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Abstract. In this paper we study topological properties of the poset of injective words and the lattice of classical
non-crossing partitions. Specifically, it is shown that after the removal of the bottom and top elements (if existent)
these posets are doubly Cohen-Macaulay. This extends the well-known result that those posets are shellable. Both
results rely on a new poset fiber theorem, for doubly homotopy Cohen-Macaulay posets, which can be considered as
an extension of the classical poset fiber theorem for homotopy Cohen-Macaulay posets.

Résumé. Dans cet article, nous étudions certaines propriétés topologiques du poset des mots injectifs et du treillis des
partitions non-croisées classiques. Plus précisément, nous montrons qu’après suppression des plus petit et plus grand
élément (s’ils existent), ces posets sont doublement Cohen-Macaulay. C’est une extension du fait bien connu que ces
deux posets sont épluchables (“shellable”). Ces deux résultats reposent sur un nouveau théorème poset-fibre pour les
posets doublement homotopiquement Cohen-Macaulay, que l’on peut voir comme extension du théorème poset-fibre
classique pour les posets homotopiquement Cohen-Macaulay.

Keywords: injective words, non-crossing partitions, strongly constructible, doubly homotopy Cohen-Macaulay, poset
fiber theorem

1 Introduction and results
This paper focuses on the study of the topology of two different posets – the poset of injective words on
n letters (denoted by In) and the lattice of non-crossing partitions for the symmetric group (denoted by
NC(Sn)).

The results we obtain for those two posets rely on a new poset fiber theorem for doubly homotopy
Cohen-Macaulay posets and intervals. This theorem can be seen as an extension of the classical poset
fiber theorem for homotopy Cohen-Macaulay posets by Quillen [19].
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Theorem 1.1 Let P be a graded poset, I = (u, v) be an open interval in P and x ∈ I . Assume that
I − {x} is graded and that Q is a homotopy Cohen-Macaulay poset. Let further f : P → Q be a
surjective rank-preserving poset map which satisfies the following conditions:

(i) For every q ∈ Q the fiber f−1 (〈q〉) is homotopy Cohen-Macaulay.

(ii) There exists q0 ∈ Q such that

• f−1(q0) = {x} and f(I)− {q0} is homotopy Cohen-Macaulay, and

• for every q > q0 and p ∈ f−1(q) ∩ I the poset [u, p]− {x} is homotopy Cohen-Macaulay.

Then I − {x} is homotopy Cohen-Macaulay as well. If for all x ∈ I there exists a map satisfying the
above conditions and if rank (I − {x}) = rank(I), then I is doubly homotopy Cohen-Macaulay.

In the past, the poset of injective words as well as the one of classical non-crossing partitions have
attracted the attention of a lot of different researchers and are well-studied objects.

It was shown by Farmer [13] in 1978 that the regular CW-complex Kn, whose face poset is In, is
homotopy equivalent to a wedge of spheres of top dimension. Björner and Wachs [9] could strengthen
this result by demonstrating that this complex is even CL-shellable. More recently, Reiner and Webb [20]
computed the homology of Kn as an Sn-module and in [14] Hanlon and Hersh provided a refinement of
this result by giving a Hodge type decomposition for the homology of Kn. Further generalizations of the
complex of injective words Kn are considered in [16].

In this paper we are interested in the topological properties of the poset In − {∅, x}, where ∅ denotes
the empty word of In and x ∈ In can be any word different from ∅. Using Theorem 1.1 we show that this
poset, i.e., its order complex, is homotopy Cohen-Macaulay. In particular, this yields the following result.

Theorem 1.2 Let n ≥ 2 and let ∅ ∈ In denote the empty word. Then In − {∅} is doubly homotopy
Cohen-Macaulay.

Our second main object of study is the poset of classical non-crossing partitions NC(Sn). This poset
has been investigated by several people and it has been shown to be a graded, self-dual lattice [5].
Moreover, Björner and Edelman [6] established EL-shellability of NC(Sn). In personal communica-
tion, Athanasiadis proposed to study the problem of whether the proper part of NC(Sn), i.e., the poset
obtained from NC(Sn) after the removal of the maximum and the minimum element, is doubly homotopy
Cohen-Macaulay. Using Theorem 1.1 we can give an affirmative answer to this question.

Theorem 1.3 The proper part of the lattice of non-crossing partitions NC(Sn) is doubly homotopy
Cohen-Macaulay for n ≥ 3.

