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Game Theoretic Analysis of Collusions in Nonneutral Networks

This paper studies the impact of exclusive contracts between a content provider (CP) and an internet service provider (ISP) in a nonneutral network. We consider a simple linear demand function for the CPs. We study when an exclusive contract is beneficial to the colluding pair and evaluate its impact on the noncolluding players at equilibrium. For the case of two CPs and one ISP we show that collusion may not always be beneficial. We derive an explicit condition in terms of the advertisement revenues of the CPs that tells when a collusion is profitable to the colluding entities.

INTRODUCTION

Recently there were several debates to allow internet service providers (ISP) to charge content providers (CPs) for providing the last mile connectivity. The proponents of network neutrality are in favor of the current neutral network where CPs do not pay ISP for connectivity to the end users. This neutrality principle also meant that packets could not be discriminated according to their origin or destination, the application, or the protocol they use.

Those opposing the neutrality argue that (i) some applications (such as peer-to-peer (P2P) streaming applications) require costly resources, and (ii) if a neutral policy is pursued, there would be no incentive for investing in the infrastructure of the network in order to upgrade it. In a nonneutral network, discrimination of packets can mean a selective blocking of packets, selective throttling of flows (allocating less throughput to some flows), preferential treatment coming from exclusive agreements between the access provider and some content or service providers, and discriminatory of charging. For detailed discussion on the network neutrality debate see [START_REF] Musacchio | A two-sided market analysis of provider investment incentives with an application to the net-neutrality issue[END_REF], [START_REF] Altman | Net neutrality and quality of service[END_REF] and the references therein.

In this paper we consider the nonneutral regime where ISP can charge the CPs. This regime can prompt the CPs to make an exclusive agreement with ISP to get a preferential treatment for their content. However, a CP and an ISP will be willing to consider an agreement only if it leads to improvement in their revenues. Such collusions were studied in the context of routing games [START_REF] Hayrapetyan | The effect of collusion in congestion games[END_REF]- [START_REF] Altman | Revisiting Collusion in Routing Games: a Load Balancing Problem[END_REF]. It is often observed in * The work of the two first authors was supported by the ECOSCELL ANR project. The third author was supported by the Indo-French Centre for Promotion of Advanced Research (IFCPAR), Project No. 4000-IT-A.

Copyright is held by author/owner(s). these networks that the subset of players that collude may end up with a worse performance than without collusion, and can also degrade the social performance. To capture this degradation or improvement in social performance a metric called price of collusion is proposed in [START_REF] Hayrapetyan | The effect of collusion in congestion games[END_REF]. Extending this line of thought several other performance metrics related to collusion were proposed in [START_REF] Altman | Revisiting Collusion in Routing Games: a Load Balancing Problem[END_REF] to quantify the effect of collusion on those involved in the collusion and those are not involved. We use these performance metrics to study the effect of collusion in nonneutral network. The paper is organized as follows. In Section 2 we introduce the model for the nonneutral network with multiple CPs. In Section 3 we allow an exclusive contract between a CP and ISP and establish existence of equilibrium. Section 4 quantifies the impact of collusion on the colluding and the noncolluding players. Finally, we end with concluding remarks and a brief discussion on ongoing work in Section 5. The recipe of the proofs is same as those in [START_REF] Altman | Nonneutral network and the role of bargaining power in side payments[END_REF].

MODEL AND PRIOR WORK

In [START_REF] Altman | Nonneutral network and the role of bargaining power in side payments[END_REF] we proposed a simple model to capture interaction between a single ISP and a CP and extended it to include several CP's. The model with multiple CPs is as follows. Several groups of internauts wish to access content from CPs. There is one CP per internaut group. All their access requests go through the ISP. The CPs and the ISP charge the internauts for access. In addition, the CPs get additional revenue from advertisers. The ISP has a known bargaining power when negotiating payment with a CP. See Fig. 1 The revenue per unit demand of CP i, given by

p c i + p a i -p d i . rISP,i
The revenue per unit demand of ISP coming from content provided by CP i, given by p s i +p d i .

