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On Bruhat posets associated to compositions’

Mahir Bilen Can| and Yonah Cherniavskyf

Department of Mathematics, Tulane University, New Orleans, USA
Department of Computer Science and Mathematics, Ariel University, Israel

Abstract. The purpose of this work is to initiate a combinatorial study of the Bruhat-Chevalley ordering on certain
sets of permutations obtained by omitting the parentheses from their standard cyclic notation. In particular, we show
that these sets form bounded, graded, unimodal, rank-symmetric and EL-shellable posets. Moreover, we determine
the homotopy types of the associated order complexes.

Résumé. Le but de ce travail est de lancer une tude combinatoire de 1’ordre de Bruhat-Chevalley sur certains en-
sembles de permutations obtenues en omettant les parenthses de leur notation cyclique standard. En particulier, nous
montrons que ces ensembles forment born, class, unimodale, rang-symtrique et posets EL-shellable. De plus, nous
dterminons les types de complexes d’ordre associs d’homotopie.

Keywords: Bruhat order, graded posets, unimodality, EL-shellability

1 Introduction

Let n be a positive integer, and let S,, denote the symmetric group of permutations on the set [n] :=
{1,...,n}. A fixed-point-free involution is a permutation 7 € S,, such that 7 o 7 = id and 7 (i) # i
for all 4 € [n]. In their interesting paper [6], Deodhar and Srinivasan define and study an analog of the
Bruhat-Chevalley ordering on the set of all fixed-point-free involutions of Sa,. In [13], Upperman and
Vinroot investigate the natural extension of this partial ordering on the set of products of n disjoint cycles
of length m in S,,,,,. In this note we present a construction generalizing both of these works. We achieve
this by studying a self-map on S,,, which is in some sense very classical.

The standard cyclic form of a permutation m € S,, is the representation of 7 as a product of disjoint
cycles

™= (al,la cee 7ak1,1) (a1,27 .. ~aak2,2) s (Cll,m: cee aakm,m) ,

where a1 < aj2 < -+ <aimanda;; < a;;forevery 1 < j <mand?2 < ¢ < kj. Here, contrary to
the commonly used convention, we do not suppress cycles of length one from our notation.

Recall that the one-line notation for x € S, is defined by = [a1, a9, ...,ay], where z(j) = a;
for 1 < j < n. We define the mapping 2 : S,, — S, as follows: write € .S, in the standard form

*Full text can be found at [3]
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and then omit the parentheses. We view the resulting word as a permutation of .S;, written in one-line
notation. For example, let z = (1,2)(3)(4,5) be a permutation given in its standard cyclic form. Then
Q(x) = [1,2,3,4, 5], which is the identity permutation in .S.

Notice that our map 2 is somewhat similar to the fundamental bijection w — w presented in Section
1.3, page 29 of [11]. That fundamental bijection also removes parentheses from a certain cyclic form of a
permutation. However, our mapping is rather different from the fundamental bijection.

After we started this project we learned from Y. Roichman that in his Bar-Ilan University M.Sc. The-
sis [1], A. Avni used a map (denoted by () that is identical to our €2. Avni considers this map on the
conjugacy class of fixed-point-free involutions of Ss,,, and the order relation on the permutations in the
image of the mapping is the weak Bruhat order. Note that we deal with the strong Bruhat order here.

It is clear that € is not injective, however, there are interesting subsets of S,, on which its restriction is
one-to-one. Recall that a composition of n is a sequence A = (A1, ..., Ag) of positive integers such that
> X; = n. In this case, it is customary to write A E n. We define the composition type of a permutation
x € S, to be the composition obtained from the standard cyclic form of x by considering the lengths of
its cycles. For example, if © = (1,2)(3)(4, 5) € S5, then its composition type is A = (2, 1, 2). We denote
by Ay C S, the set of all permutations of composition type A F n.

In the works of Deodhar and Srinivasan [6], and Upperman and Vinroot [13] the authors use a certain
restriction of our map €2 composed with the inverse map w > w~!. Both of these papers use ¢ to
denote their corresponding map. In [6]], ¢ operates on the set of fixed-point-free involutions and in [13]]
¢ operates on the set of products of disjoint m-cycles. Here, we apply €2 to arbitrary Ay for A F n,
and investigate the “Bruhat-Chevalley ordering” on the resulting set of permutations, which we denote by
C) := Q(A)y). To continue, let us recall the definition of this important partial ordering.

