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Piecewise-linear and birational toggling

David Einsteiriand James Propp

Department of Mathematical Sciences, UMass Lowell, USA

Abstract. We define piecewise-linear and birational analogues oflésyolutions, rowmotion, and promotion on
order ideals of a posdt as studied by Striker and Williams. Piecewise-linear rowarorelates to Stanley’s transfer
map for order polytopes; piecewise-linear promotion edab Schiltzenberger promotion for semistandard Young
tableaux. WherP = [a] x [b], a reciprocal symmetry property recently proved by Grigkend Roby implies that
birational rovmotion (and consequently piecewise-lin@avmotion) is of order + b. We prove some homomesy
results, showing that for certain functioffisthe average of over each rowmotion/promotion orbit is independent of
the orbit chosen.

Résumre. Nous définissons et étudions certains analogues lg@@iar-morceaux et birationnels d’involutions toggles,
rowmotion et promotion sur les idéaux d’'un poggtcomme étudié par Striker et Williams. La rowmotion knée-
par-morceaux est liee a la fonction transfert de Stanbey [&s polytopes d’ordre; la promotion linéaire-par-oeaux

se rapporte a la promotion de Schitzenberger pour lessablsemistandards de Young. Lorsdte= [a] x [b], une
propriété de symeétrie réciproque recemment proypaeGrinberg et Roby implique que la rowmotion birationeell
(et par conséquent la rowmotion linéaire-par-morceast)de I'ordrea + b. Nous démontrons quelques résultats
d’homomesie, montrant que pour certaines fonctipnis moyenne dg' sur chaque orbite de rowmotion/promotion
est indépendante de I'orbite choisie.

Keywords: poset, order ideal, order polytope, rowmotion, promottoopicalization

1 Background

We assume readers are familiar with the definition of a finitegh( P, <), as for instance given in Ch. 3
of Stanley (2011). Much of our work involves the ca@e= [a] x [b] = {(i,7) e NxN: 1 <i<a, 1<
j < b} with ordering defined byi, j) < (i/,4") iff « <4’ andj < j'. We putn = a + b.

We writex < y (“x is covered byy”) or equivalentlyy > x (“y coversz”) whenz < y and noz € P
satisfiest < z < y. We sayP is rankedif there is a function : P — {0, 1,2,...} so that all minimal
elements ofP have rank 0 and such that< y impliesr(x) = r(y) — 1.

An rc-embeddingf a posetP is defined by Striker and Williams (2012) asamap P — Z x Z
such thatr coversy iff m(x) — m(y) is (1,1) or (—1,1). This yields a Hasse diagram fétin which all
covering relations are edges of slopé. In the caseP? = [a] x [b], we will adopt the rc-embedding
that sendsi, j) € Pto (j —i,i+ j — 2) € Z2. Theranks(or, in the terminology of Striker and Williams
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(2012),rows) are the subsets df that consist of alk: € P at a given height, or vertical position, relative
to the rc-embedding. We define tfies(or, in the terminology of Striker and Williams (2012plumn$
as the subsets d? that consist of all: € P at a given horizontal position relative to the rc-embedding
For example, leP = [2] x [2], and write(1, 1), (2,1), (1, 2), (2,2) asw, z, y, z for short, withw < z < z
andw < y < z. Our rc-embedding has(w) = (0,0), 7(x) = (-1,1), 7(y) = (1, 1), andr(z) = (0, 2).

z

w

The ranks ardw}, {z,y}, and{z}, and the files ard¢z}, {w, z}, and{y}. We number the ranks of
[a] x [b] from O (bottom) ton — 1 (top), and we number the files @f] x [b] from 1 (left) ton (right). That
is, for P = [a] x [b], (i,7) € P belongs to théi + j — 2)nd rank of P and the(j — i + a)th® file of P.

We callS C P anorder ideal(or downsetof P whenz € S andy < zimplyy € S. We callS C P
afilter (or upsej of P whenz € S andy > z imply y € S. We callS C P anantichainwhenz,y € S
andx # y imply thatx andy areincomparabldi.e., neitherr < y nory < x). The sets consisting of the
order ideals, filters, and antichains Bfare respectively denoted by P), F(P), andA(P).

