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Selberg integrals and Catalan-Pfaffian Hankel
determinants

Masao Ishikawa1∗ and Jiang Zeng2†

1 Department of Mathematics, University of the Ryukyus, Nishihara, Okinawa 901-0213, Japan,
2Institut Camille Jordan, Université Claude Bernard Lyon 1, France,

Abstract. In our previous works “Pfaffian decomposition and a Pfaffian analogue of q-Catalan Hankel determinants”
(by M.Ishikawa, H. Tagawa and J. Zeng, J. Combin. Theory Ser. A, 120, 2013, 1263–1284) we have proposed several
ways to evaluate certain Catalan-Hankel Pffafians and also formulated several conjectures. In this work we propose
a new approach to compute these Catalan-Hankel Pffafians using Selberg’s integral as well as their q-analogues. In
particular, this approach permits us to settle most of the conjectures in our previous paper.

Résumé. Dans nos travaux précédents “Pfaffian decomposition and a Pfaffian analogue of q-Catalan Hankel determi-
nants” (by M.Ishikawa, H. Tagawa and J. Zeng, em J. Combin. Theory Ser. A, 120, 2013, 1263–1284) nous avons
proposé plusieurs méthodes pour évaluer certains Catalan–Pffafian déterminants de Hankel et avons aussi formulé
plusieurs conjectures. Dans ce travail nous proposons une nouvelle approche pour calculer ces Catalan-Pffafian de-
terminants de Hankel en utilisant l’intégrale de Selberg ainsi que leurs q-analogues. En particulier, cette approche
nous permet de confirmer la plus part de nos conjectures précédentes.
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1 Introduction
In Ishikawa et al. (2013) the three authors presented several open problems concerning Pfaffian ana-
logue of several Hankel determinants. Ishikawa and Koutschan (2012) partially settled Conjecture 6.2 in
Ishikawa et al. (2013) by a computer proof using Zeilberger’s Holonomic Ansatz for Pfaffians. In this
paper we settle most of the conjectures except Conjecture 6.3 in Ishikawa et al. (2013). Furthermore we
give another proof of Theorem 3.1 in Ishikawa et al. (2013) by reducing it to the k = 2 case of Askey’s
q-Selberg’s integral formula via de Bruijn’s formula. We believe that our new proof gives a simpler and
essentially insightful method to Pfaffian analogues of several Hankel determinants.

We say a matrix A = (ai,j)i,j≥1 (or A = (ai,j)1≤i,j≤n) is skew-symmetric if it satisfies aj,i = −ai,j
for i, j ≥ 1. A skew-symmetric matrix is completely determined by its uppper triangular entries so that
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we identify a skew-symmetric matrix A = (ai,j)i,j≥1 (resp. A = (ai,j)1≤i,j≤n) with the upper triangular
matrix A = (ai,j)1≤i<j (resp. A = (ai,j)1≤i<j≤n). Let

E2n =

{(
1 2 · · · 2n
σ1 σ2 · · · σ2n

)
∈ S2n

∣∣∣∣σ2i−1 < σ2i for i = 1, . . . , n

}
For instance E4 has the following 6 permutations: (1, 2, 3, 4), (1, 3, 2, 4), (1, 4, 2, 3), (2, 3, 1, 4), (2, 4, 1, 3),
(2, 3, 1, 4). This implies

Pf(aij)1≤i,j≤4 = a12a34 − a13a24 + a14a23.

A hyperpfaffian is is a generalization of a Pfaffian, and first defined by Barvinok Barvinok (1995).
Here we adopt the dedinition by Matsumoto Matsumoto (2008), which is a special case of the definition
by Barvinok.

Definition 1.1 Let m and n be postive integers, and let B = (B(i1, . . . , i2m))1≤i1,...,i2m≤2n be an array
which satisfies

B(iτ1(1), iτ1(2), . . . , iτm(2m−1), iτm(2m)) = sgn(τ1) · · · sgn(τm)B(i1, . . . , i2m)

for all (τ1, . . . , τm) ∈ (S2)m. The hyperpfaffian Pf [2m](B) of B is defined by

Pf [2m](B) =
1

n!

∑
σ1,...,σm∈E2n

sgn(σ1 · · ·σm)

×
n∏
i=1

B(σ1(2i− 1), σ1(2i), · · · , σm(2i− 1), σm(2i)).

