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Ensuring the Drawability of Extended Euler Diagrams
for up to 8 Sets

Anne Verroust and Marie-Luce Viaudl

1 INRIA Rocquencourt, B.P. 105, 78153 LE CHESNAY Cedex Fragemail:
Anne.Verroust@inria.fr
2 INA, 4, avenue de I'Europe 94366 BRY SUR MARNE France. e-thaie@ina.fr

Abstract. This paper shows by a constructive method the existence d@d-a d
grammatic representation called extended Euler diagramarfy collection of
setsXi, ..., X, ,n < 9. These diagrams are adapted for representing sets inclu-
sions and intersections: each 8gtand each non empty intersection of a subcol-
lection of X1, ..., X, is represented by a unique connected region of the plane.
Starting with an abstract description of the diagram, wenaetfne dual grapli

and reason with the properties of this graph to build a plaepresentation of
the X1, ..., X,. These diagrams will be used to visualize the results of gobem
request on any indexed video databases. In fact, such sesgpation allows the
user to perceive simultaneously the results of his querytiaadelevance of the
database according to the query.

1 Introduction

A B

Fig. 1. Venn diagram (left) and Extended Euler Diagram (right) toisdm the fields (A)"Paris”,
(B)"works”, (C)"subway”, (D) "beltway”. Grey levels of theegions are linked to the number of
documents in the region : white regions are empty ones

A . =}

Nowadays, enhancing the visualization of the results oferqueries in large
databases is becoming a challenging and useful task [3,2]pMpose to tackle this
problem with providing the user a semantic cartography efgét of documents an-
swering his complex query. Let us illustrate our approadt \&@icomplex query built
by students on INA's database of video documents. They haatk on the evolution
of transportation in Paris. Figure 1 shows two diagramst ftom the fieldsParis,
works subwayandbeltway The leftmost diagram is a Venn diagram which contains all
combinations of the fields, the rightmost one issattended Euler Diagrarwhere only



non-empty regions appear. These two diagrams show thetitepaof the documents
in the database according to users criteria, given the ibotibn of each field in order
to help the user to elaborate a new formulation of the quenredver, these diagrams
may be used as an interface to compose interactively boebgaessions by selecting
regions, helping users not familiar with brackets and ojperarder to build complex
queries.

This work has been done in the context of INA: INA is the Frenatio and televi-
sion legal deposit center since the law of June 1992. INAiges contain more than
3 million documents representing approximately 400 000ri0fi video and 500 000
hours of audio programs. Recently the consultation of thaldese has been opened
to non-professionals of documentation such as researohgm®ducers, creating the
need of more convivial interfaces. When a new document &riad in the database, it
is described and analyzed by professionals, using predesinectured classifications
(thesaurus, controlled lists...) to allow, as much as jpessnon ambiguous identifica-
tions of the documents. As a consequence, many indices obtiteolled structures are
exclusive and, in the associated diagram representatiany megions may be empty.
This observation enhances the relevance of Extended Eidgréns (EED) compared
to Venn diagrams. Indeed, if the intersection of k fields igpgmany intersection of
those k fields with other ones is empty too. Then EED may corsiginificantly fewer
regions than Venn diagrams, leading to a much more readatitegcaphy. However, in
such an application, we need to have an Extended Euler Diaffraany combination
of fields and a method to build it dynamically.

This paper is organized as follows:

- We first describe previous works on diagrams and introdutssaription oExtended
Euler Diagrams (EED in the following), and their properties. Then, we givioemal
definition of EED and introduce a dual representation, imteof graph formalization:
the L_connected labelled graphs.

- In the second section, we show that the drawability of th® EErelated to the pla-
narity of the Lconnected labelled graph and give limitations on the nunalbesets
being represented by EED.

- The third section contains a sketch of the proof which ayjifdr any collection of
n < 9 sets, a planar Iconnected labelled graph representing it. We first build @ mi
imal subgraph on a specific subset of vertices, then we shathis graph is planar
and that any other vertex can be inserted in this minimal sagigwithout breaking the
planarity.

