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Further analysis of the 2-2 wire-driven parallel
crane

J-P. Merlet

Abstract The 2-2 wire-driven parallel crane is the most simple plgzaallel crane
actuated by wires with two wires connected at two differasitfs on the platform.
We present original contributions on the kinematics of statbot, namely full in-
verse kinematics, trajectory, static and singularity gsialin the joint space.
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1 Introduction

The 2-2 wire-driven parallel crane has two coilable wiresreected at two different
pointsB1, B, on the platform (figure 1). The wires can be coiled by winchesdito
the ground, whose output points &g A, . Hence, provided that gravity is included,
itis a 2 d.o.f. robot that allows to control the planar motidithe platform center of
massG, that lies in the vertical plane that includég A, (and also includeBy, By).
The lengths of the wires will be denoted py, p». We will assume that the distance
betweerB,, B, is smaller than the distance betwe®nA, so that both wires cannot
be parallel. To the best of the author’'s knowledge the kirtexmaf such a robot has
been addressed only in [3, 5].

We introduce a reference fran¥ = (A1, X,y) wherey is the vertical direction
pointing upward. In this frame the coordinatesffare s, > 0,ya,) and the co-
ordinates ofG are(xg,yq). We also define a mobile fran#m = (G, Xm,ym) and in
this frame the coordinates of B are(Xq,, Vi, )-

A rotation matrixR of angle® is used to get the componentsds of a vector
whose components is known i#&y,. Especially the coordinates;(y;) of B; in #Z
are obtained as:

Xj = Xg+ C0SOXp, — SiNBYp, Vi = Yg+ SiNOXy, + CosOyy, (1)
The lengtho; of wire i is obtained as

P? = (% —Xa)? + (i —yi)? )

J-P. Merlet, INRIA, e-mail: Jean-Pierre.Merlet@inria.fr



2 J-P. Merlet

Fig.1 The 2-2 robot

Let.# = (0,—mg,0,0,0,0)" be the force and torque applied on the platform, where
mis its mass and let = (11, 72)" be vector of tensions in the wires. Static equilib-
rium is obtained when

F=3"1 ©)

whereJ~T is a 6x 2 matrix whose — th columnJ~T; is
AiBi GBi X AiBi

JTi=
= pi pi

)7 (4)

This column is the Plucker vector of the line going throwghB; while .% is the
vertical line going througks. Equation (3) indicates that at mechanical equilibrium
the linesA1B;, A2B, and the vertical line going througB span a linear complex
i.e. meet at the same point. Note that the coordinafg Bf along thez axis ofZ is

0 and consequently (3) admits a reduced forn#jf= (0,—mg,0)" andJ~ ", is a

. . . ‘B, AjBjy GB;jA;Bj,—GBj,A;B;
matrix whosé — th column |s(%,%, s ——=*), then we have

yr :J_TrT (5)

Let us define the & 3 matrixM whose first and third columns are the first and sec-
ond columns ofi~ T, while its second column ig% . If we definea = (11,—1, 12,
then equation (5) may be written &sa = 0. As a is not equal to 0 the mechanical
equilibrium condition may also be written as:

M| =0 (6)

Note that equations (5,6) are only necessary conditionsérhanical equilibrium
as we have also to ensure that the tensions in the wires gresitive.
2 Trajectory, equilibrium condition and inver se kinematics

Let (X,Yi) be the components of the vecBB; in #. The equilibrium condition
(6) may be written as
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(Yo— Y1)X§ + (X1 — X2)XgYg + (Xap (Y1 —Y2) + Ya, X2 + YoX1 — Y1X2)Xg
—Xa, X1Yg + X1(Ya, X2 — Xa, Y2) = 0 (7)

Hence if 6 is fixed (and consequently so are theY;), then G moves along
an hyperbola whose principal axes makes an aggleith the x axis (such that
tan(2¢) = (X1 — X2)/(Y2—Y1)) and whose center admitg, X1/ (X1 — Xz) asx co-
ordinate. An analysis of this hyperbola allows one to deteerif a given orientation
6 is reachable either over the full workspace or at least ohgddt. For example
the coefficient ofyg in (7) cancels foxg = X§ = Xa, X1/ (X1 — X2); consequently if
X3 € [0,Xa,), then the workspace is separated into two components asddt ipos-
sible to maintain the given orientation over the workspafcthe crane. Note that
the equilibrium condition (7) is a function of, yg, 8 but we will see in section 3
that it may also be expressed as a functiorg®¥g, 01, P2.