Throughout this paper we use the standard notation for q-series (see Andrews et al. (2000); Gasper and
Rahman (2004)):

(a; q)∞ =

∞∏
k=0

(1− aqk), (a; q)n =
(a; q)∞

(aqn; q)∞

for any integer n. Usually (a; q)n is called the q-shifted factorial , and we frequently use the compact
notation:

(a1, a2, . . . , ar; q)∞ = (a1; q)∞(a2; q)∞ · · · (ar; q)∞,
(a1, a2, . . . , ar; q)n = (a1; q)n(a2; q)n · · · (ar; q)n.

The r+1φr basic hypergeometric series is defined by

r+1φr

[
a1, a2, . . . , ar+1

b1, . . . , br
; q, z

]
=

∞∑
n=0

(a1, a2, . . . , ar+1; q)n
(q, b1, . . . , br; q)n

zn.
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2 Minor summation formula of Pfaffians
Let A = (aij)i,j≥1 be an array. When I = {i1, . . . , ir} is a row index set, J = {j1, . . . , jr} is a
column idenx set, let AIJ = Ai1,...,irj1,...,jr

denote the r × rminor of A obtained by choosing the rows in I
and the columns in J . We use the notation [n] = {1, . . . , n] for a positive integer n. For example, if
A = (aij)i,j≥1, then we have

A1,2,4
2,3,5 =

a12 a13 a15
a22 a23 a25
a42 a43 a45

 .

Further, ifA is a skew-symmetric matrix, then we writeAI forAII in short. For later use we cite the minor
summation formula of Pfaffians here:

Theorem 2.1 (Ishikawa and Wakayama (1995, 2006)) Let n ≤ N be positive integers and assume n is
even. Let H = (hi,j)1≤i≤n,1≤j≤N be an n×N rectangular matrix, and let A = (αi,j)1≤i,j≤N be a skew
symmetric matrix of size N . Then we have∑

I⊆[N]
]I=n

Pf(AI) det(H
[n]
I ) = Pf(Q), (2.1)

where the skew symmetric matrix Q is defined by Q = (Qi,j) = HAHT whose entries may be written in
the form

Qi,j =
∑

1≤k<l≤N

αk,l det(Hi,j
k,l), (1 ≤ i, j ≤ n). (2.2)

When n is odd, we can immediately derive a similar formula from the case where n is even. Matsumoto
Matsumoto (2008) gave the following hyperpfaffian analogue of Theorem 2.1.

Theorem 2.2 (Matsumoto (2008)) Let m, n and N be positive integers such that 2n ≤ N . Let H(s) =
(hij(s))1≤i≤2n,1≤j≤N be 2n ×N rectangular matrices for 1 ≤ s ≤ 2m, and let A = (αi,j)1≤i,j≤N be
a skew symmetric matrix of size N . Then we have∑

I⊆[N]
#I=2n

Pf(AI)

m∏
s=1

det
(
H(s)

[2n]
I

)
= Pf [2m](Q),

where the array Q = (Qi1,...,i2m)1≤i1,...,i2m≤2n is defined by

Qi1,...,i2m =
∑

1≤k<l≤N

ak,l

m∏
s=1

det(H(s)
i2s−1,i2s
k,l ).

We cite the following proposition from Ishikawa and Wakayama (1995, 2006) to compute certain Pfaf-
fians in the following sections.

Proposition 2.3 Let {αk}k≥1 be any sequence, and let n be a positive integer. Let B = (bi,j)i,j≥1 be the
skew-symmetric matrix defined by

bi,j =


αi if j = i+ 1 for i ≥ 1,
−αj if i = j + 1 for j ≥ 1,
0 otherwise.

(2.3)
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If I = (i1, . . . , i2n) is an index set such that 1 ≤ i1 < · · · < i2n, then

Pf (BI) =

{∏n
k=1 αi2k−1

if i2k = i2k−1 + 1 for k = 1, . . . , n,
0 otherwise.

(2.4)

3 De Bruijn’s formula and Hankel Pfaffians
The q-Jackson integral from 0 to a is defined by∫ a

0

f(x) dqx = (1− q)a
∞∑
n=0

f(aqn)qn,

which is absolutely convergent when |q| < 1. More generally, the q-integral on [a, b] is defined by∫ b

a

f(x) dqx =

∫ b

0

f(x) dqx−
∫ a

0

f(x) dqx.

Let ω be the measure on an interval [0, a] defined by a given weight function w(x) such that ω(dqx) =
w(x)dqx. The moment µn(q) of the measure ω is defined by

µn(q) =

∫ b

a

xn ω(dqx).