2 EED definition

2.1 Previous works

GivenX = {X;, X», ..., X} a collection of non empty distinct sets, we want to build
a graphic representation which shows information abouséte and their intersections
on aplane. Let” = {Y1,Ys, ..., Yo } be the collection of all intersections between the
X; andY, = {Y;|Y; € Y andY; # 0}. Euler diagrams [4] could be used but appear
to be too restrictive for our purpose. In fact, an Euler digiconsists of a collection
of simple closed and convex curves, called contours, whitihtee plane into zones.



Each setX; is associated with an unique contour, and is representeldeonterior of
this contour. However, because of the convexity constrammeY,. cannot be drawn
with an Euler diagram when the number of satsis equal to 4 (for a discussion on
Euler diagrams restrictions, the reader may consult [9, 11]

The concrete Euler diagrams proposed in Flower and Howggsoach [5], used in
another purpose [6], are very well defined but are still vesstrictive. In fact, con-
crete Euler diagrams are Euler diagrams with still veryrsjroonstraints. The first
constraints introduced at the curve level, make hypott@asithe set of intersections
being drawn: each segment of curve delimits the interior thiedexterior of exactly
one set, and each intersection of curves is the crossingaaftigxtwo contours. The
introduction of “exactly” is very useful to specify formglthe problem and its dual
formulation with graphs, but eliminates the numerous casesich the set of subsets
built from the intersections of th&; does not have such properties.

According to our purposes, we propose an extension of Eudgrams which makes
drawable any collectioli’,. from a setX of X; such thatard(X) < 8.

Such diagrams are characterized by the following propertie

- An intersection point may intersect more than two contpurs

- A curve segment may be part of more than one contour,

- Each non empty; is associated with a unique zone,

- Each setX; is associated with a set of zones whose union forms a corthpletear
region. This region may not be convex and may contain holes.

2.2 Extended Euler Diagrams

Definition 1. Let L be a finite set of labels and a set of simple closed (Jordan) curves
in IR?. We say tha€ is labelledby L when each curveof C is associated with a couple
(X(c), sign(c)) whereX(c) € L andsign(c) € {+,—}.

To each labelled curve of C' corresponds a zong(c) defined by:

- if sign(c) = +, then((c) = int(c)

- if sign(c) = —, then((c) = ext(c)
C
1 @ )
’D)
A B
Fig. 2. A: a zone with two holesign(c2) = sign(cs) = —; B: an extended Euler diagram with

m(z1) = {a}, m(z2) = {a, b, c} andm(z3) = {c}.

Definition 2. An extended Euler diagrais a triple (L, C, Z) whose components are
defined as follows:
1. Lis afinite set of labels
2. C'is a set of Jordan curves labelled hyand verifying:
(@) Vi € L,3c € C, Xc) =l andsign(c) = +.
(b) if Mc) = A(¢), ¢ # ¢ andsign(c) = sign(c’) thenc and¢’ do not intersect



(c) if Mc) = A(¢), ¢ # ¢ andsign(c) = +, thensign(c') = — and¢’ C int(c)
3. Z is a set of zones corresponding to the planar partition deffimeC'.
Each zone of Z is associated with a set of labels(z) defined by
(@) m(z) ={l € L|Vc € C, if AM(c) =lthenz C {(c)}
(b) if m(z) = m(z') andm(z) # 0, thenz = 2’
We noteZy the set of zones associated with an empty set of labels.
Zy contains at least the zong = (¢, |sign(c)=+} €2t(c).
The set of extended Euler diagrams is naféd.

As a mater of fact, we have introduced Jordan curves to definesz but those notions
are equivalent. In the following, we will use rather the zef@mmalization.

Definition 3. Let X = {X3, X,..., X} be a set of non empty distinct subsets of
X, Y. = {Y1,Ys,....Y,,} the set of all possible non empty intersections between the
X;(m < 2%). We say that the extended Euler diagram C, Z) is adiagram represen-
tationof X if and only if:

1. thereis abijection) : L — X; [l +— x

2. ¢ Z\Zy — Yy, z > y defined bys(2) = y = ¢,y () ¢ (1) is a bijection.

2.3 L_connected labelled graphs

A L_connected labelledraph is a labelled graph which ensures that, for any labgl
L, there is a path connecting all the vertices labelled bye give in this section a more
formal definition of Lconnected labelled graphs.

