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Layer-averaged Euler and Navier-Stokes equations

M.-O. Bristeau, C. Guichard, B. Di Martino, J. Sainte-Marie
September 21, 2015

Abstract

In this paper we propose a strategy to approximate incompressible free surface
Euler and Navier-Stokes models. The main advantage of the proposed models is
that the water depth is a dynamical variable of the system and hence the model is
formulated over a fixed domain.

The proposed strategy extends previous works approximating the Euler and
Navier-Stokes systems using a multilayer description. Here, the needed closure
relations are obtained using an energy-based optimality criterion instead of an
asymptotic expansion. Moreover, the layer-averaged description is successfully
applied to the Navier-Stokes system with a general form of the Cauchy stress
tensor.

Keywords : Incompressible Navier-Stokes equations, incompressible Euler equations,
free surface flows, newtonian fluids, complex rheology
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1 Introduction

Due to computational issues associated with the free surface Navier-Stokes or Euler
equations, the simulations of geophysical flows are often carried out with shallow water
type models of reduced complexity. Indeed, for vertically averaged models such as the
Saint-Venant system [7], efficient and robust numerical techniques (relaxation schemes
[9], kinetic schemes [23| 2],...) are available and avoid to deal with moving meshes.

In order to describe and simulate complex flows where the velocity field cannot be
approximated by its vertical mean, multilayer models have been developped [I], 3, [4, 8|,
13, 12]. Unfortunately these models are physically relevant for non miscible fluids.

In [14] 6], (5 24], some authors have proposed a simpler and more general formulation
for multilayer model with mass exchanges between the layers. The obtained model
has the form of a conservation law with source terms, its hyperbolicity remains an open
question. Notice that in [5] the hydrostatic Navier-Stokes equations with variable density
is tackled and in [24] the approximation of the non-hydrostatic terms in the multilayer
context is studied.

The objective of the paper is twofold. First we want to present another derivation
of the models proposed in [0, B, 24], no more based on an asymptotic expansion but
on an energy-based optimality criterion. Such a strategy is widely used in the kinetic
framework to obtain kinetic descriptions e.g. of conservations laws [18, 23]. Second, we
intend to obtain a multilayer formulation of the Navier-Stokes system with a rheology
more complex than the one arising when considering newtonian fluids.

The paper is organized as follows. In Section [2| we recall the incompressible hydro-
static Navier-Stokes equations with free surface with the associated boundary conditions.
In Section [3| we detail the layer averaging process for the Euler system and obtained the
rquired closure relations. The proposed layer-averaged Euler system is given in Section [4]
and its extension to the Navier-Stokes system with a general rheology is presented in
Section Bl
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Figure 1: Flow domain with water height H(z,t), free surface n(x,t) and bottom z,(x, t).

2 The Navier-Stokes system

We consider the two-dimensional hydrostatic Navier-Stokes system [19] describing a free
surface gravitational flow moving over a bottom topography z,(z). For free surface flows,
the hydrostatic assumption consists in neglecting the vertical acceleration, see |10, 16}, 21]
for justifications of the obtained models.

2.1 The hydrostatic Navier-Stokes system

We denote with x and z the horizontal and vertical directions, respectively. The system
has the form:

ou Ow
g + 5 = 0, (1)
ou Ou? Ouw Op 0¥ | 0%
ot o T oz Ter ox ' 0z
op 0., 0%,
0z 9 + Ox 0z’

and we consider solutions of the equations for
t>ty, zeR, z(r)<z<nxt),

where 7(x,t) represents the free surface elevation, u = (u,w)? the velocity vector, p the
fluid pressure and g the gravity acceleration. The flow height is H = n — 2, see Fig. [1]
The Cauchy stress tensor Y7 is defined by Xr = —pl; + ¥ with

Z$$ EZ’Z
X = ( S .. ) :

and ¥ represents the fluid rheology.



As in Ref. [I5], we introduce the indicator function for the fluid region

1 for (z,2) € Q={(z,2)| 2 < 2z < n},

oz, 2,t) = { 0 otherwise. .

The fluid region is advected by the flow, which can be expressed, thanks to the incom-
pressibility condition, by the relation

8_(,0 n dpu n dpw

ot = Ox 9z 0 (5)

The solution ¢ of this equation takes the values 0 and 1 only but it needs not be of
the form at all times. The analysis below is limited to the conditions where this
form is preserved. For a more complete presentation of the Navier-Stokes system and
its closure, the reader can refer to [19].

Remark 2.1 Notice that in the fluid domain, FEq. (@ reduces to the divergence free
condition whereas across the upper and lower boundaries it gives the kinematic boundary
conditions defined in the following.

2.2 Boundary conditions

The system — is completed with boundary conditions. The outward unit normal
vector to the free surface n, and the upward unit normal vector to the bottom n, are

given by ) )
nS:;(_a_Z)7 nb:;(_a_;)’
(g N 1 ()’ N

ox

respectively.

