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This extended abstract summarises work conducted with Adrien Durier and Daniel Hirschkoff (ENS Lyon), initially reported in [START_REF] Sangiorgi | Equations, contractions, and unique solutions[END_REF].

Bisimilarity is employed to define behavioural equivalences and reason about them. Originated in concurrency theory, bisimilarity is now widely used also in other areas, as well as outside Computer Science. In this work, behavioural equivalences, hence also bisimilarity, are meant to be weak because they abstract from internal moves of terms, as opposed to the strong ones, which make no distinctions between the internal moves and the external ones (i.e., the interactions with the environment). Weak equivalences are, practically, the most relevant ones: e.g., two equal programs may produce the same result with different numbers of evaluation steps.

In proofs of bisimilarity results, the bisimulation proof method has become predominant, particularly with the enhancements of the method provided by the so called 'up-to techniques' [START_REF] Pous | Enhancements of the bisimulation proof method[END_REF]. Among these, one of the most powerful ones is 'up-to expansion and context', whereby the derivatives of two terms can be rewritten using expansion and bisimilarity and then a common context can be erased. Forms of 'bisimulations up-to context' have been shown to be effective in various fields, including process calculi [START_REF] Pous | Enhancements of the bisimulation proof method[END_REF][START_REF] Sangiorgi | The π-calculus: a Theory of Mobile Processes[END_REF][START_REF] Piérard | Sound bisimulations for higher-order distributed process calculus[END_REF], λ-calculi [START_REF] Lassen | Bisimulation in untyped lambda calculus: Böhm trees and bisimulation up to context[END_REF][START_REF] Lassen | Relational reasoning about contexts[END_REF][START_REF] Koutavas | Small bisimulations for reasoning about higher-order imperative programs[END_REF][START_REF] Sangiorgi | Environmental bisimulations for higher-order languages[END_REF], and automata [START_REF] Bonchi | Checking nfa equivalence with bisimulations up to congruence[END_REF][START_REF] Rot | Coinductive proof techniques for language equivalence[END_REF].

The landmark document for bisimilarity is Milner's CCS book [START_REF] Milner | Communication and Concurrency[END_REF]. In the book, Milner carefully explains that the bisimulation proof method is not supposed to be the only method for reasoning about bisimilarity. Indeed, various interesting examples in the book are handled using other techniques, notably unique solution of equations, whereby two tuples of processes are componentwise bisimilar if they are solutions of the same system of equations. This method is important in verification techniques and tools based on algebraic reasoning [START_REF] Roscoe | The theory and practice of concurrency[END_REF][START_REF] Roscoe | Understanding Concurrent Systems[END_REF][START_REF] Baeten | Process Algebra: Equational Theories of Communicating Processes[END_REF].

Milner's theorem that guarantees unique solutions [START_REF] Milner | Communication and Concurrency[END_REF] has however limitations: the equations must be 'guarded and sequential', that is, the variables of the equations may only be used underneath a visible prefix and preceded, in the syntax tree, only by the sum and prefix operators. This limits the expressiveness of the technique (since occurrences of other operators above the variables, such as parallel composition and restriction, in general cannot be removed), and its transport onto other languages (e.g., languages for distributed systems or higher-order languages, which usually do not include the sum operator).
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We propose a refinement of Milner's technique in which equations are replaced by special inequations called contractions. Intuitively, for a behavioural equivalence , its contraction is a preorder in which P Q holds if P Q and, in addition, Q has the possibility of being as efficient as P . That is, Q is capable of simulating P by performing less internal work. It is sufficient that Q has one 'efficient' path; Q could also have other paths, that are slower than any path in P . Uniqueness of the solution of a system of contractions is defined as with systems of equations: any two solutions must be equivalent with respect to . The difference with equations is in the meaning of solution: in the case of contractions the solution is evaluated with respect to the preorder , rather than the equivalence .

If a system of equations has a unique solution, then the corresponding system of contractions, obtained by replacing the equation symbol with the contraction symbol, has a unique solution too. The converse however is false: it may be that only the system of contractions has a unique solution. More important, the condition that guarantees a unique solution in Milner's theorem about equations can be relaxed: 'sequentiality' is not required, and 'guardedness' can be replaced by 'weak guardedness', that is, the variables of the contractions can be underneath any prefix, including a prefix representing internal work. (This is the same constraint in Milner's 'unique solution of equations' theorem for strong bisimilarity; the constraint is unsound for equations on weak bisimilarity.)

