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Axisymmetri eddy urrent inspetion of highlyonduting thin layers via asymptoti modelsHoussem Haddar∗, Zixian Jiang†AbstratThin opper deposits overing the steam generator tubes an blind eddy urrent probes in non-destrutive testings of problemati faults and are therefore important to be identi�ed. Existing methodsbased on shape reonstrution using eddy urrent signals enounter di�ulties of high numerial ostsdue to the layer's small thikness and high ondutivity. In this artile, we approximate the axisymmetrieddy urrent problem with some appropriate asymptoti models using e�etive transmission onditionsrepresenting the thin deposits. In these models, the geometrial information related to the deposit istransformed into parameter oe�ients on a �titious interfae. Standard iterative inversion algorithm isthen applied to the asymptoti models to reonstrut the thikness of the thin opper layers. Numerialtests both validating the asymptoti model and showing bene�t of the inversion proedure are provided.Keywords: axisymmetri eddy urrent inspetion, asymptoti model, thikness reonstrution of thinlayers.1 IntrodutionThin layers of opper deposits are observed in non-destrutive eddy urrent testing of steam generator tubesfor the safety and failure-free operating of nulear power plants. Covering the shell side of the tube, thesedeposits lead to a signi�ant signal feedbak in the eddy urrent inspetion due to the high ondutivity,despite their extremely small thikness (see Table 1 for a omparison with the tube). These deposits donot diretly e�et the produtivity of steam nor the safety of struture. However their presene may maskother kinds of problemati faults suh as logging magnetite deposits, raks in tubes, et. This is why it isimportant to identify them. tube wall opper layerondutivity (in S ·m−1) σt = 0.97× 106 σc = 58.0× 106thikness (in mm) rt2 − rt1 = 1.27 0 ≤ fδ(z) ≤ 0.1Table 1: Condutivity and sale di�erenes between tube wall and opper layer.In previous studies, we modeled the axisymmetri eddy urrent problem with an e�ient �nite elementapproximation whih involves arti�ial boundary onditions to ut o� the omputational domain and thusredue the numerial ost (see [10℄). Based on this model is developed an inversion algorithm using shapeoptimization methods to reonstrut the shape of some logging magnetite deposits [12℄. These methodsan be naturally applied to thikness reonstrution of thin opper deposits. However, a major numerialhallenge to deal with this ase is the high numerial ost resulting from the fat that the omputationaldomain should be disretized into a �ne mesh with the same sale to the layer thikness of the opper deposits.Besides adaptive mesh re�ning method (see for example [7℄), another widely pratied strategy to redueomputational ost onsists in modeling the thin deposit with e�etive transmission onditions (see forexample [19℄, [21℄). [20℄ in partiular supplies analysis and omparison of di�erent impedane transmissiononditions for thin sheets in two dimensional eddy urrent model. These transmission onditions are obtainedby mathing the asymptoti expansions of the solution with respet to a small parameter haraterizing the
∗houssem.haddar�inria.fr, DÉFI team, INRIA Salay, Palaiseau, Frane.
†zixian.jiang�polytehnique.edu, DÉFI team, INRIA Salay, Palaiseau, Frane.1



thikness of the thin deposit, hene the use of the term asymptoti model. From the inverse problemperspetive, an additional major advantage of asymptoti model is to avoid re-meshing at eah iteration. Arih literature on asymptoti models has been developed for di�erent approahes and various appliations(see for example [3℄, [2℄, [6℄, [5℄, [4℄, [18℄, [13℄, [14℄, [22℄ and the referenes therein).In the researh note [9℄ the authors built and ompared several asymptoti models using a family ofe�etive transmission onditions {Zm,n}m,n∈{0,1,2} for the axisymmetri eddy urrent inspetion of thinopper deposits. Roughly speaking, if the thikness of a thin deposit at vertial position z of the tubewrites fδ(z) = δd(z), then the index m of the transmission ondition Zm,n denotes a re-saling parameterof the opper ondutivity with regard to δ: σc = σm/(δm), while the index n stands for the order ofasymptoti expansion of the solution with respet to δ. Numerial tests therein on a redued 1D ase withonstant deposit thikness show that the asymptoti models with Z1,n (n = 0, 1) onditions give satisfyingapproximation of the full model and lead to easy onstrution of inversion methods.In this artile we �rst introdue the axisymmetri model for eddy urrent testing and some useful teh-niques to develop the asymptoti models (Setion 2). Using the same method presented in [9℄, we then buildthe variational asymptoti models with Z1,n (n = 0, 1) transmission onditions for general ases with vari-able deposit thikness (Setion 3). By introduing adjoint states assoiated to derivatives of the impedanemeasurements, we formulate the inverse problem for thikness reonstrution as the minimization of a leastsquare ost funtional of layer thikness by gradient desent (Setions 4). Finally, numerial examples ofmodel validation, measurement approximation and thikness reonstrution are given in Setion (5). For theuse of asymptoti models in inverse problems we may ite [8℄, [15℄ and [16℄ for various appliations.2 Asymptoti approximation of axisymmetri eddy urrent modelThis setion is devoted to a formal derivation of asymptoti models for eddy urrent problems with thepresene of highly onduting thin deposits. The objetive is to get the e�etive transmission onditions onthe interfae between the thin layer and the tube with whih the variational asymptoti model has no longerthe volume integral on the thin layer domain.First let us brie�y introdue the axisymmetri eddy urrent problem. For more details readers mayrefer to [10℄. In the ylindrial oordinates, a vetor �eld a an be deomposed into the meridian part
am = arer + azez and the azimuthal part aθ = aθeθ. a is axisymmetri if ∂θa vanishes. Under theassumption of axisymmetry and the low eletri permittivity / low frequeny regime (ωǫ ≪ σ), the 3-Dtime-harmoni Maxwell's equations for the eletri and magneti �elds (E,H)

{
curlH + (iωǫ− σ)E = J in R

3,

curlE − iωµH = 0 in R
3,with a divergene-free axisymmetri applied soure J (divJ = 0) an be redued to a seond order equationon a 2-D domain R

2
+ := {(r, z) : r ≥ 0, z ∈ R} for the azimuthal part of the eletri �eld Eθ that we denotein the sequel by u = Eθ:

−div

(
1

µr
∇(ru)

)
− iωσu = iωJθ = iωJ in R

2
+, (1)where ∇ := (∂r , ∂z)

t and div := ∇· are gradient and divergene operators in 2-D Cartesian oordinates.Assume that J ∈ L2(R2
+) has ompat support, and that µ and σ are in L∞(R2

+) suh that µ ≥ µv > 0,
σ ≥ 0 and that µ = µv, σ = 0 for r ≥ r0 su�iently large. Then problem (1) with a deay ondition atin�nity (u → 0 as r2 + z2 → 0) has a unique solution in H(R2

+) where for any Ω ⊂ R
2
+ we denote

H(Ω) :=
{
v : r

1/2(1 + r2)−
λ/2v ∈ L2(Ω), r−

1/2∇(rv) ∈ L2(Ω)
}with λ any real > 1 (see [10℄). Let us indiate that if Ω is bounded in the r-diretion then H(Ω) is equivalentto the following spae for whih we shall use the same notation

H(Ω) :=
{
v : r

1/2v ∈ L2(Ω), r−
1/2∇(rv) ∈ L2(Ω)

}
.2



Hene, the eddy urrent equation (1) writes in the variational form
a(u, v) :=

∫

Ω

(
1

µr
∇(ru) · ∇(rv̄)− iωσrwv̄

)
dr dz =

∫

Ω

iωJv̄r dr dz ∀v ∈ H(Ω). (2)For numerial reasons, the omputational domain will be trunated in radial diretion at r = r∗ with
r∗ > 0 su�iently large, and we set a Neumann boundary ondition on r = r∗. The solution to the trunatedproblem should satisfy (1) on Ω = Br∗ := {(r, z) ∈ R