Definition 4. A labelled graphis a triple G(L, V, E) where:

1. Lis afinite set of labels

2. V is a set oflabelled verticesi.e.:
(a) each vertex is labelled with a set of labels.(v) C L
(b) two distinct vertices andw of V' have distinct sets of labels.

3. Eis a set of edges such that:
(a) eachedge = (v, w) of E is labelled with a set of labela(e) = m(v)Nm(w)
(b) ife € Ethenm(e) # 0

In the rest of the paper, (W) will be the set of labels associated with the vertices of
W,ie.L(W) = U,cw m(v), wherelV is a set of labelled vertices.

Definition 5. LetG(L,V, E) be a labelled graph (cf. figure 3 for an example).
— Let! be a label of L. We say thatG(L,V, E) is |_connectedf and only if the

subgraphG’ of G(L,V, E) on the setl’’ of vertices ofV having! in its set of
labels is connected.
— G(L,V, E) is saidL_connectedf and only if it is Lconnected for all in L.
- G(L,V, E) is saidL_completewhenE is defined by:
E = {(v,w)|v € V;w € Vandm(v) N m(w) # 0}
— A vertexv of V is saidL_connectableo a subsel¥ of V' if and only ifm(v) C
L(W).
In fact, givenL andV/, there exists only one tomplete labelled grap&' (L, V, E),
notedG(L,V, E.) and any Lconnected labelled grapfi(L,V, E) is a subgraph of
G(L,V,E,).



B ac

C a ac D
ab ﬂ’ ad abé@acj l//a’t;
‘ cd !
d bd !
cd b cd
bc be L

. bciw
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Fig.3.L = {a,b,c,d}, V = {abd, bd, bc.cd, ad, ac},

E:1 = {(abd, bd), (bd, bc), (be, cd), (cd, ad), (ad, ac), (ac, abd)},

E = Ey U{(abd, cd), (cd,ac)}, Ec = E U{(ac, bc), (be, abd), (abd, ad), (ad,bd), (bd, cd)}.
A: G(L,V, Ey) is aconnected, lronnected but it is not. connected and_donnected;

B: G(L,V, E) is a Lconnected labelled graph;

C:G(L,V, E.) is the corresponding omplete graph;

D: acis L_connectable t&V = {abd, bd, bc}.

Definition 6. LetY, = {Y1,Y5,...,Y,,} be the subset of” which elements are the
non empty intersections between Kigm < 2¥) We say that the Iconnected labelled
graphG(L,V, E) is agraph representatiasf X if and only if:

1. thereis abijection : L — X = {X;,.. Xy }; [l — 2

2. x: V=Y, v ydefined by (v) = y = (¢,,() Al) is a bijection.

In the following, we note:

- GY(L,V) the set of Lconnected labelled graphs associated with a given set ef lab
L and a seV’ of labelled vertices.

- GX(L, V) the set of planar graphs belongingd8(L, V).

3 Drawability of EED

We have defined extended Euler diagrams armbhnected labelled graphs. These two
notions are related:

- a planar Lconnected graph is deduced by duality from an extended Hizgram (cf.
section 3.1).

- the drawing of a planar Iconnected graph leads to a class of EED. We describe briefly
in section 3.2 a method to build one of them.

Thus it is equivalent to show the drawability of an extendedeE diagram and the
planarity of the Lconnected labelled graph associated with it. This observétads

us to study the planarity of connected labelled graphs with respect to the cardinality
of the set of labeld..

3.1 From extended Euler diagrams to planar Lconnected labelled graphs

Definition 7. The mappinglual : EED — G; (L',C, Z) — G(L,V, E) is defined by:
G(L,V,E) = dual((L',C, Z)) if and only if
(i) there is a one to one mapping betwerand L
(i) there is a bijectiony : Z — V; z — v such thatn(z) = m(4(2))
(i) e = (v,w) € Eifandonlyifé—!(v) andé~!(w) are adjacent along a portion of
curve of non null length in the planar partition formed 6y

As a consequence, if (L,C,Z) is a diagram representation,ahendual((L, C, Z)) is
a graph representation af.