The paper is structured as follows. Section 2.1 reviews background on posets and simplicial complexes.
Undefined notions and concepts which were used in the introduction are defined and explained in this or
one of the following sections. In Sections 2.2 and 2.3 we recall the definitions and some properties of
the poset of injective words and the classical non-crossing partition lattice, respectively. In Section 3 we
provide the proof of the poset fiber theorem for doubly homotopy Cohen-Macaulay intervals (Theorem
1.1) and derive another poset fiber theorem for doubly homotopy Cohen-Macaulay posets as a corollary
(Corollary 3.3). Those two results are employed in Section 4 in order to show that In−{∅} and the proper
part of NC(Sn) are both doubly homotopy Cohen-Macaulay posets (Theorems 1.2 and 1.3).



Double Cohen-Macaulayness for injective words and the NC-lattice 577

2 Preliminaries

2.1 Partial orders and simplicial complexes

Let (P,≤) be a finite partially ordered set (poset for short) and x, y ∈ P . We say that y covers x if x < y
and there is no z ∈ P such that x < z < y. The poset P is called bounded if there exist elements 0̂
and 1̂ such that 0̂ ≤ x ≤ 1̂ for every x ∈ P . The proper part P̄ of a bounded poset P is the subposet
P̄ = P −{0̂, 1̂} obtained after the removal of 0̂ and 1̂. A subset C of a poset P is called a chain if any two
elements of C are comparable in P . Throughout this paper, we denote by {0̂, 1̂} the 2-element chain with
0̂ < 1̂. The length of a (finite) chain C is equal to |C| − 1. We say that P is graded if all maximal chains
of P have the same length and call this length the rank of P . Moreover, there exists a unique function
rank : P → N, called the rank function of P , such that rank(x) = 0 if x is a minimal element of P ,
and rank(y) = rank(x) + 1 if y covers x. We say that x has rank i if rank(x) = i. For S ⊆ P the
order ideal of P generated by S is the subposet 〈S〉P = {x ∈ P : x ≤ y for some y ∈ S}. We omit
the subscript P when it is clear from the context in which poset we are considering the order ideal. The
same convention is used for intervals. For x ∈ P we set P<x = {p ∈ P : p < x}. Given two posets
(P,≤P ) and (Q,≤Q), a map f : P → Q is called a poset map if it is order-preserving, i.e., x ≤P y
implies f(x) ≤Q f(y) for all x, y ∈ P . If, in addition, f is a bijection with order-preserving inverse, then
f is said to be a poset isomorphism. In this case, the posets P and Q are said to be isomorphic, and we
write P ∼= Q. Assuming that P andQ are graded, a map f : P → Q is called rank-preserving if for every
x ∈ P the rank of f(x) in Q is equal to the rank of x in P . The dual of a poset P is the poset P ∗ on the
same ground set as P with reversed ordering relations, i.e., x ≤P∗ y if and only if y ≤P x. A poset P is
called self-dual if and only if P ∼= P ∗ and it is locally self-dual if every closed interval of P is self-dual.
The direct product of two posets P and Q is the poset P × Q on the set {(x, y) : x ∈ P, y ∈ Q} for
which (x, y) ≤ (x′, y′) holds in P ×Q if x ≤P x′ and y ≤Q y′. The ordinal sum P ⊕Q of P andQ is the
poset defined on the disjoint union of P and Q with the order relation x ≤ y if (i) x, y ∈ P and x ≤P y,
or (ii) x, y ∈ Q and x ≤Q y, or (iii) x ∈ P and y ∈ Q. For more information on partially ordered sets we
refer the reader to [21, Chapter 3].

An abstract simplicial complex ∆ on a finite vertex set V is a collection of subsets of V such that
G ∈ ∆ and F ⊆ G imply F ∈ ∆. The elements of ∆ are called faces. Inclusionwise maximal and
1-element faces are called facets and vertices, respectively. The dimension of a face F ∈ ∆ is equal to
|F | − 1 and is denoted by dimF . The dimension of ∆ is the maximum dimension of a face of ∆ and is
denoted by dim ∆. If all facets of ∆ have the same dimension, then ∆ is called pure. The link of a face F
of ∆ is defined as link∆(F) = {G : F ∪G ∈ ∆,F ∩G = ∅}. All topological properties of an abstract
simplicial complex ∆, we mention, refer to those of its geometric realization ‖∆‖. The complex ∆ is
said to be homotopy Cohen-Macaulay if for all F ∈ ∆ the link of F is topologically (dim(link∆(F)) −
1)-connected. For a d-dimensional simplicial complex we have the following implications: shellable
⇒ constructible ⇒ homotopy Cohen-Macaulay ⇒ homotopy equivalent to a wedge of d-dimensional
spheres. For background concerning the topology of simplicial complexes we refer to [7] and [22].

