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Hybrid Control of a Bioreactor with Quantized
Measurements

Francis Mairet and Jean-Luc Gouzeé

Abstract—We consider the problem of global stabilization of an a working set point. Anaerobic digestion is one of the most
unstable bioreactor model (e.g. for anaerobic digestionvhen the  employed process for (liquid) waste treatment [8]. Corside
measurements are discrete and in finite number (‘quantized), 5 gimplified model with two state variables (substrate and
with control of the dilution rate. The measurements define rgions . L
in the state space, and they can be perfect or uncertain (i.e. blomas_s), the system has two stable eqU|I|br|a_1 (and anh)les_ta
without or with overlaps). We show that, under appropriate ON€, With a separatrix between the two basins of attractions
assumptions, a quantized control may lead to global stabitation: of the respective stable equilibria), one being the (umdbks)
trajectories have to follow some transitions between the igions, washout of the culture [12]. The goal is to globally stalglthe
until the final region where they converge toward the refererme process toward the other locally stable reference eqiilitor

equilibrium. On the boundary between regions, the solutios are . . .
defined as a Filippov differential inclusion. If the assumptons The (classical) output is the biomass growth (through gaseo

are not fulfilled, sliding modes may appear, and the transiton ~Production), the control is the dilution rate (see [19] for a

graphs are not deterministic. review of control strategies). There exists many approsche
Index Terms—Hybrid systems, bioreactor, differential inclu- TOF Scalar continuous output [15], [1], based on well-atedp
sions, quantized output, process control models [5]. Here, we suppose that the outputs are discrete or

guantized: there are available in the form of finite discrete
measurements. Moreover, we introduce an uncertain model
where the discrete measurements may overlap, and the true

Classical control methods are often based on the complgtgue is at the intersection between two quantized outputs.
knowledge of some outputgt) of the system [18]. By com- For this problem, the general approaches described above do
plete, we mean that any outpyt is a real number, possibly not apply, and we have to turn to more tailored methods,
measured with some noige. The control is then built with often coming from the theory of hybrid systems, or quantized
this (noisy) measurement. These tools have been sucdgssfidedbacks. We here develop our adapted hybrid approach. It
applied in many domains of science and engineering, e.9.HBs also some relations with the fuzzy modeling and control
the domains of biosystems and bioreactors [8]. However, &pproach: see e.g. in a similar bioreactor process the paper
these domains, detailed quantitative measurements aza Otg] We provide here a more analytic approach, and prove our
difficult, too expensive, or even impossible. A striking exgle  results of stability with techniques coming from differiamt
is the measurements of gene expression by DNA-chips, giviltglusions and hybrid systems theory [10]. Our work has some
only a Boolean measure equal to on (gene is expressed) orrefhtions with qualitative control techniques proposed7h
(not expressed). In the domain of bioprocesses, it frediendnd with the domain approaches used in hybrid systems theory
happens that only a limited number or level of measuremenyifere there are some (controlled) transitions betweemnesgi
are available (e.g. low, high, very high ...) because the d@rming a transition graph [3], [11].
vices only give a discretized semi-quantitative or qualied  The paper is organized as follows: Section Il describes the
measurement [4]. For this case of quantized outputs, tb®reactor model and the measurements models. The next
problem of control has to be considered in a non-classia@ction is devoted to the model analysis in open-loop (with
way: the control cannot be a function of the full continuoug constant dilution rate). In Section 1V, we propose a cdntro
state variables anymore, and most likely will change onlgw and show its global stability through the analysis of the
when the quantized measurement changes. This framewg#fsitions between regions. Finally, in Section V, we aipl
has been considered by numerous works, having their owsw to choose the dilution rates by a graphical approach, and
specificity: quantized output and control with adjustaldern we end by giving some simulations.
[17], hybrid systems abstracting continuous ones (cf. fbd]
many examples). [l. FRAMEWORK

In this paper, we consider a classical problem in the fiejf Model presentation
of b|0processes:.the stabilization of an .uns_tablej\ bioeact In a perfectly mixed continuous reactor, the growth of
model, representing for example anaerobic d'ges‘t'on'r"d’w‘"‘biomass:v limited by a substrate can be described by the
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I. INTRODUCTION



growth rate. Giver{ = (s,z), let us rewrite System (1) asy(¢) = 7, = Yir- For uncertain measurements (A2), the