2.2.1 Free surface conditions

At the free surface we have the kinematic boundary condition

a, s s:()v 6
+u " w (6)

where the subscript s indicates the value of the considered quantity at the free surface.
Assuming negligible the air viscosity, the continuity of stresses at the free boundary

imposes
Yrng = —p'ny, (7)

where p® = p®(z,t) is a given function corresponding to the atmospheric pressure.
Within this paper, we consider p® = 0.



2.2.2 Bottom conditions

The kinematic boundary condition at the bottom consists in a classical no-penetration
condition:

u,-n, =0, or wuy— —w,=0. (8)

ox

For the stresses at the bottom we consider a wall law under the form
tb . ZTnb = RUp, (9)

where t;, is a unit vector satisfying t;, - n, = 0. If x(uy, H) is constant then we recover
a Navier friction condition as in [I5]. Introducing a laminar friction k; and a turbulent
friction k;, we use the expression

k(up, H) = ki + k H|up,

corresponding to the boundary condition used in [20]. Another form of x(uy, H) is used
in [9], and for other wall laws the reader can also refer to [22]. Due to thermo-mechanical
considerations, in the sequel we will suppose k(up, H) > 0, and x(uy, H) will be often
simply denoted by k.

2.3 Other writting
For reasons that will appear later, we rewrite — under the form

ou Ow

9 + e 0, (10)
ou Ou® Ouw on 0%, 0%, 0* [7 0%,

ot * Ox * 0z * Y9x = oz * 0z * Ox? /Z 2ol = or ’ (11)

where Eq. has been obtained as follows. Integrating Eq. from z to n and taking
into account the boundary condition @ gives

a n

Inserting the previous expression for p in Eq. gives Eq. .

2.4 Energy balance

Lemma 2.2 We recall the fondamental stability property related to the fact that the
hydrostatic Navier-Stokes system admits an energy that can be written under the form

a [" o [" 9 [
E/zb E dz + %/Zb [u(E—l—g(T)—z)) —u(Em — Ezz) —wX,, —u%/z Emdzl}dz

n ou n ou T Ow K ow
= — Y —dz — Yp—dz — — Y, .dz — Y, —dz — , (13
/Zb ox : /zb 0z : 2 ox : /Zb 0z : reh ( )

with E defined by .



Proof of lemma [2.2] The way the energy balance s obtained is classical. Con-
sidering smooth solutions, first we multiply Eq. by u and Eq. by w then we sum
the two obtained equations. After simple manipulations and using the kinematic and
dynamic boundary conditions @—@, we obtain the relation

0 o ["
0t/ Edz+£/ [ (E—I—p)—uEm—wEm}dz

n n n n
:—/ zm@dz—/ Em%dz—/ a—wEmdz—/ STy
. Ox Zb 0z ., Ox Zb 0z

b

Replacing p by its expression given by in the previous relation gives the result.
|

3 Depth-averaged solutions of the Euler system

In this section, neglecting the viscous effects in Eqgs. —, we consider the free surface
hydrostatic Euler equations written in a conservative form

9o opu , g
ot Ox 0z
dou  Opu®  Opuw  Op

=0, (14)

ot o 02 Tar Y (15)
op _

1

5, = P9 (16)

with ¢ defined by . This system is completed with the boundary conditions @,
and that reduces to

ps = 0. (17)
From Eqgs. ,, we get
p=g(n—=z). (18)
The energy balance associated with the hydrostatic Euler system is given by
o [
Ed +—/ (E+p)dz=0, (19)
ot
with
u2
E = 5 + gz. (20)

3.1 Vertical discretization of the fluid domain

-----

each layer L, corresponds to the points satlsfymg 2 € Lo(x,t) = [2a1 /2 ZQH /2] with

{ Za+1/2(x t) - zb(x t) +Z] 1l H( ) (21)
ha(2,t) = Zag1/2(2,t) — zac1j2(x,t) = o H(x,t), a€{l,...,N},



with [; >0, 32V 1; =1, see Fig.
We also define
Zat1/2 T Za—1/2 h_a

Ra = 9 = Za—1/2 + 9

a={1,...,N}. (22)
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Figure 2: Notations for the multilayer approach.

3.2 Layer-averaging of the Euler solution

In this section we take the vertical average of the FEuler system and study the necessary
closure relations for this system.
Let us denote (f), the integral along the vertical axis in the layer a of the quantity

f=f(z)ie.
o) = /R s 2 ) Loer, . (23)

The goal is to propose a new derivation of the so-called multilayer model with mass
exchanges 6, 5] using the entropy-based moment closures proposed by Levermore in [17]
for kinetic equations. This method has already been successfully used by some of the
authors in [11].

