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Rational smoothness and affine Schubert
varieties of type A

Sara Billey and Andrew Crites |

Department of Mathematics, University of Washington, Seattle, WA, USA

Abstract. The study of Schubert varieties in G/ B has led to numerous advances in algebraic combinatorics and
algebraic geometry. These varieties are indexed by elements of the corresponding Weyl group, an affine Weyl group,
or one of their parabolic quotients. Often times, the goal is to determine which of the algebraic and topological
properties of the Schubert variety can be described in terms of the combinatorics of its corresponding Weyl group
element. A celebrated example of this occurs when G/ B is of type A, due to Lakshmibai and Sandhya. They showed
that the smooth Schubert varieties are precisely those indexed by permutations that avoid the patterns 3412 and 4231.
Our main result is a characterization of the rationally smooth Schubert varieties corresponding to affine permutations
in terms of the patterns 4231 and 3412 and the twisted spiral permutations.

Résumé. L étude des variétés de Schubert dans G/B a mené a plusieurs avancées en combinatoire algébrique. Ces
variétés sont indexées soit par 1’élément du groupe de Weyl correspondant, soit par un groupe de Weyl affine, soit par
un de leurs quotients paraboliques. Souvent, le but est de déterminer quelles propriétés algébriques et topologiques
des variétés de Schubert peuvent étre décrites en termes des propriétés combinatoires des éléments du groupe de Weyl
correspondant. Un exemple bien connu, dii 2 Lakshmibai et Sandhya, concerne le cas oi G/ B est de type A. Ils ont
montré que les variétés de Schubert lisses sont exactement celles qui sont indexées par les permutations qui évitent
les motifs 3412 et 4231. Notre résultat principal est une caractérisation des variétés de Schubert lisses et rationnelles
qui correspondent a des permutations affines pour les motifs 4231 et 3412 et les permutations spirales tordues.

Keywords: pattern avoidance, affine permutations, Schubert varieties

1 Introduction

The study of Schubert varieties and their singular loci incorporates tools from algebraic geometry, rep-
resentation theory, and combinatorics. One celebrated result in this area due to Lakshmibai-Sandhya is
that, in classical type A, the smooth Schubert varieties are precisely those that are indexed by permuta-
tions that avoid the patterns 4231 and 3412 [22], see also [29;134]. A second important theorem in this
area concerns a weaker notion than smoothness based on cohomology, called rational smoothness. Other
generalizations of smoothness can be found in [32]]. In general, smoothness implies rational smoothness,
but not conversely. For classical Schubert varieties, Peterson showed smoothness is equivalent to rational
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smoothness precisely in types A, D, E. Recently, there has been a surge of research activity related to
affine Schubert varieties [2; 205 215 235 245 255 [27]]. It is natural to ask how properties of smoothness,
rational smoothness, singular loci and tangent spaces for affine Schubert varieties relate to their classical
counterparts.

This paper summarizes the results of [1]], which give a criterion for detecting rationally smooth Schubert
varieties in affine type A. These varieties are indexed by the set of affine permutations, denoted S,,.
Generalizing the theorem of Lakshmibai-Sandhya, it was shown that the patterns 4231 and 3412 can be
interpreted as patterns for affine permutations. A permutation avoiding these two patterns will again index
a rationally smooth affine Schubert variety. However, there is an infinite family of affine permutations in
Sy, which contain 3412 and yet index rationally smooth affine Schubert varieties. These varieties are
related to the spiral varieties studied by Mitchell [28], see also [2]. Thus, the main result is a complete
characterization of the rationally smooth Schubert varieties in G/B in type A,,.

Theorem 1.1 [1, Theorem 1.1] Let w € gn for n > 3. The affine Schubert variety X,, is rationally
smooth if and only if one of the following hold:

1. w avoids the patterns 3412 and 4231,
2. w is a twisted spiral permutation (defined in Sectiond)).

Note, §2 is the infinite dihedral group. It follows that X, is rationally smooth for all w € §2. Hence,
throughout this paper we will assume n > 3 unless otherwise specified.

If a point p € X, is not rationally smooth, then p must be singular. Hence we get a necessary condition
to detect singular affine Schubert varieties.