é = f(f,u(t)), where the dilution rata(t) is the manipulated switching domains}/ﬂi_’_l become the region$§ c Ri .
input. The specific growth rate(s) is assumed to be ay'+1 <y(€) <7}

Haldane function (i.e. with substrate inhibition) [5]: Unless otherwise specified, we consider in the following
u(s) = s @ uncertain measurements.
ks + s+ Sz/k]
wherefi, ks, k; are positive parameters. This function admit€. Quantized control
a maximum for a substrate concentratior= \/kskr := 5, Given the risk of washout, our objective is to design a
and we will assume < s;,. feedback controller that globally stabilizes System (iyals

a set-point. Given that measurements are quantized, the con

Lemma 1. The solutions of Syste(f) with initial conditions : X X
troller should be defined with respect to each region:

in the positive orthant are positive and bounded.

Proof. See [16]. 0 EHeY, & ult)=D;, i=1,...,n. 3)
In the following, we will assume initial conditions within Here D; is the positive dilution rate in region This control
the interior of the positive orthant. scheme leads to discontinuities in the vector fields. Moggov

in the switching domains, the control is undetermined. Thus

B. Quantized measurements solutions of System (1) under Control law (3) are definedén th
' sense of Filippov, as the solutions of the differential ursébn
We consider that a proxy of biomass growtf{) = au(s)z  [10] £ € H(¢), whereH (€) is defined on regular domaing

is monitored (e.g. through gas production), but in a quadtizas the ordinary functio (¢) = f(&, D;), and on switching

way, in the form of a more or less qualitative measure: it calbmainsY;,.; as the closed convex hull of the two vector

be levels (high, medium, low...) or discrete measures.|Fina fields in the two domains andi + 1:

we only know thaty(¢) is in a given range, or equivalently

that ¢ is in a given region (parameter is a positive yield H(&) =co{f(&, Di), f(§ Dit1)}
coefficient): Following [6], [7], a solution of System (1) under Control
Y; = {¢eR2 by, <Y€ ST i=1,...,n, law (3) on[0, T is an absolutely continuous (w.rt). function

£(t, &) such thats(0,&) = & andé € H(€) for almost all
where( = y, <y, <...<y, andy; < g, < ... < t € [0,7).
U, = +oo. We will consider two cases:
(A1) Perfectquantized measurements: [1l. M ODEL ANALYSIS WITH A CONSTANT DILUTION
Ui=Y,. Vie{l,...,n—1}
This corresponds to the case where there is no overlap betw
regions. The boundaries are perfectly defined and measure

Yio1 Y; Yiy1

L)

0 Y, = Vi1 Y = Yira Y

Y

Biomass z (g/

(A2) Uncertainquantized measurements:
Y, <Ti1 <Y, Vi€ {2,...,n—1}.

In this case, we have overlaps between the regions. In thi

overlaps, the measure is not deterministic, and may be any
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| | | | Fig. 1. Phase portrait of System (1) with a constant dilutate(t) = D €
[ (p(sin), u(3)) (case ii of Proposition 1). Magenta lines: trajectoriesarcy
0 o Y. . y dashed lines: nulicling)(¢) = 0, green dash dotted lines: isoling$s) =
i Yi—1 Zit+1 Yi ‘ ya(D) and y(&) = yu(D), red dotted line: separatrix, black vertical line:
s = 5, dark circles: stable equilibria, open circle: unstableildgrium.

Y

For both cases, we define (open) regular domains=

Y; \ (Yi—1 UY;y1), and (closed) switching domaifig); 1 := We first consider System (1) when a constant dilution fate
Y; NY;11 where the measurement is undetermined, i.e. i applied in the whole space (i.e(t) = D, V¢ > 0). In this
§ € Yjjit1, then eithel € Y; or § € Y. case, the system is a classical ordinary differential eqoat

For perfect measurements (Al), we have = intY;, which can present bistability, with a risk of washout. Let us
and the switching domaing;;, correspond to the lines denotes,(D) ands;(D) the two solutions, foD € (0, u(3)),



of the equationu(s) = D, with 0 < s,(D) < 5 < (D). For This allows us to determine the monotonicity ®f) in a
the Haldane growth rate defined by (2), we have: region of interest (for the design of the control law).

ki /7 ki (i 2 Lemma 3. Consider Systerfil) with a constant dilution rate
Sap(D) = 5 (5 - 1) ¥ (7 (5 - 1)) — kskr u(t) = D. For £ € R% such thaty,(D) < y(§) < ya(D), we
havey(¢) > 0.

