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Layer-averaged Euler and Navier-Stokes equations

M.-O. Bristeau, C. Guichard, B. Di Martino, J. Sainte-Marie
June 27, 2016

Abstract

In this paper we propose a strategy to approximate incompressible hydrostatic
free surface Euler and Navier-Stokes models. The main advantage of the proposed
models is that the water depth is a dynamical variable of the system and hence
the model is formulated over a fixed domain.

The proposed strategy extends previous works approximating the Euler and
Navier-Stokes systems using a multilayer description. Here, the needed closure
relations are obtained using an energy-based optimality criterion instead of an
asymptotic expansion. Moreover, the layer-averaged description is successfully
applied to the Navier-Stokes system with a general form of the Cauchy stress
tensor.

Keywords : Incompressible Navier-Stokes equations, incompressible Euler equations,
free surface flows, newtonian fluids, complex rheology
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1 Introduction

Due to computational issues associated with the free surface Navier-Stokes or Euler
equations, the simulations of geophysical flows are often carried out with shallow water
type models of reduced complexity. Indeed, for vertically averaged models such as the
Saint-Venant system [7], efficient and robust numerical techniques (relaxation schemes
[9], kinetic schemes [25], 2]....) are available and avoid to deal with moving meshes.

In order to describe and simulate complex flows where the velocity field cannot be
approximated by its vertical mean, multilayer models have been developed [, [3, 4 8|
13, [12]. Unfortunately these models are physically relevant for non miscible fluids.

In [16] 6], 5 26], some authors have proposed a simpler and more general formulation
for multilayer model with mass exchanges between the layers. The obtained model
has the form of a conservation law with source terms, its hyperbolicity remains an open
question. Notice that in [5] the hydrostatic Navier-Stokes equations with variable density
is tackled and in [26] the approximation of the non-hydrostatic terms in the multilayer
context is studied. With respect to commonly used Navier—Stokes solvers, the appealing
features of the proposed multilayer approach are the easy handling of the free surface,
which does not require moving meshes (e.g. [14]), and the possibility to take advantage
of robust and accurate numerical techniques developed in extensive amount for classical
one-layer Saint Venant equations. Recently, the multilayer model developed in [16] has
been adapted in [15] in the case of the p(I)-rheology through an asymptotic analysis.

The objective of the paper is twofold. First we want to present another derivation
of the models proposed in [0, B, 26], no more based on an asymptotic expansion but
on an energy-based optimality criterion. Such a strategy is widely used in the kinetic
framework to obtain kinetic descriptions e.g. of conservations laws [20, 25]. Second, we
intend to obtain a multilayer formulation of the Navier-Stokes system with a rheology
more complex than the one arising when considering newtonian fluids.



The paper is organized as follows. In Section [2| we recall the incompressible hydro-
static Navier-Stokes equations with free surface with the associated boundary conditions.
In Section [3] we detail the layer averaging process for the Euler system and obtained the
required closure relations. The proposed layer-averaged Euler system is given in Sec-
tion [4] and its extension to the Navier-Stokes system with a general rheology is presented
in Section [Bl

2 The Navier-Stokes system

We consider the two-dimensional hydrostatic Navier-Stokes system [21] describing a free
surface gravitational flow moving over a bottom topography z,(z). For free surface flows,
the hydrostatic assumption consists in neglecting the vertical acceleration, see |10, 18], 23]
for justifications of the obtained models.

2.1 The hydrostatic Navier-Stokes system

We denote with x and z the horizontal and vertical directions, respectively. The system
has the form:

Oou Ow
I + 9 0, (1)
@ n 8_u2 n Ouw N @ 0¥ N 00X 2)
ot  Ox 0z or  Ox 0z’
dp 0Y., 02,
0z 9 ox + 0z ' (3)

and we consider solutions of the equations for
t>ty, ze€R, zx)<z<n(xt),

where 7(x,t) represents the free surface elevation, u = (u,w)” the velocity vector, p the
fluid pressure and g the gravity acceleration. The water depth is H = 7 — z, see Fig. [I}
The Cauchy stress tensor X is defined by X = —pl; + X with

Z(E(L’ ZIL‘Z
- ( SHESH ) ’
and ¥ represents the fluid rheology.
As in Ref. [I7], we introduce the indicator function for the fluid region

1 for (z,2) € Q={(z,2) |z < z < n},

o(x, z,t) = { 0 otherwise. .