The inversion number of a permutation z = [ay, . .., a,] € S, is the cardinality of the set of inversions

inv(z) = {6, 7): 1 <i<j<m, z(i)>x()} (1)

The Bruhat-Chevalley ordering on S, is the transitive closure of the following covering relations: x =
[a1,...,a,]is covered by y = [by, ..., b,], if inv(y) = inv(z) + 1 and

1. ap = by fork € {1,... ,Z . ,}, ...,n} (hat means omit those numbers),
2. a; = bj, a; = b;, and a; < aj.

We are now ready to give a brief overview of this work and state our main results. In the next section,
we introduce more notation and provide preliminary results for our proofs.

Our first main result, which we give in Section is about the gradedness of C'’s. Recall that a finite
poset is called graded, if all maximal chains are of the same length.

Theorem A. Given a composition A F n, with respect to the restriction of the Bruhat-Chevalley ordering
the set C)y is a graded poset with a minimum and a maximum.

Let g be a variable, and for a subset S C S, let Gs(q) denote its “length generating function”
Gs(q) =3, cqq™"®. The g-analog of a natural number n is the polynomial [n], := 1+g+---+¢" 1.
Our second main result, which we give in Section [Z_f] is

Theorem B. The length generating function of C) is of the form G¢, (¢) = [i1]q[i2]q - - - [ir]q for a
suitable sequence 2 < iy < --- < %, < n — 1 determined by A.
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As a consequence, we see that the length generating functions G¢, (¢) are palindromic, and therefore, the
posets C'y are unimodal and rank-symmetric.

To state our third main result and its important corollary (our Theorem 4), we need to recall a definition
of the notion of lexicographic shellability of a poset: A finite graded poset P with a maximum and a
minimum element is called EL-shellable (lexicographically shellable), if there exists a map f = fr :
C(P) — I between the set of covering relations C'(P) of P into a totally ordered set I” satisfying

1. in every interval [x,y] C P of length k£ > 0 there exists a unique saturated chain ¢ : zg = = <
Ty < --- < xp—1 < x = y such that the entries of the sequence

f(C):(f(l‘o,l‘l),f(afl,xz),...,f(l‘k_l,l'k)) 2

are weakly increasing.

2. The sequence f(c) of the unique chain ¢ from (1) is the lexicographically smallest among all se-
quences of the form (f(zo,27), f(z],25), ..., f(¥}_1,xk)), Where xp < 2] < -+ <z}, < Tp.

For Bruhat-Chevalley ordering, in an increasing order of generality, the articles [7], [9], and [2] show
that .S,, is a lexicographically shellable poset. In Section 3] we prove that

Theorem C. For all compositions A E n, the posets C are EL-shellable.

The order complex A(P) of a poset P is the abstract simplical complex consisting of all chains from P.
An important consequence of EL-shellability is that the associated order complex has the homotopy type
of wedge of spheres or balls. For example, when P = S,, (with respect to Bruhat-Chevalley ordering),
the order complex of P triangulates a sphere of dimension n(n — 1)/2. In our final main result, which
prove in Section [} we obtain

Theorem D. Let A = n be a composition.

1. If A = (n) or A = (n — 1,1), then the poset C' is isomorphic to S,_;. In this case it is just a
copy of S,,_; embedded into S,,. Similarly, if \; = Ao = -+ = Ay_y =land \y =n—k+1
orA; =Xy = = X2 =1, g1 = n—k, Ay = 1 (like (1,1,1,4, 1)), then the poset
C) is isomorphic to S,,_x. Therefore, in these cases, the order complex of the proper part of C'y
(meaning, one has to remove the minimum and maximum elements) triangulates a sphere.