2 : 0 ≤ r ≤ r∗}. This is why we shall use in the sequel thegeneri notation for the variational spae H(Ω) with Ω denoting R
2
+ or Br∗ . We also reall that the problemon Ω = Br∗ an be equivalently trunated to a bounded domain Br∗,z∗ = {(r, z) ∈ R

2 : 0 ≤ r ≤ r∗, |z| < z∗}by introduing appropriate Dirihlet-to-Neumann operators on the boundaries Γ± := {(r, z) : 0 ≤ r ≤ r∗, z =
±z∗}. This would be onvenient for aelerating numerial evaluation of the solution. The analysis andexamples of domain trunation using Neumann and Dirihlet-to-Neumann boundary onditions an be foundin [10℄. We remark that the derivation of the asymptoti models and the inversion methods in the sequel areindependent of the domain trunation strategy. This is why we use the variational formulation (2) as ourstarting point and then we apply domain trunation in the numerial examples.Finally let us speify the problem settings of eddy urrent testing for thin layer deposit. We onsider athin opper deposit overing axisymmetrially the shell side of the tube (see Figure 1 for a radial ut of thesetting in the ylindrial oordinate system, the z-axis is the tube axis, the thin deposit shown in blue isexaggerated in thikness). The eddy urrent probe is omposed of two oaxial oils, whose radial uts arerepresented by two small retangles in Figure 1, that move in the z-diretion during a san.On the domain of problem Ω, we denote Ω± := {(r, z) ∈ Ω : r ≷ rt2}. The applied urrent J is supportedby the oils, therefore suppJ ⊂ Ω−. The deposit layer is depited by Ωδ

c ⊂ Ω+ with a variable thikness fδ(z)(exaggerated in thikness, shown in blue). We denote by uδ
± the eletri �elds outside the deposit layer, with

uδ
− on Ω− and uδ

+ on Ω+ \ Ωδ
c, and by uδ

c the in-layer eletri �eld, i.e. on Ωδ
c.

Tube Deposit

z

r

Coils

uδ− uδ+uδc

fδ(z)

rt1
rt2

Γt2 ΓcΓt1

Ωδc

Ω+Ω−

Figure 1: Representation of the eddy urrent testing of a thin layer deposit.2.1 Resaled in-layer eddy urrent equationThe �rst step is to rewrite the in-layer eddy urrent equation by resaling the oordinate in the transversediretion and the ondutivity with respet to the layer thikness. The analytial solution of this resaledequation allows to get a relation between the boundary values of Dirihlet and Neumann type on the twolongitudinal boundaries of the thin layer.We assume that the thikness fδ(z) writes fδ(z) = δd(z), with δ > 0 a small parameter and d(z) > 0 adimensionless quantity. As we are onerned only with the Z1,n (n = 0, 1) transmission onditions (see [9℄),we resale the deposit ondutivity by σc = σ1/δ, where the resaled ondutivity σ1 is onsiderably smallerthan σc. We resale also the oordinate in the transverse diretion of the deposits by the hange of variable
ρ = (r − rt2)/δ with ρ ∈ [0, d(z)], and we denote by ũ(ρ, z) := uδ

c(rt2 + δρ, z) the resaled in-layer solution.Let k1 be suh that (k1)2 = iωµcσ1. From (1) and the resaling settings, we obtain
∂2
ρ ũ = −δB1

1ũ− δ2B2
1ũ− δ3B3

1ũ− δ4B4
1ũ, (3)3



with the operators
B1
1 =

2ρ

rt2
∂2
ρ +

1

rt2
∂ρ + k21 , B2

1 =
ρ2

r2t2
∂2
ρ +

ρ

r2t2
∂ρ −

1

r2t2
+ ∂2

z +
2ρ

rt2
k21 ,

B3
1 =

2ρ

rt2
∂2
z +

ρ2

r2t2
k21 , B4

1 =
ρ2

r2t2
∂2
z .2.2 Transmission onditions between in-layer �eld and �elds outside the layerThe transmission onditions between the �eld inside the tube uδ

− and the in-layer �eld uδ
c are

uδ
− = uδ

c and µ−1
t ∂r(ru

δ
−) = µ−1

c ∂r(ru
δ
c) on Γt2 . (4)The transmission onditions between uδ

c and the �eld outside the deposit layer uδ
+ write

uδ
+ = uδ

c and µ−1
v ∂n(ru

δ
+) = µ−1

c ∂n(ru
δ
c) on Γc. (5)With the unit normal and tangential vetors on Γc at the point (rt2 + δd(z), z)

n =
(1,−δd′(z))√
1 + (δd′(z))2

and τ =
(δd′(z), 1)√
1 + (δd′(z))2

,we rewrite (5) using vetor deomposition on these diretions (n, τ )
uδ
c = uδ

+ and ∂r(ru
δ) =

µc/µv + (δd′)2

1 + (δd′)2
∂r(ru

δ
+) + (1− µc/µv)

δd′

1 + (δd′)2
∂z(ru

δ
+) on Γc. (6)Together with the partial di�erential equation for the in-layer �eld (3), these transmission onditions onboth sides of the thin layer as boundary onditions will serve to establish Cauhy problems whose solutionslink the �elds on both sides of the thin layer, that is a relationship between uδ

− on Γt2 and uδ
+ on Γc. To getthe e�etive transmission onditions on Γt2 , we further apply a Taylor expansion of uδ

+.2.3 Extension of uδ
+ using Taylor's expansionsTo get e�etive transmission onditions linking up uδ

± on the interfae Γt2 between tube and thin deposit, weshould extend the �eld uδ
+, originally de�ned only on Ω+ \Ωc, to the whole domain Ω+. A natural approahwould be to assume that the extended �eld, still denoted by uδ

+, satis�es the same eddy urrent equation(1) as uδ
+ on Ω+ \ Ωc, i.e. with oe�ients of the vauum µ = µv, σ = σv = 0. We remark that the righthand side of equation (1) vanishes in Ω+ sine J has support only in Ω−. Using the variable substitution

ν = r − rt2 , one rewrites (1) in Ω+ as
4∑

j=0

νjAj (ν∂ν , ∂z)u
δ
+ = 0, (7)where

A0 (ν∂ν , ∂z) = (ν∂ν)
2 − ν∂ν , A1 (ν∂ν , ∂z) =

2

rt2
(ν∂ν)

2 − 1

rt2
ν∂ν ,

A2 (ν∂ν , ∂z) =
1

r2t2
(ν∂ν)

2 − 1

r2t2
+ ∂2

z , A3 (ν∂ν , ∂z) =
2

rt2
∂2
z , A4 (ν∂ν , ∂z) =

1

r2t2
∂2
z .The asymptoti expansion of uδ

+ with respet to δ is in the form uδ
+(r, z) =

∑∞
n=0 δ

nu+
n (r, z). Obviously eahterm u+

n (r, z) veri�es the same equation (7). With Taylor series expansion, one has
u+
n (rt2 + ν, z) =

∞∑

k=0

νku+
n,k(z) where u+

n,k(z) =
1

k!