Fig. 4. An extended Euler diagrartL, C, Z) and its dual. We havei(a) = m(z1) = {a},
mgab)c) :{:;(22) ={a,b,c}, m(c) = m(z3) = {c}, m(bc) = m(z4) = {b,c} andm(b) =

3.2 From L_connected labelled graphs to extended Euler diagrams

Proposition 1. If there is a planar Lconnected grapltz = G(L, V, E) representing
X, then there is a class of extended Euler diagrdhsC, Z) representingX. These
diagrams are such tha¥(L, V, E) = dual((L, C, Z)).

Let us give the outline of the building of one Extended Eulegdam from a planar
L _connected labelled graph with the example of figure 5. Falig\}l], we generate a
straight-line drawing)(G) from G. When a face is triangular, it is obvious to draw the
contours of the zones in this face. In other cases, we exehy introducing special
edges and vertices to obtain a triangulated gi@p i hese vertices correspond to zones
having an empty set of labels and provide a better contrdiedtawing of the resulting
diagram. The dangling edges deserve a slightly differemtgss as shown in figure 5.

Fig. 5. The construction of an extended Euler diagram from a drawfeghe planar Lconnected
graph of figure 3. Each internal empty zone is drawn in greyisagsociated with a new vertex.
A: a drawing of a Lconnected labelled graph without the dangling e@del, ab) and the empty
zone associated with a non triangular face. B: the dangligg €:bd, ab) is drawn. C: the graph
and its associated zones. D: the extended Euler diagramintitimal zones associated with an
empty set of labels.

draw
—

D(G) “ (@)
\\ dual 1 / diag
(L,C, Z)

G(L,V, E)

3.3 Planarity of L_connected labelled graphs

To study the planarity of alconnected labelled graph, we use the graighsind K, ,,
n>2
- K, is the complete graph defined anvertices: ink,,, every vertex is adjacent to



every other vertex

- K, is the complete bipartite graph consisting of two disjoiettex setsl’ =
{v1, ..., v}, W = {ws...,w, } and the edge séf = {v;, w;|1 > i,j > n}

and Kuratowski’'s characterization of planar graphs [8]:

Theorem 1. A graph is planar if and only if it does not contain a subdigisiof K5 or
K3 5 as a subgraph.

We already know that, ifard(V) = 2¢¢¥(L) the diagram to draw is a Venn diagram
which has a planar representation (cf. [10]) for any valueuofi(L). But this property
does not hold in the general case. In fact we Rave

Proposition 2. Let k be the cardinality ofL. Whenk > 9, there exists at least a set of
labelled verticed” for which all the graphs o§Y (L, V) are non planar.

Proof. Supposel. = {a,b,c,d,e, f,g,h,i} andV = {abe,def, ghi,adg,beh, cfi}.
ThenGV(L, V) contains only one lconnected labelled graph which isfs 3 (cf.

figure 6). ad
abcd abc adg
aefg dgij def beh
behi cthj  ghi cfi

Fig. 6. Two non planar Lconnected labelled graphs: on the lefKa and on the right &5 3

In the next section, we will show that fenrd(L) < 9 and for any set of labelled
verticesV on L, GV(L, V) contains at least one planar graph.

4 The constructive proof

4.1 Sketch of the constructive proof

In the rest of the papef; will denote a set of labels arid a set of labelled vertices on
L. We add constraints o using the following results:

Definition 8. LetV be a set of labelled vertices ancandw two vertices of/,
- v andw are saidlabeldisjointwhenm(v) N m(w) = (§
- v is saidlabelincludedin w whenm(v) C m(w).

Proposition 3. Let W be a set of vertices such thét c V, every vertex ofV is
labeLincluded in a vertex of andV,. = V\W. Then, ifGY (L, V,.) contains a planar
graphG(L,V,, E;), Gh(L, V) is not empty.

Proof. Letw € W andv € V be such thatv is labelincluded inv. Then if we add the
edgee = (v,w) to G(L, V;, E,), we obtain a Lconnected grap&'(L, V, U {w}, E, U
{e}) which is still planar (the addition of cannot contribute to add A3 5 or a K5
in (L, V, U{w}, E, U {e})). By augmenting the same way the gragfL, V;, E,.) for
eachw € W, we obtain at the end a_tonnected planar graph én O

% The following proposition is another version of the plaharesults for Euler's Circles pre-
sented by Lemon and Pratt in [9].