A sequence of polynomials pn(x) (n = 0, 1, . . . ) is called an orthogonal polynomial sequence with
respect to the measure ω if it satisfies the following two conditions:

(i) deg pn(x) = n,

(ii)
∫ b
a
pm(x)pn(x)ω(dqx) = Knδm,n holds for any integers m,n ≥ 0, where Kn > 0 is a constant.

The following proposition is usually called de Bruijn’s formula:

Proposition 3.1 Let n be a positive integer, and let φi(x) and ψi(x) be functions on [0, a] for 1 ≤ i ≤ 2n.
Then ∫

· · ·
∫
0≤x1<···<xn≤a

det (φi(xj)|ψi(xj)) dqµ(x1) . . . dqµ(xn) = Pf (Qi,j)1≤i,j≤2n , (3.1)

where

Qi,j =

∫ a

0

{φi(x)ψj(x)− φj(x)ψi(x)} dqµ(x) (3.2)

and (φi(xj)|ψi(xj)) denotes the 2n× 2n matrix whose ith row is

(φi(x1), ψi(x1), . . . , φi(xn), ψi(xn))

for 1 ≤ i ≤ 2n.
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In fact, Proposition 3.1 is a corollary of the following proposition, which is a hyperpfaffian version of de
Bruijn’s formula.

Proposition 3.2 Let m and n be positive integers. Let φs,i(x) and ψs,i(x) be functions on [0, a] for
1 ≤ i ≤ 2n, 1 ≤ s ≤ m. Then we have∫

· · ·
∫
0≤x1<···<xn≤a

m∏
s=1

det (φs,i(xj)|ψs,i(xj)) ω(dqx)

= Pf [2m] (Qi1,··· ,i2m)1≤i1,··· ,i2m≤2n , (3.3)

where

Qi1,··· ,i2m =

∫ a

0

m∏
s=1

{
φs,i2s−1

(x)ψs,i2s(x)− φs,i2s(x)ψs,i2s−1
(x)
}
ω(dqx) (3.4)

for 1 ≤ i1, . . . , i2m ≤ 2n.

Corollary 3.3 Let ω(dqx) = w(x)dqx be a measure on [0, a], and let µi =
∫ a
0
xi ω(dqx) be the ith

moment of ω. Then we have

Pf
(

(qi−1 − qj−1)µi+j+r−2

)
1≤i<j≤2n

=
q(

n
2)(1− q)n

n!

∫
[0,a]n

∏
i

xr+1
i

∏
i<j

(xi − xj)2
∏
i<j

(qxi − xj)(xi − qxj)ω(dqx). (3.5)

Proof. If one sets ϕi(x) = qi−1xi−1 and ψi(x) = xi+r−1 in (3.2), then one obtains

Qi,j = (qi−1 − qj−1)

∫ 1

0

xi+j+r−2ω(dqx) = (qi−1 − qj−1)µi+j+r−2.

On the other hand, if one substitutes ϕi(x) and ψi(x) as above in (3.1), then one also gets

det (φi(xj)|ψi(xj))1≤i≤2n, 1≤j≤n = det
(
qi−1xi−1j |x

i−1
j

)
1≤i≤2n, 1≤j≤n

= q(
n
2)(1− q)n(x1 . . . xn)r+1

∏
i<j

(xi − xj)2
∏
i<j

(qxi − xj)(xi − qxj),

by using the Vandermonde determinant det(ai−1j ) =
∏
i<j(aj − ai). Hence one concludes that

Pf
(

(qi−1 − qj−1)µi+j+r−2

)
1≤i<j≤2n

= q(
n
2)(1− q)n

∫
. . .

∫
0≤x1<···<xn≤a

∏
i

xr+1
i

∏
i<j

(xi − xj)2

×
∏
i<j

(qxi − xj)(xi − qxj)ω(dqx)

from (3.1). One sees that (3.5) is an easy consequene of this identity.
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If we let q → 1 in Cororally 3.3, then we obtain the following corollary:

Corollary 3.4 Let ψ(dx) = ψ′(x)dx be a measure on an interval [0, a], and let µi =
∫ a
0
xi ψ(dx) denote

the ith moment. Then we have

Pf
(

(j − i)µi+j+r−2
)
1≤i<j≤2n

=
1

n!