To every poset P we associate its order complex ∆(P ). The i-dimensional faces of ∆(P ) are the chains
of P of length i. If P is graded of rank n, then ∆(P ) is pure of dimension n. All topological properties
of P refer to those of ‖∆(P )‖. We call a poset P homotopy Cohen-Macaulay or shellable if ∆(P ) has
this property.
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2.2 The poset of injective words
A word ω over a finite alphabet A is called injective if no letter appears more than once. We denote by In
the set of injective words on {1, . . . , n}. The order relation on In is given by the containment of subwords,
i.e., ω1 · · ·ωs ≤ σ1 · · ·σr if and only if there exist 1 ≤ i1 < i2 < · · · < is ≤ r such that ωj = σij for
1 ≤ j ≤ s. E.g., we have 124 < 12345 in I5 and 12 and 23 are incomparable in each In for n ≥ 3.
Figure 1 illustrates the Hasse diagrams of the posets I2 and I3. We note that every closed interval of In is
isomorphic to a Boolean algebra and as such shellable.

12 21

1 2

∅

123 132 213 231 312 321

13 3123 32

3

12 21

1 2

∅

Fig. 1: The posets I2 and I3.

2.3 Non-crossing partitions
Let W be a finite Coxeter group and let T be its set of reflections. E.g., if W equals the symmetric group
Sn on {1, . . . , n}, then the set T consists of all transpositions (ij) for 1 ≤ i < j ≤ n. The absolute
length `T (w) of an element w ∈ W is the minimal integer r such that w can be written as a product of
r reflections. The absolute length of an element of Sn equals n minus the number of cycles in its cycle
decomposition. The absolute order on W is the poset Abs(W ) defined by setting

π ≤T µ ⇐⇒ `T (µ) = `T (π) + `T (π−1µ)

for all µ, π ∈W . This poset is graded with rank function `T and minimum element e ∈W . It was shown
in [12, Section 2] that for all u, v ∈ Sn we have u ≤T v if and only if

• every cycle in the cycle decomposition of u can be obtained from some cycle in the cycle decom-
position of v by deleting elements, and

• any two cycles a and b of u which are obtained from the same cycle c of v are non-crossing with
respect to c.

Here, disjoint cycles a and b are called non-crossing with respect to c if there does not exist a cycle (ijkl)
which is obtained from c by deleting elements such that i, k are elements of a and j, l are elements of b.

Let c ∈W be a Coxeter element. The interval

NC(W, c) = [e, c] = {w ∈W : e ≤T w ≤T c}
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is called the poset of non-crossing partitions. It is well-known that for Coxeter elements c, c′ ∈W it holds
that NC(W, c) ∼= NC(W, c′). We therefore often suppress c from the notation and just write NC(W ).

The Coxeter elements of Sn are exactly the n-cycles. Figure 2 illustrates the Hasse diagrams of the
posets NC(S3) and NC(S4).

(123)

(12) (13) (23)

e

(1234)

(123) (124)(134)(234)(12)(34) (14)(23)

(12) (13)(23) (14)(24)(34)

e

Fig. 2: The posets NC(S3) and NC(S4).

It follows from [1, Lemma 2.5.4] that Abs(W ) is locally self-dual for every Coxeter group W . In
particular, this implies the following corollary.

Corollary 2.1 Let W be a finite Coxeter group with set of reflections T . Then, for all u ∈ NC(W ) the
principal lower order ideal 〈u〉 is self-dual. In particular, NC(W ) is self-dual.

For more information about Coxeter groups and non-crossing partitions we refer the reader to [1].

3 A poset fiber theorem for doubly homotopy Cohen-Macaulay
posets

This section focuses on the proof of Theorem 1.1. We first recall the classical poset fiber theorem for
homotopy Cohen-Macaulay posets by Quillen.

Theorem 3.1 [19, Corollary 9.7], [10, Theorem 5.1] Let P and Q be graded posets. Let further f : P →
Q be a surjective rank-preserving poset map. Assume that for every q ∈ Q the fiber f−1 (〈q〉) is homotopy
Cohen-Macaulay. If Q is homotopy Cohen-Macaulay, then so is P .

We will need the following result which follows from Remark 2.6 and Corollary 3.2 in [10].

Corollary 3.2 Let P and Q be graded posets of rank n. Let f : P → Q be a surjective rank-preserving
poset map such that for all q ∈ Q the order complex ∆(Q>q) is (n− rank(q)− 2)-connected and for all
non-minimal q ∈ Q the inclusion map

∆
(
f−1(Q<q)

)
↪→ ∆

(
f−1 (〈q〉)

)
is homotopic to a constant map which sends ∆

(
f−1(Q<q)

)
to cq for some cq ∈ ∆

(
f−1 (〈q〉)

)
. Then

∆(P ) is (n− 1)-connected if and only if Q is (n− 1)-connected.
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Proof of Theorem 1.1: It directly follows from Theorem 3.1 that the poset P is homotopy Cohen-
Macaulay and hence so is the interval I = (u, v). Let Ĩ denote the poset I − {x} and let k be its
rank. We need to verify that all links of faces F ∈ ∆(Ĩ) are (dim(link∆(̃I)(F)) − 1)-connected. The
arguments we use are similar to those employed in the proof of [10, Theorem 5.1 (i)].