Taking into account the kinematic boundary conditions @ and , the layer-averaged

form of the Euler system f writes
0 0

§<S0>01 + a_$<g0u>a = Ga+1/2 - Ga—1/27 (24)
0 0 0

a(w% + %<¢U2>a + <a_§>a = Uat1/2Gat1/2 = Ua-1/2Ga—1/2, (25)
Ip

(5500 = —(@g)a; (26)



0 0
§<@Z>a + a_x<<P2u>a = (pw)q + Zat1/2Gar1/2 = Za—1/2Ga-1/2, (27)

for € {1,..., N} where p is defined by Eq. . Go+1/2 is defined by

8Za+1 2 azaJrl 2
Ga+1/2 = Pa+1/2 <T/ + Ua+1/QT/ — Wa+1/2 | (28)

and corresponds to the mass flux leaving/entering the layer o through the interface
Za+1/2- Notice that the kinematic boundary conditions @ and can be written

G1/2 = O, GN+1/2 = O (29)

These equations just express that there is no loss/supply of mass through the bottom
and the free surface. Taking into account the condition , the sum for j =1,... a of
the relations gives

0 — 0 —
Gatij2 = ot Z(@j + oz Z<90U>j- (30)
j=1 j=1
The quantities
ua+1/2 = U(.Z',Za+1/2,t), (31)

corresponding to the velocities values on the interfaces will be defined later. Notice that
when using the expression , the velocities wq41/2 no more appear in Egs. —
and thus need not be defined.

Equation is a rewriting of

z dp  Opu  Jpw B dp  Opu  Odpw B
</Zal/2<at T or T s )dz>“_<z(at T or s )e =0

using again the kinematic boundary conditions. Notice also that because of the hydro-
static assumption, Eq. is not a kinematic constraint over the velocity field but the
definition of the vertical velocity (pw),. The form of Eq. is useful to derive energy
balances but other equivalent writtings can be used, see paragraph [4.2]

Simple manipulations allow to obtain the system (24)-(28) from the Euler sys-

tem (14)-(16) with (6) and (8) e.g. for Eq. (24), starting from (14) we write

dp  Opu  dpw,
Bt T or T oz 1070

and using the Leibniz rule to permute the derivative and the integral directly gives .
Likewise, the Leibniz rule written for the pressure p gives

op, [P 0p, D 0Zat1/2 0za—1/2
<5’x>a_/z 8xdz_ 8x<p>a_pa+1/2 O + Pa-1/2 or

a—1/2



and from ,, we get

N
Pa+1/2 = p<x7za+1/2at) = Z <90.g>] (32)
Jj=a+1

From Eq. , we also have
ap B Fatl/2 ) B o g
(5l = /ZM/Q 95 (0 = 2))dz = o <2<w>aH> +9{Plag

Relation also leads to

D = Pa+1/2 T+ 990(Za+1/2 —2)= DPa—1/2 + QSO(Za—uz — 2),

and hence L
Pa+1/2 T Pa—1/2 g
(P)a = (@)= = (Qhapaiaye + G0 (33)
Therefore, the system — can be rewritten under the form
0 0
a<§0>a + %“ﬁu)a = Ga+1/2 - Gafl/Qa (34)

0 0

a(@uh + B (<90U2>a + <P>a) = Uas1/2Gar1/2 — Ua—1/2Ga—1/2

82a+1/2 _ aza—l/?
O Pa-1/2 or

0 0

§<¢Z>a + %(S@ZU% = (pw)a + Za41/2Gat1/2 — Za—1/2Ga-1/2, (36)

with , and completed with relations .
Considering smooth solutions, multiplying by u and integrating it over the layer

a gives, after simple manipulations, the energy balance

+ Dat1/2 (35)

2
0 Unt1/2

0
§<E>a + %(U(E +D))a = (T + Da+1/2 + gza+1/2> Govy1/2

0Zat1/2 0Za—1/2
ot + pafl/Q—at

2
Ug—1/2
- ( 5 / + Pa-1/2 + 9%1/2) Ga-1/2 = Pat1/2

where £ = E(z;u) is defined by (20). The sum for a = 1,..., N of the relations

gives

%Z<E>“ + % > (u(E +p))a =0.

a=1 a=1

Therefore the system — completed , and has three equations

with three unknowns, namely (@), (pu), and (pw), and closure relations are needed
to define (pu?)q, (pzu)q and u(x, za41/2,t).

9



3.3 Closure relations

If u/, is defined as the deviation of u with respect to its layer-average over the layer «,
then it comes for z € L,

ou = o + pu,, (38)

with (pul) = 0. Following the moment closure proposed by Levermore [17], we study
the minimization problem

min({(z51) . (30)

The energy E(z;u) being quadratic with respect to u we notice that

<¢U2>a — <90u>i + 2<(1Ouul>a —|-<(,0(U/ )2>a

(¥)a (¢)a “
o <90U>§ AL
- <§0>a + <90< a) >a
(pu)?,
= e (40)

Equation (40) means that the solution of the minimization problem is given by

(P = min Z;u
(o (4250 )3 = mint B ) (1)

and

Aow)a, _ {pw)d .
(o (2802 )y, = L2 g, (42

Since the only choice leading to an equality in relation corresponds to

_ {pwa or 2
u = D for z € L,, (43)

this allows to precise the closure relation associated to a minimal energy, namely

(pu)2
(pu?)o = e (44)
(pu)a
It remains to define the quantities uq41/2. We adopt the definition
(pu)a if G <0

o (D 1 a+l/2 >
Ug, = . i 46
e { {post if Gopypp >0 (46)

corresponding to an upwind depending on the mass exchange sign between the layers
o and a + 1. This choice is justified by the form of energy balance in the following
proposition.