Corollary 1. Let W be the subset df formed by vertices associated with only one
label andV,, = V\W. Then, ifGY(L,V,) contains a planar graptG (L, V,, E,),
GX(L,V) is not empty.

Proof. We use the fact that a vertexof W is either labelincluded in a vertex of V'
or labeldisjoint of any vertex of V. a

Using the previous corollary, we will restrict ourselvestds of labelled verticels on
L satisfying:
(H1) Vo, w € V, if v is labelincluded inw thenv = w.
(H2) any vertexv of V' has more than one labelin(v).
For a sel’ of labelled vertices satisfying (H1) and (H2), we proceetbdews to show
thatG% (L, V) is not empty whemard(L) < 9:
1. we choose a subsk} of vertices ofl” among those satisfying(V,) = L(V') and
build a L connected planar graghy (L, V5, Ey) onV; (cf section 4.2).
2. we build a partition oV = Vo U V4 U ... U Vi, k < card(Vp) (cf. section 4.3).
3. then, for each;, ¢ > 1, we show how to exten@, (L, Vo U V1...UV;_1, E;_1) tO
obtain a Lconnected planar graghi(L, V, U V;... U V;, E;). This is the subject of
section 4.4

4.2 Choice ofVy and construction of G

Let7 (V) be the set of subsefsof VV such thatl.(T') = L(V') andZ, (V') be the subset
of 7(V) formed by the element§ of 7 (V') having a minimum number of vertices.
GivenT andT” in 75(V'), we rename the vertices @f and7’ w.r.t. the cardinality
of their associated sets of labels, .= {vo,v1...v,} andT’ = {vg, v]...v,} with
card(m(v;)) > card(m(v;)) andcard(m(v;)) > card(m(v})) wheni < j.

We say thafl’ >, T" if and only if:

Ik < p,Vi < k, card(m(v;)) = card(m(v})) andcard(m(vy)) > card(m(vy,)).
Tmax(V) is the set composed by the maximal element$;0f) for >, .

In the rest of the papeF}, denotes an element @Ginax(V'). Moreover, for any subset
W of V, Lu(W) denotes the set of labels belonging to only en@) for v € W and
Luw (v) = Lu(W) Nm(v).

The definition of7max(V’) and the hypothesis (H1) and (H2) &himply the following
results:

-1- for any vertexv of Vj, Luy, (v) contains at least one label, thas d(Lu(Vy)) >
card(Vp). As anym(v) contains at least two labels, we haverd(V,) < card(L)

-2- Any subsel’”’ of 1}, inherits the minimality properties froig: V"’ is such that we
cannot have neither

@3v” CV, s.t.L(V') C L(V”) andcard(V') > card(V")

nor

(b)dV” CV, st. L(V') C L(V”) andcard(V') = card(V”) andV’ <, V”

These two points will be used when computing_adnnected planar graph &t

Let us suppose thdty = {v1, va...v5} andcard(L) = n. Then using (1), we have
card(Lu(Vy)) > k. Moreover, because of (2);\V, cannot contain a vertex such
that Lu Vo } (vi) U LugVo}(v;) € m(v) wherev; andv; are two distinct vertices of



Vo. Infact, in such a cas&]’ = 1, U {v}\{v;, v;} would contradict the hypothesis of
minimality of 4.

Then, the presence of labels 6f.(1;) in the set of labels of a vertex df\1} is
strongly constrained, and this fact reduces drasticalynthimber of cases to consider
at each step of the proof.

Proposition 4. If card(L) < 9,G%(L, Vp) is not empty.
We noteG, an element o§ % (L, V).