2. In all other cases the order complex of the proper part of C' triangulates a ball.

We finish our paper with final comments and future questions in Section [6]

Acknowledgements. The first author is partially supported by the Louisiana Board of Regents Re-
search and Development grant. Both authors are grateful to Professors R. P. Stanley, B. Sagan, Y. Roich-
man, and A. Goldstein for helpful discussions. Also, the authors are grateful to Professor J. Stembridge
for sharing publicly his helpful software called posets.
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2 Preliminaries

Recall that in a poset P, an element y is said to cover another element z, if + < y and if x < z < y for
some z € P, then either z = x or z = y. In this case, we write = < y. Given P, we denote by C'(P) the
set of all covering relations of P.

A poset P is called bounded if it has the unique minimal element and the unique maximal element
which are usually denoted 0 and 1.

An (increasing) chain in P is a sequence of distinct elements suchthat z = z; < 29 < --- < Tp_1 <
Zn, = y. A chain in a poset P is called saturated, if it is of the form z = x1 +— 29 -+ 1
Z, = y. A saturated chain in an interval [z, y] is called maximal, if the end points of the chain are = and
y. Recall also that a poset is called graded if all maximal chains between any two comparable elements
x < y have the same length. This amounts to the existence of an integer valued function {p : P — N
satisfying

1. £p(0) =0,
2. Ip(y) = £p(z) + 1 whenever y covers z in P.

{p is called the length function of P. In this case, the length of the interval [6, i] = P is called the length
of the poset P. For ¢ € N, the i-th level of a graded poset P is defined as the set of elements of P of length
t.Thus, if p; denotes the number of elements of the ¢-th level of P, then the length-generating function of
Pisequalto Gp(q) = > ;50 Pid"-

We recalled the definition of the notion of EL-shellability in the previous section. There is an elemen-
tary but a useful criterion to see if a poset is EL-shellable or not:

Lemma 1 (Proposmon 3.1[6l) Let P bea ﬁmte graded poset with the smallest and the largest elements,
denoted by 0 and 1, respectively. (Assume 0 75 1.) Let g : C(P) — I' be an EL-labeling of P. Let Q C P
contain 0 and also a maximal element z # 0 (in the induced order). Assume that Q satisfies the following
property: For all x < vy, the unique rising chain from x to y in P lies in Q). Then Q) (with the induced
order) is a graded poset with the same rank function as P and g restricted to C(Q) is an EL-labeling for

Q.

To check the EL-shellability of the posets of our paper, we need to have a concrete way for comparing
given two permutations in the Bruhat-Chevalley ordering: For an integer valued vector a = [ay, ..., a,] €
Z" leta = [aq,,- - -, Gq, ] be the rearrangement of the entries ay, . . . , a,, of a in a non-increasing fashion;

(2o Zaagz"'zaan-

The containment ordering, “<.,” on Z™ is then defined by

a=lay,...,a,) <cb=1[b1,...,by] <= aq, <bg, forallj=1,...,n,
where @ = [aqay, - -, Ga, s and b = [bgy,---,bg,]
Example 2 Let x = [4,5,0,3,1], and let y = [4,2,5,5,1]. Then x <. y, because T = [5,4,3,1,0] and
y=1055,4,2,1].
For k € [n], the k-th truncation alk] of a = [a1,...,a,] is defined to be a[k] := [a1,a2,...,a;]. A

proof of the following lemma can be found in [5].
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Lemma3 Let v = [v1,...,v,] and w = [wy, ..., w,] be two permutations from S,,. Then v < w (in
Bruhat-Chevalley ordering) if and only if

k] <. wlk] forallk =1,...n.

The EL-shellability of the Bruhat-Chevalley order on symmetric group is first proved by Edelman in [[7]].
His EL-labeling is as follows: If o covers 7 and the numbers ¢ and j, ¢ < j, are interchanged in 7 to get
o, then the covering relation (the edge in the Hasse diagram) between 7 and o is labeled by (4, 7). It
means that the covering relation between 7 and o is labeled by (¢, j) when o = (i, j) - 7, where by (i, j)
we mean the transposition which interchanges ¢ and j. Edelman proves in [7]] that this labeling is indeed
an EL-labeling, the transpositions (i, j) are totally ordered by the lexicographic order. We use another
EL-labeling of the Bruhat poset of S,,: the covering relation between 7 and o is labeled by (7, j) when
o = - (i, 7). This is also an EL-labeling since the map § ~— §~! is order-preserving and o = 7 - (i, j) if
and only if o=! = (i,5) - 7~ L.