The asymptotic behavior of the system can be summanzedF;ar%Of_ See [16]. 0
follows:
Proposition 1. Consider Syster{il) with a constant dilution IV. CONTROL WITH QUANTIZED MEASUREMENTS

rate u(t) = D and initial conditions in the interior of the o  control design
positive orthant.

. ) ) Our goal is to globally stabilize the system towards an
() If D < p(sin), the system admits a globally exponentiall

\équilibrium with a high productivity (the productivity ihé

stable equilibriumé, (D) = (Sa(D)vsm%S“(D))- output ayu(s)z), corresponding to a high dilution rat®,,
(i) If p(sin) < D < u(s), the system admits two locallywhere there is bistability in open loop (case (ii) of Protiosi
exponentially stable equilibria, a working poi¢¢(D) = 1). Numbern is the number of measurements (see section

(Sa(D)7 STL%&I(D)) and the washout, = (s;,,0), II-B) and the control is such thab, < D, < ... < D,,. We

d qdl . B sin—s4(D) consider the following control law, based on the quantized
and a saddle point,(D) = (Sb(D)’ k ) see measurementg({), and constant within a given region:

Figure 1.
(iiy If D > u(s), the washoutsy, = (sin,0) is globally Vi >0, &(t) €Y s ut)=D;, 4)
exponentially stable. given that the following conditions are fulfilled:
Proof. See [12]. O o (Dy) < y i=1...,n, (5)
For D € (0, u(35)), let us definey;(D) = 22(s;,, — s;(D)], va(Di) >y, i=1,...,n—1, (6)
for j = a,b. y,(D) andy,(D) are the growth proxy obtained -
Ya(Dn) > Yy ()

respectively at the equilibrig, (D) and&,(D) (if it exists).

In order to design our control law, we need to provide some Thus, for each regiofr;, i < n, these conditions guarantee
further properties of the system dynamics. In particuleg, vihat the stable operating equilibrium for the dilution rdig
need to characterizg(¢), the time derivative ofy(¢) along a (see Proposition 1) is located in an upper regign j > 4,
trajectory of System (1) with a constant dilution rat¢) = D: while the saddle point is located in a lower regiBp £k < i.

) , These conditions make the equilibrigy(D,,) globally stable,
(&) = a[D(sin — 5) = ku(s)a] i (s)x + ap(s)(u(s) = D)z a5 we will see below by focusing on the transitions between

Let consider the following functions: regions [3].
gp i s —> ws) =D | Di(sin — S), B. Transition between two regions
ku'(s) kp(s) : . i .
. D(sin — ;(D)) We first characterize the transition between regions:
i in — Sj P
"p s ku(s) » J=ab, Lemma 4. For anyi € {1,...,n — 1}, consider Syster{i)

under Control law(4) with Conditions (5-6) fori,i + 12,
All trajectories with initial conditions inY; U Y; ;. enter the
regular domainY;, ;.

defined respectively o0, 5) U (5, +o00) and (0, +o0). In the
(s,x) plane,gp(s), h%(s) and hl(s) represent respectively
the nulicline y(¢§) = 0 and the isolineg(§) = y.(D) and
y(&) = yp(D) (i.e. passing through the equilibrig (D) and Proof. First, we considei # n — 1. We will apply LaSalle
& (D)), see Figure 1. Knowing that the nullcling¢) = 0 is  theorem on a domain

tangent to the isoling/(&) = y.(D) (resp.y(§) = yp(D)) at .

the equilibrium poimga((g) (res(p.g)b(D)), Wé 3Ni|| de(ter)mine Q:={¢ € intR: |z < max(2(0) + 5(0)/k, sin/k),

in the next lemma the relative positions of these curves, see s < max(s(0), sin), T;_1 <y(€) <y'}