The fluid region is advected by the flow, which can be expressed, thanks to the incom-
pressibility condition, by the relation
dp  Opu  dpw

2t or T 0 (5)
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Figure 1: Flow domain with water height H(x,t), free surface n(x,t) and bottom z,(x).

The solution ¢ of this equation takes the values 0 and 1 only but it needs not be of
the form at all times. The analysis below is limited to the conditions where this
form is preserved. For a more complete presentation of the Navier-Stokes system and
its closure, the reader can refer to [21].

Remark 2.1 Notice that in the fluid domain, Eq. @ reduces to the divergence free
condition whereas across the upper and lower boundaries it gives the kinematic boundary
conditions defined in the following.

2.2 Boundary conditions

The system — is completed with boundary conditions. We not consider here lateral
boundary conditions that can be usual usual inflow and outflow boundary conditions.
The outward unit normal vector to the free surface n, and the upward unit normal
vector to the bottom n, are given by

() mt (F)(2)
1+(@)2 1 1+(%)2 1 Cp

ox

respectively. We use here the same definition for s,(x) and cy(x) as in [9], cp(z) > 0 is
the cosine of the angle between n, and the vertical.

2.2.1 Free surface conditions

At the free surface we have the kinematic boundary condition

on n B
E—FU,S%—U}‘;—O, (6)

where the subscript s indicates the value of the considered quantity at the free surface.



Assuming negligible the air viscosity, the continuity of stresses at the free boundary
imposes
ZTns - _pan57 (7)

where p* = p®(x,t) is a given function corresponding to the atmospheric pressure.
Within this paper, we consider p® = 0.

2.2.2 Bottom conditions

The kinematic boundary condition at the bottom consists in a classical no-penetration
condition:

Up - Ny = 0, or Up—=— — Wp = 0. (8)

ox

For the stresses at the bottom we consider a wall law under the form
ZTIlb — (nb . ETnb)nb = KRUp (9)

and for t, ='(cy, sp), using we have

ty - Yny, = cﬁub, (10)
b

If k(up, H) is constant then we recover a Navier friction condition as in [I7]. Introducing
a laminar friction k; and a turbulent friction k;, we use the expression

n(ub, H) = k‘l + ktH|ub\,

corresponding to the boundary condition used in [22]. Another form of x(uy, H) is used
in [9], and for other wall laws the reader can also refer to [24]. Due to thermo-mechanical
considerations, in the sequel we will suppose k(uy, H) > 0, and k(uy, H) will be often
simply denoted by k.

2.3 Other writing
For reasons that will appear later, we rewrite - under the form

ou Ow

i T 11
ox * 0z 0 (11)
ou Ou®  Ouw on 0%, 0%, 0* [ 0%,

i T E Pt A by — 12
ot + Ox + 0z +g(93: ox + 0z + 83&2/2 w1 x (12)

where Eq. has been obtained as follows. Integrating Eq. from z to 1 and taking
into account the boundary condition @ gives

a n
b= 9(77 - Z) - %/ Ez:cdzl + ... (13)

Inserting the previous expression for p in Eq. (2)) gives Eq. (12).

bt



2.4 Energy balance

Lemma 2.2 We recall the fundamental stability property related to the fact that the
hydrostatic Navier-Stokes system admits an energy that can be written under the form

gt/ Edz+§/n[u<E+g(77—Z)—(Em—Zzz)—%/jﬁzxdzl> —U}sz]dz

2p
T 0u ou ow K
— | (% -+ Dy + Dy _ B2 (14

/zb <3I( o =) + 0z 22+ ox Zx>dz ciub’ (14)

with
u2

E = 5 + gz. (15)

Proof of lemma [2.2] The way the energy balance s obtained is classical. Con-
sidering smooth solutions, first we multiply Eq. by v and Eq. by w then we sum
the two obtained equations. After simple manipulations and using the kinematic and
dynamic boundary conditions @—@D, we obtain the relation

0

at/Edz—Ir—/ (E+p) — uSy, — wsz}dz

n n n n
= —/ Ema—dz — / Ema—dz — 6)—wEmdz — / Ezza—wdz — %ug
2 Ox . 0z . O - 0z c

By using Fq. and replacing p by its expression given by in the previous relation
gives the result.
[ |

3 Depth-averaged solutions of the Euler system

In this section, neglecting the viscous effects in Egs. —, we consider the free surface
hydrostatic Euler equations written in a conservative form

Odp Opu  Odpw

o T or "o (16)
dpu  dpu®  dpuw  Op
ot * Ox 0z * or 0 (17)
dp
5, = %9 (18)

with ¢ defined by . This system is completed with the boundary conditions @,
and that reduces to



From Egs. ,, we get

p=g(n— z). (20)

The energy balance associated with the hydrostatic Euler system is given by

0
at/Edz+—/ (E+p)dz =0, (21)

with E defined by (15).

