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A classification of the face numbers of
Buchsbaum simplicial posets
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Abstract. The family of Buchsbaum simplicial posets generalizes the family of simplicial cell manifolds. The h′-
vector of a simplicial complex or simplicial poset encodes the combinatorial and topological data of its face numbers
and the reduced Betti numbers of its geometric realization. Novik and Swartz showed that the h′-vector of a Buchs-
baum simplicial poset satisfies certain simple inequalities. In this paper we show that these necessary conditions are
in fact sufficient to characterize the h′-vectors of Buchsbaum simplicial posets with prescribed Betti numbers.

Resumé. La famille des ordres simpliciaux de Buchsbaum est une généralisation de la famille des variétés cellules
simpliciaux. Les informations combinatoriques et topologiques des nombres-f et des nombres réduits de Betti de la
réalisation géométrique d’un complex simplicial ou un ordre simplicial sont encodées dans la vecteur-h′. Novik et
Swartz ont montrés que la vecteur-h′ d’un ordre simplicial de Buchsbaum se remplit à certaines inégalitiés simples.
Dans cet article, nous démontrons que ces conditions nécessaires sont, en effet, suffisante pour classer les vecteurs-h′

des ordres simpliciaux de Buchsbaum avec des nombres de Betti prescrits.
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1 Introduction
A (finite) simplicial poset is a poset with a unique minimal element 0̂ in which each interval [0̂, τ ] is
isomorphic to a Boolean lattice. Such a poset is naturally graded by declaring that an element τ has rank
k if the interval [0̂, τ ] is isomorphic to the Boolean lattice of rank k.

Any simplicial poset P can be naturally identified with a topological space |P | by associating a (k−1)-
dimensional simplex to each rank k element of P in such a way that the order relation on P dictates the
containment of faces in |P |. As such, simplicial posets are also typically called simplicial cell complexes.
The primary difference between a simplicial poset and a simplicial complex is that any pair of faces in a
simplicial complex intersect along a single (possibly empty) face of their boundaries; whereas a pair of
faces in a simplicial poset can intersect along any sub complex of their boundaries.

We are particularly interested in the families of Cohen-Macaulay and Buchsbaum simplicial posets. The
former family of simplicial posets is an algebraic generalization of the families of simplicial cell balls and
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simplicial cell spheres (i.e., simplicial cell complexes that triangulate a ball/sphere of some dimension)
and the latter family generalizes the family of simplicial cell manifolds (with or without boundary).

The most fundamental combinatorial invariant of a simplicial poset P of rank d is its f -vector, which
is denoted f(P ) = (f−1(P ), f0(P ), f1(P ), . . . , fd−1(P )), and the f -numbers fi(P ) count the number
of i-dimensional faces in P . The primary question that arises in the study of simplicial complexes or
posets is to fix some family of complexes or posets (for example, Cohen-Macaulay or Buchsbaum com-
plexes/posets or, alternatively, the collection of all simplicial complexes/posets that triangulate a given
topological space) and determine necessary and sufficient conditions on the collection of f -vectors that
can arise from triangulations in that family.

For the purposes of answering such questions, it is often more convenient to study the h-vector of a
simplicial poset, which is denoted h(P ) = (h0(P ), h1(P ), . . . , hd(P )), and whose entries are called the
h-numbers of P . The h-numbers of P are defined as a certain integer transformation of its f -numbers,
and knowing the f -numbers of P is equivalent to knowing its h-numbers.

For example, in the case that P is Cohen-Macaulay, the h-numbers of P count the graded dimensions
of the quotient of the face ring of P by a linear system of parameters. Stanley (1977) gave a complete
characterization of the h-numbers of Cohen-Macaulay simplicial complexes, and later Stanley (1991)
gave a complete characterization of the h-numbers of Cohen-Macaulay simplicial posets.