There are natural bijections, : J(P) — F(P), as : F(P) — A(P), andas : A(P) — J(P) given
by the following recipes:

(1) forI € J(P), letas(I) be the complemer® \ I;

(2) for F € F(P), letay(F) be the set of minimal elements &f (i.e., the set oft € F such that

y < zimpliesy ¢ F); and
(3) for A € A(P), letas(A) be the downward saturation df (i.e., the set ofy € P such thaty < =
for somez € A).
The compositiorp := a3 o az 0 ay : J(P) — J(P) is not the identity map; e.g., it sends the full order
idealI = P to the empty order idedl = (. (Note that Brouwer and Schrijver (1974) studied the clpsel
related mapF' = as o ay o a3 : A(P) — A(P).)

Cameron and Fon-Der-Flaass (1995) gave an alternativeactesization ofp. Givenx € P and
I e J(P),letr,(I) (“Itoggled at:” in Striker and Williams’ terminology) denote the s\ {x} if this
setis inJ(P) and! otherwise. Equivalently;, (1) is I unlessy € I forally <z andy ¢ I forally > z,
in which caser,(I) is I A {z}. (We will sometimes say that “toggling turns into 7,.()".) Clearly
7, IS an involution. Itis easy to show that andr, commute unless <y orz > y. If z1,22,...,2p|
is anylinear extensiorof P (that is, a listing of the elements &f such thatz; < x; in P impliesi < j
in N), then the compositiom,, o 7., o --- o 7, coincides withp. In the case where the posktis
ranked one natural way to linearly exterféis to list the elements in order of increasing rank. Given the
right-to-left order of composition of,;, o 7, o - -- o 73, , this corresponds to toggling the top rank first,
then the next-to-top rank, and so on, lastly toggling thedmtrank. Whenr andy belong to the same
rank of P, the toggle operations, andr, commute, so even without using the theorem of Cameron and

() Note thatj — 7 + a ranges froml to a + b — 1 = n — 1; this is slightly different from the indexing in Propp and#0(2013).
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Fon-der-Flaass, we can see that this composite operatioif Bhis well-defined. Striker and Williams
(2012) use the term “row” as a synonym for “rank”, and thereb p asrowmotion

In the example above, under the actiomgf o, andag, the order idea{w, z} € J(P) gets succes-
sively mapped tdy, z} € F(P), {y} € A(P), and{w,y} € J(P). Under the action of;, 7, 7, and
Tw, the orderidea{w, x} € J(P) gets successively mapped{to, =}, {w, z,y}, {w, y}, and{w, y} (all
in J(P)). In both cases we obtap({w, z}) = {w, y}.

Note that ifz andy belong to the same file, the toggle operatiepsindr, commute, since neither of
x,y can cover the other. Thus the composite operation of togdfia elements of from left to right is
well-defined; Striker and Williams (2012) call this opecatpromotion and show that it is conjugate to
rowmotion in the toggle group (the group generated by thgl®mvolutions). We denote this map by

2 Piecewise-linear toggling

Given a posef’ = {z1,...,z,} (with p = |P|) and an rc-embedding d?, let R” denote the set of
functionsf : P — R; we can represent such gras aP-array (or array for short) in which the values
of f(x) for all z € P are arranged on the page according to the rc-embeddiRgmthe plane. We will
sometimes identifiR with R, associating € RY with v = (f(z1),..., f(z,)), though this depends
on the chosen ordering of the elementsrof Let P denote the augmented poset obtained friBrby
adding two extra elementsand1 (which we sometimes denote by andzp41) satisfyingd < = < 1 for

all z € P. Theorder polytopeD(P) C RP (see Stanley (1986)) is the set of vect()f$:c1), cey A(a:p))

-~ ~ A~

in R? arising from functionsf : P — R that satisfyf(0) = 0 and f(1) = 1 and areorder-preserving

~ o~

(x < yin Pimplies f(z) < f(y) in R). In some cases it is better to work with the augmented vector
(f(zo), f(x1),..., f(zp), f(xps1)) in RPT2 In either case we have a convex compact polytope.
For example, ifP = [2] x [2] = {w,x,y, 2z}, thenO(P) = {v = (v1,v2,v3,v4) € R*: 0 < oy,

v1 < g, v1 < w3, vg < vy, v3 < vg, anduy < 1}; each such can be depicted as the-array
U4
V2 U3