3.1 Vertical discretization of the fluid domain

.....

each layer L, corresponds to the points satlsfymg 2 € Lo(2,t) =]2a—1/2, za+1 /2[ with

Zoz-l—l/?('ra t) = Zb(']:) + Z?:l le(l’,t), (22)
ha(2,t) = Zag1/2(2,t) = Za—1p2(w,t) = I H(x,t), a€{l,...,N},

with ; >0, Y, 1 = 1, see Fig.
We also define
Za+1/2 T Za—1/2 h

Ra = 9 :Za*1/2+7av a:{1>"'7N}' (23)

We finally introduced the distance between the midpoints of the layers,

ha+1 =+ hg
ha+1/2 = Za+1 — Ra — %, a = {1, c. ,N — 1} (24)

z
Free surface
2z = (e, 1) S — T
1] : : glx, ) o
H :T]‘I::l’.',i ;"J,.--—-.:_Irr'
ol t) Pl : ' ’_,»"'- : e
- R - ‘I.El,'_____ .!"_[.rf
map(nt) F-a H(z,t)---7 b .
-~ Al |_.-.-_'-__.E, ;-.‘i_:[_rf
nap(Et) Foeo : v vk P
: ________;: - |:'i|£.i_, :.".'_[_?’_." R
1 3 ¥
o= art) —— 3 25(7, ) ._____—--'7‘—-‘-\\______,_
Bottom

Figure 2: Notations for the multilayer approach.



3.2 Layer-averaging of the Euler solution

In this section we take the vertical average of the Euler system and study the necessary
closure relations for this system.
Let us denote (f), the integral along the vertical axis in the layer o of the quantity

f=f(z)ie.
(Fhale,1) = / (2 ) e, oy d, (25)

where 1.cr, (24 (2) is the characteristic function of the layer a.

The goal is to propose a new derivation of the so-called multilayer model with mass
exchanges [0, 5] using the entropy-based moment closures proposed by Levermore in [19]
for kinetic equations. This method has already been successfully used by some of the
authors in [11].

Taking into account the kinematic boundary conditions @ and , the layer-averaged

form of the Euler system — writes

%@@a + %(Wﬁa = Gat1/2 — Ga-1/2, (26)
(et o lo)a + () = tariCanip — U1 pGarps (21
<%>a = —(¢9)a, (28)
O (p2hat aelpotle = (0ot 2as1nCasrp — ZaiiCaies (29)

for a € {1,..., N} and where p is defined by Eq. (20). The quantity G412 is defined
by

ox

and corresponds to the mass flux leaving/entering the layer a through the interface
Za+1/2- The value of ©q41/2 is equal to 1 for every a. Notice that the kinematic boundary

conditions @ and can be written

0z 0z
Gat1/2 = Pat1)2 (%1/2 + Ua+1/2ﬂ - wa+1/2) ) (30)

G1/2 - O, GN+1/2 - O (31)

These equations just express that there is no loss/supply of mass through the bottom
and the free surface. Taking into account the condition , the sum for j =1,...a of
the relations gives

0 — 0 —
Gat1/2 = o Z(@j T or Z<90U>j- (32)
j=1 j=1
The quantities
Ua+1/2 = U;(fl'f, Ra+1/2; t)? (33)



corresponding to the velocities values on the interfaces will be defined later. Notice that
when using the expression , the velocities wq41/2 no more appear in Egs. —
and thus need not be defined.

Equation is a rewriting of

* dp  Odpu  Odpw B dp  Opu  dpw B
</Za_1/2<8t T or T oz )dz>“_<z(at T or o )e =

using again the kinematic boundary conditions. Notice also that because of the hydro-
static assumption, Eq. is not a kinematic constraint over the velocity field but the
definition of the vertical velocity (pw),. The form of Eq. is useful to derive energy
balances but other equivalent writings can be used, see paragraph [4.2]

Simple manipulations allow to obtain the system — from the Euler sys-

tem ([16)-(18) with (6) and (8) e.g. for Eq. (26), starting from we write

Jdp  Oou  Opw
o T or o

>a:Oa

and using the Leibniz rule to permute the derivative and the integral directly gives .
Likewise, the Leibniz rule written for the pressure p gives