Corollary 1.2 Letw € gn for n > 3. If w contains either a 3412 or 4231 pattern, then X,, is singular.

The outline of this paper is as follows. In Section 2] we briefly introduce affine permutations. In
Section[3] we then define the associated geometric objects, the affine Schubert varieties. Section[d]contains
an outline of the proof of Theorem [I.1] and Section [5 discusses some corollaries of Theorem [I.1] and
directions for future research.

2 Affine permutations

Let S, be the group of bijections w : Z — Z such that the following two properties hold:
1. w(ii+n)=w()+nforaliecZ,
2. Y w(i) = (n;r1>

Here the group operation is function composition. Elements of §n are called affine permutations. Affine
permutations first appeared in [26 §3.6] and were then further studied in [30]. See [6] for more back-
ground.

We can view an affine permutation in its one-line notation as the infinite string

.. .w_1w0w1w2 .. .wnwn+1 BN
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where, for ease of notation, we write w; = w(i). An affine permutation is completely determined by

its action on any window of n consecutive indices [w;, w;41, ..., W;+n—1]. In particular, it is enough to
record the base window [w1, . . ., wy,] to capture all the information about w.
As a Coxeter group, S, is generated by the set of simple reflections S = {sg, s1,...,Sn—1}, Where s;

exchanges 7 + kn and 7 4+ 1 + kn for all £ € 7Z and fixes all other values. The relations amongst these
generators are encoded in the following Coxeter graph.

S0

S1 52 Sn—2 Sn—1

Fig. 1: Coxeter graph for S,.

As a group, S, is also generated by the reflections ¢;; for ¢ < j and ¢ # j(mod n). Here ¢;; inter-
changes ¢ + kn and j + kn for all k € Z and leaves all other values fixed. Since t;; = t;4p_ jtn, it suffices
to work with the set

T={t;j:1<i<mn,i<j,andiZj (modn)}.

Each w € §n can be written (in infinitely many ways) as a product of elements from the generating set
S. We denote the minimal length of such an expression as ¢(w), and call this statistic the length of w. An
alternative description of this statistic (which is easier to compute) is given by the following proposition.

Proposition 2.1 [6, Proposition 8.3.1] Let w € S,,. Then
lw)=#{(,5):1<i<n,i<j, andw; > w;}.

There is a partial order on §n defined as the transitive closure of the covering relations, where u < v if
there exists a reflection ¢t € T with ut = v and ¢(u) = £(v) — 1. This partial order is called the Bruhat
order on §n. Under Bruhat order, §n is a ranked poset, ranked by the length function.

Given two elements u < w related by Bruhat order, let [u,w] = {v € S, : © < v < w} denote the
interval between u and w. Call the interval [Id, w] the order ideal of w, where Id € S, is the identity
permutation. The Poincaré polynomial P,(q) is the rank generating function for the order ideal of w.

Specifically,
P’w(‘]) = Z qé(v).

v<w

This polynomial gets its name from the fact that P, (¢?) is the Poincaré polynomial of the cohomology
ring of X,,. Note that v < w if and only if v™! < w™1!, so we have P, (q) = P,-1(q).

We use the following theorem due to Carrell-Peterson to define rational smoothness of a Schubert
variety in terms of the combinatorics of the Bruhat order and Coxeter groups. For x,w € S,, let
R(x,w) = {t € T : * < xt < w}. For any polynomial f(q) of degree n, call f palindromic if
fl@)=q"f(gh).
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Theorem 2.2 [9, Theorem E] Let W be an (affine) Weyl group (e.g., W = §n ) and let w € W. Then the
following are equivalent.

1. The (affine) Schubert variety X,, is rationally smooth.
2. Py(q) is palindromic.
3. #R(z,w) = L(w) — £(z) for all z < w.

Our main result in Theorem [I.1] provides an efficient criterion for the three equivalent conditions in
Theorem [2.2)in the case W is the affine Weyl group of type A.