A recurring theme in this area is that such characterization theorems for simplicial posets are often
much simpler than their counterparts for simplicial complexes; or in other cases, characterizations are
known for certain families of simplicial posets that are still unsolved for those same families of simplicial
complexes. For example Stanley (1991) and Masuda (2005) gave a complete characterization of the h-
vectors of simplicial cell spheres, while it is still unknown whether or not the conditions of the g-theorem
of Stanley (1980) and Billera and Lee (1981), which characterizes the family of h-vectors of simplicial
polytopes, continues to hold for arbitrary simplicial spheres.

Similarly, Novik and Swartz (2009) established necessary conditions on both the h-numbers of Buchs-
baum simplicial complexes and the h-numbers of Buchsbaum simplicial posets that are natural general-
izations of the formulas that appear in the characterizations of h-vectors of Cohen-Macaulay simplicial
complexes and posets. As in the Cohen-Macaulay realm, the conditions they determine for the family of
Buchsbaum simplicial complexes are nonlinear inequalities in the style of the Macaulay (1972) inequali-
ties that bound the relative growth of the entries of an M -sequence, while the inequalities for Buchsbaum
simplicial posets are simple linear lower bounds.

The remainder of the paper is structured as follows. In Section 2, we outline the history of this problem,
along with the relevant background definitions on simplicial complexes and simplicial posets. In Section
3, we will present our contribution to this problem, which shows that the necessary conditions imposed
by Novik and Swartz (2009) are in fact sufficient to characterize the h-vectors of Buchsbaum simplicial
posets with prescribed homology groups. We will omit most of the proofs in this section, and we will only
sketch the proof of our main result. This abstract is a summary of the results in Browder and Klee (2013),
and refer to that paper for the complete details of our proofs.

2 History and Background
2.1 Simplicial complexes and simplicial posets
A simplicial complex, ∆, on vertex set V = V (∆) is a collection of subsets τ ⊆ V , called faces, with the
property that if τ ∈ ∆ and σ ⊆ τ , then σ ∈ ∆. The dimension of a face τ ∈ ∆ is dim(τ) := |τ | − 1, and
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the dimension of ∆ is dim(∆) := max{dim(τ) : τ ∈ ∆}. The link of a face τ ∈ ∆ is

lk∆(τ) = {γ ∈ ∆ : γ ∩ τ = ∅, γ ∪ τ ∈ ∆}.

The face poset of a simplicial complex is the poset of faces of ∆ ordered by inclusion. The empty set is
clearly the unique minimal element of the face poset of any (nonempty) simplicial complex. Moreover,
the face poset is naturally graded by rk(τ) = |τ |; and since any face in a simplicial complex is determined
by its vertices, any interval [σ, τ ] := {ρ ∈ ∆ : σ ⊆ ρ ⊆ τ} in the face poset is a Boolean lattice of rank
rk(τ)− rk(σ).

More generally, a simplicial poset is a poset P with a unique minimal element 0̂ such that any interval
[0̂, τ ] in P is a Boolean lattice. The face poset of a simplicial complex is a simplicial poset, and hence sim-
plicial posets serve as natural generalizations of simplicial complexes. Many of the commonly-studied
combinatorial and topological properties of simplicial complexes translate directly into corresponding
properties of simplicial posets. We refer to Stanley’s book Stanley (1996) for further background infor-
mation.

As with simplicial complexes, a simplicial poset is naturally graded by declaring that rk(τ) = r if [0̂, τ ]
is a Boolean lattice of rank r. For any simplicial poset P , there is a regular CW-complex |P |, called the
geometric realization of P , whose face poset is P . The closed cells of P are simplices with every pair of
cells intersecting along a (possibly empty) subcomplex of their boundaries (as opposed to a single face,
as is the case for simplicial complexes); such a CW-complex is called a simplicial cell complex. Hereafter
we will use the terminology of simplicial poset P and that of its associated simplicial cell complex |P |
interchangeably, so a rank r element of P is an (r − 1)-dimensional face, and the dimension of P is
dim(P ) = dim(|P |) = rk(P ) − 1. In particular, following the poset terminology, we refer to the rank-
one elements of a simplicial poset as atoms; the atoms of P correspond to the vertices of |P |. We say P
is pure if all of its maximal faces have the same dimension.