Proof. Let G(L, Vo, Eo) be a Lconnected graph @V (L, V) having a minimal num-
ber of edges (we give examples in figure 7). Thengasi(L) < 9 andcard(Vph) <
card(L), we have the following cases to consider:

o a b c ah bh ck

afh cf a;g—to)g—fg ’g—'g—‘ng
one, L

*———— @ P P —— N
egh  dg fh eh  dh fgn eg dg fh eh dh
card(V,)=5 card(V)=6 card(V,,)=6 card(V,)=7

Fig. 7. Examples of labelled graphs,

— card(Vp) < 4.GY(L,Vy) = G¥(L,Vy) (K5 and K3 3 have respectively 5 and 6
vertices).

— card(Vp) = 5. If G(L, Wy, Ey) = K5, asEy is minimal, each edge dt’s would
be associated with a label, thusd(L) > 10, which contradicts the hypothesis.

— card(Vp) = 6. We havecard(Lu(Vp)) > 6 andcard(L) < 8. ThenL contains
one or two labels which do not belong fa.(15).

If L\Lu(Vh) = {I}, thenE, consists in a path joining the vertices havirig their set
of labels and7(L, Vy, Ey) is planar.

If L\Lu(Vp) = {l,1’}: to build a Lconnected graph on six vertices connecting two
labels, we need less than 10 edges. Such a graph cannotcamydi; 5 or K.

— card(Vp) = 7. As L\Lu(Vp) = {l}, Ey consists in a path joining the vertices
havingl in their set of labels. a

4.3 Construction of a partition of V'\ V,

LetGy = (L, Vb, Ep) be a planar Lconnected graph. To exteli}, with the vertices of
V\ Vo, we first build a partitiod\ V4 into a family of setd4, ..., Vi with k < card(L):
A vertexv of V\V; belongs toV; if and only if the addition of edges connectingto
Vb is necessary and sufficient tadonnectv to V5. We noteWzar (v, Vo) the set of
subsetdV of V; such thatard(WW) = i andv is L_connectable tdV.

One shall notice that hypothesis (H1) Bnimplies thatl; is empty.

Before extending~, with theV;, we will give general results on tHg ;.

Lemmal. If v € V,, and if W,, = {w1,...w, } is an element oW za (v, Vo), then
card(m(v)) > nandm(v) = {l1..l,} U L, with L, C L(W,,) andi; € Luw, (w;).



Proof. As v is in V,,, v is L_connectable tdV,,. Therefore, if there was; in W,
such thatn(v) N Luw, (w;) = @, thenv would be Lconnectable tdV,,\{w;} and
W, ¢ W/\/(I/\/(U, V()) O

Proposition 5.
If Vy,,>2 is Not empty thelv € V,,, YW,, € Wauzn (v, V), n < “UEVn))

Proof. Sketch of proof (the detailed proof can be found in [12]): Lstsuppose that
v € V,, andW,, € Wz (v, Vo). Then using lemma 1, we show thatifW,,) < 2n,
one can find a set of verticd§” c W U {v} such thatL (W) = L(W') and either
card(W') < card(W) or card(W') = card(W) andW < W'. O

Thus, using this result, we know th&}, is empty wher2n > card(L). In particular,
whencard(L) <9,V =V U Vo U V3 U V,.

4.4 Construction of a L connected planar graph whencard(L) < 9

For the readability of the paper, we will give here an ideaha tonstruction. The
detailed description of the construction is presented M.[1

By definition of V;, we can add edges connecting a vertexof V; to 1, and obtain

a L_connected labelled graph’. However, our goal here is to keep also the planarity
of the graph while extending it. Thus, to built a planar léxigraph on//, we insert
incrementally vertices o¥/\V; on the Lconnected planar grapf,. We first insert
vertices ofV,, with n maximal.

- V4 is non empty only whenard(L) = 8 andcard(Vyp) = 4. In this case}, contains

at most 2 elements (cf figure 8): four edges are added for thteeliement of/;, and
two edges are necessary to connect the second elemgnt of

ab cd
.\
. aceg
e
° °
gh ® ef gh ® of

Fig. 8. Insertion of vertices oV,. V' = {ab,cd, ef, gh,aceg,adeg}, Vo = {ab,cd,ef, gh},
Vi = {aceg,adeg}, Eo is empty. In a first timeaceg is inserted by adding four edges
(aceg, ab), (aceg, cd), (aceg, ef), (aceg,gh). Then adeg is inserted by adding two edges:
(aceg, adeg), (adeg, cd).