3 Affine Schubert varieties

We first briefly review the classical, non-affine case. Let G be a connected, reductive algebraic group
such as GL,(C). Let B be a Borel subgroup of G. For example, if G = GL,(C), we can take B to
be the upper triangular matrices. The cosets GG/B form the points of a flag variety. For each G, there
is an associated finite Weyl group W. For each w € W, we obtain the Schubert variety X,, by taking
the Zariski closure of the orbit B - e,,, where e,, represents w embedded in G. There are many good
references on Schubert varieties including [I8} [125 1351155 165 1175 33]].

We now move to the construction of the affine Schubert varieties of type A. For an excellent reference
on this construction, see [27] and the references contained therein. Let G = GL,,(C((t)))o be the group
of invertible n X n matrices whose entries are rational functions in ¢ and whose determinant has order 0.
Each affine permutation corresponds to a matrix in G as follows. Let w € S, and for each 1 < i < n,
write w; = a; + b;n, where 1 < a; < n. Then {a1,...,a,} = {1,...,n} and >, b; = 0 by the
requirements 1 and 2 in the definition of an affine permutation. Set e,, = (mi7j)zj=1, where m; o, = ¥
and all other entries are 0. Such a matrix is call an affine permutation matrix.

Example 3.1 Ler w = [8,—1,6,3,1,4] € Se. Then (a1,...,a6) = (2,5,6,3,1,4) and (by,...,bg) =
(1,—1,0,0,0,0). Hence

tfl

Cw —

O = OO OO
OO O OO+
oo~ O OO
—_ O O o oo
o O o o

SO oo+~ OO

The affine flag manifold is the space of cosets in G / B where
B = {b e GL,(C[[t])) : b|,_, is upper triangular} .

Note that the entries of elements in B are formal power series in t. A coset gé in G / B has a unique
representative that is in column echelon form. The pivot points in this echelon form will correspond to an
affine permutation matrix e,,. The B-orbit of this coset will then give all matrices in G whose echelon
forms correspond to e,,. The set C\,, = Be,,B/B is called the Schubert cell corresponding to w.
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Example 3.2 For w = [8,—1,6,3,1,4], C, is the set of all matrices whose column echelon form is

a+bt t ¢ d et7'4+f g
0 0 0 O t1 0
oo i k1
12 0 1 0 0 0
1 0 0 O 0 0
0 0 0 1 0 0

Let X,, = C,, be the Zariski closure of the Schubert cell corresponding to w. We call X,, the affine
Schubert variety corresponding to w.

4 Sketch of proof of Theorem

4.1 Factoring the Poincaré polynomial

First suppose that w € §n avoids the patterns 3412 and 4231. By Theorem we must show that P,,(q)
is palindromic. In particular, each w with a palindromic Poincaré polynomial will factor using a parabolic
decomposition as follows. Given a subset J C S of the generators for a Coxeter group W, we can
define W to be the subgroup of W generated by the elements of .J. W is called the parabolic subgroup
generated by J. Each coset in W/W contains a unique element of minimal length [18] Proposition 1.10].
The set of all minimal length coset representatives is denoted

W = {w € W|t(ws) > l(w) forall s € J}

and hence we can identify W7 with these cosets. Similarly, let W denote the minimal length left coset
representatives in W\ W. Bruhat order on W induces partial orders on “W and W+“. When we wish to
refer to the Poincaré polynomial of a minimal length coset representative w for the induced order on either
of the quotients /W or W+, we will denote it by 7 P,, or P/, respectively. The parabolic decomposition
for elements of W is given as follows.

Proposition 4.1 [6l Proposition 2.4.4,2.5.1] For every w € W there exists a unique u € Wy and a unique
v € W such that w = u - v and £(w) = £(u) + £(v). Moreover, the map w + v is order preserving as a
map from W to the set of minimal length coset representatives.

Let m(w, J) be the unique maximal element in [0, w]NW (see [4, Theorem 2.2]). Computing m(w, J)
is equivalent to taking the Demazure product from [19} Definition 3.1] of the subword of s;, - - - s;, con-
sisting of all of the letters from .J. Then the following theorem shows how this parabolic decomposition
gives rise to a factorization of the Poincaré polynomial.

Theorem 4.2 [3| Theorem 6.4] Suppose w € W has the parabolic decomposition w = w-v withu € Wy
andv € "W. Ifu = m(w, J), then P,,(q) = P.(q) - ' P,(q).