Fig. 1. for any 4T € Y;,1. Let us consider the functior () =

Lemma 2. Consider Syster(il) with a constant dilution rate y,(D,) — y(§). Given Conditions (5-6), we gej(D;) <
u(t) = D. y, < y(&) < 7; < ya(D;), V€ € Y;. If a constant dilution
(i) For s € (0,5), we havegp(s) > h%(s): the nulicline rateu(t) = D; is applied onY;, we can apply Lemma 3 to

§(€) = 0 is above the isoling/(¢) = y.(D). f:onclude tha{g(g) > 0, soV (£) is decreasing. Similarlyy (£)

(i) For s € (5,s:,), we havegp(s) < hb(s): the nulicline IS also decreasing oty ;, wheneven(t) = D;,. Now under
§(€) = 0 is below the isolingy(¢) = y»(D). Control law (4), we have shown th&t(¢) is decreasing on the

regular domaing; andY; 1. V(€) is a regularC! function,

Proof. See [16]. O

2or if i = n.— 1, Conditions (5) forn — 1, n, Condition (6) forn — 1, and
Lif D < u(sin), & (D) does not exist angy, (D) < 0. Condition (7).



and can be differentiated along the differential inclusiGm : A B
the switching domaing’;;, we have:

V() e m{ G116 D). G s Dirn) | <o

5 o
\k:l/\fc
&

-

Growth rate u(s)
ol
=

Piry
|
|
|
|
|
|
|

Thus, V(§) is decreasing orf). Recalling that the trajec-
tories are also bounded (Lemma 1), we can apply LaSa
invariance theorem [13] on the domafn. Given that the
set of all the points in? where V(g) = 0 is empty, any
trajectory starting irf2 will leave this region. The boundaries
x = max(x(0) + s(0)/k, sin/k) and s = max(s(0), Si)
are repulsive (see Proof of Lemma 1). Finally, the bounda
y(§) = y, corresponds to the maximum &f(¢) on €2, so

. . . . . 0
every trajectory will reach the boundagy¢) = 4, i.e. it will 0 Sin 0
enterf’» . Substrate s Substrate s
1+1-

Fori=n—1, takin_g anyy' € (U1, Ya(Dn)), We can ShOW Fig. 2. How to chooseD in one region (see Section V-A). A, thin lines: one
similarly thatV () is decreasing of2 so every trajectory will can choose any € (D (), D(y)); dashed lines: it is impossible to fulfill

enter the regiorY,,. O Conditions (5-6), given thaD(y) > D(y)); B: v(y) represents the lower
bound fory (limit case).

Following the same proof, we can show that the reverse
path is not possible, in particular for the last region:

Productivity ¢(s)
e <

yH- - - - - - -

Let ¢(s) := Lu(s)(sim — s), Which represents the steady

Lemma 5. Consider Systenil) under Control law(4) with state productivity. ON0, s,.], ¢(s) admits a maximum for

Conditions (5) forn — 1,n, Condition (6) forn — 1, and .
Condition (7). The regular domailt,, is positively invariant. s = Sin < 5.

1+\/1+5,;; (1+5,;+7)
C. Global dynamics

Hgote that we imposeD* < u(s°®) given that for anyD* >
1(s®), the same productivity can be achieved with a smaller
dilution rate, leading to a reduced risk of instability.
Proposition 2. Control law (4) under Conditions (5-7) Let us denotes.(y) and sq4(y) the two solutions, fory €
with perfect or uncertain measurements (Al or A2) globallip, ¢(s°)), of the equations(s) = y, with 0 < s.(y) < s° <

Now we are in a position to present the main result of t
paper:

stabilizes Systertl) towards the poin€,(D,,). sa(y) < sin. For the Haldane growth rate, we have:
Proof. From Lemmas 4 and 5, we can deduce that every tra- - ky by )2 ky ¢ k -
jectory will enter the regular domaiyi,, and that this domain HSin — 5 F (F‘ - “Sin) —4ks (G + 1)
is positively invariant. System (1) under a constant cdntrée.d(y) = o (o -

u(t) = D,, has two non-trivial equilibria (see Proposition 1): (a_kz + “)