10



Proposition 3.1 The solutions of the Fuler system - with @, satisfying the
closure relations — are also solutions of the system

0 0
E(@a + %@Uﬁ = Gat172 — Ga-1/2, (47)
0 0 u)?
a(@uh + 8_:10 (<2fo>l + <p>a> = ua+1/2Ga+1/2 - ua—l/ZGa—l/Z
5Za+1/2 a20471/2
+ poa—f—l/QT - pa_1/28—x7 (48)

0 0 U)q
a(@z% + I (<902>a <<930>> ) = (pw)a + Zat1/2Gat1/2 — Za—1/2Ga-1/2, (49)

completed with relation . The quantities (p)o and pat1/2 are defined by and .
This system is a layer-averaged approximation of the Euler system and admits — for
smooth solutions — an enerqgy equality under the form

(pu

_% ( Jar1 _ <(pU>a)2 |Gatiy2|- (50)

a+1 <90>04

Remark 3.2 Instead of , the definition
1 ((W>a+1 . <¢U>a> |

2\ (Dat1  (Pa

(51)

Ug+1/2 =

15 also possible and gives a vanishing right hand side in . But such a choice does
not allow to obtain an energy balance in the variable density case and does not give a
mazximum principle, at the discrete level, see [5]. Simple calculations show that any other
choice that or leads to a non negative r.h.s. in , see Fq. in the proof
of prop. [5.1].

Remark 3.3 [t is important to notice that whereas the solution H,u,w,p of the Fuler
system -,@, also satisfies the system -, only the solutions H,u,w,p
of the Euler system —,@, satisfying the closure relations -, are

also solutions of the system (47)-(50). On the contrary, any solutions (), (Pu)a,

(pw)q and (p)o of (@7)-(49) wzth ([46) are also solutions of (B4)-(37).

Proof of prop. [3.1] Only the mam’pulations allowing to obtain have to be detailed.
For that purpose, we multiply (48] . by < giving

11



0Za+1/2 02a-1/2 (U)o
+ o Patl/2™ T 5 7 Pa-1/2

and we rewrite each of the obtained terms.
Considering first the left hand side of the preceding equation excluding the pressure

terms, we denote
()
and using we have
L9 ((wﬂ) L9 ((cpu>a <<pu>3) | low2

(Ga+1/2 - Ga—1/2) .

“ T 0t \2{ph) 0\ (9)a 200/ T 20902
Now we consider the contribution of the pressure terms over the energy balance i.e.
= (2 ) e
Using we get the equality
0Zat1/2 0za—1/2 (D)o Ohy, 074
Pa+1/2 I — Pa-1/2 Or = (Ve Oz - <990>a%a

holds, it comes

— ﬁ _ ﬁ (pu)a _ (P)a (pW)a I{p)a a1
e = g (00552 - 0o (G52) — (2 G S + ot
0 <(Pu>a <p>a 3<¢U>a 0 <90u>a 0
= % <<p>a <90>a ) - <80>a o + % (ghazam) — za% (g(gpu)a)
_ 0 (pu)a)  (P)a Hpu)a | O A
i Gl R Fa e (LS &) EERAUEN

. ﬁ <90u>a o <p>a 8<¢u>a ﬁ 5 <90u>oa 2 -
"w(@“ma><@aax ax@““@h)*%”“”
gha% — JRa (Ga+1/2 - Ga71/2> .

Let us rewrite I, , under the form

-9 (Za+1/2Ga+1/2 - Zafl/ZGa71/2) + Jpa

with 3 5 )
(P)a <90U>a_gh 2, ha

o = " {(p)e Oz ot 2

(Ga+1/2 + Ga—l/Q) .

12



Since we have

(D)o O{pu)a _ {¥)a _ _ %
Pla 0z (P)a <G““/2 G2 at)’

we obtain

OZut1/2 02a-1/2
Jpa = DPat1/2 8;/ — Pa-1/2 ot / _pa+1/2Ga+1/2 +pa—1/2Ga—1/2-

Then summing I, and I, gives
0 ( <wU>a> 9 {pu)a < < (pu) )
— (& | 2 ot 7 Bz ———
2"\ ) e @
(pu)a 1 ({pu)a’)” (pu)a 1 ((pu)a’
Finally, the sum of the preceding relations fora =1,..., N
3 (s () v
ot 7=
(=G et 3 250,
PU)a <90u>a+1> 1(<sou> )2 1(<90 >a+1>
Uy, — — - - Gat1/2, (52
( e ( We D ) 200 ) T2 s ) ) G )
and the definition gives relation that completes the proof. Notice that any other
choice than (46| or leads to a non negative r.h.s. in , see remark . |

9
ot

>

4 The proposed layer-averaged Euler system

4.1 Formulation

The closure relations — motivate the definition of piecewise constant approxima-
tion of the variables u and w.
Let us consider the space IF’(])V ;1 of piecewise constant functions defined by

OH_ {1z€La(a:t)( ), «€ {17-~-7N}},

where 1.cr, (24)(2) is the characteristic function of the layer o. Using this formalism,
the projection of u and w on Pé\j 13 is a piecewise constant function defined by

N
XN<x7 Z? {Za}7 t) = Z 1[Za—1/272a+1/2}(z)Xa<x7 t)? (53)
a=1

for X € (u,w). In the following, we no more handle variables corresponding to vertical
means of the solution of the Euler equations — and we adopt notations inherited
from (53)).