3 Gradedness and EL-shellability

Observe that a maximal set on which (2 is injective is the set of standard cyclic forms which suit a certain
composition of n. Indeed, when we know the composition type we can put the parentheses on the one-line
notation of the permutation in the image of €2, and thus, we reconstruct its pre-image.

Theorems A. & C. Let A = (Aq,..., \;) be a composition of n. Then C is a bounded, graded, EL-
shellable subposet of the Bruhat-Chevalley poset of .5,,.

Sketch of the proof The unique minimal element of C), is the identity permutation id = (1,2,...,n).
The unique maximal element wy of C), is obtained as follows. Let w5 = T3 ...T} be the permutation
given in standard cycle form such that

0 it = 1,
T = . i—1 . i—1 . i—2 . 3
(Zvn_ijl )‘j —(i— 1),71—2]-:1 )‘j - (2_2)7""n_2j:1 )‘j) if A > 1,

where T; is a cycle of length \;. For example, if A = (4,2, 3,5), then
7-(-(4,2,3,5) = (13 143 137 12)(27 11)(37 107 9) (4a 87 77 67 5)

By using Lemma [3] it is easy to verify that () is the maximal element of Cy. So, the poset Cl is
bounded.

In order to prove that C'y is graded and EL-shellable we use Lemma [I} We take two permutations
0,7 € C such that § < 7 in the Bruhat-Chevalley order of .S,,, and show that unique increasing chain
(which is lexicographically smallest) between d and 7 lies completely inside C'. ]

Computing the length of the maximal element wy in C\ we find the length of the poset C\:

Proposition 4 For A = (A1,..., \;) E n, the length of C is equal to ("51) +k—1-F (r—1)A,.

r=1

4 Unimodality and rank symmetry

Let Comp(n) denote the set of all compositions of n. Define the operator ST : Comp(n) — Comp(n)
as follows: For A = (A1,...,Ax) € Comp(n), ST(A) is the composition of n obtained from A by
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splitting the part A; into two parts A\; — 1,1, where ); is the rightmost part of A which is greater than
1. For example, ST (4,3) = (4,2,1) and §7(1,2,1,3,1,1) = (1,2,1,2,1,1,1). Notice that for any
composition A if we keep applying the operation ST, then eventually we arrive at the composition with
all parts equal to 1.

Our first important observation regarding the relationship between C and Csr(y) is that if A\, > 1,
then C\ = Cs7 (). Indeed, this is easy to verify and does not need a proof. If, on the contrary, A\, = 1,
then there is a natural embedding of CST( A) in C. Moreover, as we show below, C, is a union of several
copies of Cs1(x) glued together in a certain way. Also, as we are going to explain in the sequel, it follows
from these observations that the poset C'y is rank-symmetric and unimodal. In other words, if r; denotes
the number of elements of length ¢ in C, and M denotes the length of w), the maximal element of C},
then

o 27‘]\4_1‘,1"01‘3.111':0,...,LM/QJ,
o g <1y < ST ny2) 2T\ M/2)H1 2 2 TM

Exploring in detail the example of Cy4 ), whose Hasse diagram is depicted in Figure E]below, we see
that the poset C4 2) = C(4,1,1) is a union of three copies of C(3 1,1,1), shifted by one-level each. Each of
those copies of C 3 1 ;1) is a union of four copies of C2 1 1 1,1), €ach of which is a union of five singletons

Ca1,1,1,1,1,1)- See [3] for more details.
We paraphrase pictorially starting from Co 1 11,1):
1
1
1
1

1
111 11

Here, we read the rows of the array starting from top towards bottom. Each of the first five rows corre-
sponds to a copy of C(1,1,1,1,1,1)- Each of them has the unique entry 1 since these come from one-element
posets. Each next row is shifted one unit towards right because each copy of C(1,1,1,1,1,1) is placed one
level above the previous copy in C(2,1,1,1,1)- The sixth row is the sequence of numbers of elements at
each level of C2 1 1.1,1)-

We repeat the same process for the four copies of C51,1,1,1) in C(3,1,1,1):