- When it is not possible to adidedges taz, to insert a vertex of V; without breaking
the planarity therv is connected with another vertex &f already inserted ift7, as
it is the case in figure 9 A. This is always possible whend(L) < 9: otherwise this
leads to a contradiction on the hypothesisignin fact, by using the partition df in
Vb,....Vy in this process, we have restricted the number of cases widmrmto a few
generic cases whemrd(L) < 9.

We then obtain the following result:



B ac bdh C al
abg
ae bf
/ARG
f

a
bdf de deg

Fig. 9. Insertion of vertices of> andVs in Go(L, Vo, Eo).

A: Vo = {abgh,efg,cdh}, Eo = {(abgh,efg),(abgh,cdh)}, Vo = {af,dg}, V3 =
{ace, ade,bdf }. The vertices ofi; are inserted incrementally: the two lalmjoint vertices
ace andbdf are inserted in the two faces definedddyjh, e fg andcdh. Then,ade is inserted by
adding only two edges connectinge with ace andcd.

B: Vo = {ac,def,deg,bdh}, Eo = {(def,deg), (deg,bdh)}, Vo = {ae}, V3 = {afg, abg}.
CiVo = {ab7 cd.ef, fg, fh}v Eo = {(fh7 fg)7 (f97 ef)}v Vo = {bf7 ag}’ Vs = {acf}.

Theorem 2. Whencard(L) < 9 then for any seV’ of labelled vertices o, G5 (L, V)
is not empty.

Then, using proposition 1, we have:

Corollary 2. For any set of non empty distinct sefs= { X, .., X} such thatt < 9
there is an extended Euler diagram representig

Remark 1.Let us consider the set of vertic&s of figure 5.Vy = {abd,cd}, Vi =
{ab,ad,bd} andV, = {bc,ac}. G(L,Vy, E) has only one edgéabd, cd) and the
L_connected labelled graph built by inserting successivedéyvertices ofl’; and V3
leads to an extended Euler diagram where each label condspo a connected region
(cf. figure 10).

ad
abd ac

ab
bd cd N
bc p) bd
~d
Fig. 10. The L.connected labelled graph built by computing Hieand the corresponding ex-
tended Euler diagram

4.5 Hypergraph vertex-planarity: an equivalent formulati on of the problem

Extended Euler diagrams can be related with Johnson andkoflotion of planarity
for hypergraphs[7]:

Let H = (V, E) be an hypergraph andl = { X1, ..., X}, } be a set of non empty distinct
subsets oft’ such that there are:

- a one-one map from the set of hyperedgdsand X = { X, ..., X;},

- a mapo betweenV and the set of all possible non empty intersections between t



X;, Y, ={Y1,Ys,....Y,,} satisfying:vv € V, v belongs to the hyperedgeof E if and
only if o(v) C e(e).

If an extended Euler diagrafil, C, Z) is a diagram representation &f, then(L, C, Z)
is a vertex-based diagram representing the hypergkaph (V, E') and H is vertex-
planar according to Johnson and Pollak’s definition.

Interpreting theorem 2, we obtain the following result opésgraphs:

Corollary 3. Any hypergraph having at most eight hyperedges is vertanapl

5 Conclusion

We have shown that there exists a planardnnected graph for any collection of inter-
sections between up to eight sét&, ... X} }. This planar Lconnected graph can be
used to build an extended Euler diagram represertiig ... Xy }.

Interpreting our work using Johnson and Pollak’s notionlahgrity [7] we have shown
in this paper that any hypergraph having at most eight hyfgseis vertex-planar.

We are currently working on the algorithm to produce the atayraph and the extended
Euler diagram. However, to reach the purposes describéeimtroduction, i.e. to cre-
ate a semantically structured map of the results of a contplexy, we have to address
a few more tasks. Indeed, for most of the collections of geetions, there exists many
planar graphs satisfying the constraint atannectivity, and the graph built from the
proof may not be the most adapted to our purposes. Then ajridgid level, we may
have to introduce some graphical criterion to provide ther tise most readable dia-
gram. Moreover, we still have to find the best embedding afingrto visibility and
usability criterion.
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