We first show that ∆(Ĩ) = link∆(̃I)(∅) is (k − 1)-connected. For this aim, we use Corollary 3.2.

Let f̃ : Ĩ → f(I) − {q0} denote the restriction of f to Ĩ . This map is well-defined, since f−1(q0) =

{x}, and it is a surjective poset map, because f is. Since f is rank-preserving and since Ĩ is graded
by hypothesis, we deduce that f̃ is rank-preserving. We set J̃ = f(I) − {q0} and by assumption we
know that J̃ is homotopy Cohen-Macaulay. In the following, consider q ∈ J̃ . Since ∆(J̃>q) is the
link of a face of ∆(J̃), we infer from the above that ∆(J̃>q) is (rank(J̃>q) − 1) = (rank(f(v)) −
rank(q) − 3)-connected. This shows one of the conditions of Corollary 3.2 we need to verify. By
assumption on f , the fiber f−1 (〈q〉) is homotopy Cohen-Macaulay and therefore it is (rank(q) − 1)-
connected. As in the proof of Theorem 1.1 in [10], it follows that there exists a homotopy from the
inclusion map ∆(f−1(Q<q)) ↪→ ∆(f−1 (〈q〉)) to the constant map which sends ∆(f−1(Q<q)) to cq ∈
∆(f−1 (〈q〉)). We can choose cq ∈ ∆(f̃−1 (〈q〉)) ⊆ Ĩ . Then the above homotopy restricts to a homo-
topy from ∆(f̃−1(J̃<q)) ↪→ ∆(f̃−1 (〈q〉)) to the constant map which sends ∆(f̃−1(J̃<q)) to cq . Thus,
∆(f̃−1(J̃<q)) ↪→ ∆(f̃−1 (〈q〉)) is homotopic to a constant map. Finally, we can apply the Corollary
aforementioned. Since, by homotopy Cohen-Macaulayness, J̃ is (k − 1)-connected, it follows that Ĩ is
(k − 1)-connected as well.

It remains to show that all links of proper faces F 6= ∅ of ∆(Ĩ) are (dim(link∆(̃I)(F))− 1)-connected.
Since the join of an s-connected and an r-connected complex is (r+s−2)-connected, it suffices to check
open intervals and principal upper and lower order ideals (see e.g., [11]).

Let (a, b) be an open interval in Ĩ . Note that (a, b)P = (a, b)I . If x /∈ (a, b)P , then (a, b)I and
(a, b)Ĩ coincide. Since I is homotopy Cohen-Macaulay, it follows that (a, b)Ĩ is (rank(b)− rank(a)−3)-
connected. Now let a < x < b and let c = f(b), i.e., b ∈ f−1(c). From b 6= v, we infer that b ∈ I
and thus b ∈ f−1(c) ∩ I . Moreover, we have c > q0 and by condition (ii) of the theorem, it follows
that [u, b]P − {x} is homotopy Cohen-Macaulay. Since (a, b)Ĩ = (a, b)P − {x} is the link of a face of
[u, b]P −{x}, we conclude that (a, b)Ĩ is (rank(b)− rank(a)−3)-connected. The same reasoning shows
that open principal lower order ideals Ĩ<p of Ĩ are (rank(p)− rank(u)− 3)-connected.

Next, we show that for all p ∈ Ĩ the open principal upper order ideal Ĩ>p = (p, v)P−{x} is (rank(v)−
rank(p) − 3)-connected. If p ≮ x, then (p, v)P − {x} = (p, v)P , and the claim follows, because P is
homotopy Cohen-Macaulay. Let now p < x. We consider the restriction of f to P≥p. To avoid confusion,
let f̄ : P≥p → Q≥f(p) denote this restriction. We show that the map f̄ is a surjective rank-preserving poset
map, satisfying all assumptions of the theorem for the interval (p, v) and the element x ∈ (p, v). Since,
due to u < p, we have rank([p, v]P − {x}) < rank([u, v]P − {x}), we can then deduce by induction on
the rank of the considered interval that (p, v)P −{x} = Ĩ>p is homotopy Cohen-Macaulay. In particular,
we obtain that Ĩ>p is (rank(v) − rank(p) − 3)-connected. For the verification of the assumptions, first
note that Q≥f(p) is homotopy Cohen-Macaulay because Q is. Clearly, x ∈ (p, v)P ( P≥p. Since Ĩ is
graded by assumption, the same is true for (p, v)P −{x}. Furthermore, f is a rank-preserving poset map,
thus so is f̄ . To see that f̄ is surjective, let q ∈ Q≥f(p). Since f is rank-preserving and surjective and
f−1 (〈q〉) is graded, all maximal elements of f−1 (〈q〉) are mapped to q and one of these has to be greater
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than p. Hence, f̄ is surjective. For condition (i), note that for q ∈ Q≥f(p) the fiber f̄−1 (〈q〉) equals
f−1 (〈q〉) ∩ P≥p. Thus, it is a closed principal upper order ideal of the homotopy Cohen-Macaulay poset
f−1 (〈q〉) and as such homotopy Cohen-Macaulay.