(
∂k
νu

+
n

)
(rt2 , z).4



Sine ν∂ν(ν
ku+

n,k(z)) = k(νku+
n,k(z)), we an indeed write Ai(ν∂ν , ∂z) as Ai(k, ∂z) while it is applied to

(νku+
n,k(z)). Thus, from (7) one has ∑4

j=0

∑∞
k=0 Aj(k, ∂z)(ν

k+ju+
n,k) = 0. The equality at order O(νk) gives

A0 (k, ∂z)u
+
n,k = −

4∑

j=1

Aj (k − j, ∂z)u
+
n,k−j ,with u+

n,−1 = u+
n,−2 = u+

n,−3 = u+
n,−4 = 0. Now we onsider A0 (k, ∂z) = k2 − k. For k ≥ 2, A0 (k, ∂z) 6= 0,thus invertible with its inverse A−1
0 (k, ∂z) =

1
k2−k . So we have

u+
n,k = −A−1

0 (k, ∂z)




4∑

j=1

Aj (k − j, ∂z) u
+
n,k−j



 , k ≥ 2. (8)Now we indutively de�ne two families of operators {S0
k (∂z) ,S1

k (∂z)}:
S0
0 := Id, S1

0 := 0, S0
1 := 0, S1

1 := Id,

k ≥ 2





S0
k := −A−1

0 (k, ∂z)




4∑

j=1

Aj (k − j, ∂z)S0
k−j (∂z)


 ,

S1
k := −A−1

0 (k, ∂z)




4∑

j=1

Aj (k − j, ∂z)S1
k−j (∂z)


 .

(9)From the indution (8) one gets u+
n,k(z) = S0

k (∂z)u
+
n (rt2 , z) + S1

k (∂z) ∂ru
+
n (rt2 , z). Therefore we have thefollowing expansion





u+
n (rt2 + ν, z) =

∞∑

k=0

νk
(
S0
k (∂z)u

+
n + S1

k (∂z) ∂ru
+
n

)
(rt2 , z),

∂ru
+
n (rt2 + ν, z) =

∞∑

k=0

νk(k + 1)

(
S0
k+1 (∂z)u

+
n + S1

k+1 (∂z) ∂ru
+
n

)
(rt2 , z).We also de�ne the operators S̃0

k := S0
k − 1

rt2
S1
k and S̃1

k := 1
rt2

S1
k . Then the above Taylor expansions write





u+
n (rt2 + ν, z) =

∞∑

k=0

νk
(
S̃0
k (∂z)u

+
n + S̃1

k∂r(ru
+
n )

)
(rt2 , z),

∂r(ru
+
n )(rt2 + ν, z) =

∞∑

k=0

νk(k + 1)
(
(rt2 S̃0

k+1 + S̃0
k)u

+
n + (rt2 S̃1

k+1 + S̃1
k)∂r(ru

+
n )

)
(rt2 , z).

(10)Although only asymptoti problems of order 0 and 1 are disussed in the sequel, the above expressions forany orders ould failitate further exploitations beyond the sope of the urrent work.3 Asymptoti models for deposits with variable layer thiknessIn this setion, we build the asymptoti models of order 0 and 1 for thin deposits of variable thikness, thatis to establish the transmission onditions Z1,n for n = 0, 1 based on the material of the previous setion.The general proedure onsists in solving analytially a Cauhy problem of the resaled in-layer eddy urrentequation in its asymptoti expansion form (3) with boundary onditions on Γt2 (4). The resulting solutionyields the Dirihlet and Neumann boundary values on Γc whih should math with transmission onditions(6). Finally with the Taylor expansions of uδ
+ (10), one gets the e�etive transmission onditions on Γt2 .To simplify the presentation, espeially the omplexities introdued by the transmission onditions (6) onthe urved boundary Γc, we assume that the magneti permeability of the deposits equals to that of vauum

µc = µv. This assumption mathes the pratial appliation we have in mind sine the relative permeabilityof opper is 1. 5



We introdue the notation for jump and mean values on Γt2

[v] := v+|rt2 − v−|rt2 , [µ−1∂r(rv)] = µ−1
v ∂r(rv+)|rt2 − µ−1

t ∂r(rv−)|rt2 ,

〈v〉 := 1

2

(
v+|rt2 + v−|rt2

)
〈µ−1∂r(rv)〉 =

1

2

(
µ−1
v ∂r(rv+)|rt2 + µ−1

t ∂r(rv−)|rt2
)
.3.1 Formal derivation of Z1,0 transmission onditionsWe reall the asymptoti expansion uδ

+ =
∑∞

n=0 δ
nu+

n and expand ũ(ρ, z) =
∑∞

n=0 δ
nun(ρ, z) and uδ

− =∑∞
n=0 δ

nu−
n . The eddy urrent equation (3) and the transmission onditions (4) on Γt2 for the �rst term u0yield the Cauhy problem

{
∂2
ρu0 = 0 ρ ∈ [0, d(z)],

u0|ρ=0 = u−
0 |rt2 , ∂ρu0|ρ=0 = 0.This problem has a onstant solution u0(ρ, z) = u−
0 |rt2 for ρ ∈ [0, d(z)]. Considering its value at ρ = d(z)and the �rst transmission ondition of (6) for u0 on Γc, we get

u−
0 |rt2 = u+

0 |rt2 . (11)The Cauhy problem for u1 with initial values given by (4) is




∂2
ρu1 = −B1

1u0 = −k21u0|rt2 ρ ∈ [0, d(z)],

u1|ρ=0 = u−
1 |rt2 ,

∂ρu1|ρ=0 = − 1

rt2
u−
0 |rt2 +

1

rt2

µc

µt
∂r(ru

−
0 )|rt2 .It follows that

∂ρu1 = − 1

rt2

(
u−
0 |rt2 − µc

µt
∂r(ru

−
0 )|rt2

)
− ρk21u

−
0 |rt2 , (12)

u1 = u−
1 |rt2 − ρ

rt2

(
u−
0 |rt2 − µc

µt
∂r(ru

−
0 )|rt2

)
− ρ2

2
k21u

−
0 |rt2 . (13)The seond transmission ondition of (6) for u1 on Γc implies

∂ρu1|ρ=d(z) = − 1

rt2

(
u+
0 |rt2 − µc

µv
∂r(ru

+
0 )|rt2

)
. (14)Mathing (14) and (12) at ρ = d(z) gives

1

rt2

µc

µt
∂r(ru

−
0 )|rt2 − k21d(z)u

−
0 |rt2 =

1

rt2

µc

µv
∂r(ru

+
0 )|rt2 . (15)Equalities (11), (15) and the fat that k21 = iωσ1µc imply that

[u0] = 0 and [µ−1∂r(ru0)] = −iγ1〈u0〉, (16)where γ1 = ωσ1d(z)rt2 = ωσcfδ(z)rt2 .3.2 Asymptoti model of order 0If uδ := uδ
± in Ω± denote an approximation of the exat solution up to O(δ) error, then from (16), possibletransmission onditions an set as

[uδ] = 0 and [µ−1∂r(ru
δ)] = −iγ1〈uδ〉 (17)6



The �rst ondition of (17) implies the ontinuity of uδ through Γt2 . Moreover, uδ satis�es
−div

(
1

µr
∇(ruδ)

)
− iωσuδ = iωJ in Ω±, (18)We shall prove that the above equations de�ne a well posed problem. The variational formulation assoiatedwith (18) and (17) is

a1,0(u
δ, v) =

∫

Ω

iωJv̄r dr dz ∀v ∈ H(Ω), (19)with a1,0(u
δ, v) :=

∫

Ω+∪Ω−

(
1

µr
∇(ruδ) · ∇(rv̄)− iωσuδv̄r

)
dr dz −

∫

Γt2

iγ1u
δv̄ ds. (20)Proposition 3.1. Assume that the soure J ∈ L2

1/2(Ω) has ompat support, that the permeability µ > 0and the ondutivity σ ≥ 0 are pieewise onstant and bounded in Ω. Assume in addition that there exist
0 < µinf < µsup < +∞ suh that µ satis�es µinf < µ < µsup. Then the variational asymptoti problem (19)has a unique solution uδ in H(Ω).Proof. One veri�es that a1,0 is a ontinuous sesquilinear form. It is su�ient to show that a1,0 is oerive