§a(Dn), and&,(Dy). The growth proxy at these two points oy to chooseD; in one region: For given lower and
satisfy yo(Dn) > 9,1 andy,(Dy) <y, (Conditions (5,7)), ypper boundsy. < 7, < &#(s°), we defineD(y) :=
so there is only one equilibrium i,,: £,(D,). Moreover, min(u(s®), (u O_Szd)(yi)) and D(7;) == (0 s¢)(T;)- This can
it is easy to check thak,, is in the basin of attraction of be done analytically or graphically, as shown on Figure 2A.
&.(Dy), therefore all trajectories will converge toward this¥henever we choosB; € (Q@i)’ﬁ(yi)), we have
equilibrium. O o s° < saly,) < su(Dy), soy(D;) < y, (Condition (5)),
o 5.(T;) < sa(D;) < 5°, S0y.(D;) > 7,; (Condition (6)).
V. IMPLEMENTATION OF THE CONTROL LAW so Conditions (5-6) for hold. If D(3;) > D(y,) (see Figure
A. How to fulfill Conditions (5-7) 2A, dashed lines), it is not possible to fulfill the condition
The global stability of the control law is based on Con@md thus to implement the control law with this measurement

ditions (5-7). We now wonder how to easily check if thesEN9¢- _
conditions hold, or how to choose the dilution rates andgor t H(_)W to choosg all theD;: The procedure proposed in the
define the regions in order to fulfill these conditions. InsthiP'€VIOUS subsectlon_ should be repeated for all the regitves.
purpose, a graphical approach can be used. As an examffd! depict two particular cases:

we will consider the case where the regions are imposed (bys For the first regiorty, giveny, = 0, we actually impose
technical constraints) and we want to find the differenttdbiu Dy < pu(sin)-

ratesD; such that Conditions (5-7) hold. » For the last regiorY;,, one should check thd(y,,_,) <
Our objective is to globally stabilize the equilibrium pbin D, =D* <D(y,).

£a(D*) € Y, with u(siy,) < D* < u(s®) (s° is defined This approach is illustrated in [16].

just after).



Increasing measurement resolutioke have seen that for a
given region, it is not always possible to fulfill Conditio(s
7). This gives rise to a question: is there any constrainthen t
measurement that guarantees the possibility to implenment t
control law? For perfect measurements (A1) with equidistri
tion, we will show that it will always be possible to implenten
the control law increasing the number of regions.

First, we can arbitrarily define the lower bound of the last
region:y € (yo(D”),ya(D")), recalling nonetheless that
is unknown. Now, we will determine the limit range of a
measurement region. Let such thatD(y) = u(s;,). For
y, < 7; <, we haveD(y;) < p(sin) < D(y,) so it is
always possible to choosed; in order to fulfill Conditions
(5-6).

Fory € [7,y, ], we definey(y) := (¢ o sp0posc)(y), see
Figure 2B. It gives a |0W(i boundgﬂ: whenever one choose (a) Conditions (5-7) argb) Condition (5)-2 doeg(c) Condition (6)-2 does
y;, > ¥(¥;), then we haveD(y,) > D(4(7;)) = D(¥;)- ThUS,  {tilied (see Fig. 3)  not hold (see Fig. 5) not hold (see Fig. 5)

one can choose an; € ((Q@i),D(gi)) and Conditions Fig. 4. Transitions between regions. Ellipses: regular aos) rectangles:
(5-6) for i will hold. switching (_:iprr)ains. White regions are t_ransient, wh!le_ gregions have a
We can now define the mapping : 7 ~ 7 — ¥(7) stable equilibrium. Ellipses with a thick line are positivénvariant.
on [j,y ]. A(y) defines the maximal range of the region
with upper boundy (in order to be able to find a dilutionin [16]. For uncertain measurements, we use discrete time
rate such that Conditions (5-6) holdh admits a minimum simulation. At each time step, (with At = 0.05d), when
A(g) > 0on [gj,gn]. Thus,_ forn > g—n + 1, the regionsY; (i) is in a switching regiorY;);,, we choose randomly the
defined byy, = Y., = gy, t=1.,n—1 allow the controlu(t) betweenD; andD,.,. In this case, we perform
implementation of the control law. In conclusions, whemevearious simulations for a same initial condition. With four
the measurement resolution is good enough (i.e. the numbegions ¢ = 4), we can define a set of dilution rates such that
of regions is high enough), it is always possible to find a s€onditions (5-7) are fulfilled. Trajectories for varioustial
of dilution ratesD; such that Conditions (5-7) hold in theconditions are represented in the phase portrait for uaicert
case of perfect measurements (A1) with equidistributiar. Fmeasurements, see Fig. 3. In accordance with Proposition 2,
uncertain measurements (A2), the same result holds, but éllethe trajectories converge towards the set-point. Tliues,
proof is omitted for sake of brevity. transition graph is deterministic (there is only one traosi
from a region to the upper one), see Fig. 4a. If the number
of regions is reduced (three regions only), it is not possibl
this example to choose dilution rates such that Conditiéns (
7) hold for alli. In this case, some trajectories do not converge
towards the set-point. This aspect will be further discdsse
the next subsection.