Za41/2 ap a 82&-‘1—1/2 aza—l/Q
a = —dz = — a — Pa a— T 9.,
/;a or"" " Bx (Pla = Poct1/2 Ox + Pa-1/2 Ox

—1/2

and from ,, we get

()

N
Pa+1/2 :p(xaza—l—l/%t) = Z <¢g>j (34)

From Eq. , we also have

dp, [Ptz 0 B _2 g 0z
<%>a—/zam g%(w(n z))dz = ax<2<90>aH> + 9(0)a o

Relation also leads to

D = Pa+1/2 T+ 990(Za+1/2 - Z) = Pa-1/2 + gSO(Za—l/z - 2)7

and hence » +p
a+1/2 a—1/2 g
(P)a = {@)a= 2T = (Qhapaiaye + S92 (35)
Therefore, the system — can be rewritten under the form
0 0
§<(’0>a + %@OU)a = Gat12 — Ga-1)2, (36)

0
(Pu)a + o= (<90U2>a + <p>a) = Uat1/2Gat1/2 — Ua—1/2Ga—1/2

ot ox

9



0724 0Zq—
+ Pa+1/2 8;:1/2 — Pa—1/2 a;ﬂ, (37)

0 0
§<¢Z>a + a_x<§02u>a = (pw)a + Zat1/2Gat1/2 — Za—1/2Ga1/2, (38)

with , and completed with relations .
Considering smooth solutions, multiplying by u and integrating it over the layer

a gives, after simple manipulations, the energy balance

0 0 U2y
&<E>a + %W(E +p)>a = ( g / + Pat1/2 T 9Za+1/2 Ga+1/2
2
Uy —1/2 0zat1)2 0zZa—1/2
- oa— a— Ga— - Pa a— y 39
( 5 + Da-1/2 + 9% 1/2) 1/2 = Pa+1/2 5 + Pa—1/2 BN (39)

where E = E(z;u) is defined by (15)). The sum for a = 1,..., N of the relations

gives
PR N

O S Bhat S ulE + pa = 0.

a=1 a=1

Therefore the system — completed , and has three equations

with three unknowns, namely ()., (pu), and (pw), and closure relations are needed
to define (pu?)q, (pzu)q and u(x, za41/2,t).

3.3 Closure relations

If u], is defined as the deviation of u with respect to its layer-average over the layer «,
then it comes for z € L,

+ ouq, (40)

with (pul) = 0. Following the moment closure proposed by Levermore [19], we study
the minimization problem

min({pE(z ). (41)

The energy F(z;u) being quadratic with respect to u we notice that

<90u2>a — <@u>i+2<@uu/>a+< (u/ )2>a

(P)a (P)a “
_ <90U>i )2
- <§0>a + <90< a) >a
{pu)2
= (42)

Equation means that the solution of the minimization problem is given by

% = min Zu
(o (4250 )3 = mint{o B ) (43

10



and

Aou)a, _ {pw)d B
(o (2802 )y, - L2 g, (44

Since the only choice leading to an equality in relation corresponds to

(Pt)a
ou = , for z € Ly, (45)
{(P)a
this allows to precise the closure relation associated to a minimal energy, namely
(ou)a
(pu)a = 571, (46)
(©)a
{pu)a
(pzu)a = (¥2) : (47)
¢ ¢ (©)a
It remains to define the quantities uq41/2. We adopt the definition
feteif Gouiryn <0
. (D) 1 a+l/2 >
Ugy = 48
e { oot §f Gopip >0 (48)

corresponding to an upwind definition, depending on the mass exchange sign between
the layers o and o + 1. This choice is justified by the form of energy balance in the
following proposition.

Proposition 3.1 The solutions of the Fuler system - with @, satisfying the
closure relations - are also solutions of the system

0 0
E(‘P)a + %@Uﬁ = Gat172 — Ga-1/2, (49)
0 0 u)?
a(@uh + 8_:10 (<2fo>l + <p>a> = ua+1/2Ga+1/2 - ua—l/QGa—l/Z
5Za+1/2 a20471/2
+pa+1/27 — Pa-1/2 oy (50)

0 0 U)q
a(@zh + I (<@Z>a%) = (pw)a + Zat1/2Gat1/2 — Za—1/2Ga-1/2, (51)

completed with relation (32)). The quantities (p)o and pai1/2 are defined by and .
This system is a layer-averaged approximation of the Euler system and admits — for
smooth solutions — an enerqgy equality under the form

B %Z <<80U>a+1 _ <SOU>04> |Ga+1/2" (52)

(Pari  (P)a

(]

a=1

11



Remark 3.2 Instead of , the definition
1 (<¢U>a+l N <wu>a)’

Ugg1/2 = =
2T\ Danr | (@)a

(53)

15 also possible and gives a vanishing right hand side in . But such a choice does
not allow to obtain an energy balance in the variable density case and does not give a
mazximum principle, at the discrete level, see [J]. Simple calculations show that any other

choice that or leads to a non negative r.h.s. in , see Fq. in the proof
of prop. [3.1].