U1

O(P) is the convex hull of the vector®), 0, 0,0), (0,0,0,1), (0,0,1,1), (0,1,0,1), (0,1,1,1), and
(1,1,1,1), which are precisely the vectors associated with the fitéB. It is shown in Stanley (1986)
that for any poseP, the vertices o)(P) correspond to the indicator functions of the filtersiof

Given a convex compact polytogé€ in R? (we are only concerned with the cake= O(P) here but
the definition makes sense more generally), we definpitteewise-linear toggle operation (1 < ¢ < p)
as the unique map frork to itself whose action on the 1-dimensional cross-sect@nk’ in the ith
coordinate direction is the linear map that switches thednapoints of the cross-section. That is, given
v=(v1,...,vp) € K, we define

Ti(U):(’Ul,...,Ui_l,L+R—Ui,Ui+1,...,’l}p), (1)

where the real numbert and R are respectively the left and right endpoints of the fete R :
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(v1,...,0i—1,t, 0541, ..,0p) € K}, which is a bounded interval becaukeis convex and compaé¥.
SinceL + R — (L + R — v;) = v;, each toggle operation is an involution.

Similar involutions were studied by Kirillov and Berenstgil995) in the context of Gelfand-Tsetlin
triangles. Indeed, one can view their action in our pieceviisear toggling framework, where instead of
looking at the rectangle posdtg x [b] one looks at the triangle posets with elemeffisj) : 1 <i <
j < N} and covering-relationg, j — 1) < (¢,7) (for1 < i < j < N)and(i+ 1,5 + 1) < (4,4) (for
1 <i<j <N —1). Their “elementary transformations” (Definition 0.1) anar “toggles”.

In the case wher& is the order polytope af and a particular elemente P has been indexed as,
we writer; as7,. The L andR that appear in (1) are given by

L=max{v;: 0<j<p+1, z; <x;} @)

and

R=min{v;: 0<j<p+1, z; >z} 3)
(One also had, = max{v; : z; < x;} andR = min{v; : z; > x;}, but the formulas (1)—(3) turn out
to be the right ones to use when extending the operatiofiem O(P) to all of R?, as well as the right
ones to use when lifting toggling to the birational settisgd@scribed in the next section.) It is easy to
show thatr,, andr, commute unlesg < y or z > y. These piecewise-linear toggle operatiopnsare
analogous to the combinatorial toggle operationé&nd indeed the former generalize the latter in a sense
to be made precise below), so it is natural to define piecelivisar rowmotionpp : O(P) — O(P)
as the composite operation accomplished by toggling frgmtadoottom (much as ordinary rowmotion
p: J(P) — J(P) can be defined as the composite operation obtained by tagigim top to bottom).
Likewise we can define piecewise-linear promotion : O(P) — O(P) as the composite operation
accomplished by toggling from left to right.

Continuing the exampl® = [2]x[2] = {w, z,y, z} from section 1, let = (.1, .2, .3, .4) € O(P). Un-
der the action of, 7, 7, andr,, the vecton gets successively mapped(ta, .2, .3, .9), (.1, .2,.7,.9),
(.1,.8,.7,.9), and(.6, .8,.7,.9) = pp(v), while under the action of,, 7, 7., andr,, the vector gets
successively mapped {al, .3, .3, .4), (.2,.3,.3,.4), (.2,.3,.3,.9),and(.2, .3, .8,.9) = 7p(v).

If fis the indicator function of the filteP \ I, thenpp(v) (resp.mp(v)) is the indicator function of the
filter P\ p(I) (resp.P \ w(I)); in this waypp andrp generalizep andr.

In the full version of the article (Einstein and Propp (201#e extendor andzp to all of R?, not
justO(P). We also study a variant of these extended operations inhadrie take$f(6), f(T)) = (0,0)
instead of 0, 1); although there is no longer an order polytope in the pictinese “homogeneous” actions
are easier to understand, and capture most of the behawioe general inhomogeneous case.

