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Stability estimates for some parameters of a reaction-diffusion

equation coupled with an ODE

Muriel Boulakia∗ and Elisa Schenone†

September 2015

Abstract

In this work, we are interested by the monodomain equation which describes the evolution
of the cardiac electrical potential and which corresponds to a coupled system involving a
reaction-diffusion equation and an ordinary differential equation. We show Lipschitz stability
inequalities for the identification of some parameters of the model from measurements on the
cardiac potential and the ionic variable.
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1 Introduction

In this paper, we consider the monodomain model which is a coupled system involving a reaction-
diffusion equation and an ordinary differential equation. The monodomain model is a classical
model to describe the evolution of the electrical potential u in the heart and can be directly derived
from the bidomain model by assuming that the intracellular and extracellular conductivities have
similar anisotropic ratio (for an introduction to the modeling in cardiac electrophysiology, we refer
to [9]). In this work, we are concerned with the estimation of some parameters involved in the
model from measurements on u and on the ionic variable w

Let Ω be a bounded and regular domain in dimension 3 which corresponds to the domain
occupied by the heart and let T > 0 be a given final time. We assume that the conductivity
of the cardiac medium is isotropic and homogeneous. The monodomain equations are given in
Q := (0, T )× Ω by: {

∂tu−∆u+ Iion(u,w) = 0 in Q
∂tw + f(u,w) = 0 in Q.

(1.1)

We complete this system by the initial conditions

u(0, ·) = u0 in Ω and w(0, ·) = w0 in Ω (1.2)

and by Neumann boundary conditions on u

∇u · n = 0 on (0, T )× ∂Ω. (1.3)
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These homogeneous Neumann conditions correspond to the assumption that the heart is electrically
insulated. Monodomain equations are complemented by the choice of a ionic model which will fix
the expressions of the functions Iion and f . In this work, we will assume that Iion and f are given
by:

Iion(u,w) = −kg(u) + r1(u)w, f(u,w) = −γr2(u) + βw (1.4)

where g(u) = u(u− a)(1− u) and r1 and r2 are polynomial functions given by

r1(u) = χu+ 1− χ, r2(u) = ςu(u− a)− u, where χ, ς ∈ [0, 1].

We could also take arbitrary polynomial functions of degree 1 for r1 and of degree 2 for r2 but, by
this way, our writing includes the classical phenomenological models in cardiac electrophysiology
like FitzHugh-Nagumo (χ = 0, ς = 0), Alief-Panfilov (χ = 1, ς = 1) and Roger-McCulloch (χ = 1,
ς = 0). We want to prove for this system stability estimates for the parameters k and γ which
appear in the ionic model. To prove these estimates, we follow the Bukhgeim-Klibanov approach
[2] which relies on the use of global Carleman estimates on the time derivative of the solution of
the system.

We will assume that the parameters a, k, γ, β only depend on space, belong to L∞(Ω)
and satisfy

0 ≤ a(x) ≤ 1, k(x) ≥ k0 > 0, γ(x) ≥ 0, β(x) ≥ 0, ∀x ∈ Ω, (1.5)

and that there exists M > 0 such that

‖k‖L∞(Ω) + ‖γ‖L∞(Ω) + ‖β‖L∞(Ω) ≤M. (1.6)

Let us first give regularity results on the solution of system (1.1) completed by (1.4). These results
can be proved without any major difficulty thanks to successive energy estimates on the solution
and its derivatives with respect to time and thanks to elliptic energy estimates.

Proposition 1. Let a, k, γ and β satisfy (1.5)-(1.6).

• We assume that (u0, w0) ∈ H2(Ω)× L∞(Ω) and that

∇u0 · n = 0 on ∂Ω. (1.7)

Then the solution of (1.1)-(1.3) completed by (1.4) satisfies

u ∈W 1,∞(0, T ;L2(Ω)) ∩H1(0, T ;H1(Ω)) ∩ L∞(0, T ;H2(Ω))
w ∈W 1,∞(0, T ;L∞(Ω))

and

‖u‖W 1,∞(0,T ;L2(Ω)) + ‖u‖H1(0,T ;H1(Ω)) + ‖u‖L∞(0,T ;H2(Ω)) + ‖w‖W 1,∞(0,T ;L∞(Ω)) ≤ C

where C depends on ‖u0‖H2(Ω), ‖w0‖L∞(Ω), k0 and M .