Remark 3.3 [t is important to notice that whereas the solution H,u,w,p of the Euler

system, —,@, also satisfies the system —, only the solutions H,u,w,p

of the Euler system —,@, satisfying the closure relations —, are
also solutions of the system (49)-(52). On the contrary, any solutions (p)a, (PU)a,

(pw)a and (p)o of [@9)-(p1) with are also solutions of (36))-(39).

Proof of prop. Only the manipulations allowing to obtain have to be detailed.
For that purpose, we multiply by % giving

(% <2f;;>aa n % ((sﬁmi N (p>a)> {pu)a _ <ua+1/zGa+1/2 ~ tta12Garrya

<90>a <90>0c
DZat12 0Za-12 (pu)a
+ 8; Pat1/2 — —&B al/Q) <¢>a )

and we rewrite each of the obtained terms.
Considering first the left hand side of the preceding equation excluding the pressure

terms, we denote
I (2 (o 9 ((sowi)) (pu)a
YN0t (o Oz \ (P)a )] (P)a’
and using we have

5, ((W>i) L9 (<‘p“>a <¢u>3) + <W>§ (Gosi/2 = Gamrp2) -

M0t \2e)a) T 02 \(P)a 200)a) T 200)2
Now we consider the contribution of the pressure terms over the energy balance 1i.e.
Lo = (aé@a - pa+1/2% + Da—1/2 62;;1/2) <2fpu>>;
Using we get the equality
0Za11/2 0Za—1/2 (D)o Oha 024
pa+1/2T_pa—l/2 O = <90>a or - (990>a%7

12



holds, it comes

_ ﬁ <90u>04 - 2 <(pu>a o <p>a <90u>a 8<§0>a U Za

e = g (055 ) — 0o (G12) - G G ot
_ 9 (pu)a\  Pla Hpu)a , 0 ([ (pu)a) 9,
R AGSE R T A (S = RET AR
_ 9 (pu)a  (PlaOlpt)a , O (. (pw)a) 0O

Let us rewrite I, , under the form

Lo = a% ((ph%) + % (ghaza) +g% (haza%)

—g (Za+1/2Ga+1/2 - Za—1/2Ga—1/2) + Jpas

with (0} Do) ,
p (0% U (0% ZO( (6%

I ___675 _ ha—é o

P (p)o Oz g ot g 2

(p)a O(pu)q _ {¥)a _ _ %
e 02 {9 (G““/Q Coc1y2 at)’

(Ga+1/2 + Ga—1/2) .

Since we have

we obtain

0%Z0+1/2 0%Za-1/2
Jpa = DPati/2 3;/ — Pa-1/2 ot / _pa+1/2Ga+1/2 +pa—1/2ch—1/2-

Then summing 1, o and I, . gives

(- ) 2 (- 52) ).

(e 3 () oo (oo B -3 (552 ) e

Finally, the sum of the preceding relations for a« =1,..., N

& 3ote (42w 25l (i () . -

i (uQH/Z (<<pu)a - <90u)a+1> B % (<¢u>a>2 +% (Mf) G (54)

a=1 (P)a (Plat1 (¥)a (P)at1

and the definition gives relation that completes the proof. Notice that any other
choice than or leads to a mon negative r.h.s. in , see remark . ]

13



4 The proposed layer-averaged Euler system

4.1 Formulation

The closure relations — motivate the definition of piecewise constant approxima-
tion of the variables u and w.
Let us consider the space Pé\f ;I of piecewise constant functions defined by

Pévzfz ={Licro@n(2), a€{l,...,N}}.

Using this formalism, the projection of u and w on IP’(])\,/ ;} is a piecewise constant function
defined by

N
XN 2 {2} t) =D Ly ol(2) Xal2, 1), (55)
a=1

for X € (u,w). In the following, we no more handle variables corresponding to vertical
means of the solution of the Euler equations — and we adopt notations inherited
from (55)).