Milner's theorem is not complete for pure equations (equations in which recursion is only expressible through the variables of the equations, without using the recursion construct of the process language): there are bisimilar processes that cannot be solutions to the same system of guarded and sequential pure equations. In contrast, completeness holds for weakly-guarded pure contractions. The contraction technique is also computationally complete: any bisimulation R can be transformed into an equivalent system of weakly-guarded contractions that has the same size of R (where the size of a relation is the number of its pairs, and the size of a system of contractions is the number of its contractions). An analogous result also holds with respect to bisimulation enhancements such as 'bisimulation up-to expansion and context'. The contraction technique is in fact computationally equivalent to the 'bisimulation up-to contraction and context' technique -a refinement of 'bisimulation up-to expansion and context'.

The contraction technique can be generalised to languages whose syntax is the term algebra derived from some signature, and whose semantics is given as an LTS. In this generalisation the weak-guardedness condition for contractions becomes a requirement of autonomy, essentially saying that the processes that replace the variables of a contraction do not contribute to the initial action of the resulting expression. The technique can also be transported onto other equivalences, including contextually-defined equivalences such as barbed congruence, and non-coinductive equivalences such as contextual equivalence (i.e., may testing) and trace equivalence [START_REF] Morris | Lambda-Calculus Models of Programming Languages[END_REF][START_REF] De Nicola | Testing equivalences for processes[END_REF][START_REF] Van Glabbeek | The linear time-branching time spectrum II[END_REF]. For each equivalence, one defines its contraction preorder by controlling the amount of internal work performed.

Further, a contraction preorder can be injected into the bisimulation game. That is, given an equivalence and its contraction preorder , one can define the technique of 'bisimulation up-to and context' whereby, in the bisimulation game, the derivatives of the two processes can be manipulated with and (similarly to the manipulations that are possible in the standard 'bisimulation up-to expansion and context' using the expansion relation and bisimilarity) and a common context can then be erased. The resulting 'bisimulation up-to and context' is sound for . This technique allows us to derive results for using the (enhanced) bisimulation proof method, thus transferring 'up-to context' forms of reasoning, originally proposed for labeled bisimilarities and their proof method, onto equivalences that are contextual or non-coinductive.

The contraction technique cannot however be transported onto all (weak) behavioural equivalences. For instance, it does not work in the setting of infinitary trace equivalence (whereby two processes are equal if they have the same finite and infinite traces) [START_REF] Van Glabbeek | The linear time-branching time spectrum I[END_REF][START_REF] Van Glabbeek | The linear time-branching time spectrum II[END_REF] and must testing [START_REF] De Nicola | Testing equivalences for processes[END_REF]. A discussion on this point is deferred to the concluding section.

An example of application of contractions to a higher-order language, which exploits the autonomy condition, is also reported in [START_REF] Sangiorgi | Equations, contractions, and unique solutions[END_REF] Milner's theorem about unique solution of equations stems from an axiomatisation of bisimulation on finite-state processes [START_REF] Milner | A complete axiomatisation for observational congruence of finitestate behaviors[END_REF]. Indeed, in axiomatisations of behavioural equivalences [START_REF] Milner | Communication and Concurrency[END_REF][START_REF] Baeten | Process Algebra: Equational Theories of Communicating Processes[END_REF], the corresponding rule plays a key role and is called fixed-point rule, or recursive specification principle; see also [START_REF] Moshe | A complete axiomatisation for trace congruence of finite state behaviors[END_REF], for trace equivalence. The possible shapes of the solutions of systems of equations, in connection with conditions on the guardedness of the equations, is studied by Baeten and Luttik [START_REF] Jos | Unguardedness mostly means many solutions[END_REF].

Unique solution of equations has been considered in various settings, including languages, algebraic power series and pushdown automata (see the surveys [START_REF] Kunc | Simple language equations[END_REF][START_REF] Petre | Algebraic systems and pushdown automata[END_REF]), as well as in coalgebras (e.g., [START_REF] Milius | Abstract GSOS rules and a modular treatment of recursive definitions[END_REF]). These models, however, do not have the analogous of 'internal step', around which all the theory of contractions is built. In functional languages, unique solution of equations is sometimes called 'unique fixed-point induction principle'. See for instance [START_REF] Sands | Computing with Contexts: A simple approach[END_REF], in which the conditions resembles Milner's conditions for CCS, and [START_REF] Hutton | Representing Contractive Functions on Streams[END_REF], which studies equations on streams advocating a condition based on the notion of 'contractive function' (the word 'contraction' here is unrelated to its use in our paper).