The order complex of a simplicial poset P is the simplicial complex ∆(P ) whose vertices are the
elements of P − 0̂, and whose faces are chains of the form τ0 < τ1 < · · · < τr. Topologically, |∆(P )| is
the barycentric subdivision of |P |.

The link of a face σ in a simplicial poset P is

lkP (σ) = {τ ∈ P : τ ≥ σ}.

It is easy to see that lkP (σ) is a simplicial poset whose unique minimal element is σ. If P is the face poset
of a simplicial complex, lkP (σ) is the face poset of the link of σ in ∆.

The most natural combinatorial invariant of a finite (d−1)-dimensional simplicial poset is its f -vector,
f(P ) := (f−1(P ), f0(P ), . . . , fd−1(P )), where the f -numbers fi(P ) count the number of i-dimensional
faces in P . Often it is more natural to study a certain integer transformation of the f -vector called the
h-vector, h(P ) := (h0(P ), h1(P ), . . . , hd(P )) whose entries, the h-numbers of P , are defined by

hj(P ) =

j∑
i=0

(−1)j−i
(
d− i
d− j

)
fi−1(P ). (2.1)

For any (d − 1)-dimensional simplicial poset P , h0(P ) = 1 and hd(P ) = (−1)d−1χ̃(P ), where χ̃(P )
denotes the reduced Euler characteristic of P . Since the Euler characteristic of P is inherently related to
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both the combinatorial and topological structure of P , we will also be interested in studying the (reduced)
Betti numbers of P (over a field k), which are defined as β̃i(P ) = β̃i(P ;k) := dimk H̃i(P ;k).

The primary reason for studying h-numbers instead of f -numbers is that they arise naturally when
studying the face ring of a simplicial poset. We will not define the face ring here since the properties we
are interested in studying can be defined equivalently in terms of topological information. We refer to
Stanley’s book Stanley (1996) for further information on the algebraic properties of face rings.

We will be interested in studying two families of simplicial posets known as Cohen-Macaulay sim-
plicial posets and Buchsbaum simplicial posets. For simplicial complexes, the property of being Cohen-
Macaulay or Buchsbaum is defined as an algebraic condition on the face ring: a simplicial complex ∆ is
Cohen-Macaulay (or Buchsbaum) if and only if its face ring is Cohen-Macaulay (or Buchsbaum). A sim-
plicial poset P is Cohen-Macaulay (or Buchsbaum) if and only if its order complex is Cohen-Macaulay
(or Buchsbaum). Reisner (1976) showed that the Cohen-Macaulay property for simplicial complexes may
be viewed as a topological condition on the geometric realization of a simplicial complex, rather than an
algebraic condition on its face ring. Reisner’s condition was later generalized to Buchsbaum complexes
by Schenzel (1981). We summarize these results in the following theorem, which provides an equivalent
definition of Cohen-Macaulay and Buchsbaum simplicial complexes.

Theorem 2.1 A (d−1)-dimensional simplicial complex ∆ is Cohen-Macaulay (over a field k) if and only
if H̃i(lk∆(τ);k) = 0, for all faces τ ∈ ∆ (including τ = ∅) and all i < dim(lk∆(τ)). The complex ∆ is
Buchsbaum (over k) if and only if it is pure and the link of each of its vertices is Cohen-Macaulay (over
k).

2.2 Classifications of families of f -vectors

Our goal in this paper is to classify the face vectors of Buchsbaum simplicial posets. We will begin with
a brief survey of known results for both simplicial complexes and simplicial posets. As we will see, the
classifications that arise for simplicial posets are significantly less restrictive than the analogous results
for simplicial complexes.