11 1 11
11 1 11
11 1 11

111 11

1 2 3 4 4 3 2 1

The top first four rows are sequences of numbers of elements at each level of C2 1 1.1,1). There is a
shifting because each next copy starts one level above the previous copy of C21,1,1,1) in C(31,1,1). The
last row is the sequence of the cardinalities of the levels of C 3 ; 1 1y. Clearly, each entry of the sequence
is the sum of the terms lying above in its column.
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In the same way we display what happens when three copies of the poset C(3 1, 1,1) form the poset
Cla,1)-

Using these observations we easily compute > inv(7): The length-generating function of the

m€C4,1,1) q
chain of five elements C(2 11,1,1) is just 1 + ¢ + ¢* + ¢* + ¢* = [5],. Four copies of C(5 1 1,1,1) form
C(3,1,1,1) in the way that we described, so the length-generating function of C(3 1 1,1y is [4]4[5]4, which is
equal to 1+ 2¢ + 3¢* 4 4¢® + 4¢* + 3¢° + 2¢° + ¢. Three copies of C(3 1,1,1) form C(4 1 1) in the way
that we described, so the length-generating function of C4 ; 1y is

> g™ = [3]4[4]4[5]g = 1+ 3q + 6¢° + 9¢° + 11¢* + 11¢° + 9¢° + 6¢" + 3¢° + ¢° .
TFEC(4)171)

Generalizing the above investigation of the example, we get:

Lemma5 Let A = (\y,...,\;) E n be a composition of n, and let \j be the rightmost part of X\ which
is greater than 1. Then

Oy = U ST<A)’
where C’ST(/\) C Cyi=1,...,k—jisasubposetisomorphic to Csty), and defined as follows: CST(/\)

is just the natural embedding of Cst(y) into Cy. To build CST(A from OST()\ pick an element ©() €
CfST(A) and notice thatw(o) < 7rt(+)1, wheret = Ai+MAa+- - -+ ;. Define iy € CST ") by interchanging

t(o) and wt(i)l in the one-line notation of 7, i.e., 7 = [1, 7T(0), ce t(o)l’ wt(i)l, (0), .. ,wéo)]. To
build 0227)_()\ Jfrom 05917)_@), we start with an element (") ofogl%()\) Then the permutation 2 is defined
by interchanging t-th and (t + 2)-th entries in the one-line notation of ™V, and so on.

Theorems B. Let A = (A1, ..., \x) be a composition of n. The poset C) is unimodal and rank-symmetric
and moreover its length-generating function is equal to

Z g = lir)glialg - - [im]q
TeCy

for a certain sequence 2 < i1 < ig < -+ <1y, <N — L.

5 The order complex of C),

The Mobius function of a poset P is defined recursively by the formula

/1,([:6,:6]) =1
p(lzy)) == > p(z,2])

r<z<y

forall x < yin P.

Let 0 and 1 denote the smallest and the largest elements of P, respectively. It is well known that u((), i)
is equal to the “reduced Euler characteristic” Y (A(P)) of the topological realization of the order complex
of the proper part of P. See Proposition 3.8.6 in [L1]].
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Let I" denote a finite, totally ordered set and let g be a I'-valued function defined on C'(P). Then
g is called an R-labeling for P, if for every interval [z,y] in P, there exists a unique saturated chain
T=1T1 4 Xy 4 -+ 4 Tp_1 < T, = y such that

9(z1,22) < g2, 23) < -+ < g(Tn—1,Zn)- €]

Thus, P is EL-shellable, if it has an R-labeling g : C'(P) — I such that for each interval [z, y] in P the
sequence (4)) is lexicographically smallest among all sequences of the form

(g(x,xlg),g(aié, l‘g), cee ag(aj;cflay))a

where & < 29 ' -+ <z} _| < Y.

Suppose P is of length n € N with the length function ¢ = {p : P — N. For S C [n], let Ps denote the
subset P = {x € P : {(x) € S}. We denote by ys the Mbius function of the poset Py that is obtained
from Pgs by adjoining a smallest and a largest element, if they are missing. Suppose also that g : C(P) —
I is an R-labeling for P. In this case it is well known that (—1)/51=1,5(0 P> 1 p.) is equal to the number

of maximal chains g = 0 < 27 < --- < z, = 1 in P for which the descent set of the sequence
(9(xo,21),...,g(xn_1,y)) is equal to S, or equivalently, {i € [n] : g(z;—1,2;) > g(xir1, 7))} = S.
See Theorem 3.14.2 in [[11].