It remains to verify condition (ii). Since x > p, we have f(x) = q0 ∈ Q≥f(p) and we obtain that
f̄−1(q0) = {x}. In addition, it holds that f̄((p, v)P ) − {q0} = (f(I)− {q0}) ∩ (f(p), f(v))Q. Thus,
f̄((p, v)P )− {q0} is an open principal upper order ideal of the homotopy Cohen-Macaulay poset f(I)−
{q0} and as such homotopy Cohen-Macaulay.

Now let q > q0 and let p̄ ∈ f̄−1(q)∩(p, v)P . The poset [p, p̄]P−{x} is a closed interval of [u, p̄]P−{x}.
Since by hypothesis the latter one is homotopy Cohen-Macaulay, so is [p, p̄]P −{x}. Finally, it follows by
induction that Ĩ>p = (p, v)P −{x} is homotopy Cohen-Macaulay. This finishes the first part of the proof.
The statement concerning double homotopy Cohen-Macaulayness follows directly from the definition of
this property and the first part of the theorem. 2

As a corollary of Theorem 1.1 one obtains the following poset fiber theorem for doubly homotopy
Cohen-Macaulay posets, see [18] for the exact proof.

Corollary 3.3 Let P be a graded poset without a minimum and a maximum element and let x ∈ P .
Assume that P −{x} is graded and that Q is a homotopy Cohen-Macaulay poset. Let further f : P → Q
be a surjective rank-preserving poset map which satisfies the following conditions:

(i) For every q ∈ Q the fiber f−1 (〈q〉) is homotopy Cohen-Macaulay.

(ii) There exists q0 ∈ Q such that

• f−1(q0) = {x} and Q− {q0} is homotopy Cohen-Macaulay, and

• for every q > q0 and p ∈ f−1(q) the poset 〈p〉 − {x} is homotopy Cohen-Macaulay.

Then P − {x} is homotopy Cohen-Macaulay as well. If for all x ∈ P there exists a map satisfying the
above conditions and if rank(P − {x}) = rank(P ), then P is doubly homotopy Cohen-Macaulay.

It is rather straightforward to give a generalization of Corollary 3.3 to k-Cohen-Macaulay posets where
k ≥ 2 (see [18, Proposition 3.4] for the exact result).

4 Applications of Corollary 3.3 and Theorem 1.1
This section provides applications of Corollary 3.3 and Theorem 1.1 to In and NC(Sn), respectively. We
recall the notion of doubly homotopy Cohen-Macaulay posets.

Definition 4.1 Let P be a homotopy Cohen-Macaulay poset. Then, P is called doubly homotopy Cohen-
Macaulay if for every x ∈ P the poset P − {x} is homotopy Cohen-Macaulay of the same rank as P .

For the proofs of Theorems 1.2 and 1.3 we will need the following technical result.

Theorem 4.2 Let P be a poset of rank n with a minimum element 0̂P . Let P̃ = P̄ if P is bounded, and
let P̃ = P − {0̂P } if P does not have a maximum. Assume that P̃ is doubly homotopy Cohen-Macaulay.
Then, for every x ∈ P̃ the poset (P × {0̂, 1̂})− {(x, 0̂)} is homotopy Cohen-Macaulay of rank n+ 1.
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Sketch of the proof: Let x ∈ P̃ . We write (P × {0̂, 1̂})− {(x, 0̂)} in the following way:

(P × {0̂, 1̂})− {(x, 0̂)} =
(
(P − {x})× {0̂, 1̂}

)
∪
(
(P<x × {0̂, 1̂})⊕ {(x, 1̂)} ⊕ (P>x × {1̂})

)
. (1)