ℜ(a1,0(uδ, uδ)) ≥
∫

Ω+∪Ω−

1

µr

∣∣∇(ruδ)
∣∣2 dr dz ≥ 1

µsup
‖r−1/2∇(ruδ)‖2L2(Ω) ≥

C

µsup
‖uδ‖2H(Ω). (21)for some postive onstant C, where the last inequality is due to a Poinaré-type inequality (see [10, Lemma2.1℄ for Ω = R

2
+ or [10, inequality (17)℄ for Ω = Br∗). Therefore, we onlude from the Lax-Milgram Theoremthe existene and uniqueness of uδ ∈ H(Ω) to problem (19).3.3 Formal derivation of Z1,1 transmission onditionsWe pursue the formal alulations of Setion 3.1 till the following order. With Taylor expansions (10), the�rst transmission ondition of (6) for u1 writes expliitly on Γt2

u1|ρ=d(z) = u+
1 |rt2 +

d(z)

rt2

(
−u+

0 + ∂r(ru
+
0 )

)
|rt2 .The above equality and (13) with ρ = d(z) yield

u+
1 |rt2 = u−

1 |rt2 +
iωσ1µcd

2

2
u−
0 |rt2 . (22)Then we onsider the Cauhy problem for u2 derived from the asymptoti development (3) and the trans-mission onditions (4) on Γt2 for u2






∂2
ρu2 = −B1

1u1 − B2
1u0

= −k21u1|rt2 +

(
2

r2t2
− ∂2

z

)
u−
0 |rt2 − 1

r2t2

µc

µt
∂r(ru

−
0 )|rt2

+ ρk21

(
2

rt2
u−
0 |rt2 − 1

rt2

µc

µt
∂r(ru

−
0 )|rt2

)
+ ρ2

k41
2
u−
0 |rt2 ρ ∈ [0, d(z)],

u2|ρ=0 = u−
2 |rt2 ,

∂ρu2|ρ=0 = − 1

rt2
u−
1 |rt2 +

1

rt2

µc

µt
∂r(ru

−
1 )|rt2 .We get

∂ρu2 = − 1

rt2

(
u−
1 |rt2 − µc

µt
∂r(ru

−
1 )|rt2

)
+ ρ

(
−k21u

−
1 |rt2 +

(
2

r2t2
− ∂2

z

)
u−
0 |rt2 − 1

r2t2

µc

µt
∂r(ru

−
0 )|rt2

)

+ ρ2
k21
2

(
2

rt2
u−
0 |rt2 − 1

rt2

µc

µt
∂r(ru

−
0 )|rt2

)
+ ρ3

k41
6
u−
0 |rt2 . (23)7



Sine µc = µv, the seond transmission ondition of (6) for u2 on Γc writes
∂ρu2|ρ=d(z) = − 1

rt2

(
u+
1 − ∂r(ru

+
1 )

)∣∣
rt2

+ d(z)

(
(
2

r2t2
− ∂2

z )u
+
0 − 1

r2t2
∂r(ru

+
0 )

)∣∣∣∣
rt2

(24)The equality (23) with ρ = d(z) and (24) yield
1

µv
∂r(ru

+
1 )|rt2 =

1

µt
∂r(ru

−
1 )|rt2 − iωσ1rt2d(z)u

−
1 |rt2

+

(
1

2
iωσ1d(z)

2 − 1

6
ω2σ2

1µcrt2d(z)
3

)
u−
0 |rt2 − 1

2
iωσ1µcd(z)

2 1

µt
∂r(ru

−
0 )|rt2 . (25)From (11), (15), (22) and (25), one gets

[u1] = iγ4〈u0〉 and [
µ−1∂r(ru1)

]
= −iγ1〈u1〉+ (−γ2 + iγ3)〈u0〉 − iγ4〈µ−1∂r(ru0)〉, (26)where γ2 =

ω2σ2
1µcrt2d(z)

3

6
=

ω2σ2
cµcrt2fδ(z)

3

6δ
, γ3 =

ωσ1d(z)
2

2
=

ωσcfδ(z)
2

2δ
,

γ4 =
ωσ1µcd(z)

2

2
=

ωσcµcfδ(z)
2

2δ
.3.4 Asymptoti model of order 1Let us still denote the solution of the asymptoti problem by uδ = uδ

± in Ω± but assume that now it formsan approximation of the exat one up to O(δ2) error. From (26), possible (natural) transmission onditionson r = rt2 an be written as
[uδ] = iγ4δ〈uδ〉 and [

µ−1∂r(ru
δ)
]
= (−iγ1 − γ2δ + iγ3δ)〈uδ〉 − iγ4δ〈µ−1∂r(ru

δ)〉. (27)However, in order to ensure the well-posedness of the asymptoti problem via variational approah, we areled to perturb these onditions with additional term of order O(δ2) in the �rst ondition of (27) whih isompatible with the desired order of approximation of the asymptoti model. More spei�ally we replae(27) with the following transmission onditions
[uδ] = iγ4δ〈uδ〉+ iαγ5δ

2〈µ−1∂r(ru
δ)〉,

[
µ−1∂r(ru

δ)
]
= (−iγ1 − γ2δ + iγ3δ)〈uδ〉 − iγ4δ〈µ−1∂r(ru

δ)〉
(28)where

γ5 :=
ωσcµ

2
c(fδ(z) + h(z)2)3

rt2δ
2

,and α is a onstant independent of δ to be �xed later. We remark that the �rst ondition in (28) impliesthat uδ is no longer ontinuous through Γt2 . Therefore, we onsider the variational spae
H(Ω− ∪ Ω+) := {v : v|Ω±

= v± ∈ H(Ω±)}.The variational problem assoiated to (18) and (28) writes: for any v ∈ H(Ω− ∪ Ω+),
a1,1(u

δ, v) :=

∫

Ω+∪Ω−

(
1

µr
∇(ruδ) · ∇(rv̄)− iωσuδv̄r

)
dr dz + c1,1(u

δ, v) =

∫

Ω

iωJv̄r dr dz, (29)where the term c1,1(u
δ, v) should satisfy the following equation for regular uδ

±

c1,1(u
δ, v) =

∫

Γt2

(
µ−1
v ∂r(ru

δ
+)v̄+ − µ−1

t ∂r(ru
δ
−)v̄−

)
ds =

∫

Γt2

(
[µ−1∂r(ru

δ)]〈v̄〉+ 〈µ−1∂r(ru
δ)〉[v̄]

)
ds.In fat, this is just the boundary term oming from integration by parts of the eddy urrent equation (1) in

Ω± multiplied by test funtions v̄. Hene, using the transmission onditions (28) we de�ne c1,1(·, ·) as
c1,1(u

δ, v) :=

∫

Γt2

((
− iγ1 +

iγ2
4

αγ5
− γ2δ + iγ3δ

)
〈uδ〉〈v̄〉 − γ4

αγ5δ
(〈uδ〉[v̄] + [uδ]〈v̄〉)− i

αγ5δ2
[uδ][v̄]

)
ds. (30)8



Proposition 3.2. Let the layer thikness fδ > 0. Under the same assumptions for J , µ and σ as inProposition 3.1, the variational problem (29) has a unique solution uδ ∈ H(Ω− ∪ Ω+) if the oe�ient αsatis�es uniformly
α ≥ 2γ2

4

γ5(γ1 − (γ2 + γ3)δ)
∀z ∈ R, (31)Remark 3.3. For the settings of physial parameters (ω, σc, µc, rt2 and the interested range of the layerthikness 0 < fδ < 0.1mm), the oe�ients satisfy γ1 − (γ2 + γ3)δ > 0. The dimensionless positive quantity