• We assume that (u0, w0) ∈ H4(Ω)×H2(Ω) and that

∇u0 · n = 0 on ∂Ω and ∇(∆u0 + kg(u0)− r1(u0)w0) · n = 0 on ∂Ω. (1.8)

Moreover, we take k and a in H2(Ω) and assume that there exists M > 0 such that

‖k‖H2(Ω) + ‖a‖H2(Ω) ≤M. (1.9)

Then the solution of (1.1)-(1.3) completed by (1.4) satisfies
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u ∈W 2,∞(0, T ;L2(Ω)) ∩H2(0, T ;H1(Ω)) ∩W 1,∞(0, T ;H2(Ω))
w ∈W 2,∞(0, T ;L∞(Ω))

and

‖u‖W 2.∞(0,T ;L2(Ω)) + ‖u‖H2(0,T ;H1(Ω)) + ‖u‖W 1,∞(0,T ;H2(Ω)) + ‖w‖W 2,∞(0,T ;L∞(Ω)) ≤ C

where C depends on ‖u0‖H4(Ω), ‖w0‖H2(Ω), k0, M and M .

2 Stability estimate for a reaction parameter

Due to the writing of f in (1.4), we see that we can easily get an explicit formula for the solution
w of the second equation in (1.1) and that the first equation of (1.1) may be viewed as a reaction-
diffusion equation with a memory term. Even in the linear case, having a memory term may
lead to difficulties in the theory of control and inverse problems. In [8], it is proved that the null
controllability property fails for heat equations with memory. This is due to the fact that the
observability inequality which is a key point to get controllability does not hold for this system.

A related problem is addressed in [3] where the null controllability of a model coupling
a linear parabolic equation and an ODE is studied. If the control domain is fixed, then the
controllability result does not hold and, to overcome this problem, the authors consider a control
with a time-dependent support which covers the whole domain Ω and get an observability inequality
for the coupled system.

Due to these remarks, it would not be possible to derive a global observability inequality
for our coupled system (1.1). However, we will see that we can get stability estimates for the
identification of some parameters of the model. Getting a global inequality for the monodomain
equation coupled with an ODE would have allowed to prove stability estimates for more general
ionic systems. In our case, we will use the fact that w can be expressed explicitly with respect
to u and this will allow to get stability estimates for the identification of some parameters of the
model.

Let us mention that paper [5] gives a simultaneous stability estimate for two parameters
in the Fisher-KPP equation. For the coupling between two reaction-diffusion equations, we refer
to [4] for a simultaneous stability estimate of two parameters involved in the reaction terms.

2.1 Stability estimate for a reaction parameter in the nonlinear
parabolic equation

We are first interested by a stability estimate on the reaction parameter k which appears in the
first equation of (1.1). Let us consider (ū, w̄) the solution of (1.1)-(1.4) with k replaced by k̄ in the
expression of Iion. The following theorem gives a Lipschitz stability estimate on k− k̄ with respect
to measurements on u− ū and w− w̄. In a classical way for parabolic equations, we have two types
of measurements: one local measurement on the whole time interval and one global measurement
at a positive time.

Theorem 1. Let us consider a nonempty open set ω included in Ω. Let (u,w) be the solution
of (1.1), (1.3) and (1.4) with initial conditions (u0, w0) and (ū, w̄) be the solution of (1.1),(1.3)
and (1.4) with k replaced by k̄ in the expression of Iion and with initial conditions (ū0, w̄0). We
assume that (u0, w0) ∈ H2(Ω)×L∞(Ω) satisfies (1.7) and that (ū0, w̄0) ∈ H4(Ω)×H2(Ω) satisfies
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(1.8).
We suppose that a, k, γ, β satisfy (1.5)-(1.6), a, k̄ ∈ H2(Ω) and that

‖k̄‖H2(Ω) + ‖a‖H2(Ω) ≤M

for some M > 0. Let us assume that there exists t0 ∈ (0, T ) and c1 > 0 such that

|g(ū)(t0, x)| ≥ c1, ∀x ∈ Ω. (2.1)

Then, there exists C > 0 which depends on the initial conditions, c1, k0, M and M such that

‖π‖L2(Ω) ≤ C
(
‖p(t0)‖H2(Ω) + ‖q(t0)‖L2(Ω) + ‖p‖H1(0,T ;L2(ω))

)
where π = k − k̄, p = u− ū and q = w − w̄.

In [1], similar parameter estimates as the one in Theorem 1 were proved for the bistable
equation (the first equation of (1.1) with Iion(u,w) = −kg(u)) thanks to a new Carleman inequality
for the bistable equation. In our work, we will use the classical Carleman estimates for the heat
equation [7].