Theorems D. Let A = (\q, ..., \;) be a composition of n.

1. If X = (n), or A = (n — 1,1), then C) is isomorphic to the Bruhat-Chevalley poset on S,,_1,
embedded into S, as the set of permutations fixing 1. Similarly, if \y = Ao =--- = A\y_; = 1 and
M=n—k+lorh =X ==X N_oa=1 A1 =n—k A\ =1(ike (1,1,1,4,1)), then
C), is isomorphic to the Bruhat-Chevalley poset .S, suitably embedded into .S,,.

2. In all other cases the order complex of the proper part of C'y triangulates a ball.

Sketch of the proof. The first statement is obvious. We know from Section [3| that the poset C' is EL-
shellable. In order to show that its order complex triangulates a ball, by the discussion at the beginning of
this section it is enough to show that there does not exist a decreasing chain going from ¢d to w) so that

ey ([id, wy]) = 0.

6 Conclusion

This work can be continued in several directions. For example, one can investigate the poset 2(Conj(v)),
where C'onj(v) is the conjugacy class of the symmetric group which corresponds to the partition . Ob-
viously, {2 is not necessarily a one-to-one mapping when we consider it on Conj(v) and Q(Conj(v)) =
U, €, where X runs over all compositions obtained by permuting the parts of the partition v. The
computer calculations performed for few examples suggest that such posets are bounded, graded and uni-
modal. However, they are not necessarily rank-symmetric. The natural question is to understand whether
they are EL-shellable, and to determine their order complexes.

Another possibly interesting direction is to understand whether the posets presented here are related in
some nice combinatorial way to representations of S, or of the type A 0-Hecke algebra along the lines
of [8].
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Richard Stanley pointed out to us that the posets C\ may possess the symmetric-chain properly [Page
182, [112]], and guessed that his arguments could be modified to this end. Indeed, the following modifica-
tion of the order preserving bijection that Stanley uses [cf. [12]] for proving the symmetric-chain property
for S,, proves that C' also has the symmetric-chain property.

For a permutation m# = [71,...,7,] € S, given in one-line-notation, let A; (1 < i < n) denote the
number of inversions that 7; creates. In other words, 4; := [{¢t < j < n : m > m;}|. Denote the
set of numbers {0, 1,...,k} by [0, k], and define I : S,, — [0,n — 1] x [0, — 2] x [0,1] x [0, 0] by
I(m) = (Ay,...,Ay). Then it is easy to check that I is an order preserving bijection. Note that on the
right hand side we are using the product ordering. Let us mention by passing that Avni uses this bijection
in his M.Sc. thesis [1]] for some other means. Now, let A = (A1,..., ;) E n, and let 7 € C). Observe
thatif 1 <7 <r,andifi = 1+ X +Aa+-+ A, forsome s € [r], then A; = A;(7) = 0. On the other hand,
if 7 € [n] is not equal to such an i, then A; is arbitrary and lies in the interval [0, — 1]. In other words,
the image of the restriction of I, to C, is the Cartesian product Xjeln]— {1+ 35, M selr]} [7—1,0]. Since
any product of chains is a symmetric chain order, C'y is a symmetric chain order, as Stanley predicted.

Let W denote a Coxeter group. In [10], generalizing the notion of parabolic subgroup E. Rains and
M. Vazirani introduce the notion of a “quasi-parabolic subgroup” and the associated “quasi-parabolic W-
set.” They show that these W-sets carry a partial ordering, similar to strong Bruhat ordering and they
are “CL-shellable” and its rank-generating function has a very nice decomposition. Here in our paper,
we do not use CL-shellability, however, let us mention that an EL-shellable poset is CL-shellable. In this
direction, it is interesting to understand for what composition A E n, the Bruhat-Chevalley poset C', is a
quasi-parabolic set. It is rather obvious that for certain \’s it is quasi-parabolic, however, it is interesting
to understand whether it is true for any A, and if the answer is negative, then it would be nice to give a
characterization of those A for which C, is a quasi-parabolic set.
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