The first, and most natural question that one can ask is for a classification of which integer vectors
can arise as the f -vector of some simplicial complex or poset. Kruskal (1963) and Katona (1968) gave
a complete classification of f -vectors of simplicial complexes, by establishing nonlinear inequalities that
bound the relative growth of successive f -numbers. In contrast, Stanley (1991) showed that the only
condition that is required on the f -numbers of a simplicial poset of rank d is that fi−1 ≥

(
d
i

)
: that is to

say that such a simplicial poset must contain a face of dimension d − 1, which in turn contains
(
d
i

)
faces

of dimension i; but there are no further restrictions on the f -numbers.
Next, we turn our attention to the family of Cohen-Macaulay simplicial complexes and posets. In

general, the h-numbers of a simplicial complex or poset may be negative; but, in the Cohen-Macaulay
case, Stanley (1977, 1991) showed that the h-numbers arise naturally as the graded dimensions of the
quotient of the face ring by a linear system of parameters. As such, the h-numbers of a simplicial complex
or poset are nonnegative. Stanley (1977) showed that an integer vector h ∈ Zd+1 is the h-vector of a
Cohen-Macaulay simplicial complex of dimension d−1 if and only h is anM -sequence. This means that
in addition to being nonnegative, the entries of h must satisfy the nonlinear Macaulay (1972) inequalities
that bound their relative growth.

As a parallel to the classification of f -vectors of arbitrary simplicial complexes/posets, Stanley (1991)
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showed that the conditions that classify h-vectors of Cohen-Macaulay simplicial posets are far less re-
strictive than those that classify their counterparts for simplicial complexes.

Theorem 2.2 (Stanley, 1991, Theorem 3.10) A vector h = (h0, h1, . . . , hd) ∈ Zd+1 is the h-vector of a
Cohen-Macaulay simplicial poset of rank d if and only if (1) h0 = 1, and (2) hj ≥ 0 for all j.

Schenzel (1981) (for simplicial complexes) and Novik and Swartz (2009) (for simplicial posets) showed
that if P is a (d−1)-dimensional Buchsbaum simplicial poset, then the graded dimensions of the quotient
of the face ring by a linear system of parameters, which we denote by h′j(P ), are given by the following
formula:

h′j(P ) := hj(P ) +

(
d

j

) j−1∑
i=0

(−1)j−i−1β̃i−1(|P |;k). (2.2)

We call these numbers h′j(P ) the h′-numbers of P . The above formula shows that the h′-numbers may
also be defined completely in terms of topological and combinatorial information. In particular, Theorem
2.1 implies that every Cohen-Macaulay simplicial poset is also a Buchsbaum simplicial poset, and that
the homology groups of a Cohen-Macaulay simplicial poset vanish in codimension-one and higher. Thus,
by Equation (2.2), the h′-numbers of a Cohen-Macaulay simplicial poset agree with its h-numbers, and
the h′-numbers of a Buchsbaum simplicial poset are the appropriate generalization of the h-numbers of a
Cohen-Macaulay simplicial poset for both algebraic and topological reasons.

For Buchsbaum simplicial posets, Novik and Swartz (2009) proved a result that is stronger than the
obvious nonnegativity of the h′-numbers.

Theorem 2.3 ((Novik and Swartz, 2009, Theorem 6.4)) Let P be a Buchsbaum simplicial poset of rank
d. Then

h′j(P ) ≥
(
d

j

)
β̃j−1(|P |). (2.3)

In the case that P is Cohen-Macaulay, we have already seen that h′j(P ) = hj(P ) for all j; and since
|P | can only have nonvanishing homology only in its top degree, the quantities on the right hand side of
Equation (2.3) are all zero. Thus Theorem 2.3 is a natural generalization of the result that the h-numbers
of a Cohen-Macaulay simplicial poset are nonnegative.

Novik and Swartz (2009) went on to ask if the inequality in Theorem 2.3 is sufficient to characterize
the h′-numbers of Buchsbaum simplicial posets with prescribed Betti numbers.

Question 2.4 (Novik and Swartz, 2009, Question 7.4) Are the following conditions sufficient to charac-
terize the h′-vectors of Buchsbaum simplicial posets with prescribed Betti numbers?

1. h′0 = 1,

2. h′j ≥
(
d
j

)
β̃j for all 1 ≤ j ≤ d− 1, and

3. h′d = β̃d−1.