UISP

The revenue or utility of the ISP, given by

∑ i di(p s , p c )(p s i + p d i ).

UCP,i

The revenue or utility of the CP, given by di(p s , p c )(

p c i + p a i -p d i ).
The case of a single-CP and single-ISP was quite easy [START_REF] Altman | Nonneutral network and the role of bargaining power in side payments[END_REF]. The demand was a function of the sum of the CP and ISP prices, and decreased linearly with the sum. In the multiple-CP single-ISP case, there was a possibility of positive correlation in demand for a particular CP's content with respect to other contents' prices. See [START_REF] Altman | Nonneutral network and the role of bargaining power in side payments[END_REF] for details. The demand can be summarised as follows.

As in [START_REF] Altman | Nonneutral network and the role of bargaining power in side payments[END_REF]- [START_REF] Altman | Nonneutral network and the role of bargaining power in side payments[END_REF], we write

p s = (p s 1 , p s 2 , • • • , p s n ) and p c = (p c 1 , p c 2 , • • • , p c n )
to denote the price set by the ISP and CPs respectively. The vector p = p s + p c denotes the total price charged to the internauts. The positive correlation in demand with respect to others' prices was modeled via

di(p s , p c ) =   D0 -α(p s i + p c i ) + β ∑ j:j̸ =i (p s j + p c j )   (1) 
provided each of the demands are strictly positive. Here α > 0, and β > 0 is the sensitivity parameter for the increase in demand for CP i content per unit increase in price of CP j's content, for j ̸ = i. When the prices p s and p c are constrained to lie in the region of strictly positive demand for all contents, i.e., di(p s , p c ) > 0 for all i = 1, 2 • • • , n, we can write the demand vector compactly as

D0En -An(p s + p c ) > 0, ( 2 
)
where An is a matrix of size n×n with diagonal elements as α and off-diagonal elements as -β, and En is a column matrix of size n × 1 with all elements equal to 1. We further argued in [START_REF] Altman | Nonneutral network and the role of bargaining power in side payments[END_REF] that for the total demand to be negatively correlated with the average price per unit demand ∑ n i=1 (p s i + p c i )/n, we must have (n -1)β ≤ α. This assumption also resulted in the concavity of the utility of the ISP in p s . We continue to make this assumption in this paper.

As before we assume that p s i and p c i can be negative, i.e., the ISP and CP can pay the internauts for their patronage, with a consequent increase in demand. While (1) was good so long as all the demands were strictly positive, the positive correlation in di with respect to pj disappears as soon as dj equals zero. Further increase in the price of CP j content keeps dj at zero, there is no freeing of ISP capacity, and consequently no increase in demand di, i.e., positive correlation disappears. This subtlety required a refinement of the demand function which was studied [START_REF] Altman | Nonneutral network and the role of bargaining power in side payments[END_REF].

In [START_REF] Altman | Nonneutral network and the role of bargaining power in side payments[END_REF] we considered a game between ISP and CP with the following sequence of actions.

• The ISP bargains with each of the CPs, separately and simultaneously, over the payment p d from the CP to the ISP. This can be positive or negative. In bargaining with CP i, the ISP shall bring only that revenue into consideration which is generated by internauts connected to CP i.

• All the CPs choose their price p c i . The ISP chooses the vector p s . All these actions are taken simultaneously.

• The internauts react to the prices and set their demands as per the discussion in the previous subsection.

We analyzed this game of n + 1 players, derived the equilibrium prices and the equilibrium demand. Our aim in the current work is to extend the analysis to the case when some of the players collude by means of an exclusive contract.