One can show that the action of the Schiitzenberger promoperator (which we denote bys) on
the set of semistandard Young tableaux of rectangular sivéaped rows andB columns having entries
between 1 and is naturally conjugate to the action of the piecewise-lir@amotion operatoft» on the
rational points in the order polytope & = [A] x [n — A] with denominator dividing3. (We are grateful
to Alex Postnikov and Darij Grinberg for explaining this te.u~or the original definition of promotion,
see Schitzenberger (1972); for more modern treatmergsStemley (2009) and van Leeuwen (1996).)
For example, takel = 2, B = 3, andn = 5, and consider the semistandard Young tableau

1 2 2
3 5 5

(@ Note thatZ and R depend o1, ..., v;—1,vit1,- - -, vp, though our notation suppresses this dependence.
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We represent the tableduas a Gelfand-Tsetlin triangle who#th row (1 < i < n) lists, in decreasing
order (with 0’s appended or deleted from the end as needesljumber of parts less than or equal to
n — i + 1 in the successive rows of the tableau:

3 3 0

wl
—
1o
[[e=)
[[e=)
1o

This tableau splits into three parts: a triangleR8i§ (overlined, with top row of lengtii), a triangle of
0's (underlined, with top row of length — A), and an(n — A)-by-(A) rectangle. If we flip this rectangle
across the line: + y = 0, so that the top corner becomes the left corner and vice weesget aP-array
with entries between 0 anf:

If we divide each entry byB, we get a point(T") in O(P) from which one can recovér by reversing
all the above steps. One can show thats(T)) = mp(v(T)). Indeed, the file-toggle operations (in
which one performs piecewise-linear toggling atalt P belonging to theth file of [n — A] x [A], with

1 < i < n; see 6) can be shown to correspond respectively tovtBender-Knuth involutions on the
Young tableau, whose composition gives.

The vertices ofO(P) correspond to the 0,1-valued functiofison P with the property thatr < y
in P implies f(z) < f(y) in {0, 1}; these are precisely the indicator functions of filtersteffd are in
bijection with order ideals by way of the complementatiorpiso the vertices aP(P) are in bijection
with the elements of the latticé(P). Each toggle operation acts as a permutation on the vertices
O(P). Indeed, if we think of each vertex 61( P) as determining a cut of the posetinto an upset (filter)
Syp and a complementary downset (order idef)y, (the pre-image of 1 and O, respectively, under the
order-preserving map fromf? to {0, 1}), then the effect of the toggle operation(x € P) is just to move
x from Syp 10 Sqown (if 2 iSiN Syp) OF from Sqown t0 Syp (if 2 iS i Saown) UNless this would violate the
property thatS,,, must remain an upset affi., must remain a downset. In particular, we can see that
when our pointy € O(P) is a vertex associated with the diff,p,, Saown ), the effect ofr, on Sgown IS
just toggling the order ided ..., at the element € P.

Cameron and Fon-Der-Flaass (1995) showed that rowmotiimgaen J ([a] x [b]) is of ordera + b.
(Subsequently Striker and Williams (2012) gave a simpleofirby showing that promotion is of order
a + b and that rowmotion is conjugate to promotion.) The samauis of piecewise-linear rowmotion and
promotion acting or([a] x [b]):

Theorem 1 For P = [a] x [b], the map$p andrp are of ordera + b.

It seems plausible that one might be able to deduce the ofger andrp from the order ofp and,
but we have not been able to find such an argurfiérinstead, our proof of Theorem 1 detours through
the notions of birational promotion and rowmotion.

(i) The Coxeter hyperplane arrangement of typdivides the order polytope into simplices, and on each simfile mapg» and
mp are not just piecewise-linear but actually linear (by whioh really mean “affine”), and one might hope to base a proof of
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3 Birational toggling

The definition of the piecewise-linear toggling operatida formulas (1)—(3) involves only addition,
subtraction, min, and max. Consequently one can definaédigdtransformations ofR*)¥ with formal
resemblance to the toggle operations@(P). This transfer makes use of a dictionary in which 0,
addition, subtraction, max, and min are respectively igadaby 1, multiplication, division, addition, and
parallel addition (defined below), resulting in a subtraatfree rational expressidi. Parallel addition
can be expressed in terms of the other operations, but taksygnmetrical view of the two forms of
addition turns out to be fruitful. Indeed, in setting up tleerespondence we have a choice to make: by
“series-parallel duality”, one could equally well use atitinary that switches the roles of addition and
parallel addition. We hope the choice that we have made hilrprave to be convenient.