While the 2-2 is a 2 d.o.f. robot, the platform has still 3 8.Blence for solving
the inverse kinematics it is necessary to specify 2 of thi®F d/hile the value of the
remaining variableX will be determined by solving the equation (7). We examine
now the possible different cases:

® Xg,0 are fixed: equation (7) is linear iy, there is a single possible value fgyr

e Vg, 0 are fixed: equation (7) is a second order polynomiairthere is up to two
possible values faxg

® Xg,Yg are fixed: using the Weierstrass substitution on (7) leads 4eth order
polynomial inT = tan(6/2) that may have 4 real roots that furthermore leads to
positive tensions in the wires. For example fg§ = 20, ya, = 10, X,, = —20,
Xp, = 20,y + b1 =¥y, = 1, X9 = 10,yg = —20 we get indeed 4 possible values
for 6 that all leads to positive wire tensions.

3 Direct kinematics

The direct kinematics (DK) of the 2-2 robot has been preskintfs]. The solutions
can be obtained by solving a 12th order univariate polynbamd [5] provides a
geometrical explanation of order of the polynomial thatisited to the sextic nature
of the coupler curve of the 2-2. But, as mentioned by Cawi¢a} if the platform
may perform out of the plane motion, then there may be up teR4iens: indeed
we have to consider possible reflection of the problem onedgtly we have to
consider the solutions that are are obtained when revettsinigple ofA;, Ay.

We first simply propose here another approach to derive thie dr2ler poly-
nomial. The static equilibrium condition (7) is a functioh sin8, cosd, while
equations (2) are linear functions of these quantitiesviBglthese 2 equations in
these unknowns and reporting the result in (7) leads to aflilegum condition
&1 that is function ofxg,yq, p1, 02 of degree 7 inxg and 6 inyg. The constraint
sin? 6 +co€ 6 — 1 = 0 leads to another equatidgh. The resultant o&7, &% in yg is
a 24th order polynomial ing that factors out in a 12th order polynomial and a 3rd
order polynomial that is raised at the power of 4. This sequuignomial provides
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only solutions withyg > 0 while the first polynomial provides the valid solutions.
Stability analysis of these solutions have been addresgdd, j2].

We have then to consider that obtaining all the solutionsiftiee solving of the
univariate polynomial may not be the best method: indeedarigal round-off er-
rors will affect the calculation of the polynomial coeffinis while the solving of
a 12th order polynomial may be numerically unstable. Instgfausing the polyno-
mial, it is possible to transform the problem into an eigémearoblem, which is
numerically more stable, but still the results cannot bergtged. Hence we pro-
pose to use interval analysis (I1A) on a set of DK equationghiggnethod allows to
provideall solutionsexactly (i.e. with an arbitrary accuracy). The efficiency of this
method is however dependent upon the set of equations th&b ba solved. Hence
we may consider several forms of the problem:

1. with 8 equations and 8 unknowns: these unknowns@sg, x1,y1,%2,y2, T, To.
The equations are the 5 equations (2,3) and the 3 geometainatraintss de-
fined asl |Ble||2 = d%Z' ||B]_G| |2 =dyg, ||BZG||2 =dys , Wheredy o, dig, dog are
the known distances betweéBy, B;), (B1,G), (B2, G)

2. with 6 equations and the 6 unknowRsyg, X1, Y1, %2, Y2. The constraints are the
3 equations (2,6) and the 3 geometrical constraéhts

3. with 5 equations and the 5 unknowxgyy, 8, 71, To. The constraints are the 5
equations (2,3)

4. with 4 equations and the 4 unknowrgsyg, sin8,cosf. The constraints are the
3 equations (2,6) and the constraint@nt cos 0 = 1.

5. with 3 equations and the 3 unknowgsyg, 8. The constraints are the 3 equations
(2,5).

6. with 2 equations and 2 unknowns: these unknowns are eijlwry; andf. The
difference between the two equations (2) is lineaxgyyg and is used to obtain
one of these variables. The constraints are one of (2) and (5)

Note that methods 1 and 2 take reflection into account andehgrowide all solu-
tions in a single pass, while the other methods required tpipdied twice.

To compare the efficiency of the solving in the various casescansider a
specific robot, calledest robot, that will be used all over this paper, such that:
A1 =(0,0) A,=(10010) B; =(—-10,1) By =(10,2) and we solve the DK for
p1 = 110,p, = 100. The solving times in seconds for the above methods 8te 0.
(4), 0.49 (4), 0.8 (2), 0.04 (2), 0.11 (2), 3.66 (6), where ttluenber in parenthesis
is the number of solutions. The total number of solution$pibsitive tensions is 4
as indicated by methods 1 and 2. Methods 3, 4, 5 provide orfyhthe solutions
because reflection is not taken into account and method 6da®% solutions but
only 2 with positive tensions. Hence the most efficient mdghare 2 and 4 (which
requires 2 passes to get all solutions).