Returning to the case where w avoids 3412 and 4231, we show that we can decompose w as w = u - v,
where v = m(w, J) for some J C S. Moreover, ” P,(q) will be palindromic and u avoids 3412 and
4231. We then use induction on ¢(w). Thus, we have outlined the proof for the following theorem.
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Theorem 4.3 Let w € gn be an affine permutation that avoids the patterns 3412 and 4231. Then P,,(q)
is palindromic.

Recall that, in the non-affine case, Gasharov shows that the factors of the Poincaré polynomial for
(rationally) smooth elements are all of the form (1+q + - - - + ¢*) (see [14]). However, for w € S,,, these
factors sometimes end up being the more general g-binomial coefficients instead.

4.2 Twisted spiral permutations

There is one important infinite family of affine permutations consisting of permutations that contain 3412,
but are still rationally smooth. For a,b € Z, define

SaSa+18a+2 """ Sa+b—1, if b > 0,
c(a7 b) =\ SaSa—18a—2 """ Sa+b+1, if b < Oa (41)
1, if b =0,

where all of the subscripts are taken modulo n. By definition, we have c¢(a,1) = ¢(a,—1) = s,, and
{(c(a,b)) = |b|. Forany k € Z with k # 0 and any 1 < i < n, let

wiR) = wie(i, k(n — 1)) € 5, @2

where wg ¢ is the unique longest element in the parabolic subgroup generated by J; := S\{i}. For k # 0,
we call w(**) a twisted spiral permutation, since its reduced expression is obtained by spiraling around
the Coxeter graph for .S,, and then twisting by w(‘)]

By a result of Mitchell [28], the Poincaré polynomial for c(i, k(n — 1)) in the quotient /i (S,, ) is palin-
dromic (in fact, it is a g-binomial coefficient). Theorem4.2then shows that we may lift each c(i, k(n—1))
to a palindromic element in S, by left multiplying by wg i, Hence the Poincaré polynomial for w(**) is

palindromic.

4.3 When w contains 4231 or 3412

The converse to Theorem [I.1]asserts that the rationally smooth varieties found in Section . T]are the only
ones that are rationally smooth. In the case where w contains 4231, we show that the Poincaré polynomial
fails to be palindromic at degree 1. The coefficient of ¢ in P,(q) is the number of distinct generators
occurring in any reduced expression for w. The coefficient of ¢“(*)~1 is the number of elements v < w
with ¢(v) = ¢(w) — 1. Hence we construct a graph whose edges represent these covering relations and
argue that there are more edges than distinct generators.

The case where w contains 3412 and avoids 4231 is more complicated, in the sense that the Poincaré
polynomial can fail to be palindromic at various degrees. For this, we introduce an affine version of
Bruhat pictures, which first appeared in [5]. We use these pictures to flatten a pair x < w as much as
possible, while preserving the length difference and the size of the set R(z,w) = {t € T : 2 < xt < w}.

Define the rank function for w € S, by

rw(p,q) = #{i <p:wi > q}.
Define the difference function for the pair z,w € gn by

dm,w(pa Q) =Tw (pa q) - rﬂ?(pa q)
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The difference function gives another useful characterization of Bruhat order and generalizes the Ehres-
mann criterion for Bruhat order [[11], see also [12].

Theorem 4.4 [6, Theorem 8.3.7] For z,w € S, x < w if and only if dy, .,(p,q) > 0 forall p,q € Z.

Given an affine permutation w € S,,, we can visualize w as {(i,w;) : i € Z} C Z2. We think of each
pair (¢,w;) as a point in the plane drawn in Cartesian coordinates. Let pt, (i) = (¢, w;). Furthermore,
when comparing two affine permutations x,w in Bruhat order using the rank difference function d .,
and Theorem it is useful to visualize the nonzero entries of the function d, ,, as a union of shaded
rectangles in the plane. Combining both visualizations we get an affine Bruhat picture.

For example, take w = [8,3,1,0,4,5] and v = wty1 4 = [0,3, 1, 8,4, 5], then d, ,, will be positive in
the translated shaded regions of the affine Bruhat picture for 2 < w in Figure[2] Here the points of w are
represented by dots, while the points of x are represented by x’s.