A tutorial on bisimulation enhancements is [START_REF] Pous | Enhancements of the bisimulation proof method[END_REF]. 'Up-to context' techniques have been formalised in a coalgebraic setting, and adapted to languages whose LTS semantics adheres to the GSOS format [START_REF] Bloom | Bisimulation can't be traced[END_REF]; see for instance [START_REF] Bonchi | Coinduction up to in a fibrational setting[END_REF], which uses lambda-bialgebras, a generalisation of GSOS to the categorical framework.

Our transporting of the bisimulation proof method and some of its enhancements onto non-coinductive equivalences reminds us of techniques for reducing non-coinductive equivalences to bisimilarity. For instance, trace equivalence on nondeterministic processes can be reduced to bisimilarity on deterministic processes, following the powerset construction for automata [START_REF] Hopcroft | Introduction to Automata Theory, Languages, and Computation[END_REF]; a similar reduction can be made for testing equivalence [START_REF] Cleaveland | Testing equivalence as a bisimulation equivalence[END_REF]. These results rely on transformations of transitions systems, which modify the nondeterminism and the set of states, in such a way that a given equivalence on the original systems corresponds to bisimilarity on the altered systems. In contrast, in the techniques based on contractions the transformation of processes is performed dynamically, alongside the bisimulation game: two processes are manipulated only when necessary, i.e., when their immediate transitions would break the bisimulation game.

In CSP [START_REF] Hoare | Communicating Sequential Processes[END_REF], some beautiful results have been obtained in which systems of equations have unique solutions provided their least fixed point (intuitively obtained by infinite unfolding of the equations) does not contain divergent states; see [START_REF] Roscoe | The theory and practice of concurrency[END_REF][START_REF] Roscoe | Understanding Concurrent Systems[END_REF]. In CSP the semantics has usually a denotational flavour and, most important, the reference behavioural equivalence, failure equivalence, is divergent sensitive. We are currently trying to compare this kind of techniques, based on divergence, with those based on contractions. We just note here that unique solution of contractions holds in cases where the infinite unfolding of the contractions would introduce divergence.

As for the technique based on equations, so the technique based on contractions is meant to be used in combination with algebraic reasoning, on terms whose behaviour is not finite or finite-state: the recursion on the contraction variables captures the infinite behaviour of terms, and the proof that certain processes are solutions is carried out with pure algebraic reasoning. In comparison with equations, a drawback of unique solution of contractions for an equivalence is that the solutions are not -interchangeable: it may be that P is solution and Q is not, even though P Q.

The proof of completeness of the 'unique solution of contractions' method with respect to the bisimulation proof method uses the sum operator to express the possible initial actions of a process. We are currently exploring how completeness could be recovered in languages in which the sum operator is missing.

We also plan to explore more in depth the contraction techniques in higherorder languagesss. Such study may shed light on the applicability of up-to context techniques to higher-order languages. In a higher-order language, while there are well-developed techniques for proving that a bisimulation is a congruence [START_REF] Pitts | Howe's method[END_REF], up-to context is still poorly understood [START_REF] Lassen | Bisimulation in untyped lambda calculus: Böhm trees and bisimulation up to context[END_REF][START_REF] Lassen | Relational reasoning about contexts[END_REF][START_REF] Koutavas | Small bisimulations for reasoning about higher-order imperative programs[END_REF][START_REF] Sangiorgi | Environmental bisimulations for higher-order languages[END_REF][START_REF] Piérard | Sound bisimulations for higher-order distributed process calculus[END_REF]. For instance, for pure λ-calculi and applicative bisimilarity, the soundness of the full up-to context technique (allowing one to remove any context, possibly binding variables of the enclosed terms) still represents an open problem.

Another setting in which up-to context techniques have been recently applied is that of language equivalence for automata, see e.g., [START_REF] Bonchi | Checking nfa equivalence with bisimulations up to congruence[END_REF][START_REF] Rot | Coinductive proof techniques for language equivalence[END_REF]. Our techniques are however for languages with internal moves. In the case of automata, a τ -action could correspond to the empty word, which is absorbed in concatenations of words, in the same way as τ -actions are absorbed in concatenation of traces. Even taking into account the way the empty word (or the empty language) and τ -steps are used, the analogy seems light. It is unclear whether contractions could be useful on automata.

Our original motivation for studying contractions was to better understand 'up-to context' enhancements of the bisimulation proof method and their sound-ness. More broadly, the goal of the line of work reported is to improve our understanding of bisimilarity and the proof techniques for it, including the possibility of exporting the techniques onto other equivalences.