The first and third conditions are included because they necessarily hold for Buchsbaum simplicial posets.
The first condition is obvious, and the third condition follows from the formula (2.2) in the case that j = d,
together with the fact that hd = (−1)d−1χ̃(P ) =

∑
(−1)d−i−1β̃i(P ) for any simplicial poset.
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3 h′-vectors of Buchsbaum posets
Our goal for the remainder of this paper is to answer Question 2.4 in the affirmative in the following
theorem.

Theorem 3.1 Let β0, β1, . . . , βd−1, h
′
0, h
′
1, . . . , h

′
d be non-negative integers. Then there is a Buchsbaum

simplicial poset P of rank d with h′i(P ) = hi and β̃i(P ) = βi if and only if h′0 = 1, h′d = βd−1 and for
j = 1, 2, . . . , d− 1, h′j ≥

(
d
j

)
βj−1.

We will omit some of the proofs along the way, but refer to our paper Browder and Klee (2013) for
further details.

To prove Theorem 3.1, it suffices to construct, for any βi and h′i satisfying the conditions of the theorem,
a Buchsbaum simplicial poset having those Betti numbers and h′-numbers. Novik and Swartz (2009)
showed it is sufficient to construct a family of Buchsbaum simplicial posets X(k, d) for all d and all
0 ≤ k ≤ d− 1 such that

β̃i(X(k, d)) =

{
1, if i = k

0, if i 6= k,
and h′j(X(k, d)) =

{(
d
j

)
, if j = 0, k + 1

0, otherwise.

It suffices to construct these complexes X(k, d) for the following reason. Suppose we are given a
sequence of Betti numbers and h′-numbers satisfying the conditions of Theorem 3.1. The operation of
gluing two disjoint simplicial posets together along a common facet is additive on both the h′-numbers
(with the exception of h′0) and Betti numbers, and it preserves the Buchsbaum property. Thus, we can
construct a simplicial poset P with the prescribed Betti numbers such that h′j(P ) =

(
d
j

)
β̃j−1(P ) for all j

by gluing together an appropriate selection of disjoint X(k, d) posets. In order to extend this construction
to allow for the cases that h′j >

(
d
j

)
β̃j−1 for some values of j, we notice that the vector h = (h′j − β̃j)dj=0

has nonnegative entries, and hence it is the h-vector of some Cohen-Macaulay simplicial poset Q by
Theorem 2.2. Thus gluing P to Q along a facet will give the desired Buchsbaum simplicial poset. The
precise details of this argument can be found in (Novik and Swartz, 2009, Lemma 7.8, Lemma 7.9).

For X(0, d) we may take the disjoint union of two (d − 1)-dimensional simplices, and for X(d −
1, d) we may take two (d − 1)-simplices identified along their boundaries. Novik and Swartz also gave
constructions for X(1, d) (Novik and Swartz, 2009, Lemma 7.6) and X(d − 2, d) (Novik and Swartz,
2009, Lemma 7.7) for all d, along with an ad-hoc construction for X(2, 5).

Our main result gives a unified construction of X(k, d) for all k and all d that generalizes the known
constructions when k = 0, k = 1, or k = d− 2.

Theorem 3.2 For all d ≥ 2 and all 0 ≤ k ≤ d − 1 there exists a Buchsbaum simplicial poset X(k, d)
with the following properties.

1. For all 0 ≤ i ≤ d− 1 and all 0 ≤ j ≤ d,

β̃i(X(k, d)) =

{
1, if i = k

0, if i 6= k,
and h′j(X(k, d)) =

{(
d
j

)
, if j = 0, k + 1

0, otherwise.

2. The link of each atom of X(k, d) is shellable, and hence Cohen-Macaulay.
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3. For each atom v of X(k, d),

hj(lkX(k,d)(v)) =

{(
d−1
j

)
, if j = 0, k

0, otherwise.

The familiar notion of shellability was extended to regular CW complexes by Björner (1984).