For z, y satisfyingz + y # 0, we define the parallel sum efandy asz || y = zy/(z + y). In the
case where, y andz + y are all nonzerogy/(z + y) is equal tol /(£ + é), which clarifies the choice
of notation and terminology: if two electrical resistorsre$istance: andy are connected in parallel, the
compound circuit has an effective resistance:dfy. If = andy are inR*, thenz + y andz || y are in
R* as well. Also,|| is commutative and associative, so that a compound pasalfel: || y || z || --- is
well-defined,; it equals the produeyz - - - divided by the sum of all products that omit exactly one of the
variables, and in the case whergy, z, . .. are all positive, it can also be written a4( + 5 +1+.0).

Given a non-empty s&t = {s1, s2, ...}, let>." S denotes; + 5o+ - - - andZ”S denotes || s2 |-+

Then forv = (v, v1, ..., vp, vpt1) € (RT)PT2 with vy = v,41 = 1 and forl < i < p we define
Ti(’U) = (’UQ, Vly.-.,Vi—1, LR/’Ui, Vitly. - ,’Up, Up+1), (4)
with N
L:Z{vj:0§j§p+1,arj<ari} (5)
and |
R:Z{vlj:0§j§p+17xj>xi}. (6)

We call the maps; : (R*T)? — (R*)P given by (4)—(6)irational toggle operationsas opposed to the
piecewise-linear toggle operations treated in the presgmetiorY) As theOth andp + 1st coordinates of
v are not affected by any of the toggle operations, we can jugtthose coordinates, reducing our toggle
operations to actions ofR*)?. SinceLR/(LR/v;) = v;, each birational toggle operation is an involu-
tion on the orthanfR*)?. As in the preceding section, we identifR*)? with (R*)". The birational
toggle operations are analogous to the piecewise-linggleémperations (in a sense to be made precise
below), so it is natural to defingrational rowmotionps : (R*)” — (R*)? as the composite operation
accomplished by toggling from top to bottom, and to debirational promotionrs : (RT) — (R+)F
as the composite operation accomplished by toggling frdttdeight.

Continuing our running example = [2] x [2] = {w, x,y, 2}, letv = (1,2,3,4) € R?, corresponding
to the positive functiory that mapsw, x,y, z to 1, 2, 3, 4, respectively, Withf(ﬁ) = f(T) = 1. Under

Theorem 1 on this; unfortunately, the images of these s@eplundep» andwp are not themselves simplices in this dissection,
so the most simple sort of proof one might imagine does nokwor

(M) The authors are indebted to Arkady Berenstein for pointinigtioe details of this transfer of structure from the pieseslinear
setting to the birational setting.

™ In principle we should use a different symbol than but in practice it should always be clear whether we arerriafg to
piecewise-linear operations or birational operations.
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the action ofr,, 7,, 7, andr,, the vectorv = (1,2,3,4) gets successively mapped (o, 2, 3, g),
(1,2, 15, 3), (L 2. 75, 7). and(5, §, 13- ) = p5(v).

For simplicity, we have definetls as a map fronfR*)” to itself. Howevers; can be extended to a
map from a dense open subsetiSf to itself, and indeed, from a dense open sulbsetf C* to itself.
All expressions we consider are well-defined on the operaatif®R*)”, and all the theorems we prove
amount to identities that are valid when all variables li¢hiis orthant; this implies that the identities hold
outside of some singular variety ifi. Identifying the singular subvariety on whiets (or one of its
powers) is undefined seems like an interesting questiorit, isudne that we leave to others. Alternatively,
Tom Roby has pointed out that one can replAceby a ring of rational functions in formal indeterminates
indexed by the elements @f, thereby avoiding the singularity issue (once one checésttte rational
functions in question can be expressed as ratios of polyailswith positive coefficients).