We have conducted a study of the number of solutions withtipesiensions
by selecting randomly 400 wire lengths and solving the DKanlecase. We have
found that the DK has 2 solutions in 34% of the cases, 3 in 8,6 45.5% 5 in
0.75%, 6 in 8.5%, 7 in 0.5 % and 8 in 2%. Evidently we cannotaldiat even with
this relatively high number of trials these numbers will ajw be relevant. Figure 2
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shows an example with 8 solutions obtained fgr= 180 p, = 190. The solution
(Xg,Yg, 0) obtained for the rotation matrix are (45.19, -168.50, 79%.(30.31, -

168.47, 142.38), (49.34, -177.12, 3.10), (68.01, -168423,97) with6 in degree.

For the reflection we get (48.46, -171.49, 175.96), (12.869-36, 85.78), (49.29,
-174.13, 357.43), (85.36, -169.37, 267.40). Note that tfafithe plane motion is
possible, then we have only 2 stable solutions.

20 40

—204
—40
—60
-80
—100
—120
—140
—-160
—180-

Fig. 2 The eight solutions of the DK obtained for the test robot vath= 180 p, = 190

4 Staticsin thejoint space

If the pose parameters are known, then equations (3) allowigtermine the ten-
sions in the wires. It may however be of interest to study kiatics in the joint
spaceps, p2. In this section we will address two problems:

1. determining the wire tensions as functionggfp, only
2. determining the regio¥ in the joint space such thit |, |T2| < Trmax, WhereTmax
is a fixed threshold

For point 1 we note that the two first equations of (5) are lineag, yg. Solving
this linear system and reporting the result in the last eqoaif (5) and in the 2
equations (2) leads to a system of 3 equation,in, 7. This system may be con-
verted into an algebraic system by using the Weierstrasstisufion T = tan(6/2).
Taking the resultant with respect Toof each pair of equations leads to two poly-
nomialsPy, P, in 11, T2, which have degree (6,6). For a given robot geometry the
resultant ofP,, P, in 15 factor out in two polynomials of degree 12 and 2@jnonly
the former one leading to valid values far. Solving this polynomial and back sub-
stituting its roots inP;, P, allow to calculater,, which complete the static analysis
in the joint space.

For point 2 checking if, for a given mass of the platform, tizdue of the wire
tensions are lower than the breaking point is clearly ofrgge If only joint control
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is use we are interested in determining the location of thetpsuch that one of the
wire tension is equal to its allowed maximumry in the joint spaces, ps.

Assume that we sai = Tax; equations (3, 2) become a system of 5 equations
in the unknownsg, yq, 8, 2. The first equation of (3) is used to determingwhile
the difference between the 2 equations (2) is lineagiand is used to determine
Xg- The second equation of (3) is linearyg after solving it remains 2 equations
(the third equation of (3) and one of the equations (2), thatamly function of
6. If we defineT = tan(6/2) the first equation may be written as the product of 3
polynomialsA x B(T, p1, p2) X C(T, p1, p2) of degree 2, 2, 4 i, the polynomiaB
having only terms irp? or p2, while C is a 3rd order polynomial ip; and includes
only terms withp2. The second equation may be writtenas D(T, p, p2) Where
D is a sixth order polynomial iff and inp;, while it includes onlypg‘,pz2 terms.
The common termi cancels when both wires are parallel, a case we have excluded
and consequently both equations will cancel either whengbgitant o8, D or the
resultant ofC, D is equal to 0. The resultant & D factors out in a polynomial of
degree 6 inp; and includes only4, p2 terms. The resultant &, D is too large to
be obtained when the geometrical parameters of the robdtegtesymbolic but it
may be easily obtained for a given geometry and leads to aapotial of degree 16
in p; and 12 inp, with a total degree 16.

To determine the regio#” of the p; — p» joint space where we hawe < Tyax
and 12 < Tax We have to plot the above curves for the two cases Tax and
T» = Tyax. These curves will be splitted in arcs whose start and enemexties are
points such that either; = T» = Tyx Or T1 < 0 or T2 < 0 (the calculation in the
joint space in the two later case being presented in secjiddlassicaly the border
of # will be obtained as a set of such arcs, which are determinexhbgking the
constraints for the mid-point of the arcs, using a method ithaimilar to the one
used for determining the workspace of a parallel robot [4].

We consider the test robot and we choagg = 2% . Figure 3 shows the curves
with the following notation: a curve denotéd j is such that; = 17sx and a curve
denotedsi corresponds to the case where wisipports all the load.