Definition 3.3 Let ∆ be a pure (d−1)-dimensional regular CW-complex. For σ a cell of ∆, let ∂σ denote
the subcomplex consisting of all the proper faces of σ. A linear ordering σ1, σ2, . . . , σr of the maximal
cells of ∆ is called a shelling (and say we say ∆ is shellable) if either d = 1 or d > 1 and the following
are satisfied:

1. For 2 ≤ j ≤ r, (
⋃j−1

i=1 ∂σi) ∩ ∂σj is pure of dimension d− 2,

2. there is a shelling of ∂σj in which the (d− 2)-cells of (
⋃j−1

i=1 ∂σi) ∩ ∂σj come first for 2 ≤ j ≤ r,
and

3. ∂σ1 is shellable.

Note that by Björner (1984), the order complex of the face poset of a shellable CW-complex is shellable
(in the usual sense) and thus is Cohen-Macaulay. Furthermore, if ∆ is a simplicial cell complex, then
conditions (2) and (3) are satisfied automatically, as any ordering of the facets of the boundary of a simplex
is a shelling order. Thus the definition of shellability for simplicial posets is completely analogous the the
familiar notion of shellability for simplicial complexes.

To construct the posets X(k, d), we adopt a technique that is related to the theory of manifold crystal-
lizations, which will allow us to present a simplicial poset in terms of an edge-labeled dual graph. Ferri
et al. (1986) is a nice survey on the subject, which has also been used by Murai (2010) to characterize
simplicial cell decompositions of sphere products and real projective planes. Our approach differs slightly
in that we do not require that our simplicial posets are even pseudomanifolds.

Definition 3.4 Let G be a finite connected multigraph whose edges are labeled by colors in [d]. For any
S ⊆ [d], let GS be the restriction of G to the edges whose label belongs to S (and keeping all vertices of
G). We define a poset P (G) as follows: the elements of P (G) are pairs (H,S), where S ⊂ [d] and H is
a connected component of GS , ordered by (H,S) ≤ (H ′, S′) if S′ ⊆ S and H ′ is a subgraph of H .

By a straightforward argument as in Murai (2010) one may show that P (G) is a simplicial poset of
rank d (though that paper only considers ‘admissible’ graphs, that assumption is not needed here). It is
also helpful to consider the interpretation of the graph in terms of the simplicial cell complex associated
to P (G).

The maximal elements of P (G) are those of the form (F, ∅), where F is a single vertex of G. Thus the
facets of P (G) correspond to the vertices of G, and we will from now on refer to the facet (F, ∅) as ‘the
facet F ’. The unique minimal element of P (G) is (G, [d]), and the vertices (i.e. atoms) of P (G) are pairs
of the form (H, [d] \ {c}). We fix the coloring of the vertices of P (G) so that (H, [d] \ {c}) receives color
c. It follows immediately from the definitions that no face of P (G) contains two vertices of the same
color.

If F is a facet of P (G) and S ⊆ [d], let FS = (H, [d] \ S), where H is the connected component of
G[d]\S containing F . Then FS corresponds to the unique face of F whose vertices have the colors in S.
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Taking all of this together, we see that the simplicial cell complex P (G) is constructed from G in the
following way: start with a collection of (d− 1)-simplices indexed by the vertices of G, and identify each
of their vertex sets with [d]. If two vertices v and w in G are connected by an edge labeled c, identify the
face of the simplex v labeled [d] \ {c} with that of w in the natural way. Then the resulting simplicial
cell complex has face poset P (G). We will use these two ways of viewing P (G) interchangeably. In
particular, notice that if F and F ′ are facets of P (G), then FS = F ′S if and only if F and F ′ are in the
same connected component of G[d]\S ; in other words, if there is a path from F to F ′ in G that uses no
edges colored by S.

We will often construct G so that G[d]\{c} is connected for all c ∈ [d]. In this case P (G) has exactly
one vertex of each color, and we will identify the vertices of P (G) with the elements of [d].