Piecewise-linear rowmotion and promotion can be viewed@sdalizations of birational rowmotion
and promotion. To the extent that facts about birationagliog can be formulated as (complicated but
finite) identities in subtraction-free arithmetic, thettboary alluded to at the start of section 3 allows one
to carry the identities to the “max, min, plus” settif{§y.For instance, when in a later section we prove that
pi% andr acttrivially on(R™)* (with P = [a] x [b] andn = a+b) it will follow immediately thatp’ and
7 act tr|V|aIIy onR¥. (Here we gloss over the role tHaand1 play. Our treatment of birational toggling
assumeg‘( ) = f( 1) = 1 but our treatment of piecewise-linear toggling assunf(@s) =0#1= f(T).
The full version of the paper addresses this issue with arogpiate dehomogenization lemma.)

4 Birational rowmotion and Stanley’s transfer map

Although most of our work with rowmotion treats it as a comifios of | P| toggles (from the top to the
bottom of P), we noted in section 1 thatcan also be defined as a composition of three operations
az, a3.M This alternative definition can be lifted to the piecewiser and birational settings.

For the piecewise-linear setting, we first recall the deéniof thechain polytope (P) of a posetP as
defined by Stanley (1986). éhainin a posetP is a totally ordered subset &f, and amaximal chairin a
posetP is a chain that is not a proper subset of any other chain. IptsetP is ranked, with all maximal
elements having the same rank, then the maximal chaifsare precisely those chains that contain an
element of every rank. Thehain polytopeof a posetP is the set of maps fron® to [0, 1] such that for
every chainC' in P (or, equivalently, for every maximal chafriin P),

Y fl@) <t (7)

zeC

Just as the vertices of the order polytopgdorrespond to the indicator functions of the filtersiafthe
vertices of the chain polytope @f correspondi to the indicator functions of the antichains Bf
Stanley defines thiansfer mapd : O(P) — R’ via the formula

(@f)(x) = min{f(z) — f(y) :y € P, @ >y} (8)

™) We are indebted to Colin McQuillan and Will Sawin for claiifg this point; see MathOverflow (2013).

M) Indeed this was the way in which Brouwer and Schrijver oatiindefined their operatiod”, in the context of the Boolean
lattices[2] x [2] x --- x [2].

i) One direction of this claim is easy: since every antichatarsects every chain d? in at most one element d?, the indicator
function of an antichain must correspond to a point {#). For the other direction, see Theorem 2.2 of Stanley (1986).
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A~

forallz € P (recall that we havg (0) = 0). Stanley proves thak is a bijection betwee®(P) andC(F)
that carries the vertices of the former to the vertices ofatter. The inverse ob is given by

(g)(z) = max{g(y1) + g(y2) + -+ g(yn) 0 <y <y2 <+ - <y = a}. )

Let O(P) be the set of order-reversing maps frétro [0, 1]. We now define bijections; : O(P) —
O(P), az : O(P) — C(P), andas : C(P) — O(P) given by the following recipes:
(1) for f € O(P), letay (f) be defined by

(a1 (f)(x) =1 — f(z);
(2) for f € O(P), letas(f) be defined by

(a2 f)(x) = min{f(x) - f(y) :y € P, 2> y};

and
(3) for f € C(P), letas(f) be defined by

(a3 f)(z) = max{f(y1) + f(y2) + -+ flyn): e =y <yo<---<yp<1}. (10)

Note thatas is ® and thaiws is ¥ (aka® ') “turned upside down”. It is not hard to check that (10) can
be replaced by the recursive definition

(a3f)(@) = f(2) + max{(asf)(y) : y € P, y>x} (11)
which turns out to be the form most suitable for lifting to thieational setting.
Theorem 2 pp = a3 o a3 0 .

(Note thato; o pp o 1 = a3 0 a 0 a1, as in the original definition gb.)
Similarly, in the birational setting put

(@) = 1/f(@), (12)
(h@) = S {F@)/fw): yea}, and (13)
(asf)(@) = f2) 3 {lesf)y): yeat), (14)

wherezt denotes{y € P:y»> x} andz~ denotes(y € P:z> y}. (Note that definition (14), like
definition (11), is recursive.)

Theorem 3 pg = a3 o a3 o as.

Of course they's in Theorem 3 are not the's in Theorem 2 but their birational counterparts.
In the full paper, we derive Theorem 2 from Theorem 3 by tralitation and dehomogenization.