By analogy with — we consider the following model

N N
%o, 3t &
gt ot p ox
Ohauy O
ot + % (haui + hapa) = ua+1/2Ga+1/2 - Ua—1/2Ga—1/2
024 0Zo—
+ 84;1/219&“/2 - axl/zpafl/m (57)
2 Zi+1/2 - 22—1/2 n 2 Z§+1/2 - 22—1/2u —hw
ot 2 ox 2 “ o
+2a+1/2G 0412 — Za—1/2Ga—1/2, (58)
by analogy with
0 0 w—
Gatij2 = It Z hj + B Z (hju;) (59)
j=1 j=1

and we have p,, pat1/2 given by

N N
ha
Pa =g (7+ > h;-) and  pasip=g Y hy (60)

j:oé+1 j=0¢+1

The definition of w412 is equivalent to (48]) i.e.

u o Uq if Ga+1/2 < 0
2T gy if Gay12 >0

14



The smooth solutions of — satisfy the energy balance

2

0 0 uz,
Eo + o= (ua (Ea + hapa)) = (Ua+1/2ua — & T DPat1/2+ 92a+1/2) Gat1/2

ot ox 2
w2
— <Ua1/2ua - 76! + Da-1/2 + 9%1/2) Ga-1/2
0Zat1/2 0%a-1/2
_pa+1/2a——;/ + pa71/27/7 (61)
with o2 )
s g uz
E, = — + §(zi+1/2 — zi_l/z) = hq (7 + gza>.
Adding the preceding relations for « = 1,..., N, we obtain the global equality
0 [ 0 [ alg|
_ 1 2
5 (38 + 2 (3 han ) = =3 S it (2

Using , the pressure terms in can be rewritten under the form

0 8Za+1/2 a20471/2 B d (g Oz
9z (haPa) — oy Pot1r2 + g P27 5 <§Hha> + gha%‘ (63)

4.2 The vertical velocity

The equation is a definition of the vertical velocity w’ given by . The quantities
w, are not unknowns of the problem but only output variables. Indeed, once H and
u” have been calculated solving , with , the vertical velocities w, can be
determined using (58)).

Using simple manipulations, Eq. can be rewritten under several forms. In par-
ticular, the following proposition holds

Proposition 4.1 Let us introduce w = w(x, z,t) defined by

ou™ o
2= 64
or 0z ’ (64)
The quantity w is affine in 2z and discontinuous at each interface zo41/2, W can be written:
Ol

b=k — 20 65
W Z@x (65)

with ko = ko(z,t) recursively defined by
O(zpuq)
or

0
kat1 = ko + %('Zoﬂrlﬂ(uaﬁ-l —Uy)).

ky =
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Therefore we have
Za+1/2
/ wdz = haWey, (66)
Fa—1/2

meaning the quantities w is a natural and consistent affine extension of the layer-averaged

quantities w,, defined by . Using , an integration along the layer a of gives

22 — 22 ou ou
ha Y= haka . a+1/2 a—1/2 @ _ ha ka . a_a ‘ 67
v 2 ox : ox (67)
or 5
Wa = ko — Za o = 4j(24). (68)

. o [* n
w——%/% u dz, (69)

1.€.
W= 3(Z uy) — z%
T ox Y o
For z € L,, relation gives
a—1
. 0 0
W= - 2 g Ntis) = %((Z ~ Za-1/2)Ua), (70)
and we easily obtain
W= ko — z%
e or

Now we intend to prove .
Using the definition , relation also writes

0 O haws L o(hous
howa = _(zo‘ho‘uo‘)_ZQH/?ZMﬂLzaq/QZ ( ]uj)’

ox : ox : ox
Jj=1 j=1
leading to a new expression governing w, under the form
he O(hatiy) = A(hju;) 024
= —d Ry 1
Rt SR ha Y 55+ hatia— © (71)

Jj=1
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And from , we get

a—1

atl/2 (9 a Ouy,
) h, O 0z
- _ha —(hju;) — = ha « hcx a_aa
= 8x( juj) 28x( ta) + hot ox

corresponding to (71)) and proving the result. B

Using also ((63]), we are able to rewrite the system — under the form

(72)
8haua 8 0z
o1 + B (haui + §haH> = —ghaa—; + Uat1/2Gat1/2 — Ua—1/2Ga—1/2, (73)
C 10(hata) = O(hyuy) 024
Wa =79 or Z or + o ox (74)

5 The Navier-Stokes system

Instead of considering the Euler system, we can also depart from the Navier-Stokes
equations to derive a layer-averaged model.

The model derivation is similar to what has been done in Section [3 for the Euler
system.