The first part of the right-hand side of the above equation accounts for all chains in (P×{0̂, 1̂})−{(x, 0̂)}
not containing (x, 1̂). All chains in (P × {0̂, 1̂}) − {(x, 0̂)} passing through (x, 1̂), are captured by the
second part of the right-hand side of Equation (1). Since homotopy Cohen-Macaulayness is preserved
under taking direct products [11, Corollary 3.8] and ordinal sums [11, Corollary 3.4], it can be proved that
the posets (P−{x})×{0̂, 1̂} and (P<x×{0̂, 1̂})⊕{(x, 1̂)}⊕(P>x×{1̂}) are homotopy Cohen-Macaulay
of rank n+ 1. We now consider the intersection of those two posets. We have(
(P − {x})× {0̂, 1̂}

)
∩
(
(P<x × {0̂, 1̂})⊕ {(x, 1̂)} ⊕ (P>x × {1̂})

)
= (P<x×{0̂, 1̂})⊕ (P>x×{1̂}).

We obtain (P<x × {0̂, 1̂}) ⊕ (P>x × {1̂}) from (P<x × {0̂, 1̂}) ⊕ {(x, 1̂)} ⊕ (P>x × {1̂}) by deleting
the element (x, 1̂). From the fact that rank-selection preserves homotopy Cohen-Macaulayness (see e.g.,
[6]) it follows that (P<x×{0̂, 1̂})⊕ (P>x×{1̂}) is homotopy Cohen-Macaulay of rank n. If one applies
Lemma 4.9 from [24] to the order complex of (P × {0̂, 1̂})− {(x, 0̂)} as well as to its links, one obtains
that (P × {0̂, 1̂})− {(x, 0̂)} is homotopy Cohen-Macaulay of rank n+ 1. 2

4.1 Proof of Theorem 1.2
Doubly shellable posets are defined in a similar way as doubly homotopy Cohen-Macaulay posets and it
was shown by Baclawski [4, Corollary 4.3] that geometric lattices have this property. Combining this with
the facts that the Boolean algebra is such a lattice and that homotopy Cohen-Macaulayness is implied by
shellability, immediately yields the following.

Corollary 4.3 The proper part of the Boolean algebra Bn is doubly homotopy Cohen-Macaulay.

In various places of the proof of Theorem 1.2 we will employ the notion of strongly constructible
posets. We therefore recall the definition of this notion which was introduced and studied in [3].

Definition 4.4 A graded poset P of rank n with a minimum element is strongly constructible if either

(i) P is bounded and pure shellable, or

(ii) P can be written as a union of two strongly constructible proper ideals J1, J2 of rank n such that
the intersection J1 ∩ J2 is a strongly constructible poset of rank at least n− 1.

Lemma 4.5 [3, Corollary 3.3, Proposition 3.6] Let P be a strongly constructible poset. Then, P is homo-
topy Cohen-Macaulay.

So as to show that the poset of injective words is doubly homotopy Cohen-Macaulay we will need the
following simple lemma.

Lemma 4.6 Let P be a strongly constructible poset of rank n and let x ∈ P be a maximal element such
that P − {x} is graded of rank n. Then, the poset P − {x} is strongly constructible of rank n.
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Proof: Let x be a maximal element of P such that P−{x} is graded of rank n. Then, x cannot be the only
maximal element of P . Since P is strongly constructible and – by the last argument – not bounded, there
are proper ideals of P , say J1 and J2, which are strongly constructible of rank n and their intersection
J1∩J2 is a strongly constructible ideal of rank at least n−1. Let x ∈ J1 and x 6∈ J2; the case x ∈ J2 can
be treated similarly. Using induction, we may assume that J1 = 〈x〉. Since P − {x} is graded of rank n,
it follows that every element which is covered by x is also covered by at least one maximal element of J2.
Thus, J1 − {x} ⊆ J2 and therefore P − {x} = (J1 − {x}) ∪ J2 = J2, which by assumption is strongly
constructible of rank n. 2

Proof of Theorem 1.2:. Throughout this proof, we use Ĩn to denote In − {∅}. In order to show that Ĩn
is doubly homotopy Cohen-Macaulay we proceed by induction on n. If n = 2, then Ĩ2 has two maximal
elements (the words 12 and 21) and two elements (1 and 2) of rank 1. No matter which one of the elements
12, 21, 1 or 2 is removed from Ĩ2 the poset obtained is homotopy Cohen-Macaulay of rank 1. Thus, Ĩ2 is
doubly homotopy Cohen-Macaulay. Now, assume that n ≥ 3. Let x ∈ Ĩn be a maximal element. Since
In is shellable, it is in particular strongly constructible. Lemma 4.6 implies that In − {x} is strongly
constructible and using Lemma 4.5 we deduce that Ĩn − {x} is homotopy Cohen-Macaulay.