Proof of Theorem 1. The difference between the systems satisfied by (u,w) and (ū, w̄) leads to{
∂tp−∆p+ kp3 = kh(p, ū) + πg(ū)− µ(p, q, ū, w) in Q

∂tq = γςp2 + γ(2ςū− ςa− 1)p− βq in Q
(2.2)

where

h(p, ū) := (1 + a− 3ū)p2 + (−a+ 2(1 + a)ū− 3ū2)p, (2.3)

µ(p, q, ū, w) := r1(u)w − r1(ū)w̄ = χūq + χpw + (1− χ)q. (2.4)

We see that we have an explicit formula for the solution q of the second equation: for all (t, x) ∈ Q

q(t, x) = q(t0, x)e−(t−t0)β +

∫ t

t0

γ
[
ςp2 + (2ςū− ςa− 1)p

]
e−(τ−t0)βdτ. (2.5)

Second, we consider the time derivative of the first equation of system (2.2). Then, ρ := ∂tp
satisfies{

∂tρ−∆ρ = −3kp2ρ+ k∂th(p, ū) + π∂tg(ū)− ∂tµ(p, q, ū, w) in Q

∇ρ · n = 0 on (0, T )× ∂Ω.
(2.6)

To simplify, we assume that 0 < t0 ≤ T/2 but the result still holds if t0 is arbitrary taken in (0, T )
(it is sufficient to modify slightly the definition of the weight θ in what follows) and we define
T0 = 2t0 ≤ T and Q0 = (0, T0)× Ω.
Following [7], we can define a function ψ in C2(Ω) such that

ψ > 0 in Ω, ψ = 0 on ∂Ω, |∇ψ| > 0 in Ω \ ω. (2.7)

Next, we define, for all λ > 0, the following weights for all (t, x) ∈ Q0

ϕ(t, x) = θ(t)
(
e2λ‖ψ‖L∞(Ω) − eλψ(x)

)
and η(t, x) = θ(t)eλψ(x) (2.8)
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where θ(t) =
1

t(T0 − t)
.

According to Proposition 1, u, ū and w belong to L∞(Q0). Thus, if we consider the first equation
of (2.2) at time t0, we obtain that∫

Ω

e−2sϕ(t0,x)|π(x)|2|g(ū)(t0, x)|2dx ≤
∫

Ω

e−2sϕ(t0,x)|ρ(t0, x)|2dx

+C

∫
Ω

e−2sϕ(t0,x)(|∆p(t0, x)|2 + |p(t0, x)|2 + |q(t0, x)|2)dx. (2.9)

Let us consider the first term in the right-hand side. We first notice that∫
Ω

e−2sϕ(t0,x)|ρ(t0, x)|2dx =

∫ t0

0

∫
Ω

∂t(e
−2sϕ|ρ|2)dxdt

≤ C
∫∫

Q0

e−2sϕ(s2η2|ρ|2 + (s2η)−1|∂tρ|2)dxdt

since |∂tϕ| ≤ C|η|2.

According to Proposition 1, u ∈ L∞(Q), ū ∈ W 1,∞(0, T ;L∞(Ω)) and w ∈
W 1,∞(0, T ;L∞(Ω)). Thus, if we apply the Carleman inequality for the heat equation with Neu-
mann boundary conditions introduced in [7] and [6] to the solution ρ of (2.6), we get, for s and λ
large enough ∫∫

Q0

e−2sϕ(s2η2|ρ|2 + (s2η)−1|∂tρ|2)dxdt ≤ C

s

∫∫
Q0

e−2sϕ|ρ|2dxdt

+
C

s

∫∫
Q0

e−2sϕ(|p|2 + |q|2 + |∂tq|2 + |π|2)dxdt+ C

∫ T0

0

∫
ω

e−2sϕs2η3|ρ|2dxdt.