The following results allow us to interpret the shellability of a simplicial poset in terms of its dual crystal
graph. We will see in Proposition 3.7 that the restriction sets of the shelling, along with the h-numbers of
the resulting simplicial poset, can also be interpreted directly from the given multigraph.

Lemma 3.5 Let G be an edge-colored multigraph such that G[d]\c is connected for each c ∈ [d]. Then
for each c ∈ [d], lkP (G)(c) = P (G[d]\c).

Definition 3.6 LetG be a connected multigraph with edges labeled in [d]. A linear ordering, F1, F2, . . . , Fr,
of the vertices of G is a graphical shelling if for each i ≥ 1, the set

{S ⊆ [d] : every path from Fi to Fj with j < i uses some edge with color in S}

has a unique minimal element, which we will call R(Fi). Note that R(F1) = ∅.

Proposition 3.7 Let G be a connected multigraph with edges colored in [d], and F1, F2, . . . , Fr a graph-
ical shelling of G. Then the corresponding ordering F1, F2, . . . , Fr of the facets of P (G) is a shelling.
Furthermore, hj(P ) = |{i : |R(Fi)| = j}|.

3.1 Constructing X(k, d)

Now we are prepared to describe our construction of the simplicial posets X(k, d) for all d ≥ 2 and all
0 ≤ k ≤ d − 2. The graphs we will use to realize X(k, d) will be defined in terms of binary words; the
idea is somewhat reminiscent of the construction of the simplicial complexes B(i, d) in Klee and Novik
(2012). Since X(0, d) is the disjoint union of two (d− 1)-simplices, we will only consider the simplicial
posets X(k, d) with 0 < k < d for the remainder of this paper.

Definition 3.8 Suppose k, d are positive integers with k < d. Let Wd be the set of words on alphabet
{0, 1} of length d and first letter 1. For w = w1w2 . . . wd in Wd, we may write w as a concatenation of
subwords w = B1(w)B2(w) . . . Bq(w) where Bi(w) is a word of all 1’s if i is odd and all 0’s if i is even.
We will call these the blocks of w. For any 1 ≤ j ≤ d, let bj(w) be the index of the block of w containing
wj . Let Wd(k) denote the set of words in Wd with exactly k + 1 blocks.

Definition 3.9 For w = w1w2 . . . wd ∈ Wd let LEP (w) = {i > 1 : wi 6= wi−1} be the set of left
endpoints of w, and REP (w) = {i < d : wi 6= wi+1} be the set of right endpoints of w.

The terminology refers to the fact that LEP and REP contain the indices of the first and last elements
respectively of the blocks of w. Note that we do not include 1 as a left endpoint or d as a right endpoint.
However we allow 1 to be a right endpoint (if the first block has size one), and d to be a left endpoint (if
the last block has size one).
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Definition 3.10 For k, d positive integers, k < d, let G′(k, d) be the edge-labeled multigraph on vertex
set Wd(k) such that if two words differ only in position j they are connected by an edge labeled j.

Let G(k, d) be the graph obtained by adding a new vertex, α, to G′(k, d), and connecting a vertex
w = w1w2 . . . wd of G′(k, d) to α by an edge labeled j if wj is contained in a block of size one in w.

Example 3.11 The vertices of G′(1, d) correspond to binary words whose first letter is 1 that have two
blocks. We label the vertices as

v1 = 100 · · · 00

v2 = 110 · · · 00

v3 = 111 · · · 00

...

vd−1 = 111 · · · 10.

Thus the graph G(1, d) is

v1 v2 v3 vd−2 vd−1

2 3 d − 1

α

1 d

The corresponding simplicial poset P (G(1, d)) has d facets, F0, F1, F2, . . . , Fd−1, where Fi intersects
Fi+1 along the facet opposite vertex i + 1 for all 1 ≤ i ≤ d (where addition is taken modulo d). In this
picture, F0 corresponds to vertex α, and Fj corresponds to vj for all other j. This matches the complex
X(1, d) constructed by (Novik and Swartz, 2009, Lemma 7.6).

For concreteness, the geometric realization of P (G(1, 3)) (a Möbius strip) is shown below with its
underlying dual graph shown in gray.