13



By analogy with (47] — we consider the following model

N oh,, ha

5 3 =

Oho U,
ot

6
+ % (haui + hapa) = ua+1/2Ga+1/2 - U/a—l/2Ga—1/2

0Zat1/2 B 0za—1/2
o Pa+1/2 o Pa-1/2,

9 Zi+1/2_zi—1/z +2 zi+1/2_2¢21—1/2u Chw
ot 2 ox 2 “ e

+2a11/2Gas1/2 = Za—1/2Ga1/2,

by analogy with
0 — 0 —
Gat12 = BT Z h; + O Z (hju;)
i=1 j=1

and we have p,, Pat1/2 given by

3 N N
Pa =9 (f + Z h]-) and Pati/2 =4 Z h;.

j=a+1 j=at1
The definition of uq41/2 is equivalent ie.
Ugt1/2 = { Za 1£ ga+1/2 <0
a1 1 Gay12>0
The smooth solutions of — satisfies the energy balance
0

2

2

ug
= | Uam1y2tla = 5 + Pa-1/2 + 9Za-1/2 | Ga—1/2

0Za+1/2 02a—1/2
—Pa+1/26—:/ _’_pa—l/QT/a

with -
Oéua g
Eév -9 + §(Zi+1/2 - 22—1/2)-

Adding the preceding relations for a« = 1,..., N, we obtain the global equality

—

En (Z EN) (Z Ua (BY + hapa ) Z ~(Uat1/2 — Ua)?|Gay12]-

l\D

a=1
Using (b8 , the pressure terms in (55 can be rewritten under the form

0z
ox

0 82a+1/2 8za 1/2 0 g
= - SH
ox (hapa) O Pa+t1/2 + O —5. Pa-1/2= 8.1' <2 ha) + gha

14

0 U
aEiV + Or (Ua (Eiv + hapa)) = <ua+1/2ua — =+ Patij2 + gZa+1/2> Gati/2

(54)

(55)

(58)

(61)



4.2 The vertical velocity

Equation is a definition of the vertical velocities {w, }1<a<n. The quantities w, are
not unknowns of the problem but only output variables. Indeed, once H and {uq}1<a<n

have been calculated solving , with , the velocities w, can be determined
using .

Using simple manipulations, Eq. can be rewritten under several forms. In par-
ticular, the following proposition holds

Proposition 4.1 Let us introduce w = w(x, z,t) defined for z € L,, a =1,...,N by

ou
b= g, “ 2
W=ky—z o (62)

with ko = ko(z,t) recursively defined by
O0(zpu1)
or

0
kat1 = ko + %(zaﬂﬂ(uaﬂ - ua))

ky =

The quantity w is affine in z and discontinuous at each interface zq41/2. It obviously

satisfies
Oug ~ Ow 0

Pr 0z
but also for z € L,
w(z, z,t) = w(x, z,t).

Za+1/2 Za+1/2
/ wdz = / wdz = haWey, (63)
Zo—1/2 Za—1/2

meaning the quantities w is a natural and consistent affine extension of the layer-averaged
quantities w,, defined by . Using , an integration along the layer a of gives

Therefore we have

2 2
Za+1/2 - Za71/2 aua

hoWe = hoke — )
v 2 ox

(64)

Proof of prop. A simple integration along z of the divergence free condition (|1))
using gives

a z
w = —%/ u dz, (65)

Zb

and therefore, for z € L we get



1.€.

a—1
0 0
W= — ; %(hjuj) - %((z — Za-1/2)Ua), (66)
and we easily obtain
Ou,,

Now we intend to prove ((63)).
Using the definition (22), relation (56| also writes

0 . O(hju;) O(hju;
hawa - %(Zahaua) - Za+1/2 ]Zl (aj J Zo— 1/2 Z ] )

leading to a mew expression governing w, under the form

h(?hua al(’?huj 0%4
ot = =5 " e 2T hate o7
And from , we get
a1/2 — 9 0 du
vd = _ha —(hju, ha_ a— a _ha a_a
[ 0 = SR ) e 2

a—1
0 he O 024
= _ha ; 8—I(hjuj) — ?a—x (haua) + hauaa—x,

corresponding to @ and proving the result. W
Using also (61f), we are able to rewrite the system — under the form

Z@@h Z h Ua _ (68)

Ohytg (9 g 0z
~ 10(haua) — d(h;u;) 02,
Wy = —57 — E o7 + Uq o (70)

J=1

5 The Navier-Stokes system

Instead of considering the Euler system, we can also depart from the Navier-Stokes
equations to derive a layer-averaged model.
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5.1 Layers averaged Navier-Stokes system

The model derivation is similar to what has been done in Section [3|for the Euler system,
in particular the minimization principle allows to define the needed closure relations.
It remains to find a layer averaged formulation for the r.h.s. of Eq. .