C. When conditions are not verified: risk of failure

We here detail what happens if Conditions (5-7) are not
fulfilled, and in particular if there is a risk of washout. tir
given the previous analysis of the system, one can easily see
that only the conditiony,(D;) < Yy i.e. D1 < u(si) Is
B S necessary to prevent a washout, Bg can be chosen with
oo Slilbmatzzs(g/zﬁ) oor® a safety margin in order to avoid such situation. Now, if

Condition (5) is not fulfilled for some > 1, the unstable
Fig. 3. Trajectories (magenta lines) with Control law (4jenuncertain mea- equilibrium &, (D;) will be located in the regior¥;. Thus,

surements (A2) for various initial conditions in the phasetmait. Conditions the regionY- have transitions towards the lower region and
(5-7) are fulfilled, so all the trajectories converge toveatde set-point (dark ¢ '

circle), see Proposition 2. Open circle: washout. The ferstare represented a trajeCtory can stay in the switching domam—l\i' _Given
by the green dashed lines, switching regions are coloredan g that z = s + ka converges towards;,, such trajectory

will converge towards the intersection between the switghi
domain and the invariant manifold = s;,, (see Fig. 4b and
B. Simulations Fig. 5):
As an example, we consider the anaerobic digestion process, For perfect measurements (Al), this gives rise to a sliding
where the methane production rate is measured. More details mode and the convergence towards a singular equilibrium
on parameters, set-point and measurements can be found point.

Biomass z (g/L)




Biomass z (g/L)

VI. CONCLUSION

Given the quantized measurements, we were able to design
(under some conditions) a control based on regions and
transition between regions. Moreover, we have seen that for
some undesirable cases, singular behaviors (sliding modes
are possible on the boundaries between regions. We think tha
this kind of control on domains, and the design of the resgilti
transition graph, is a promising approach, that we want to
deepen in future works. This approach could be generalized

(1]

(2]
(3]

05 4

(4

0.4 o

Biomass x (g/L)

03 4

(5]

024

22) 21’) [6]
Substrate s (g/L)

Fig. 5. Trajectories with Control law (4) when Conditiong (& (6) are not
fulfilled . Same legend as Fig. 3. Left: Condition (6)-2 is faifilled. Some
trajectories converge towards a singular equilibrium pdblack diamond)
with a sliding mode. Right: Conditions (5)-2 is not fulfilleBome trajectories
(left of the figure) converge towards an equilibrium pointtire regionY.
See also the associated transition graph in Fig. 4b and 4c.

(7]

(8]
El
[10]

[11]

o For uncertain measurements (A2), all the trajectories

converge towards a line segment. In our simulation, thé]f]
actually also converge towards a singular equilibrium

point. [13]

This situation can be detected by the incessant switcHéd
between two regions. In such case, the dilution i@teshould [15]
be slightly decreased.

On the other hand, if Condition (6) does not hold for same (el
the stable equilibriung, (D;) will be located in the regioiy;,
SO some trajectories can converge towards this point idstdd]
of going to the next region, see Fig. 4c and Fig. 5. To detect
such situation, a mean escape time for each region can[i®
estimated using model simulations. A trajectory which stawg]
much more than the escape time in one region should have
reached an undesirable equilibrium. In this case, theidilut
rate D; should be slightly increased.

In all the cases, the trajectories converge towards a point
or a line segment. Although it is not desired, this behavior
is particularly safe (given that there is theoretically riskr
of washout). Moreover, as explained above, these situation
can easily be detected and the dilution rates can be changed
accordingly (manually or through a supervision algorithm)

to other classical systems, e.g. in mathematical ecology.
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