∫
[0,a]n

∏
i

xr+1
i

∏
i<j

(xi − xj)4 ψ(dx). (3.6)

If we set φs,i(x) = ixi−1 and ψs,i(x) = xi+rs−1 in Proposition 3.2 as in the proof of Cororally 3.3 then
we obtain the following corollary:

Corollary 3.5 Let ψ(dx) = ψ′(x)dx be a measure on an interval [0, a], and let µi =
∫ a
0
xi ψ(dx) denote

the ith moment. Then we have

Pf [2m]
( m∏
s=1

(i2s − i2s−1) · µi1+···+i2m+r

)
0≤i<j≤2n−1

=
1

n!

∫
[a,b]n

∏
i

xr+mi

∏
i<j

(xi − xj)4m ψ(dx). (3.7)

4 Selberg-Askey integral formula
In this section we give a scketch of another proof of (Ishikawa et al., 2013, Theorem 3.1).

Theorem 4.1 For integers n ≥ 1 and r ≥ 0, we have

Pf

(
(qi−1 − qj−1)

(aq; q)i+j+r−2
(abq2; q)i+j+r−2

)
1≤i,j≤2n

= an(n−1)qn(n−1)(4n+1)/3+n(n−1)r
n−1∏
k=1

(bq; q)2k

n∏
k=1

(q; q)2k−1(aq; q)2k+r−1
(abq2; q)2(k+n)+r−3

. (4.1)

Let ω be the measure on [0, 1] defined by∫ 1

0

f(x)ω(dqx) =
(aq; q)∞

(abq2; q)∞

∞∑
k=0

(bq; q)k
(q; q)k

(aq)kf
(
qk
)

(4.2)

which implies

w(x) =
1

1− q
· (aq, bq; q)∞

(abq2, q; q)∞
· (qx; q)∞

(bqx; q)∞
xα+1,

where a = qα. The nth moment is given by

µn =

∫ 1

0

xn ω(dqx) =
(aq; q)n

(abq2; q)n
(n = 0, 1, 2, . . . ), (4.3)

which is the moment of the Little q-Jacobi polynomials Gasper and Rahman (2004); Koekoek et al. (2010)

pn(x; a, b; q) =
(aq; q)n

(abqn+1; q)n
(−1)nq(

n
2)2φ1

[
q−n, abqn+1

aq
; q, xq

]
. (4.4)
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The q-gamma function is defined on C \ Z<0 by

Γq(a) =
(q; q)∞
(qa; q)∞

(1− q)1−a.

First we obtain

Pf
(

(qi−1 − qj−1)
(aq; q)i+j+r−2

(abq2; q)i+j+r−2

)
1≤i<j≤2n

= C

∫
[0,1]n

∏
i<j

1∏
l=0

(xi − qlxj)(xi − q−lxj)
∏
i

xα+r+1
i

(qxi; q)∞
(bqxi; q)∞

dqx

from (3.5) where C = qn(n−1)

n!

{
(aq,bq;q)∞
(abq2,q;q)∞

}n
. The following identity was conjectured by (Askey, 1980,

Conjecture 1), and proved by Habsieger Habsieger (1987, 1988) and Kadell (Kadell, 1988, Theorem
2;l = m = 0) independently:∫

[0,1]n

∏
i<j

t2ki
(
q1−ktj/ti; q

)
2k

n∏
i=1

tx−1i

(tiq; q)∞
(tiqy; q)∞

dqt = qkx(
n
2)+2k2(n

3)Sn(x, y; q), (4.5)

where

Sn(x, y; q) =

n∏
j=1

Γq(x+ (j − 1)k)Γq(y + (j − 1)k)Γq(jk + 1)

Γq(x+ y + (n+ j − 2)k)Γq(k + 1)
. (4.6)

Habsieger (1987) showed that (4.5) implies the following variation”

Theorem 4.2 (Habsieger (1987)) (4.5) implies∫
[0,1]n

∏
i<j

k−1∏
l=0

(tj − qlti)(tj − q−lti)
∏
i

tx−1i

(tiq; q)∞
(tiqy; q)∞

dqt

= n!qkx(
n
2)+2k2(n

3) Sn(x, y; q)

Γqk(n+ 1)
. (4.7)

If one combines (3.5) with this result then one sees that (4.1) follows from (4.7) by using

Sn(x, y; q)

Γqk(n+ 1)
=

(1− q)n

(q; q)nk−1

n∏
j=1

(qx+y+(n+j−2)k, q; q)∞(q; q)jk−1
(qx+(j−1)k, qy+(j−1)k; q)∞

.