2γ2
4

γ5(γ1 − (γ2 + γ3)δ)
=

1

2−
(

ωσcµcf2
δ

3 + fδ
rt2

)is monotonously inreasing on fδ. It takes the maximum value (∼ 0.54) at fδ = 0.1mm. Thus we ouldhoose for example α = 2/3 in the following.Proof. Obviously the sesquilinear form a1,1(·, ·) is ontinuous on H(Ω− ∪ Ω+)
2. It is su�ient to show thatit is oerive on H(Ω− ∪ Ω+). For any v ∈ H(Ω− ∪ Ω+) one has

a1,1(v, v) =

∫

Ω+∪Ω−

(
1

µr
|∇(rv)|2 − iωσ|v|2r

)
dr dz + c1,1(v, v)with c1,1(v, v) =

∫

Γt2

((
− iγ1 +

iγ2
4

αγ5
− γ2δ + iγ3δ

)
|〈v〉|2 − 2γ4

αγ5δ
ℜ(〈v〉[v̄])− i

αγ5δ2
|[v]|2

)
ds.The real and imaginary parts of c1,1(v, v) are respetively

ℜ(c1,1(v, v)) =
∫

Γt2

(
− γ2δ|〈v〉|2 −

2γ4
αγ5δ

ℜ(〈v〉[v̄])
)
ds,

ℑ(c1,1(v, v)) =
∫

Γt2

((
− γ1 +

γ2
4

αγ5
+ γ3δ

)
|〈v〉|2 − 1

αγ5δ2
|[v]|2

)
ds.One has

ℜ(c1,1(v, v))−ℑ(c1,1(v, v)) =
∫

Γt2

((
γ1 − (γ2 + γ3)δ −

γ2
4

αγ5

)
|〈v̄〉|2 − 2γ4

αγ5δ
ℜ(〈v〉[v̄]) + 1

αγ5δ2
|[v]|2

)
ds

≥
∫

Γt2

((
γ1 − (γ2 + γ3)δ −

γ2
4

αγ5

)
|〈v̄〉|2 − 2γ4

αγ5δ
|〈v〉||[v]| + 1

αγ5δ2
|[v]|2

)
ds

=

∫

Γt2

((
γ1 − (γ2 + γ3)δ −

2γ2
4

αγ5

)
|〈v̄〉|2 + 1

αγ5δ2
(
γ4
√
δ|〈v〉| − |[v]|

)2
)
ds.Due to the assumption (31) on α, we obtain

ℜ(c1,1(v, v))−ℑ(c1,1(v, v)) ≥ 0.Therefore
|a1,1(v, v)| ≥ℜ(a1,1(v, v)) −ℑ(a1,1(v, v))

=

∫

Ω+∪Ω−

(
1

µr
|∇(rv)|2 + ωσ|v|2r

)
dr dz + ℜ(c1,1(v, v)) −ℑ(c1,1(v, v))

≥
∫

Ω+∪Ω−

1

µr
|∇(rv)|2 dr dz ≥ C

µsup
‖v‖2H(Ω−∪Ω+).Hene we onlude the existene and uniqueness of the solution uδ ∈ H(Ω− ∪ Ω+) using the Lax-MilgramTheorem. 9



3.5 Approximation of the impedane measurementsIn an eddy urrent testing with a probe of two oaxial oils (see Figure 1), eah oil an be a generatorand/or a reeiver. We apply a urrent to one of the oils and we an get impedane measurements in boththe two oils at eah measuring position during a san of the tube. If the oils are indexed by k, l ∈ {1, 2},the impedane measurement from the oil k when the eletromagneti �eld is indued by the oil l writes(see [1, (10a)℄, [12℄)
△Zkl =

2π

iωI2

∫

Ωδ
c

(
(
1

µ
− 1

µ∗
)
1

r
∇(ru[k]) · ∇(ru∗

[l])− iω(σ − σ∗)u[k]u
∗
[l]r

)
dr dz,where the supersript ∗ denotes the terms in a deposit-free ase, the subsripts [k], [l] give the indies ofthe reeiver oil and the generator oil respetively. In our setting µ|Ωδ

c
= µc, σ|Ωδ

c
= σc, µ∗|Ωδ

c
= µv and

σ∗|Ωδ
c
= 0. In pratie one usually reords the impedane measurements in the two following modes [17℄.





ZFA =
i

2
(△Z11 +△Z21) absolute mode,

ZF3 =
i

2
(△Z11 −△Z22) di�erential mode. (32)Sine the permeability of opper µc is the same as the bakground permeability for vauum µv (see Table 1)the impedane measurement writes

△Zkl = −2π

I2

∫

Ωδ
c

σcu[k]u
∗
[l]r dr dz. (33)The above expression in the form of a surfae integration on the deposit domain Ωδ

c should be approximated bya line integration on the interfae Γt2 sine we onsider here asymptoti models. We use Taylor's expansionsof the integrand to obtain approximations up to desired order in δ.Approximation of order 0 of the impedanesFrom Setion 3.1 and the expression of the transmission onditions Z1,0 (17), the eletri �eld in the thinlayer Ωδ
c writes

u(r, z) = uδ(rt2 , z) +O(δ) rt2 < r < rt2 + fδ(z).Then the approximation at order 0 of the impedane measurements (33) is
△Z0

kl = −2π

I2

∫

Γt2

∫ rt2+fδ(s)

rt2

σcu
δ
[k](rt2 , s)u

∗
[l](rt2 , s)r dr ds

= −2π

I2

∫

Γt2

σcfδ(s)u
δ
[k](rt2 , s)u

∗
[l](rt2 , s)rt2 ds. (34)Approximation of order 1 of the impedanesFrom Setion 3.3 we write the Taylor development of u1

u1(
r−rt2

δ , z) = u−
1 |rt2 +

1

rt2

(
µc

µt
∂r(ru

−
0 )− u−

0

)∣∣∣∣
rt2

r − rt2
δ

− iωσ1µc

2
u−
0 |rt2

(r − rt2)
2

δ2

=〈u1〉 −
1

2
[u1] +

1

rt2

(
µc

〈
µ−1∂r(ru0)

〉
− µc

2

[
µ−1∂r(ru0)

]
− 〈u0〉

) r − rt2
δ

− iωσ1µc

2
〈u0〉

(r − rt2)
2

δ2
.

10



So that for rt2 < r < rt2 + fδ(z) the asymptoti solution writes
u(r, z) =〈uδ〉 − 1

2

[
uδ

]
+

1

rt2

(
µc

〈
µ−1∂r(ru

δ)
〉
− µc

2

[
µ−1∂r(ru

δ)
]
− 〈uδ〉

)
(r − rt2)

− iωσ1µc

2
〈uδ〉 (r − rt2)

2

δ
+O(δ2)

=〈uδ〉 − 1

2

[
uδ

]
+

(
ω2σ2

cµ
2
cf

3
δ

6
+ i

(ωσcµcfδ
2

− ωσcµcf
2
δ

4rt2
− ωσcµcfδ

8α
− 1

αfδ

))
〈uδ〉(r − rt2)

+

(
1

2αfδ
− i

αωσcµcf3
δ

)
[uδ](r − rt2)− i

ωσcµc

2
〈uδ〉(r − rt2)

2 +O(δ2).The last equality is due to the transmission onditions (28) and the settings of γi (i = 1, 2, . . . , 5). Theeletri �eld u∗
[l] in the deposit-free on�guration satis�es the following transmission onditions on Γt2

[u∗
[l]] = 0 and [µ−1∂r(ru

∗
[l])] = 0.Thus one gets the Taylor expansion

u∗
[l](r, z)r = u∗

[l](rt2 , z)rt2 + ∂r(ru
∗
[l])(rt2 , z)(r − rt2 ) +O((r − rt2)