In this paragraph, the components of the Cauchy stress tensor > are not specified.
Since the rheology terms often require high order derivatives, their discretization requires
quadrature formula that are not inherited from the layers average discretization. In
particular, we adopt the following definition

Za+1/2
/ Ea,bdz = hocza,b,on (71)

Za—1/2

with (a,b) € (z, 2)?. For the terms having the form

Za41/2
/ 2Xqpd2,
Za—1/2

a closure relation is needed and we choose the approximation

Zat1/2 22 — 22
/ 2D pdz o 22 5 LYES S (72)

Za—1/2

Since the rheology terms are more related to elliptic than hyperbolic type behavior, we
also use the centered approximation

Exz,aJrl + Z:L‘z,a
B .

(73)

ECEZ,&+1/2 =

We have the following proposition.

Proposition 5.1 Using formula -, the layer-averaging applied to the Navier-
Stokes system - completed with the boundary conditions @—@ and compatibility
conditions defined hereafter leads to the system

0 — 0
aZhj—i‘a—thjUj:O, (74)
j=1 j=1
0 0 0z
a(haua) + I (haui + ghaH> = —ghaa—; + Uat1/2Gat1/2 — Ua—1/2Ga-1)2
0 0 Z§+1/2 - 2371/2
a hazxx a hazzz «@ a ( Eza: a)
2 & 9 &
+Za+1/2@ Z hi¥.e; — Za—1/2@ Z hi¥.q
j=a+1 Jj=a
+Ezz,o¢+1/2 - Ea:z,a—l/2 - Fﬂuala:l; (75)
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[y

_ 10(haua) < 9(hju;) 0%q

o = —~ e o , 76
v 2 Ox = ox T ox (76)
with the exchange terms Gaq1/2 given by .
For smooth solutions, we obtain the balance
9 iEN 2 iu EN 4 IhoH = ho(Saea — Dasa)
(9t pa a ax pa « o 9 « « Tx,0 2z,
0 Z§+1/z - Zi+1/2 al
- a_ Exz a> - ha azzxa =
83:( 2 ’ ; v ’
N
ou
- _ahoa Exacoz - Zzzoc
Z( e (Br — v
8wa Eaez,oz
+ ha%Ew,a + 5 (UQ_H — Ua_1>) — I{U%, (77)
. hau?, g(zi _Zif )
with BY = 2eta 4 —ratl/2 “asl/e
In the convention
Yiyz1/2 = YazN+1/2 = 0, (78)
18 adopted whereas in , we use the convention
Uy = U, UN+1 = UN- (79)

Since the expression of the components of the Cauchy stress tensor are not precised, we
are not able to precise all the terms in Eq. and we only intend to demonstrate that
the energy balance is consistent with . In particular we do not prove that the
right hand side of is non positive.

The discretization by layer given by imposes to define boundary conditions for
the rheology terms at the interface between each layer. More precisely, a closure relation
has to be defined for the quantities

1
tat1/2 DTat1/2Bat1/2 = — 55 | Dezatl/2
(G
B aza+1/2 aZoz—i—l/Q

O <Z:m:,a+1/2 + o sz,a+l/2 - Ezz,a+1/2>> ) (80)

a=1,...,N—1. Xy =X — pl; is the total stress tensor and the unit normal vector
n,1/2 is given by
1 _8Za+1/2
n = ox
a+1/2 . N (azoé+1/2>2 ( 1 ) )
€T

18



to41/2 is the unit vector orthogonal to n,i1/2. Notice that for a = 1, N, the quanti-
ties coincide with the boundary conditions and hence are given. More precisely

t1/2 : ZJT,1/2111/2 = —RuUy,
and
tni1/2 - 2NN 12 = 0.
For 1 < a < N, the quantity t,41/2 - X7,041/2Ma41/2 Tepresents the tangential com-

ponent of the stress tensors at the interface z441/2. For 1 < a < N, we assume that
tat1/2 * DTa+1/20a41/2 reduces to

Z:3:,2,04+1/2

tot1/2 * YTar1/20ar1/2 = (81)

this means we consider

(9Za+1/2 aza—l—l/Q
- Z:m: @ —sz @ - Ezza > =0.
O ( a+1/2 T o a+1/2 at1/2
Remark 5.2 The assumption (81) obviously holds when
5Za+1/2
—= =90 ={1,...,.N—1
ax ) a { Y ) }7

corresponding to a flat botton and free surface. In more complex situations, the assump-
tion is the necessary counterpart of the layer averaged description and of the closure
relation . We will see in prop. that any other choice than leads to comple-
mentary terms in the energy balance that can neither be considered as conservative nor
dissipative.

Remark 5.3 Notice that until now, the chosen form of the quantities
EI:E,CH Ezz,a and Ez:v,ou
fora=1,...,N —appearing in the results given in prop. — have not been precised.