Taking s large enough, we can absorb the first term in the right-hand side. Next, replacing ∂tq by
the second equation of (2.2), we get that, for s and λ large enough∫∫

Q0

e−2sϕ(s2η2|ρ|2 + (s2η)−1|∂tρ|2)dxdt ≤ C

s

∫∫
Q0

e−2sϕ|p|2dxdt

+
C

s

∫∫
Q0

e−2sϕ|q|2dxdt+
C

s

∫∫
Q0

e−2sϕ|π|2dxdt+ C

∫ T0

0

∫
ω

e−2sϕs2η3|ρ|2dxdt. (2.10)

To estimate the weighted norm of q in the right-hand side of this inequality, we use (2.5) and
obtain ∫∫

Q0

e−2sϕ|q|2dxdt ≤ C
∫

Ω

e−2sϕ(t0)|q(t0, x)|2dx+ C

∫∫
Q0

e−2sϕ|p|2dxdt (2.11)

since u, ū ∈ L∞((0, T )× Ω). By definition of ρ = ∂tp, we have for this last term:∫∫
Q0

e−2sϕ|p|2dxdt ≤ C
∫∫

Q0

e−2sϕ

(
|p(t0)|2 +

∣∣∣∣∫ t

t0

ρ(τ, x)dτ

∣∣∣∣2
)
dxdt

≤ C
∫

Ω

e−2sϕ(t0)|p(t0, x)|2dx+ C

∫∫
Q0

e−2sϕ|ρ|2dxdt. (2.12)
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Then, combining inequalities (2.10), (2.11) and (2.12), estimate (2.9) becomes: for s and λ large
enough ∫

Ω

e−2sϕ(t0,x)|π(x)|2|g(ū)(t0, x)|2dx ≤ C

s

∫
Ω

e−2sϕ(t0)(|p(t0, x)|2 + |∆p(t0, x)|2)dx

+
C

s

∫∫
Q0

e−2sϕ|π|2dxdt+
C

s

∫
Ω

e−2sϕ(t0)|q(t0, x)|2dx+ C

∫ T0

0

∫
ω

e−2sϕs2η3|ρ|2dxdt.

At last, using hypothesis (2.1), we see that, for s large enough, the first term in the second line
can be absorbed by the left-hand side and we get the desired result.

2.2 Stability estimate for a parameter of the ODE

We are now interested in giving an estimation of the parameter γ which appears in the expression
of f in the second equation of (1.1).

Let us call û, ŵ the solution of (1.1)-(1.4) with γ replaced by γ̂ in the second equation
of (1.1). The following theorem gives a Lipschitz stability estimate of γ − γ̂ with respect to
measurements on u− û and w − ŵ.

Theorem 2. Let us consider a nonempty open set ω included in Ω. Let (u,w) be the solution
of (1.1), (1.3) and (1.4) with initial conditions (u0, w0) and (û, ŵ) be the solution of (1.1), (1.3)
and (1.4) with γ replaced by γ̂ and with initial conditions (û0, ŵ0). We assume that (u0, w0) ∈
H2(Ω)× L∞(Ω) satisfies (1.7) and that (û0, ŵ0) ∈ H4(Ω)×H2(Ω) satisfies (1.8).
We suppose that a, k, γ, β satisfy (1.5)-(1.6) and a, k ∈ H2(Ω), ‖γ‖H2(Ω) ≤ M for some M > 0.
Let us assume that there exist 0 < t0 < t1 < T and c2 > 0 such that

|r2(û)(t, x)| ≥ c2, ∀(t, x) ∈ (t0, t1)× Ω and |r1(û)(t1, x)| ≥ c2, ∀x ∈ Ω. (2.13)

Then, there exists C > 0 which depends on the initial conditions, c2, k0, M and M such
that

‖α‖L2(Ω) ≤ C
(
‖z(t1)‖H2(Ω) + ‖v(t0)‖L2(Ω) + ‖z‖H1(0,T ;L2(ω))

)
where α = γ − γ̂, z = u− û and v = w − ŵ.

Proof of Theorem 2. The difference between the systems satisfied by (u,w) and (û, ŵ) leads to{
∂tz −∆z + kz3 = kh(z, û)− µ(z, v, û, w)

∂tv = γ(ςz2 + 2ςûz − (ςa+ 1)z)− α(ςû2 − (ςa+ 1)û)− βv
(2.14)

where h(z, û) and µ(z, v, û, w) are defined in (2.3)-(2.4). As in the proof of Theorem 1, the solution
v of the second equation can be expressed with an explicit formula: for all (t, x) ∈ Q

v(t, x) = v(t0, x)e−(t−t0)β +

∫ t

t0

[
γ(ςz2 + 2ςûz − (ςa+ 1)z)− αr2(û)

]
e−(τ−t0)βdτ. (2.15)

First, we consider the time derivative of the first equation of system (2.14){
∂tζ −∆ζ = −3kz2ζ + k∂th(z, û)− ∂tµ(z, v, û, w) in Q