5.1 Layer averaging of the viscous terms

In this paragraph and the both following, the components of the Cauchy stress tensor
3} are not specified. It remains to find a layer-averaged formulation for the r.h.s. of

Eq. , ie.

Fat1/2 (93] ox 9% [ 15>
— T Tz E d o zZz d .
Ve /zam ( or | 9: 8902/2 =0T Ty ) ©
We have

Zat1/2 n
V, = 2/ Em—l—g/ Yo.dz — 2., | dz
o J.,_.,, ox J,

0z, a ["
+Ea¢z|o¢+1/2 - 8—;1/2 (wa + — o / Zzzdzl — Ezz)

820471/2
_Zzz a— Eacz a_ Ezwd zz
| 1/2 + 8(1} + / 21 —

17
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In the expression V,, we have the term
Za+1/2 n
3/ (2/ szdzl) dz
ox B ox J,
Za+1/2 8za+1/2
Y. dzdz — Y.d
" Oz <8$/ / sz ox /&H/2 -
0%
N za 1/2/ szdz>
r Za—1/2
a a a+1/2
&U (83: / 22 ,.dz + Za+1/28 / LadZ

—1/2 Za41/2

— Za— 1/2_ / za: )
Za—1/2
and

Ozag1y2 (O [7
—_— Yad
Ox o / I .
Za+1/2 a+1/2

aza—l/Q 0 g aza—l/Q 0 K aza—l/Q 2
D) = — ¥ X .
O (8.73 / zxdzl) o o /Za_l/2 za:dz + ( or 2Z|a_1/2

5.2 Definitions and closure relation

aza+1/2 0 n aZa—i—l/Q 2
= szd Ezm y
oxr Ox e Ox lat1/2

Za—1/2

The expression of the viscous terms generally involving second order derivatives, their
discretization requires quadrature formula that are not inherited from the layer-averaged
discretization. In particular, at this step of the paper, we adopt the following notations

Eab\aﬂ/2 ~ Yaba+1/2 5 (75)
and
Vabla = Laba (76)
and the following definitions,
at1/2
[ e = (77)
a_1)2

with (a,b) € (z,2)?. For the terms having the form

Fa+1/2
/ zZabdz,
Za—1/2

a closure relation is needed and we choose the approximation

Ra41/2 22 — 22
/ ZzabdZ ~ ot1/2 9 a1/ Eab,a = hoczazab,oz- (78)
a—1/2
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For each interface z,41/2 we introduce the unit normal vector n,;/» and the unit
tangent vector t,,/2 given by:

0z,
Nty = 1 _a—?/? _ ([ ~Sa+1y2 by = Cat1/2 )
o+l Dar1/212 1 Carrp ) Y Sat1/2
1+ ( )

ox

Then, for 0 < a < N, we have the following expression

1
tat1/2 * Yat1/2Nay1/2 = TMZ)Q (sz,a+1/2

ox

0Za+1/2 0Za+1/2

which can be rewritten as
tar1/2 " Yat1/oNat1/2 = Ci+1/20a+1/2 ) (80)
by introducing the following notation,

0z 1/2 0z 1/2
Oa+1/2 = Z:cz,a—i—l/Z - g—; / (Exz,oﬁ-l/Q + g—; / sz,a—‘rl/Q - Ezz,a+1/2> . (81)

Remark that, for 0 < oo < N, the quantity t,11/2-Xa41/2M01/2 represents the tangential
component of the stress tensors at the interface z441/2. And for a = {0, N}, the quan-
tities coincide with the boundary conditions and hence are given. More precisely
(since ¢1/2 = ¢) the Navier friction at bottom gives

K
ty/2 - Yyjony e = c_ul = 01/20?/2- (82)
b

Compared to equation ([L0]), velocity in the first layer u; is used since w,, is not a variable
of our system. It is consistent with the convention and definition . At the
surface we have

2
tNt1/2 - ENt1/20N 4172 = ON41/2CN 1172 = 0

Remark 5.1 In as in section@ , we use the expression ty,-Xny to consider a Navier
friction at the bottom since on an impermeable boundary @) 15 equivalent to (@ For
1 < a < N —1, the flow can move across the interface zo41/2 and we cannot give a
formulation directly comparable to @

5.3 Layer-averaged Navier-Stokes system

We have the following proposition.
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Proposition 5.2 Using formula , and , the layer-averaging applied to the
Navier-Stokes system — completed with the boundary conditions @—@D leads to
the system

0 — 0 —

aZhj—i‘a—thjUj:O, (83)
=1 j=1

0 0 0z

(9t<h Uq) + B (haui + ghaH) = —ghaa—; + Uat1/2Gat1/2 — Ua—1/2Ga1/2

ai (h Srra — haSena + g(hazazm))

2

+Za+1/28 2 Z h; sz] Zo— 1/28 QZh EZZL‘]

j=a+1
+Ua+1/2 — O0a—1/2 ) (84)
10(hatia) <= O(hyuy) 024
a — - a ) = 17 R N
Ya =T 9 ]Zl Ox u Ox “ (85)

with the exchange terms Gai1/2 given by and the interface terms oa+1/2 given by

B1).