(X) This is not precisely the definition dff that Stanley gives, but the two definitions are easily sedrtequivalent.
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5 Recombination and Reciprocal Symmetry

As was noted by Striker and Williams (2012), there is an iatienrelationship between rowmotion and
promotion in rc-embedded posets: the two maps have the sdntstoucture because they are conjugate
as elements of the toggle group. This relationship becomes elearer in the piecewise-linear and
birational settings. LeP = [2] x [2]. Here is thepz-orbit of (1,2, 3, 4):

( 1 2 , 3 , 4 )
( 1/4 , 5/8 , 5/12 , 5/4 )
( 4/5 , 1/3 , 1/2 | 5/6 )
( 6/5 , 12/5 , 8/5 , 1 )
Here is therz-orbit of (1,2,5/12,5/4):
( 1 , 2 , 5/12 , 5/4 )
( 1/4 , 5/8 , 1/2 , 5/6 )
( 4/5 , 1/3 , 8/5 , 1 )
( 6/5 , 12/5 , 3 ., 4 )

Note that the same numbers appear as entries in both oriihithe same multiplicity. More specifically,
given P = [a] x [b], define therecombination ma@ as the map from the set éf-arrays to itself such
that for everyP-array f, the (i, j) entry in D(f) is the (i, ) entry inpl " (f).

Theorem 4 (the “recombination lemma”)D o mg = pg o D.

It follows from Theorem 4 thab is invertible and thatz andp; have the same orbit-structure.
A seemingly much deeper fact is the following consequendbefvork of Grinberg and Roby (2014)
(Theorem 10.6 in particular).

Theorem 5 (reciprocal symmetry)The(a — i + 1,b — j + 1) entry inp™* ™ 779 ( f) is the reciprocal

of the(i, j) entry in f.

Applying this theorem twice yields the conclusion thatfor (a+b+1—i—j)+(a+b+1—(a—
i+1)—(b—j+1)) =a-+0, the(s, ) entry inp} is the reciprocal of the reciprocal of tfig j) entry in
f. This implies thap3 is the identity map (and recombination then assures ushhgi} is the identity
map as well). The fact that* acts trivially onJ([a] x [b]) was first proved by Fon-Der-Flaass (1993).

These facts have implications in the piecewise-lineaimggetThe recombination property says that the
(i,4) entryinD(f) is the(i, j) entry inp}; *(f), and reciprocal symmetry says that te-i+1,b—5+1)
entry inp5 " 777 (f) is 1 minus the(i, j) entry in f. We also may conclude that, and«, are the
identity map. The last of these conclusions, in combinatidh our remarks in section 2 linking certian
P-arrays with semistandard Young tableaux, gives us a neof pfahe standard fact that Schiitzenberger
promotion on standard tableaux of fixed rectangular shagieemitries bounded by has orden.

We stress that recombination is not specifi¢aox [b], but applies to any rc-embedded poset, even in
cases where rowmotion is not of finite order. The recomhbamdgémma is heavily based on Theorem 5.4
in Striker and Williams (2012) (construction of an equieenti bijection).
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6 File-toggling and promotion

Here we restrict taP of the form[a] x [b], with n = a + b. The birational toggle operations combined
in unconstrained fashion, generate a group that is infinitene > 1 or b > 1 (we prove this in detail
in the full article for the case = b = 2), and its structure is likely to be quite complicated, bungoof
the subgroups admit homomorphisms to the symmetric gpy@and they can be useful for understand-
ing rowmotion and promotion. One such subgroup, generated-b 1 involutions associated with the
respective ranks aP, was discovered by Grinberg and Roby (2014). Here we studffeaeht subgroup,
generated by, — 1 involutions associated with the respective filegof

Recall that[a] x [b] can be partitioned into files numbered 1 through 1 from left to right. Given
f: P — Rt with £(0) = f(1) = 1, letp; (1 < i < n — 1) be the product of the numbey§z) with =
belonging to theth file of P, letpg = p,, = 1, and forl < i < nletq; = p;/p;—1. Callq1, ..., ¢, the
guotient sequencassociated withf, and denote it by)(f). This is analogous to the difference sequence
introduced in Propp and Roby (2013). Note that the produet- g,, telescopes te,,/po = 1. Fori
between 1 ana — 1, let 7;* be the product of the commuting involutions for all « belonging to the
ith file. Lastly, given a sequence afnumbersw = (wy,...,w,), and givenl < ¢ < n — 1, define
oi(w) = (w1, ..., Wi—1,Wit+1, Wi, Wita, . . ., Wwy,); thatis,o; switches théth andi + 1st entries ofw.