2) rt2 < r < rt2 + fδ(z).With the above developments, we obtain the approximation at order 1 of the impedane measurements
△Z1

kl =− 2π

I2

∫

Γt2

σcz(u
δ
[k], u

∗
[l]; fδ(s)) ds,with z(uδ

[k], u
∗
[l]; fδ) :=

(
〈uδ

[k]〉 −
1

2

[
uδ
[k]

] )(
rt2u

∗
[l]fδ +

1

2
∂r(ru

∗
[l])f

2
δ

)

+

{(
ω2σ2

cµ
2
cf

5
δ

12
+ i

(ωσcµcf
3
δ

4
− ωσcµcf

4
δ

8rt2
− ωσcµcf

3
δ

16α
− fδ

2α

))
〈uδ

[k]〉

+

(
fδ
4α

− i

2αωσcµcfδ

)
[uδ

[k]]

}
rt2u

∗
[l] (35)4 Thikness reonstrution via asymptoti modelsThis setion proposes an inversion algorithm for layer thikness reonstrution based on gradient desent of aleast square ost funtional. To obtain the desent diretion, we �rst onsider the derivative of the solutionsof the asymptoti models with respet to a small hange in layer thikness.4.1 Derivative of the solution with respet to a thikness inrementAssume that h ∈ L∞(Γt2) is a small thikness inrement of the thin layer, i.e.

fδ(z) → fδ(z) + h(z).The derivative of the solution with respet to this thikness inrement satis�es a weak formulation with samesesquilinear form but with di�erent soure term.4.1.1 Derivative of the asymptoti model of order 0We denote the solution to the asymptoti model of order 0 with a thin layer of fδ thikness (19) by uδ(fδ) =
uδ(fδ)(r, z). Then the derivative of uδ(fδ) due to the inrement h, denoted by u′(h), is given by

uδ(fδ + h) = uδ(fδ) + u′(h) + o(h), lim
h→0

‖o(h)‖H
‖h‖L∞(Γt2

)
= 0.

uδ(fδ + h) solves the same variational formulation (19) with a di�erent γ1
γ1 = ωσc(fδ(z) + h(z))rt2 .11



We develop this variational formulation fδ +h at h = 0. The terms of order zero exatly yield the variationalformulation solving uδ(fδ). The terms of �rst order with respet to h imply that u′ satis�es
a1,0(u

′, v) =

∫

Γt2

iωσch(s)u
δ v̄r ds ∀v ∈ H(Ω), (36)where the sesquilinear form a1,0(·, ·) is de�ned in (20). The same argument as in Proposition 3.1 show thatCorollary 4.1. Under the same assumption as in Proposition 3.1, the variational formulation (36) has aunique solution u′ in H(Ω).4.1.2 Derivative of the asymptoti model of order 1We still denote by uδ(fδ) the solution to the variational formulation (29) with layer thikness fδ(z), and by

u′(h) its derivatives due to a thikness inrement h(z) whih is de�ned as previously where uδ(fδ + h) solvesthe same variational formulation (29) but with the oe�ients
γ1 = ωσc(fδ(z) + h(z))rt2 , γ2 =

ω2σ2
cµcrt2(fδ(z) + h(z))3

6δ
, γ3 =

ωσc(fδ(z) + h(z))2

2δ
,

γ4 =
ωσcµc(fδ(z) + h(z))2

2δ
, γ5 =

ωσcµ
2
c(fδ(z) + h(z))3

rt2δ
2

.Developing the variational formulation (29) with the above oe�ients γi (i = 1, . . . , 5) for uδ(fδ + h) withrespet to h at h = 0, the terms of order 0 give the variational formulation for uδ(fδ) and vanish, while theterms of the order 1 yield
a1,1(u

′, v) =

∫

Γt2

σch(s)l(u
δ, v; fδ(s)) ds, ∀v ∈ H(Ω− ∪ Ω+), (37)where

l(uδ, v; fδ) :=

(
3

4
iωrt2 +

1

2
ω2σcµcrt2f

2
δ − iωfδ

)
〈uδ〉〈v̄〉 − rt2

2σcµcf2
δ

(
〈uδ〉[v̄] + [uδ]〈v̄〉

)
− 3irt2

αωσ2
cµ

2
cf

4
δ

[uδ][v̄].(38)Corollary 4.2. Under the same assumptions as in Proposition 3.2, the variational formulation (37) has aunique solution u′ ∈ H(Ω− ∪ Ω+).4.2 Adjoint state and derivative of the impedane measurementsSine the ost funtional makes use of the impedane measurements as input signals, in order to apply gradientdesent, one should also ompute the derivative of the impedane measurement due to a small hange in layerthikness (fδ → fδ + h). We denote by △Zkl(fδ) the impedane measurement for a thin layer with fδ(z) inthikness, and by △Z ′
kl its derivative with regard to h

△Zkl(fδ + h) = △Zkl(fδ) +△Z ′
kl + o(h).For △Z0

kl, the approximation to △Zkl of order 0 shown in (34), its derivative writes
(△Z0

kl)
′ = −2π

I2

∫

Γt2

σc

(
h(s)uδ

[k]u
∗
[l]rt2 + fδ(s)u

′
[k]u

∗
[l]rt2

)
ds. (39)Similarly, the approximation △Z1

kl to △Zkl of order 1 given by (35) has the derivative
(△Z1

kl)
′ =− 2π

I2

∫

Γt2

σc

(
z(u′

[k], u
∗
[l]; fδ(s)) + (∂fz)(u

δ
[k], u

∗
[l]; fδ(s))h(s)

)
ds,with (∂f z)(u

δ
[k], u

∗
[l]; fδ) :=

(
〈uδ

[k]〉 −
1

2

[
uδ
[k]

] )(
rt2u

∗
[l] + ∂r(ru

∗
[l])fδ

)

+

{(
5ω2σ2

cµ
2
cf

4
δ

12
+ i

(3ωσcµcf
2
δ

4
− ωσcµcf

3
δ

2rt2
− 3ωσcµcf

2
δ

16α
− 1

2α

))
〈uδ

[k]〉

+

(
1

4α
+

i

2αωσcµcf2
δ

)
[uδ

[k]]

}
rt2u

∗
[l] (40)12



We remark that the above derivatives (39) and (40) are impliit expressions with respet to the thiknessinrement h(z), as in their expressions appears the derivative of the solution u′
[k](h) whih solves either (36) or(37) involving h in the seond member. In the following we take the approah of Hadamard's representation,that is to introdue an adjoint state suh that the derivatives of suh impedane measurements will get ridof the terms u′

[k] and only depend on h expliitly.Asymptoti model of order 0To write (△Z0
kl)

′ expliitly on the thikness inrement h (independent of u′
[k]), we introdue the adjoint state

p[l] satisfying
a∗1,0(p[l], v) = −

∫

Γt2

iωσcfδ(s)u∗
[l]v̄rt2 ds ∀v ∈ H(Ω), (41)where

a∗1,0(p, v) := a1,0(v, p) ∀(p, v) ∈ H(Ω)2. (42)Proposition 4.3. Under the same assumptions as in Proposition 3.1, the variational formulation of theadjoint problem (41) has a unique solution p[l] in H(Ω). If uδ
[k] is the solution to the asymptoti model using

Z1,0 transmission onditions (19), then the derivative of the impedane measurement △Zkl due to a thiknessinrement h(z) writes
(△Z0

kl)
′ =− 2π

I2

∫

Γt2

σch(s)u
δ
[k](u

∗
[l] + p[l])rt2 ds. (43)Proof. One obtains with the same argument as in Proposition 3.1 the existene and uniqueness of solutionto the adjoint problem (41). From (41) and (36), we have