Consider the case where we hapge= 40. Settingr; = Tk leads to 4 solutions
Uj=(p2, T2, Xg, Yg) WithU1=(42.96,2.095,49.7146 -6.66),=(83.87,1.989, 28.548,-
8.8),U3=(115.52,-1.517,-20.134,-23.010),=(151.688, - 1.4219, -35.554, -34.846).
These points correspond to the intersection of thegdine 40 with the arcs of curve
denoted 10, t13, t13, t12.Itmay be noted that for pointd;,Us we have
72 < 0: this is quite normal as these points are over theiheWe notice also that
for pointU; we haver, > 2. If we now plot the 4 solutions (figure 4) we note that
the solutionU, corresponds to the unstable case wh@i&s over the poinBy, B,
and, as expected, solutioklg,U,4 lies on the left side of thg axis which is the
limit in which wire 1 supports the whole load while wire 2 issk. Hence none of
these point may belong to the border#f. If we consider the case = Tmax We
get also 4 solutions (not represented in the figMfe) o2, T1, Xg, Yg) With V,=(43.22,
1.905, 49.629, -7.192)/,=(83.834, 2.01, 28.568, -8.733)3=(116.067, -2.262, -
25.997, 14.647\V4=(153.893365, -2.337226, -42.997, 25.872). For solutibneg,
we haver; < 0, while forV, we haver; > tmax and a further analysis shows that
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Fig. 3 The curves that appear in the calculation of the region inghe p, space for which
T4, 72| < Tmax

Fig. 4 The poses of the solutions obtained far= 40

this solution is also unstable. Hence the only valid solutgdJ; which is a point of
the border of#. A more complete analysis, that cannot be presented hetador
of space, shows that the regi#fi has as border the curvel, v2, one arc of the
curvet 10 and one arc of the curute20.

5 Singularities

Wire-driven parallel robot have the same singularity tharafiel robots with rigid
legs (provided that the wire tensions are positive). In tHe@se this singularity
will be obtained if the lineA;B1, A2B; are colinear. But this situation cannot occur
for a crane as the mechanical equilibrium cannot be satiéfiedequilibrium along
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thex axis imposes1 = — 1, and therefore the vertical force resulting from the wire
tension is 0 and therefore cannot balance the weight of titéopin).

But another type of singularity has to be considered namélgna wire tension
cancels, as in that case we loose control of one d.o.f. F&-théhis happens when
G,A1,B; (or G,Az,By) lies on the same vertical line. If we assume that only wire 1
is under tension we geg = 0,x; = 0 from which we get taf = Xy, /Yy, While yg
has an arbitrary negative value. The minimal length of winee/ then be computed
for a givenygy with equation (2). However it may be of interest to get thgslarity
condition in the joint spacp, p2. If d; is the distance betwedd andB; we have
Yg = —p1 £ di Substituting this value in (2) leads to

2 2
Xp, — X Xh, X
02> (mbzdilb%z_xaz) +(—p1idl+%lyblybz—yaz) ()

which are the singularity conditions in the joint space. &k singularity condition
can be obtained in the same way if wire 2 only is under tension.

6 Conclusion

In spite of its apparent simplicity the kinematics of the 2eBot is quite complex.
This paper has addressed not so well known kinematics ighaésnay be of in-

terest for the robot control either in the operational orha joint space. The next
step will then to extend the concepts proposed in this papspatial wire robots
with 3 to 6 wires. This research has received funding fromBbepean Commu-
nity’s Seventh Framework Program under grant agreementNBIR2011-285404
(CABLEBOT).

References

[1] Bosscher, P., Ebert-Uphoff, I.: Wrench-based analg$isable-driven robots.
In: IEEE Int. Conf. on Robotics and Automation, pp. 4950-8.9%ew Orleans
( April, 28-30, 2004)

[2] Carricato, M., Merlet, J.P.: Stability analysis of umdenstrained cable-driven
parallel robots. IEEE Trans. on Robot28(1), 288—296 (2013)

[3] Carricato, M., Merlet, J.P.: Geometrico-static anaysf under-constrained
cable-driven parallel robot. In: ARK, pp. 309-320. Piraru6d 28- July 1,
2010)

[4] Gosselin, C.: Determination of the workspace of 6-dofgtial manipulators.
ASME J. of Mechanical Desighl2(3), 331-336 ( September 1990)

[5] Michael, N., Fink, J., Kumar, V.: Cooperative manipuidex and transportation
with aerial robots. In: Robotics: Science and Systemst@gaiune 2009)