Fig. 2: w = [8,3,1,0,5,4] and # = wty 4 = [0,3,1,8,5,4].

Given integers p < g such that x, < x4, we will use the affine Bruhat pictures to determine if z <
xtp ¢ < w. Observe that d, ;; _ is positive on the periodic union of rectangles

p,q

Apgr(@) =[p+kn,g—14+kn] x [z, +1+kn,x,+ kn], forallk € Z.

It is possible that these rectangles overlap in affine Bruhat pictures as in Figure If a point (,7) is
contained in exactly m consecutive translates of A, 4 o(z), then dg zt, , = m. Thus, we get the following
criterion for determining if ¢, , € R(z, w).
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) x

Fig. 3: w = [6,—3,8,5,4,1] and = = [1,2,6,5,4, 3].

Lemma 4.5 Given affine permutations x < w and integers p < q such that x,, < x4, thent, ; € R(z, w),
provided d ., (%, §) > m for every (1, j) contained in m consecutive rectangles A, q ().

As an example of computing R(x, w) using shading, let w = [6,—3,8,5,4,1] and z = [1, 2,6, 5, 4, 3]
(see Figure3). Then

R(z,w) = {t12,t13, t1a, t15, t16, 23, toa, tas, tag, ta7, t3s, tar, tas, ts7, tss, Lo, tes }-

If w contains 3412 but avoids 4231, and w is not a twisted spiral, we identify a specific affine per-
mutation < w such that #R(z,w) > ¢(w) by using the Bruhat pictures. Then, we can appeal to
Theorem [2.2] The proof requires analyzing several cases which whittle down the possible Bruhat pic-
tures until only the twisted spirals remain. As mentioned about however, the twisted spirals are rationally
smooth. This completes the outline of the proof of the following theorem.

Theorem 4.6 Ifw € §n contains either a 3412 or a 4231 pattern, but is not a twisted spiral permutation,
then Py (q) is not palindromic.

5 Further directions

It was shown in [10] that there are only a finite number of 3412 avoiding affine permutations in §n Thus,
there exists a finite number of smooth Schubert varieties indexed by S,,. Using this fact, we have verified
the following conjecture up to n = 5. Significant progress on this conjecture has since been made by
Cheng, Crites, and Kuttler, the results of which are currently in preparation.
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Conjecture 1 Ler w € §n The Schubert variety X,, is smooth if and only if w avoids 3412 and 4231.

In fact, we can get a tighter bound on the length of any w avoiding 3412 and 4231. In the proof of
Theorem [I.1} we proved that any 3412 and 4231 avoiding affine permutation can be written in the form
w = w'o, with £(w) = ¢(w') + £(c). Both w’ and o are elements of a proper parabolic subgroup of .S,,,
and hence ((w’), {(¢) < (%). Thus, we have the following corollary.

Corollary 5.1 (To proof of Theorem[I.I) If w € S,, avoids 3412 and 4231, then £(w) < 2(%).

Since the number of affine permutations of length at most 2 (g) is finite, we would like to compute how

many affine permutations in S, avoid both 3412 and 4231. Conjecturally, this is equivalent to the number
of smooth affine Schubert varieties of type A,,. In general, not much is known about the number of affine
permutations that avoid a given set of patterns, except for a characterization of when this number is finite
[[1O]]. Starting with n = 2, the first few terms of this sequence are 5, 31, 173, 891, 4373, which now appear
in Sloane’s [31] as sequence A180635.

In [7], Bjorner and Ekedahl give general inequalities amongst the coefficients of the Poincaré poly-
nomial for elements of any crystallographic Coxeter group. As mentioned in Section [4.3] we showed
that when w contains 4231, the coefficient of ¢ in P, (g) is strictly less than the coefficient of gtw)—1,
Combining this fact with [[7, Theorem C], proves the following corollary.

Corollary 5.2 Let w € gn and assume w contains a 4231. Then if P, = 1 +a1q+ -+ aqq? is the
Kazhdan-Lusztig polynomial indexed by 1d, w, then aq > 0.
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