Remark 5.4 Comparing the two energy balances and , it appears that the first
two terms in the right hand side of account for a layer-averaging of

K ou n ow
_ Y s — oo
/Zl7 xmaxdz /Zb 2z Oz dZ,

appearing in the right hand side of . Likewise

K ou T ow
/Zb 0z N 5 O N (82)
in the right hand side of (13)) is discretized by
N
ECEZ « awa
- 7 « - Wa— ha _Ezz a | 83
; ( 9 (u +1 U 1) + Or ; ) ( )

in the layer-average context of Eq. .
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Proof of proposition The derivation of Eqgs. and 15 stmilar to what has
been done to obtain the layers-averaged Fuler system —. Only the treatment of
the viscous terms has to be precised.

We calculate the layer-average of Eq. . Using , it remains to find an expres-

sion for
Fatl/2 (O] 15)) 9% [ oY
Va — T Tz szd _ zZz d .
/Za—l/z ( ox + 0z + 81’2/2 A1 ox ) ®
We have

a Za+1/2 a n
Va = %/ (sz + %\/; szdzl — Ezz) dZ

Za—1/2

024 o [
+Exz,a+1/2 - +1/2 (Zxa: + %/ szd2’1 — Ezz)

Ox
0Za—12 g [
—irza— by — Ypdzy — X
xz,0—1/2 + O zz + &r/z 2221 zz

Noticing that in the expression V, we have the term

a Za+1/2 a n

— / — / Yadz | dz

ox J, ox J,

a—1/2
0 o Fa+1/2 n 0 o n
- —/ / Y,pdzidz — : H/g/ Y.pdz

oz \ Oz ta_tz Iz ox Zat1/2

OZ%0— n
L %1y / szdz>
O Za—1/2

8 a Za+1/2 8 n
(— / 222202 + Zag1/2 5 Ypdz

Za+1/2

Za—1/2

:% ox ox

a—1/2 Za+1/2

a n
- zafl/Q% Ez:r:dz> )

and

0 ey 0 K 0 @ 0 K 9 @ ’
Fot1/2 _/ Y..dz _ PPat12 O d,dz + Zot1/2 Yoz atl1/2s
ox ox J, 7

ox Oz J, Ox
Za+1/2 a+1/2
Oza—1y2 (O [7 0za—172 0 [" 0za—1/2 ?
a. Yioad = a_ Yioad Y za—1/2-
Ox 8x/z - S Jxr Oz fai/a ar ox o1/2

Using the condition and the notation ,, it comes

B g [
Voc = a_ hazxxoz - hazzz ot _/ zzzxdz
Ox ’ Coox ), ,,
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2

0
+Zo¢+1/28 2 Z h; Ez:v,] Zo— 1/28 2 Zh sz,]

j=a+1
+sz,a+1/2 - E:1:,2,&71/2-

The approximation gives

Va ~ Ra + Ea:z,oz—s—l/Q - 2:cz,a—l/2 — Klgla=1

22 _ 22
— a (h Exza hazzz,a + 2( Oé+1/2 2 04_1/2 Ez:t,a))

oz ox

+Za+1/2 Z h; szg Za— 1/26 B Zh zx,j

j=a+1
+Exz,oc+1/2 - Z:cz,oz—l/Q — Klgla=1.

For the energy balance we write

0 0 Zi+1/2 - 2371/2
allay — [ aha (wa a 2zz a) o ( Ezz a)
Rou B (u , a) Tu o 5 ,

a N
+za+1/2uaa Z h; sz,] Za— 1/2ua j_zahjzzx’j)

j=a+1

duq  OQus 0 ( 2+1/2 - Zi—l/Q

—hyq, (Exx,a - Ezz&) ox  Ox Oz 2

sz,a)

) 0 a
_%(za+1/gua)% Z hjEZ$7j+ Za 1/2ua Zh sz]. (84)

j=a+1

Notice that, using an integration by part, it comes that the three terms

) O 21— 22 0
—<Ua—< +1/2 1/2222@) +za+1/2ua% Z hj¥.s

ox ox 2 ,
Jj=a+1
N
0
- Za71/2ua% Z hjzzx,j) )
Jj=«
appearing in Eq. are a discretization of the quantity
a Za41/2 a n
— (ua/ —/ Exzdzldz),
Ox cairye 0T ),
in the energy balance Eq.
Denoting Rau, the last three terms in Eq. . we write
) a Zoz - Za— 8ua zoc - Zi— 62ua
Roug = —4= 2 12 Yiza |t Uz 2 T,
ox 2 ox ’ 2 0x? ’
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0
_a (Za+1/2ua Z h; 222] + Za 1/2ua Zh Ez:v]

] =a+1
22 - 0*u
_ h N sza a+1/2 a—1/2 azzxa
( w ) ) ) + 2 a 2 )
0 3
8 (za+1/2uoc Z h; EZCI?] + Za 1/2ua Z h; sz]a