Lemma6 Forall1 <i<n—1,andforall f,

Q7 f) = a:Q( ).
That is, toggling théth file of f swaps théth andi + 1st entries of the quotient sequencefof
Recalling thatrs is the composition;:_, o --- o 77, we have:
Corollary 7 Q(wgf) is the leftward cyclic shift of)(f).

7/ Homomesy

Given a setX, an operatiori’ : X — X whosenth power is the identity map o/, and a function#’
from X to a fieldC of characteristic 0, we say thatis homomesicelative to (or under the action df),
or that the tripleg X, T', F') exhibitshomomesyif for all z € X the average

n—1

Y F(T*(x))

k=0

1
n

equals someindependentof. We also say in this situation that the functiBrfwhich we will sometimes
call afunctionalon X) is c-mesicrelative to the magd". The article by Propp and Roby (2013) gives
examples of combinatorial situations in which homomesylboSee also Bloom et al. (2013).

Theorem 5 yields as a corollary thdR ), ps, F) is 0-mesic, wherd”(f) = log(f(i,5)f(a + 1 —
i,b+ 1 — j)) (factors cancel in pairs). Applying recombination, we & the same is true if rowmotion
is replaced by promotion. In both cases, tropicalizingddgddlomomesy fof'(f) = f(i,7) + f(a +1 —
i,b+ 1 — j) under piecewise-linear rowmotion and promotion.

A different sort of homomesy comes from the files|@ff x [b]. Using Corollary 7, one can show that
for eachi between 1 andh — 1, if one definesF;(f) as the logarithm of the product of the values of
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f(x) asx ranges over théth file of [a] x [b], then((R*)?, pg, F;) is 0-mesic. This can be carried to
the piecewise-linear setting as well. Restricting to theizes ofO(P), one obtains the main homomesy
theorem of Propp and Roby (2013).

We can see both forms of homomesy on display in the rowmotibit shown at the start of section 5.
For instance, the middle file of the poset consists of the efdsw andz, associated with the entries
anduv, of each vectow. Defining F'(f) aslog f(w) f(z), we see that over the orbit the functiéhtakes
on the value$og 4, log 5/16, log 2/3, andlog 6/5, which sum to 0.

Theorem 8 GivenP = [a] x [b], withn = a + b, define functional$; ; (1 <i < a,1 < j < b)andF}
1<k<n-1)by

Fe(f)y= > f@.5).

j—i=k—a
These functionals are all homomesic under the actign0dnd 7.

Theorem 9 GivenP = [a] x [b], withn = a + b, define functional$; ; (1 <i < a,1 < j < b)andF}
1<k<n-1)by
Fi7j(f) = 1Og(f(lvj)f(a + 1- Z,b+ 1 _j))7

Fe(f)=log( [ r(.4).

j—i=k—a
These functionals are all homomesic under the actignsodind 7.

The recombination lemma easily implies that a functidriéd homomesic under rowmotion if and only
if itis homomesic under promotion. Also, any linear combio@aof homomesic functions is homomesic.
In the full version of the article, a kind of converse of Thewr8 will be proved:

Theorem 10 GivenP = [a] x [b], with p = ab, let F be some function in the span of thevaluation
functionsf — f(i,7) (with1 < i < a,1 < j <), such thatF' is homomesic under the action @# (or
equivalently under the action afp); then F' must be a linear combination of the functiorfgl; and F},
defined in Theorem 8.

Let V' be the vector space spanned by the functiohglsand £y, It should be noted that the functionals
F; ; andF, have linear dependencies, so although they $pathey are not a basis &f.

Although we have restricted ourselves(®*)” for simplicity, to the extent that our main results are
complicated but finite subtraction-free identities, réslike these homomesy theorems, or the fact that
rowmotion and promotion are of order apply throughout the complement of some proper subvaoiety
C? (though we need to udeg |z| in place oflog z). Also note that our birational maps are homogeneous,
S0 projective counterparts of rowmotion and promotion caddfined and are likely to be helpful.
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