Consider x ∈ Ĩn that is not a maximal element. For every w ∈ Ĩn let π(w) denote the word obtained
from w by deleting n. Note that π(Ĩn) = In−1, since π(n) = ∅. We define the map f : Ĩn → In−1 ×
{0̂, 1̂} − {(∅, 0̂)} by letting

f(w) =

{
(π(w), 0̂), if n 6≤ w,
(π(w), 1̂), if n ≤ w

for w ∈ Ĩn. Our aim is to apply Corollary 3.3 to this map. By definition, f is a rank-preserving map.
We show that f is also a poset map and surjective. Let u, v ∈ Ĩn with u ≤ v. Suppose first that n 6≤ v.
Then we also have n 6≤ u, thus f(u) = (π(u), 0̂) = (u, 0̂) and f(v) = (π(v), 0̂) = (v, 0̂). It follows that
f(u) ≤ f(v). Suppose now that n ≤ v. Then, f(v) = (π(v), 1̂) and f(u) is either equal to (π(u), 0̂)
or to (π(u), 1̂). Since π(u) ≤ π(v) and 0̂ < 1̂, in both cases it holds that f(u) ≤ f(v). Altogether, this
proves that f is a poset map. Let w ∈ Ĩn−1. Then f−1

(
(w, 0̂)

)
= {w} and every word obtained from w

by inserting the letter n into some position of w lies in f−1
(
(w, 1̂)

)
. Since f−1

(
(∅, 1̂)

)
= n, we obtain

that f is surjective.
Next, we show that for q ∈ In−1×{0̂, 1̂}−{(∅, 0̂)} the fiber f−1 (〈q〉) is homotopy Cohen-Macaulay.

By a straightforward but rather tedious computation one can verify that for those q it holds that f−1 (〈q〉) =
〈f−1(q)〉Ĩn . So as to show that f−1 (〈q〉) is homotopy Cohen-Macaulay, it thus suffices to show that
〈f−1(q)〉In−1

= 〈f−1(q)〉In−{∅} has this property. If q = (w, 0̂) for somew ∈ Ĩn−1, then 〈f−1(q)〉Ĩn =

〈w〉In −{∅}. Since every interval in In is shellable (see Section 2.2), we infer that f−1 (〈q〉) is homotopy
Cohen-Macaulay in this case. Now suppose that q = (w, 1̂) for q ∈ In−1. Without loss of generality, we
may assume that w = 123 · · · k, for some k ≤ n− 1. Then, 〈f−1(q)〉 =

⋃k
i=0〈12 · · · i n i+ 1 · · · k〉Ĩn =⋃k

i=0〈12 · · · i n i+1 · · · k〉In−{∅}. For every i ∈ {0, 1, . . . , k}, the ideal Si = 〈12 · · · i n i+1 · · · k〉In is
shellable and therefore strongly constructible and we have rank(Si) = k+ 1. We show by induction on j
that the union

⋃j
i=0 Si is strongly constructible as well. For this, it suffices to show that Sj ∩

(⋃j−1
i=0 Si

)
is strongly constructible of rank k. We have

Sj ∩
(

j−1⋃
i=0

Si

)
= 〈12 · · · k, 12 · · · j − 1n j + 1 · · · k〉In = 〈12 · · · k〉In ∪ 〈12 · · · j − 1n j + 1 · · · k〉In .
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Both ideals, 〈12 · · · k〉In and 〈12 · · · j − 1n j + 1 · · · k〉In , are strongly constructible of rank k and their
intersection is equal to 〈12 · · · j−1 j+1 · · · k〉In , which is a strongly constructible ideal of rank k−1. This
completes the induction and in particular implies that

⋃k
i=0 Si is strongly constructible and by Lemma

4.5 homotopy Cohen-Macaulay. Since ∅ is the minimum of 〈f−1 (q)〉In =
⋃k

i=0 Si, we deduce that
f−1 (〈q〉) is homotopy Cohen-Macaulay.

Let x ∈ Ĩn. It is easy to see that Ĩn − {x} is graded of rank n − 1. It remains to verify condition
(ii) of Corollary 1.1. Without loss of generality, we may assume that x = 12 · · · k for some 1 ≤ k ≤
n − 1. Let q0 = (x, 0̂). Clearly, f(x) = q0 and f−1(q0) = {x} by definition of f . By induction we
may assume that Ĩn−1 is doubly homotopy Cohen-Macaulay and it now follows from Theorem 4.2 that(
In−1 × {0̂, 1̂}