∇ζ · n = 0 on (0, T )× ∂Ω
(2.16)
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where ζ = ∂tz.
As in the proof of Theorem 1, we assume, without loss of generality that 0 < t0 + t1 ≤ T and we
define T0 = t0 + t1 ≤ T and Q0 = (0, T0)× Ω.
Let us now introduce a function ψ in C2(Ω) which satisfies (2.7) and consider the functions ϕ and
η defined in (2.8), with a new function θ ∈ C∞(0, T0) which satisfies

θ(t) =



1

t(T0 − t)
, 0 < t ≤ 2t0

3

strictly decreasing,
2t0
3
< t ≤ t0

constant, t0 < t ≤ t1
θ(T0 − t), t1 < t ≤ T0.

Let us consider the first equation of (2.14) and replace µ(z, v, û, w) by its definition (2.4). We get
that

r1(û)v = −χzw − ζ + ∆z − kz3 + kh(z, û). (2.17)

Next, we take this equation at time t1 and replace v(t1) thanks to formula (2.15). Thanks to
Proposition 1, w, u and û belong to L∞((0, T )× Ω) and we deduce that, for all x ∈ Ω∣∣∣∣α(x) r1(û)(t1, x)

∫ t1

t0

r2(û)(t, x)e−(t−t0)βdt

∣∣∣∣
≤ C

(
|z(t1, x)|+ |ζ(t1, x)|+ |∆z(t1, x)|+ |v(t0, x)|+

∫ t1

t0

|z(t, x)|dt
)

We take the square of this expression, multiply by e−2sϕ(t1) and integrate over Ω, we get∫
Ω

e−2sϕ(t1,x)|α(x)|2|r1(û)(t1, x)|2
∣∣∣∣ ∫ t1

t0

r2(û)(t, x)e−(t−t0)βdt

∣∣∣∣2 dx
≤ C

(
‖z(t1)‖2H2(Ω) + ‖v(t0)‖2L2(Ω) +

∫
Ω

e−2sϕ(t1)|ζ(t1)|2dx+

∫∫
Q0

e−2sϕ|z|2dx dt
)
.

(2.18)

For the third term in the right-hand side, we have∫
Ω

e−2sϕ(t1)|ζ(t1)|2dx =

∫ t1

0

∫
Ω

∂t(e
−2sϕ|ζ|2)dxdt

≤ C
∫∫

Q0

e−2sϕ(s2η2|ζ|2 + (s2η)−1|∂tζ|2)dxdt.

According to Proposition 1, u ∈ L∞(Q), û ∈ W 1,∞(0, T ;L∞(Ω)) and w ∈ W 1,∞(0, T ;L∞(Ω)).
Thanks to the Carleman inequality for parabolic equations with Neumann boundary conditions
([7] and [6]) applied to ζ solution of (2.16), we get, for s and λ large enough∫∫

Q0

e−2sϕ(s2η2|ζ|2 + (s2η)−1|∂tζ|2)dxdt

≤ C

s

∫∫
Q0

e−2sϕ(|z|2 + |v|2 + |∂tv|2)dxdt+ C

∫ T0

0

∫
ω

e−2sϕs2η3|ζ|2dxdt.

We then argue as in estimates (2.12) for the integral in v in the right-hand side and replace ∂tv
by the second equation of (2.14) and thus, the last two terms of (2.18) become, for s and λ large
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enough ∫
Ω

e−2sϕ(t1)|ζ(t1)|2dx+

∫∫
Q0

e−2sϕ|z|2dx dt

≤ C‖v(t0)‖2L2(Ω) +
C

s

∫
Ω

e−2sϕ(t0,x)|α(x)|2dx+ C

∫ T0

0

∫
ω

e−2sϕs2η3|ζ|2dxdt.

Putting this inequality in (2.18), we get, for s and λ large enough∫
Ω

e−2sϕ(t1,x)|α(x)|2|r1(û)(t1, x)|2
∣∣∣∣ ∫ t1

t0

r2(û)(t, x)e−(t−t0)βdt

∣∣∣∣2 dx
≤ C

(
‖z(t1)‖2H2(Ω) + ‖v(t0)‖2L2(Ω) + +

C

s

∫
Ω

e−2sϕ(t0,x)|α(x)|2dx+ C

∫ T0

0

∫
ω

e−2sϕs2η3|∂tz|2dxdt

)
.

Using hypothesis (2.13), we conclude the proof.
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