EXCLUSIVE CONTRACT

Suppose now that one of the CP makes an exclusive contract with the ISP. The ISP and the colluding CP make a joint decision on the price charged to the internauts. This situation also arises when the ISP himself provides content. Without loss of generality assume that CP 1 makes an exclusive contract with the ISP, i.e., and together they decide the price p s 1 + p c 1 to charge from user group 1. The total revenue obtained by CP 1 together with ISP is p s 1 + p c 1 + p a 1 which they share among themselves in some mutually agreed fashion. We denote the colluding pair as ISP and their utility U ISP . Recall that p d 1 denotes the price that CP 1 will pay to the ISP. Because of exclusive contract this price does not affect U ISP . The utility of each of the n players is as follows:

U ISP (p s 1 + p c 1 , p s 2 , • • • , p s n , p c 2 , • • • , p c n ) = [D0 -α(p s 1 + p c 1 ) + β ∑ j̸ =1 (p s j + p c j )](p s 1 + p c 1 + p a 1 ) + ∑ i̸ =1 [D0 -α(p s i + p c i ) + β ∑ j̸ =i (p s j + p c j )](p s i + p d i ), (3) 
and for i = 2, 3,

• • • , n, UCP,i(p s 1 + p c 1 , p s 2 , • • • , p s n , p c 2 , • • • , p c n ) = [D0 -α(p s i + p c i ) + β ∑ j̸ =i (p s j + p c j )](p c i + p a i -p d i ). ( 4 
)
It is easy to verify that U ISP is a concave function of p s :=

(p s 1 + p c 1 , p s 2 , • • • , p s n ) for a given p a := (p a 1 , p a 2 , • • • , p a n ) and p d := (p d 2 , p d 3 , • • • , p d n )
, and for each for i = 2, 3, • • • , n, UCP,i is a concave function p c i . Indeed, Hessian matrix of U ISP is -2An which is negative definite. For notational convenience we write X = (An-1 + 2αIn-1) -1 and µ = 2α -2β 2 (n -1)/(α -(n -2)β). The following theorem establish the existence of equilibrium prices and some of its properties.

Theorem 1. Assume α > (n -1)β and consider the case when CP 1 enters into an exclusive contract with the ISP. Among the profiles with strictly positive demand, a strictly pure strategy Nash equilibrium exists if and only if

D0En -

[ -α/2 + β 2 /2E T XE + βαE T X β/2E -β/2An-1E -αAn-1X ] - D0 [ α 2(α-(n-1)β) -βE T XE -β(β + α)/µE T A -1 n-1 E -β 2(α-(n-1)β) + (β + α)/µE + An-1XE/2
] is made up of strictly positive entries: Further the equilibrium prices satisfy the following properties

• The equilibrium is unique upto free choice of p d ,

• The equilibrium prices are

p s 1 + p c 1 = -p a 1 2 + D0 2(α -(n -1)β) , ( 5 
)
for i = 2, 3, . . . , n,

p s i = gi -p d i and p c i = hi + p d i , ( 6 
)
where constants gi and hi depends only on p a , D0, α, β

• The demand vector, the revenue per unit demand and therefore the total revenues collected by ISP and CP does not depend on p d .

Remarks: 1) From ( 5), the equilibrium price of the colluding pair depends on only its advertisement revenues and is independent of other price quantities. As the number of CPs increase, the colluding pair charges a higher price from its internauts at equilibrium. 2) p d has no influence on internaut's per unit demand price. We may have anticipated this given our previous observation of influence of p d on internaut's price when there was no exclusive contract (See [5][Thm. 3]).

With the expressions for the equilibrium prices we proceed to analyze how a collusion between the ISP and a CP affects their own payoff and that of the noncolluding CP's. For simplicity we restrict attention to two CP's.

PRICE OF COLLUSION

In this section we study the impact of a single collusion formed between a CP 1 and ISP. We may study this as game with two players, the super ISP denoted ISP consisting of CP 1 and the ISP as player 1 and CP 2 as player 2. Let U ISP and UCP,2 denote the utility of the colluding pair and that of the noncolluding player respectively in the game with a single coalition.