∫

Γt2

iωσcfδ(s)u
′
[k]u

∗
[l]rt2 ds = a∗1,1(p[l], u

′
[k]) = a1,0(u

′
[k], p[l]) =

∫

Γt2

iωσch(s)u
δ
[k]p[l]rt2 ds,whih, together with (39), implies (43).4.2.1 Asymptoti model of order 1We look for an adjoint state suh that the derivative of the impedane measurement (△Z1

kl)
′ has an expliitexpression on the thikness inrement h(z) independent of the derivative u′

[k] of the solution. The adjointstate p[l] ∈ H(Ω− ∪ Ω+) is the unique solution of the following variational problem
a∗1,1(p[l], v) =

∫

Γt2

σcz(v, u∗
[l]; fδ(s)) ds ∀v ∈ H(Ω− ∪ Ω+), (44)where a∗1,1(p[l], v) := a1,1(v, p[l]).Proposition 4.4. Under the same assumptions as in Proposition 3.2, the adjoint problem (44) has a uniquesolution p[l] ∈ H(Ω−∪Ω+). If uδ

[k] is the solution to the asymptoti model using Z1,1 transmission onditions(29), then the derivative of the impedane measurement △Zkl due to a thikness inrement h(z) writes
(△Z1

kl)
′ =− 2π

I2

∫

Γt2

σch(s)

(
l(uδ

[k], p[l]; fδ(s)) + (∂fz)(u
δ
[k], u

∗
[l]; fδ(s))

)
ds, (45)where the form l(·, ·; fδ) is given by (38).Proof. The existene of uniqueness of solution p[l] to the variational problem (44) an be onluded from thesame argument in the proof of Proposition 3.2. From (37) and (44), we have

∫

Γt2

σcz(u
′
[k], u

∗
[l]; fδ(s)) ds = a∗1,1(p[l], u

′
[k]) = a1,1(u

′
[k], p[l]) =

∫

Γt2

σch(s)l(u
δ
[k], p[l]; fδ(s)) ds.The above equality and (40) yield (45). 13



4.3 Thikness reonstrution by minimizing a least square ost funtionalReall that we use impedane signals measured during a eddy urrent probe san along the tube axis overinga setion from zmin to zmax to reonstrut the layer thikness. On eah probe position ζ ∈ [zmin, zmax] animpedane signal is measured and denoted by Zmeas(ζ), whih an be either in FA mode or in F3 mode (see(32)). We apply the gradient desent algorithm whih minimizes a least square ost funtional of the layerthikness fδ(z) given by
J (fδ) :=

∫ zmax

zmin

|Z(fδ; ζ)− Zmeas(ζ)|2 dζ, (46)where Z(fδ; ζ) is the numerial approximation of impedane measurement in the orresponding FA mode orin F3 mode at probe position ζ with the simulated thin layer of thikness fδ. Hene, the derivative of theost funtional due to a small inrement h of the layer thikness fδ writes
J ′(h) =

∫ zmax

zmin

2ℜ(Z ′(h; ζ)(Z(fδ; ζ)− Zmeas(ζ))) dζ,where Z ′(h) =





Z ′
FA =

i

2
(△Z ′

11 +△Z ′
21) FA mode,

Z ′
F3 =

i

2
(△Z ′

11 −△Z ′
22) F3 mode.In the following, whether the asymptoti model and the impedane approximation are of order 0 or 1, wealways use the same notation J , J ′ for the ost funtional or its derivative. We have

J ′(h) = − π

I2

∫

Γt2

σch(s)g(s) ds, (47)where g =

{
g11 + g21 FA mode,
g11 − g22 F3 mode.The funtions gkl (k, l = 1, 2) are de�ned aording to the expression of the derivative of the impedane mea-surements involving adjoint states. If we onsider both asymptoti model and approximation of impedanemeasurements of order 0, the expression of (△Z0

kl)
′ given by (43) yields

gkl :=

∫ zmax

zmin

ℜ
(
iuδ

[k](u
∗
[l] + p[l])rt2 (Z(fδ; ζ)− Zmeas(ζ))

)
dζ, (48)while for the ase of approximation order 1, the expression of (△Z1

kl)
′ given by (45) implies

gkl :=

∫ zmax

zmin

ℜ
(
i
(
l(uδ, p[l]; fδ) + (∂f z)(u

δ
[k], u

∗
[l]; fδ)

)
(Z(fδ; ζ)− Zmeas(ζ))

)
dζ. (49)We observe that h = g is a desent diretion that dereases the ost funtional

J ′(g) = − π

I2

∫

Γt2

σc|g(s)|2 ds ≤ 0.Therefore, we propose an iterative inversion algorithm to reonstrut the thin layer thikness as follows. Weset ǫ > 0 a threshold for the stopping rule.
• Initialize with a guess of the thin layer thikness fδ(z).
• Step k:� Evaluate the numerial approximation of the impedane measurements Z(fδ, ζ) (ζ ∈ [zmin, zmax])(34) or (35) with the atual layer thikness fδ(z). If the following riteria is satis�ed

J (fδ) < ǫ

∫ zmax

zmin

|Zmeas(ζ)|2 dζ,14



then fδ is the reonstruted thikness and we stop the algorithm. Otherwise we solve the diretproblem (19) or (29) and adjoint problem (41) or (44) with fδ and get a thikness inrement h = t gwhere g = g11 + g21 or g = g11 − g22 aording to the measurement mode with gkl (k, l = 1, 2)given by (48) or (49) and where t > 0 is a su�iently small threshold. We hoose t suh that
‖h‖∞ = 5µm in the �rst two loops and then it remains �xed in the following loops.� Update the layer thikness fδ → fδ + h and go to step k + 1.5 Numerial tests5.1 Numerial validation of the 2-D asymptoti models

coils

rt1rt2

z

r

δ

Ω− Ω+

Ωδ
c

Figure 2: Sketh of a 2-D axisymmetrial full model with a thin layer Ωδ
c with onstant thikness δ. Thethikness is exaggerated in the sketh.We test the asymptoti models in their variational formulations using Z1,n (n = 0, 1) transmission on-ditions given by the previous setions. The general geometrial on�gurations shown in Figure 1 or Figure2 are as follows. The two oils involved are represented by two retangles with 0.67mm in length (radialdiretion) and 2mm in height (longitudinal diretion). They are loated 7.83mm away from the z−axis andhave a distane of 0.5mm between them. The SG tube measures 9.84mm in radius for the interior interfaeand 11.11mm for the exterior interfae. The permeability of tube is µt = 1.01µv, and its ondutivity is

σt = 9.7× 105S/m.We �rst verify that the transmission onditions Z1,n (n = 0, 1) yield the right order of approximation.Di�erent from the 1-D ase where one has analytial solution of the full model (see [9℄), the 2-D full modeldoes not yield expliit analytial solution. Hene only numerial approximations of the full model an serveas omparison referenes. To ensure the auray of these numerial approximations whih would deteriorateas the deposit layer has tiny thikness and high ondutivity, we rather onsider layers with larger thiknessesand lower ondutivities. We �x the resaled deposit ondutivity σ1 = 103S/m for a range of layer thikness
δ from 10−3m to 10−2.5m. We reall that under these settings, the e�etive deposit ondutivity σc = σ1/δvaries from 105.5S/m to 106S/m. The deposit overs the shell side of the tube homogeneously over a setionof 20mm in height (see Figure 2).For the full model, we ompute the solution numerially with the software FreeFEM++ (.f. [11℄) on amesh that is adaptively re�ned with respet to this solution with a maximum edge size hmax = 1.25mm aswell as P1 �nite elements on the omputational domain Br∗,z∗ = {(r, z) : 0 ≤ r ≤ r∗,−z∗ ≤ z ≤ z∗} with
r∗ = 30mm and z∗ = 41mm. Then we build the asymptoti models using either Z1,0 (see (17)) or Z1,1 (see(28) and we take α = 2/3) transmission onditions on Γt2 . The mesh is adaptively re�ned with respet to thesolutions with a maximum edge size hmax = 2.5mm � whih is two times larger than the edge size used inthe full model � and P1 �nite elements.We shall give the error estimate in the L2