] =a+1

where has been used. And simple manipulations give

- 0 0w, 0
Ra a — h azzxa - ha_zzxa - ka_ hazz:pa
" m( v ) dr gy (fla¥zra)
) 0 —
_%(2a+1/2ua)% j:;rl hjEz:t:,j + Za 1/2ua Z h; sz]
0 ow
= h' azzx a | — ha_azzx a
ox ( v ) ox ’
+wa+1/2 0 Z h; sz] woz 1/2 Zh ZZ.Z’j’
ox
Jj=a+1
with Wa41/2 defined by
) 0(Zaq41/2U0, 0(2a41/2Ua
Wa+1/2 = ko — ( 51;2 ) = ka—H - ( +1a/; +1)7

and satisfying w2 = Wny1/2 = 0. Finally, the quantity

N
E Vala,
a=1

gives the expression involving of the terms related to the Cauchy stress tensor in (77))
proving the result. B

5.2 Newtonian fluids

When considering a Newtonian fluid, the chosen form of the viscosity tensor is

8u ou  Ow
8w ou  Ow

where p is a dynamic viscosity coefficient.
When considering the fluid rheology is given by —, prop. becomes

22



Proposition 5.5 The layer-averaging applied to the Navier-Stokes system for a newto-
nian fluid gives

0 — 0 —
j=1 Jj=1
0 0 0z
a(hocua) + % <ho¢ui + ghaH> = —ghaa—; + Ua+1/2Ga+1/2 - Ua71/2Ga71/2

0 Oug 0 §+1/2 - 23—1/2
oz (4“ ha g a;::( 2 E”v“)
2

+2a+1/26 3 Z h; Eza:] Zo— 1/28 2Zh Zzzg

j=a+1
+sz,o¢+1/2 - Exz,oc—l/Z - Huala:h (88)
10(hotia) = O(hju;) 0z
o= —p el Ay 89
v 2 Ox ; Ox u Ox (89)
with the expression
awa Ua+1 — Ua—1
hozsza = hoczxzoa = hoz ) 90
| o= (e g e (90)

and g, o172 ts still defined by . In , the conventions — are adopted.
The exchange terms Goi1/2 are given by .
For smooth solutions, we obtain the balance

2 2
() (B G

+Za+1/2a Z h; EZ:L‘] Zo— 1/26 Zh Zz:cg)

j=a+1

al ou he
_ 2 (& 2
— ; hawazzm,a> = —RUu; — Z (4Mha (%) 722:2 a) (91)

a=1

22

22 —
where Xy, o = Y, is defined by and with EY = h‘*Q“g‘ + i tl/e az1/2).

Remark 5.6 Using the fomula , the r.h.s. of Eq. writes

_i m % 2+ A awa+ua+1_ua—l ?
— Hie\ 5z Hite \ "oz 2he, ’

that is a consistent discretization of . This reinforces the choice . We do not
claim that the closure relation 18 not an approximation but it is mandatory in the
context of the layer averaged formulation.
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Proof. of prop. The results given in this proposition are only a particular case of
those obtained in prop. and hence have already been proved in a more general setting.
|

5.3 An extended Saint-Venant system

In the simplified case of a single layer, the model given in prop. [5.1] corresponds to the
classical Saint-Venant system but completed with rheology terms. It writes

Proposition 5.7 The classical Saint-Venant corresponds to the single-layer version of
the layer-averaged Navier-Stokes system. With obvious notations, it is given by

oH 0
—_— — H_ P—
ot T W =0
8(Hﬂ) 0 _9 [¢ aZb
= (H@? +2H?) = —gHZ2

ot +ax<“+2 ) T 50

0 [ — - 0 ((H+z)?— 2o * s _
___18(Hﬂ)+_£ H + 2z,
=Ty ox u@x 2 ’

For smooth solutions, we obtain the balance

2 _ .2
OE 0 (u(E+9H2—H(Em—EZz) 9 <(H—|—Zb) 2b2m>>

o o 5 o 9
0 = = e,

— HwY., | = —H—
v ) ox

withE:HTﬂz—i—g((H—i—zb)Q—Zg).

In the particular case of a newtonian fluid, the Saint-Venant system given in prop.
is given by

%—i] + %(Hﬂ) =0, )
8(;@ + a% <Hﬂ2 + gHZ) = —QH%
w:_%a(in)j%% <H‘;22b>. (94)

For smooth solutions, we obtain the energy balance
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2 or
H ow? ou\” 0w\ )
- 3%) -l (a_) - (8_> B

Remark 5.8 Notice that, compared to the classical viscous Saint-Venant system [15],
the model - has complementary terms.

_ 2 29—
a—EJri(ﬂ(E—l—gH?—%LH@)_2<M(H+2b) Zbaw))

6 Conclusion

We have proposed a layer averaged discretization for the approximation of the incom-
pressible free surface Euler and Navier-tokes equations. The obtained models do not
rely on any asymptotic expansion but on a criterion of minimal kinetic energy. Notice
also that the layer averaging for the Navier-Stokes system has been carried out for a
fluid with a general rheology.

Since theses models are formulated over a fixed domain, it is possible to derive efficient
numerical techniques for their approximation. For the approximation of the proposed
models, a finite volume strategy — relying on a kinetic interpretation and satisfying
stability properties such as a fully discrete entropy inequality — will be published in a
forthcoming paper.
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