In the case when there is indeed a collusion between CP 1 and the ISP, straightforward simplification of the equilibrium prices evaluated in Theorem 1 can be shown to yield the following prices for the two CP case [START_REF] Altman | Nonneutral network and the role of bargaining power in side payments[END_REF].

  p s 1 + p c 1 p s 2 p c 2   =   0 -1/2 0 -1 τ /6 1/3 1 -τ /3 -2/3   •   p d 2 p a 1 p a 2   + D0 6α   3/(1 -τ ) (2 + τ )/(1 -τ ) 2   , (7) 
where τ = β/α and τ ∈ [0, 1). Then the net price per unit demand on the internauts is given by

[ p s 1 + p c 1 p s 2 + p c 2 ] = [ -1/2 0 -τ /6 -1/3 ] • [ p a 1 p a 2 ] + D0 6α(1 -τ ) [ 3 (4 -τ ) ] , (8) 
and thus p d 2 has no influence on the internauts' equilibrium price per unit demand. For the case of no exclusive contract we computed the equilibrium prices for the positive demand in [START_REF] Altman | Nonneutral network and the role of bargaining power in side payments[END_REF], which we recall below

p s = -p d + 1 3(1 -τ 2 /9) [ 1 τ /3 τ /3 1 ] p a + D0 3α(1 -τ )(1 -τ /3) E2, ( 9 
)
p c = p d - 2 3(1 -τ 2 /9) [ 1 τ /3 τ /3 1 ] p a + D0 3α(1 -τ /3) E2. ( 10 
)
This resulted in the following internauts prices

[ p s 1 + p c 1 p s 2 + p c 2 ] = - 1 3(1 -τ 2 /9) [ 1 τ /3 τ /3 1 ] • [ p a 1 p a 2 ] + 2D0(1 -τ /2) 3α(1 -τ )(1 -τ /3) E2. (11) 
With the explicit equilibrium prices for the case of exclusive contract and no exclusive contract we can compare utilities in both cases. In particular, we are interested in the following questions:

• Does the colluding pair improve their total revenue by agreeing to cooperate?

• how does this collusion affect the total revenues of the noncolluding player.

In this regard we use two relevant definitions proposed in [START_REF] Altman | Revisiting Collusion in Routing Games: a Load Balancing Problem[END_REF], namely, individual single collusion price (ISCP) and single collusion externality price (SCEP). When there is only one coalition formation ISCP is defined as the ratio of the total utility of the colluding players before and after collusion at equilibrium. Similarly, for a given single collusion SCEP is defined as the ratio of the total utility of the noncolluding players before and after collusion at equilibrium. Let (p s , p c ) and (p s , p c ) denote the equilibrium prices for the cases of no exclusive contract and exclusive contract respectively. In the present case with single coalition denoted by ISP = {ISP, CP1}, the performance metrics ISCP and SCEP are given by

ISCP(ISP) = UISP(p s , p c ) + UCP,1(p s , p c ) U ISP (p s , p c ) , ( 12 
) SCEP(ISP) = UCP,2(p s , p c ) UCP,2(p s , p c ) . ( 13 
)
Using equilibrium prices in ( 7)-(8) the utilities in the case of exclusive contract can be directly computed. After simple manipulation they can be written as

U ISP = ( D0(3 + τ ) 6 + αp a 1 (3 -τ 2 ) 6 - βp a 2 3 ) • ( p a 1 2 + D0 2α(1 -τ ) ) + ( D0 3 - αp a 1 τ 3 + α p a 2 3 ) • ( p a 1 τ 6 + p a 2 3 + D0(2 + τ ) 6α(1 -τ )
) ,( 14)

UCP,2 = α ( D0 3α + p a 2 3 -p a 1 (τ /3) ) 2 . ( 15 
)
Similarly, using equilibrium prices in (9)-(11) the utilities in the case of no exclusive contract can be computed as