1/2-norm. The weighted funtion spae L2
1/2(Ω) for Ω ⊂ R

2
+ isde�ned by L2

1/2(Ω) := {v(r, z) : r1/2v(r, z) ∈ L2(Ω)}.Figure 3 shows the relative di�erenes in L2
1/2 norm between solutions on Ω− (i.e. the eletri �eld insidethe tube and in the tube wall) from asymptoti models using Z1,n, n = 0, 1 and that of the full model. Theslope for n = 0 is about 0.8, while the slope for n = 1 is about 1.6.15
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n=1Figure 3: Relative error of the asymptoti models using Z1,n transmission onditions, n = 0, 1. Synthetideposit ondutivities and layer thiknesses.We then onsider a thin layer of opper, with permeability µc = µv and ondutivity σc = 5.8× 106S/m.It overs the shell side of the tube with 10mm in height. The thikness of the thin layer fδ(z) = δ is onstantand takes value in the range from 10µm to 200µm.To have a good simulation of the thin deposit layer in the full model, at least 4 layers of mesh elementsare used in the thikness diretion. That makes the degrees of freedom of the �nite element spae exeed

11000 for the omputational domain Br∗,z∗ . To ensure that this full model has enough auray, we re�neagain the mesh and observe that there is no signi�ant di�erene appears. For the asymptoti models, weuse the same meshing tehniques as above for the syntheti example. The degrees of freedom of the �niteelement spae are about 4000 on Br∗,z∗ .
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Figure 4: Relative error of the asymptoti models using Z1,n transmission onditions, n = 0, 1. Copper layer.We ompare in Figure 4 the relative errors of the asymptoti models with regard to the full model in
L2

1/2(Br∗,z∗)-norm. One observes that the asymptoti model using Z1,0 gives already a good approximationof the full model with a relative error less than 1% for fδ(z) < 100µm. But if fδ(z) inreases over 100µm, itspreision deteriorates. The asymptoti model using Z1,1 onditions is always a good approximation of thefull model for the layer thikness fδ(z) under 200µm.5.2 Numerial approximation of impedane measurementsWe onsider the same setting with opper deposit layer as in Setion 5.1 for the full model (referene) andfor the asymptoti models using Z1,0 and Z1,1 transmission onditions. The eddy urrent probe is loated atthe enter position in the vertial diretion with regard to the thin layer of deposit in opper. We omparethe impedane measurement signals in FA mode (see (32)) at this position between the full model and theasymptoti models.Figure 5a shows the impedane measurements in their real and imaginary part. One observes that thesignals given by the asymptoti model using Z1,1 transmission onditions are loser to those from the full16
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Order 1(b) relative errorsFigure 5: Approximation of impedane measurements using asymptoti models with Z1,n, n = 0, 1.model than the signals obtained from the asymptoti model using Z1,0 onditions. We on�rm this observationby Figure 5b whih illustrates the relative error of the signals in FA mode. The asymptoti model using Z1,0transmission onditions gives a good approximation only for small layer thikness (under 40µm), while theasymptoti model using Z1,1 yields an aurate simulation for a large range of layer thikness interested �for instane, the relative error in impedane measurements is under 1% if the thikness is less than 150µm.5.3 Numerial tests of thikness reonstrutionIn this setion, we onsider some numerial examples of thikness reonstrution of opper layers. The signalsof impedane measurements used for inversion are obtained from a full model. Its numerial settings are thesame for the referene full model in Setion 5.1. In the inversion algorithm, we use asymptoti models toresolve forward problems. The mesh methods for the asymptoti models are the same as those for asymptotimodels in Setion 5.1. We reall the stopping rule

J (fδ) ≤ ǫ

∫ zmax

zmin

|Zmeas(ζ)|2 dζ,where ǫ is a hosen threshold. We take ǫ = 10−4 suh that the relative error of the impedane measurementsobtained with the reonstruted thin layer is under 1% of the real measurements.5.3.1 Parametrized thin layersWe onsider an axisymmetri thin layer overing vertially a setion of 10mm of the tube's shell side. Weassume that the layer thikness fδ(z) is onstant over this setion and vanishes elsewhere. Thus in the 2-Drepresentation with (r, z) oordinates, the thin layer is a retangle with fδ in r-diretion and 10mm in z-diretion. Sine there is only one parameters to reonstrut, we need only the impedane signal in FA modeat one measuring position.target thikness (µm) 10 20 30 50 75reonstrution Z1,0 9.86 19.61 29.34 N.A. N.A.reonstrution Z1,1 9.89 19.69 29.41 48.30 71.03Table 2: Reonstrution layer thikness using FA signals.Table 2 gives the reonstrution results with the asymptoti models using either Z1,0 or Z1,1 transmissiononditions. We observes that for a small target thikness (say, less than 30µm), both models yield satisfyingreonstrution results. However, when the target thikness gets larger, the inversion algorithm with theasymptoti model using Z1,0 onditions does not onverge. In fat, due to the modeling error, the minimumof the ost funtional is bounded away from 0. For instane, for a target thikness 50µm, Figure 6 shows the17



relative ost funtional obtained with the asymptoti model using Z1,0 transmission onditions. Its minimumis about 10−2.5, still far away from 10−4 whih is our hosen stopping threshold for the inversion algorithm.
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Figure 6: Cost funtional for asymptoti model using Z1,0 around the target thikness.5.3.2 Reonstrution of arbitrary thin layersWe onsider some arbitrary thin layers of opper with variable thikness overing the tube's shell side withdi�erent height (10mm for the ase in Figure 7a and 15mm for that in Figure 7b) . In the inversion algorithm,we use the asymptoti model with Z1,1 transmission onditions on a setion of exterior tube wall Γt2 of height
20mm (Figure 7a) or 30mm (Figure 7b) and we initialize the inversion algorithm with zero layer thiknessover all this onerned setion. We remark that this initialization setting is reasonable sine the loationof opper layer on the tube is roughly indiated by the experimental eddy urrent signal and is inludedin the interested setion in the inversion algorithm. During the iterative reonstrution, the layer thikness
fδ(z) is assumed to be a pieewise linear funtion on an equidistant grid over the interested setion, with
0.5mm between two neighboring points of the grid. Therefore, we reonstrut in fat a �nite number ofvalues of fδ on the grid points. Figures 7 show some reonstrution results using either FA signals or F3signals. In the �rst example (Figure 7a), we take the signals from 41 probe positions with 0.5mm betweeneah two neighboring positions. In the seond example (Figure 7b), signals from 61 probe positions are usedfor reonstrution. Both examples show satisfying reonstrution of the thin layers.
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(b)Figure 7: Reonstrution of some arbitrary thin layers.Finally we test the robustness of reonstrution algorithm subjet to noisy impedane signals. We addan arti�ial noise to the input impedane signals. Preisely, for eah probe position the noisy impedanemeasurement is a uniformly distributed random omplex number on a irle entered at the original impedanemeasurement and with radius of the noise level times the magnitude of the original impedane measurement.18



In our tests, we hoose the noise level as 5% or 10%. Obviously the parameter ǫ in the stopping rule shouldbe adapted to the noise level suh that the inversion algorithm onverges. We set ǫ = (1% + noise level)2,that is ǫ = 0.0036 for input signals with 5% noise level, or ǫ = 0.0121 for input signals with 10% noise level.Figure 8 shows the reonstrution results from these noisy impedane measurements with the orrespondingparameter ǫ in the stopping rule of the inversion algorithm. We onlude that reonstrutions using impedanemeasurements of F3 mode give more satisfatory results when the signals are noised.
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