α

v1 v2

v2 v1

1 2

3

3

1

The simplicial cell complexX(1, d) is either a trivial disc bundle (when d is even) or a twisted disc bundle
(when d is odd) over S1. In general, the complexes X(k, d) are not pseudomanifolds (see Theorem 3.13).
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Example 3.12 We will also illustrate G(2, 5). The vertices of G(2, 5) correspond to binary words whose
first letter is 1 that have three blocks. The vertices in this case are

v12 =10111 v23 =11011

v13 =10011 v24 =11001

v14 =10001 v34 =11101.

The graph G(2, 5) is shown below. We have drawn the vertex α three times to make the drawing planar,
and we have made this vertex white in order to distinguish it from the vertices of G′(2, 5).

v12

v23v13

v14 v24 v34

3

4 4

2

2

3

α
2

3

4

α

5 5

5

α

1

1

1

In this example, we see that the vertices v12, v13, and v14 are all connected to vertex α by an edge
labeled 1. This means that the corresponding facets in X(2, 5) all intersect along a common ridge. Since
X(2, 5) has a ridge that is contained in four facets, it cannot be a pseudomanifold. Novik and Swartz
(2009) give an alternate construction of X(2, 5) that is obtained by removing the interior of one facet
from a simplicial cell decomposition of CP2. Thus X(2, 5) can be realized as a manifold with boundary,
even though we do not see this in our construction.

The proof of Theorem 3.2 has three main ingredients. We will only sketch the proof here, but complete
details can be found in our full paper Browder and Klee (2013).

Proof: (Theorem 3.2)

1. We begin by showing (Browder and Klee, 2013, Lemma 3.1) that if P is any Buchsbaum simplicial
poset such that f0(P ) = d and such that condition (3) of the theorem holds, then condition (1) of
the theorem will also hold. This is the result of a straightforward inductive argument, but it is an
important result because it allows us to conclude that X(k, d) has the required Betti numbers and
h′-numbers without having to explicitly compute its homology groups.

2. The crux of the argument comes from showing that the link of each atom in X(k, d) is shellable.
We are able to give an explicit shelling order for the link of each atom (Browder and Klee, 2013,
Theorem 4.13) becauseX(k, d) only has d atoms, and consequently each atom is contained in every
facet.

The shelling of each link is obtained by taking facet α to be the first facet in the shelling order,
followed by a lexicographic ordering on the remaining facets according to the positions where the
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corresponding binary word switches between blocks of zeros and blocks of ones (or vice-versa). A
subtle point arises that we cannot just take the standard ordering on the ground elements 1, 2, . . . , d,
but rather that we must modify this ordering for each atom: for atom i, we order the ground set by
declaring that 1 < 2 < · · · < i < d < d− 1 < · · · < i+ 1.

We are able to verify that this is a shelling order directly in terms of the multigraphG(k, d) by using
our definition of a graphic shelling.

3. The computation of the h-numbers of the link of each atom follows directly from our proof that the
link of atom is shellable. We are able to explicitly compute the restriction set R(F ) for each facet
in terms of the multigraph data.

2

As we have already mentioned, it is interesting to ask when a simplicial cell complex with the same h′-
numbers and Betti numbers as X(k, d) can be realized as a simplicial cell manifold (with boundary). We
have seen that our simplicial posets X(1, d) always triangulate disk bundles over S1, and that our poset
X(2, 5) is not even a pseudomanifold, but that X(2, 5) admits an alternate realization as a manifold with
boundary. We show that when d

2 ≤ k < d− 1, it is impossible to realize X(k, d) as a pseudomanifold.

Theorem 3.13 Let P be a (d− 1)-dimensional Buchsbaum simplicial poset, d > 4, satisfying condition
(1) of Theorem 3.2 for some k, d

2 ≤ k < d − 1. Then P has a (d − 2)-face that is contained in at least
three (d− 1)-faces.

It is an interesting question to investigate if X(k, d) can be realized as a manifold when 1 < k < d
2 .
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