5 Al-Salam and Carlitz I,II
In this section we use the standard q-exponential functions:

eq(x) =

∞∑
n=0

xn

(q; q)n
=

1

(x; q)∞
, Eq(x) =

∞∑
n=0

q
n(n−1)

2 xn

(q; q)n
= (−x; q)∞.
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Al-Salam and Carlitz Al-Salam and Carlitz (1965); Chihara (1978) defined the sequences {U (a)
n (y; q)}

(a < 0) and {V (a)
n (x; q)} of orthogonal polynomials by

ρa(x; q)eq(xy) =

∞∑
n=0

U (a)
n (y; q)

xn

(q; q)n
,

1

ρa(x; q)
Eq(−xy) =

∞∑
n=0

V (a)
n (y; q)

(−1)nq
n(n−1)

2 xn

(q; q)n
,

where

ρa(x; q) = (x; q)∞(ax; q)∞ = Eq(−x)Eq(−ax).

These sequences {U (a)
n (y; q)} and {V (a)

n (x; q)} are called the Al-Salam and Carlitz I polynomials and
the Al-Salam and Carlitz II polynomials, respectively. The orthogonality relations of these polynomials
are given by ∫ 1

a

U (a)
m (x; q)U (a)

n (x; q)w
(a)
U (x; q) dqx = (1− q)(−a)nq

n(n−1)
2 (q; q)nδm,n, (5.1)∫ ∞

1

V (a)
m (x; q)V (a)

n (x; q)w
(a)
V (x; q) dqx = (1− q)anq−n

2

(q; q)nδm,n, (5.2)

where the weight functions w(a)
U (x; q) and w(a)

V (x; q) are defined by

w
(a)
U (x; q) =

(qx; q)∞
(
qx
a ; q

)
∞

(q; q)∞ (aq; q)∞
(
q
a ; q
)
∞
,

w
(a)
V (x; q) =

(q; q)∞ (aq; q)∞
(
q
a ; q
)
∞

(x; q)
′
∞
(
x
a ; q
)
∞

.

(See Al-Salam and Carlitz (1965); Chihara (1978).) Here (x; q)′∞ denotes the product except the term
which equals 0. Note that these Jackson integrals are given by∫ 1

a

f(x)dqx = (1− q)

{ ∞∑
n=0

f(qn)qn − a
∞∑
n=0

f(aqn)qn

}
,

∫ ∞
1

f(x)dqx = (1− q)
∞∑
n=0

f(q−n)q−n.

The nth moments of the above measures are given by∫ 1

a

xnw
(a)
U (x; q)dqx = (1− q)F (a)

n (a; q),∫ ∞
1

xnw
(a)
V (x; q)dqx = (1− q)G(a)

n (a; q),
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where

F (a)
n (a; q) =

n∑
k=0

[n
k

]
q
ak, G(a)

n (a; q) =

n∑
k=0

[n
k

]
q
ak(k−n).

Here
[
n
k

]
q

= (q;q)n
(q;q)k(q;q)n−k

denotes the q-binomial coefficient. The purpose of this section is to prove
the following theorem in which (5.3) and (5.4) were stated in (Ishikawa et al., 2013, Conjecture 6.1).
However, our conjectures in (Ishikawa et al., 2013, Conjecture 6.1) had some mistakes in the power of q,
and they are corrected in the following theorem.

Theorem 5.1 Let Fn(a; q) and Gn(a; q) be as above. Then we have

Pf

(
(qi−1 − qj−1)Fi+j−3(a; q)

)
1≤i,j≤2n

= an(n−1)q
1
6n(n−1)(4n−5)

n∏
k=1

(q; q)2k−1, (5.3)

Pf

(
(qi−1 − qj−1)Fi+j−2(a; q)

)
1≤i,j≤2n

= an(n−1)q
1
6n(n−1)(4n+1)

n∏
k=1

(q; q)2k−1

n∑
k=0

q(n−k)(n−k−1)
[n
k

]
q2
ak. (5.4)

Pf

(
(qi−1 − qj−1)Gi+j−3(a; q)

)
1≤i,j≤2n

= an(n−1)q−n(n−1)(4n−5)/3
n∏
k=1

(q; q)2k−1, (5.5)

Pf

(
(qi−1 − qj−1)Gi+j−2(a; q)

)
1≤i,j≤2n

= an(n−1)q−
2
3n(n−1)(2n−1)

n∏
k=1

(q; q)2k−1

n∑
k=0

[n
k

]
q2
ak. (5.6)

In this section we prove this theorem. For that purpose we use

Pf
(

(qi−1 − qj−1)F
(a)
i+j+r−2(a; q)