UISP + UCP = ( D0 3 -τ + α (9 -τ 2 ) ( -2p a 1 τ + (3 -τ 2 )p a 2 ) ) • ( p a 1 τ + 3p a 2 (9 -τ 2 ) + D0 α(1 -τ )(3 -τ ) ) + ( D0 3 -τ + α (9 -τ 2 ) ( -2p a 2 τ + (3 -τ 2 )p a 1 
) )

• ( p a 1 (6 -τ 2 ) -p a 2 (τ ) (9 -τ 2 ) + 2D0(2 -τ ) α(1 -τ )(3 -τ ) ) , ( 16 
) UCP,2 = α ( D0 α(3 -τ ) + 1 (9 -τ 2 ) ( (3-τ 2 )p a 2 -2τ p a 1 ) ) 2 . ( 17 
)
We first evaluate the impact of collusion between ISP and CP 1 on the noncolluding pair. By comparing (15) and ( 17) the following observation is immediate.

Proposition 2. SCEP(ISP) ≥ 1 if and only if

p a 2 ≤ 3 -τ 2 2τ p a 1 + D0(3 + τ ) α(2τ ) . ( 18 
)
Thus if the advertisement revenues (p a 1 , p a 2 ) satisfies the relation (18) CP 1 going for an exclusive contract will lead the noncolluding CP to incur loss.

Remarks: 1) In [START_REF] Altman | Nonneutral network and the role of bargaining power in side payments[END_REF], we observed that when (18) holds both the user group pay less per unit demand. Hence though the collusion between ISP and CP 1 hurts the noncolluding CP it benefits the internauts.

2) It is a simple to verify that under the condition (18) collusion results in the reduction of demand from CP 2.

To compare the performance of the colliding pair we evaluate ISCP(ISP) by dividing ( 16) by ( 14). ISCP(ISP) is shown in Figure 2. In this figure we observe that colluding pair benefits if (18) holds. However, if the condition (18) is not satisfied, then the colluding pair are not gaining compared to the case of no collusion. Thus making an exclusive contract is not always beneficial. This observation is made in several earlier work in the context of routing games, for example see [START_REF] Altman | Revisiting Collusion in Routing Games: a Load Balancing Problem[END_REF]. Further, collusion always hurts one of the player, colluding pair or noncolluding player unless equality holds in (18).

CONCLUSION AND FUTURE WORK

We considered a nonneutral network in which ISP can charge the CPs for connecting them to the end users. In such networks we studied the case where a CP can collude with the ISP by making an exclusive contract. In this contract the colluding pair maximize the sum of their utility. We showed that such collusion may not be beneficial to the colluding pair. They will benefit if the advertisement revenue of the noncolluding ISP is low. Otherwise, they will not benefit but the noncolluding will improve its revenues.

In future, we plan to consider other forms of cooperation between a CP and the ISP. An example is the Nash bargaining solution in which the colluding pair try to maximize the product of their utilities or the α-fair sum of their utilities [START_REF] He | Pricing and revenue sharing strategies for internet service providers[END_REF].

Figure 1 :

 1 Figure 1: Monetary flow in a nonneutral network with multiple CPs.

Figure 2 :

 2 Figure 2: Individual Single collusion price for ISP

  for a payment flow diagram. The parameters of this game are given in the following table.

	Parameter Description
	n	Number of content providers.
	p s i	Price per unit demand paid by the users to the
		ISP for connection to CP i. This can be posi-
		tive or negative.
	p c i	Price per unit demand paid by the users to CP
		i. This too can be positive or negative.
	p a i	Advertising revenue per unit demand, earned by the CP. This satisfies p a i ≥ 0.
	p d i	Price per demand paid by the CP to the ISP.
		This can be either positive or negative.
	p x	Vectors of aforementioned prices, where x is
		one of s, c, a, d.
	di(p s , p c )	Demand for CP i as a function of the prices.
		See (1) below and the following discussion.
	rCP,i