, gives a slightly better time-evolution of the spectra. 
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 1 Figure 1: (a) Schematic Karman energy spectrum and associated dissipation spectrum. Stars ( * ) indicate that the quantities are expressed in units basedon k and ε. The filtered energy is evaluated using a Gaussian filter. (b) Energy ratio r (ratio of subfilter to total turbulent energy, as defined by Eq. 5) and subgrid-activity parameter s (ratio of subfilter to total dissipation, as defined by Eq. 4) as a function of the cutoff frequency, evaluated from this Karman spectrum.
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 2 Figure 2: Comparison of the length scales of the original DES and the three versions of equivalent-DES .
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 2 is made a function of the energy ratio r, using
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 3 Figure 3: Channel flow: (a,b) Turbulent energy; (c,d) Shear stress; (e,f) Mean velocity profiles. Comparison of the equivalent-DES using relation (44) with the T-PITM. Left: coarse mesh; Right: fine mesh.
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 10 )-(55). The only differences with T-PITM are that the C * ε2 coefficient in the dissipation equation (56) = r 3/2 L int L = r 3/2 L int /ψ with ψ from:

Figure 4 :

 4 Figure 4: Channel flow: (a,b) Turbulent energy; (c,d) Shear stress. Comparison of the versions of the equivalent-DES obtained using the different length scales shown in figure 2. Left: coarse mesh; Right: fine mesh. Profiles are shifted for clarity.

Figure 5 :

 5 Figure 5: Periodic hill flow. Streamlines obtained using the fine grid.

Figure 6 :

 6 Figure 6: Periodic hill flow: (a,b) streamwise velocity; (c,d) normalwise velocity. Left: coarse mesh; Right: fine mesh.

2 bFigure 7 : 2 bFigure 8 :

 2728 Figure 7: Periodic hill flow: Total Reynolds stresses. (a,b) τ 11 ; (c,d) τ 22 ; (e,f) τ 33 ; (g,h) τ 12 . Left: coarse mesh; Right: fine mesh.

Figure 9 :

 9 Figure 9: Schematic view of the mathematical and modeling process leading to hybrid RANS/LES methods (here, TPITM, equivalent-DES and DES), in the case of inhomogeneous, stationary flows.

Figure B. 10 :

 10 Figure B.10: Decaying isotropic turbulence: comparison of the time evolution of the energy spectra. (a) 32 3 (b) 64 3 .

Ch. Friess et al. / Accepted for publication in Computers & Fluids

Acknowledgments

This work was granted access to the HPC resources of IDRIS under the allocation 2010-020912 made by GENCI (Grand Equipement National de Calcul Intensif) and to the computing facilities of the MCIA (Mésocentre de Calcul Intensif Aquitain) of the University of Bordeaux and of the University of Pau.

Appendix A. Extension of the analysis of section 3.3.2 to nonlinear eddy-viscosity models

For the sake of generality, C µ is now assumed to be variable, under a form typical to many nonlinear eddy-viscosity models and explicit algebraic stress models,

where a 0 and a 1 are constants. The averaged subfilter production can now be made non-dimensional using k M , ε M , S and

thus redefining γ ′ . Since δC µ M be written as

where β = a 1 η 2 /(1 + a 1 η 2 ), and η = S k M /ε M the variation δP M is now

This modified equation now leads to

for the PITM system and to

for the DES system. The application of the postulate yields