)
1≤i<j≤2n

=
1

n!
qn(n−1)(1− q)n

×
∫
[a,1]n

∏
i<j

1∏
l=0

(xi − qlxj)(xi − q−lxj)
n∏
i=1

xr+1
i w

(a)
U (xi; q)dqx, (5.7)

Pf
(

(qi−1 − qj−1)G
(a)
i+j+r−2(a; q)

)
1≤i<j≤2n

=
1

n!
qn(n−1)(1− q)n

×
∫
[1,∞)n

∏
i<j

1∏
l=0

(xi − qlxj)(xi − q−lxj)
n∏
i=1

xr+1
i w

(a)
V (xi; q)dqx. (5.8)

which is a consequence of (3.5). Here we only need the case where r = −1, 0. Next, let τi denote the
q-shift operator in the ith variable, i.e.,

τif(x1, . . . , xn) = f(x1, . . . , xi−1, qxi, xi+1, . . . , xn).
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Let M1 denote the Macdonald operator defined by

M1 :=

n∑
i=1

Ai(t)τi, Ai(t) :=

n∏
j=1
j 6=i

txi − xj
xi − xj

,

which acts on the ring of the symmetric polynomials of n variables x = (x1, . . . , xn). Further we set

Ek :=

n∑
i=1

xkAi(t)
∂

∂qxi
,

∂

∂qxi
:=

1− τi
(1− q)xi

,

and we let M̃1 denote the operator obtained by replacing q and t by q−1 and t−1, respectively, in M1. Let
U

(a)
λ (x; q, t) denote the symmetric polynomial in the variables x = (x1, . . . , xn), which is defined by

H U
(a)
λ (x; q, t) = ẽ(λ)U

(a)
λ (x; q, t).

Here H denotes the linear operator defined by

H = M̃1 − (1 + a)[E0, M̃1] + a[E0, [E0, M̃1]],

and ẽ(λ) =
∑n
i=1 q

−λit−n+i. Define the symmetric polynomials V (a)
λ (x; q, t) by

V
(a)
λ (x; q, t) = U

(a)
λ (x; q−1, t−1).

Baker and Forrester (2000) proved∫
[a,1]n

∆2
k(x)

n∏
i=1

w
(a)
U (xi; q)dq x

= (1− q)n(−a)
kn(n−1)

2 qk
2(n

3)−
k(k−1)

2 (n
2)

n∏
i=1

(q; q)ki
(q; q)k

, (5.9)

∫
[1,∞]n

∆2
k(x)

n∏
i=1

w
(a)
V (xi; q) dqx

= (1− q)na
kn(n−1)

2 q−2k
2(n

3)−k
2(n

2)
n∏
i=1

(q; q)ki
(q; q)k

, (5.10)

where

∆2
k(x) =

∏
i<j

k∏
l=−k+1

(xi − qlxj).

Further they proved the orthogonality relations∫
[a,1]n

U
(a)
λ (x; q, t)U (a)

µ (x; q, t)∆2
k(x)

n∏
i=1

w
(a)
U (xi; q)dq x = 0, (5.11)

∫
[1,∞]n

V
(a)
λ (x; q, t)V (a)

µ (x; q, t)∆2
k(x)

n∏
i=1

w
(a)
V (xi; q) dqx = 0, (5.12)
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when λ 6= µ. We can derive (5.3) from (5.7) and (5.9), and also (5.5) from (5.8) and (5.10). But, here we
have no space to state the details. To prove (5.4) and (5.6), we use the r = 0 case of (5.7) and (5.8), then
expand the product

∏n
i=1 xi = en(x) by the symmetric polynomials U (a)

λ (x; q, t) or V (a)
λ (x; q, t), and

use the orthogonality relations (5.11) or (5.12).

Acknowledgement. We are indebted to an anonymous reviewer of FPSAC’14 for providing insightful
comments on the relation of our paper with Sinclair (2012) in which we may expect nice applications of
our Pfaffian and hyperpfaffian identities.
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L. Habsieger. Une q-intégrale de Selberg et Askey. SIAM J. Math. Anal., 19:1475 – 1489, 1988.

M. Ishikawa and C. Koutschan. Zeilberger’s holonomic ansatz for Pfaffians. CoRR abs, 1201.5253, 2012.
arxiv:1011.5941.

M. Ishikawa and M. Wakayama. Minor summation formula of Pfaffians. Linear and Multilinear Alg., 39:
285–305, 1995.

M. Ishikawa and M. Wakayama. Applications of minor summation formula, III: Plücker relations, lattice
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