)
− {q0} is homotopy Cohen-Macaulay. Since (∅, 0̂) is the minimum of this poset, we

conclude that
(
In−1 × {0̂, 1̂}

)
− {(∅, 0̂), q0} is homotopy Cohen-Macaulay. Let q ∈ In−1 × {0̂, 1̂} −

{(∅, 0̂)} such that q > q0 and let p ∈ f−1(q). We need to show that the ideal 〈p〉Ĩn − {x} is homotopy
Cohen-Macaulay. We know from Section 2.2 that 〈p〉In is isomorphic to a Boolean algebra. Since x < p
(i.e., x is not the maximal element of 〈p〉In ), we deduce from Corollary 4.3 that 〈p〉In −{x} is homotopy
Cohen-Macaulay. Hence, so is 〈p〉Ĩn−{x}. We can finally apply Corollary 3.3 which yields that Ĩn−{x}
is homotopy Cohen-Macaulay. 2

4.2 Proof of Theorem 1.3
It was shown by Athanasiadis, Brady and Watt [2, Theorem 1.1] that for each finite Coxeter group the
lattice of non-crossing partitions is shellable and in particular homotopy Cohen-Macaulay. In this section
we show that the proper part of the lattice of classical non-crossing partitions is indeed doubly homotopy
Cohen-Macaulay.

Proof of Theorem 1.3: Let u ∈ NC(Sn) for some n be a permutation of rank s. We show by induction on
s that open intervals (e, u) of any non-crossing partition lattice are doubly homotopy Cohen-Macaulay.
Without loss of generality, we can assume that u does not have a fixed point. For s = 2 the result
is easy to check. It follows from [2, Theorem 1.1] and [1, Proposition 2.6.11] that (e, u) is shellable,
hence homotopy Cohen-Macaulay. We need to show that for every x ∈ (e, u) the poset (e, u) − {x} is
homotopy Cohen-Macaulay of rank s− 2. Since, by Lemma 2.1, 〈u〉 is self-dual, it is enough to consider
those x of rank at most b s2c. Note that such an x has to have a fixed point. Without loss of generality,
we can assume that x(n) = n. We consider the following map from [17]. For every w ∈ Abs(Sn)
let π(w) be the permutation obtained from w by deleting n from its cycle decomposition. We define
g : Abs(Sn)→ Abs(Sn−1)× {0̂, 1̂} by letting

g(w) =

{
(π(w), 0̂), if w(n) = n,

(π(w), 1̂), if w(n) 6= n

for w ∈ Abs(Sn). Our goal is to apply Theorem 1.1 to the map g and the interval (e, u). In [17] it is
shown that g is a surjective rank-preserving poset map whose fibers are homotopy Cohen-Macaulay. We
note first that (e, u) − {x} is graded. We consider the element q0 = (x, 0̂) ∈ g((e, u)). By definition,
g−1(q0) = {x}. Moreover, by u(n) 6= n, we know that the permutation π(u) is of rank s − 1 and by
induction, the interval (e, π(u)) is doubly homotopy Cohen-Macaulay. It follows from Theorem 4.2 that
the poset [e, π(u)) × {0̂, 1̂} − {q0} is homotopy Cohen-Macaulay. Since (e, 0̂) is the minimum of this
poset, we conclude that g((e, u))−{q0} = [e, π(u))×{0̂, 1̂}−{(e, 0̂), q0} is homotopy Cohen-Macaulay.
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It remains to verify the second part of condition (ii) of Theorem 1.1. Let q ∈ g((e, u)) such that q > q0

and let p ∈ g−1(q) ∩ (e, u). We need to show that [e, p] − {x} is homotopy Cohen-Macaulay. Since
the rank of p is at most s − 1, the induction hypothesis implies that (e, p) is doubly homotopy Cohen-
Macaulay. In particular, [e, p] − {x} is homotopy Cohen-Macaulay. Finally, we can apply Theorem 1.1,
which yields that (e, u) − {x} is homotopy Cohen-Macaulay. From rank((e, u) − {x}) = rank((e, u))
we deduce that (e, u) is doubly homotopy Cohen-Macaulay. This finishes the proof since the proper part
of any NC(Sn) is isomorphic to an interval in NC(Sn+1) of the form (e, u). 2

We want to remark that double homotopy Cohen-Macaulayness of the non-crossing partition lattice
NC(Sn) can also be concluded by combining Theorem 6.3 and Theorem 3.1 in [15] and [23], respectively.
It seems natural to ask whether also the proper parts of non-crossing partition lattices of other type are
doubly homotopy Cohen-Macaulay. This turns out to be true for type B (see [18] for the proof of this
result). (Note that in this case double homotopy Cohen-Macaulayness does not follow from [15] and
[23].) After the reduction to the removal of elements having a fixed point, the proof for type B is literally
the same as for type A. However, the question remains open for non-crossing partition lattices of other
types.
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