For smooth solutions, we obtain the balance

a N a N
E (Z Ea> + % (Z U (Ea + ghaH - ha (Exm,a - Ezz,oz)

a=1

02 0 1 al
- <a_ah Zzza+h a 2 a z:(:a“‘ Z h; sz] >) _Zwahazzx,a>
j=a+1 a=1
- - Z (aua xz,a - Ezz,a)

aw 0z OU K
= = = hazz;voc a fe - Uq Y 27 86
(Tt T ) haBona + Tatifa(tass — )) g 50
52 _2
with E,, = ho‘;z‘ + il "‘“/22 a2 _ ha(% + g2a)-
In , we use the convention
Uy = Uy, UNt1 = UN- (87)

Before to give the proof of prop. we make few comments concerning the layer-
averaging of the Cauchy stress tensor components.

Remark 5.3 Since the expression of the components of the Cauchy stress tensor are
not specified, we are not able to precise all the terms in FEq. and we only intend to
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demonstrate that the energy balance 15 consistent with . The nonnegativity of
the right hand side of has then to be verified when specifying the rheological model
(as it is done below in the Newtonian case).

Remark 5.4 After injecting the definition of Oay1/2 10 , it appears that the
following terms in the right hand side of

N /o 0z
- Z <_aha (E:m:,a - Z:zz,oz) - 221/2 (Emm,a+1/2 - Ezz,a—l—l/Q) (uaJrl - ua)>

account for a layer-averaging of

T ou

a_ Erm_zzz d )
[ )dz

appearing in the right hand side of . Likeunse, the term

T/ ou ow
_ /Zb (EE‘“ n %zm) dz, (88)

in the right hand side of 15 discretized by

ow, 0z Oug 0zar12\’
- Z ( xz,0+1/2 ua-l—l a) + hozzzz,a( O + or O ) - ( o ) sz,a+1/2

(89)
in the layer-average context of Eq. . A similar comparison can be done for the viscous
terms involved in the left hand side of the two energy balances and .

Proof of proposition The derivation of Eqs. and 15 similar to what has
been done to obtain the layer-averaged Euler system -. Only the treatment of
the viscous terms V,, has to be specified.

Using the definitions (77} . . . ), for ao = {1, N} using the mimic of the boundary

conditions it comes

a a Za+1/2
Va ~ T h‘azxx a h'aZzz a + = / Zzzxdz
ox ’ ’ oz /. _ s

02 02
+Za+l/28 2 Z h; sz] Ra— 1/28 QZh sz]

j=a+1
+0a+1/2 = Oa—1/2-

The approximation (78) gives

Vo & Ro+0at1/2— 0a-1)2
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0 0 Zi+1/2 - 2271/2
= a5 hcxzxm a haEzz « a_ ( Ezz a>
ox ( ’ ot ox 2 ’

2

+Za+1/2a 2 Z h; sz] Zo— 1/28 QZh EZ:B]

j=a+1
+0a+1/2 = Oa—1/2

For the energy balance we write

0 0 Z§+1/2 - 2371/2
Ra a — aha (waa - Zzz a) a_( Ezm a)
a N
+za+1/2uo¢ Z h; sz] Zo— 1/2ua Z hjzzx,j)
] =a+1 j:cx

Ouy, (9ua 0 ( 3+1/2 - Zi—l/Q

—he (Em,a - Ezz&) ox  Ox Oz 2

ZZLE Oé)

) I~
—%(zaﬂ/gua)% Z hJEZg;,J"' Za 1/2ua Zh sz] (90)

j=a+1

Notice that, using an integration by part, it comes that the three terms

O (0 (Farip~ Fa 0 &
_<ua_< +1/2 1/222x7a> +za+1/2ua% Z hjEZ:c,j

ox ox 2 ,
j=a+1
PR
- Za—l/Qua% Z hjzzx,j> )
Jj=«
appearing in Fq. are a discretization of the quantity

Za41/2 n
2 ua/ 2/ Ypdzdz |,
ox fa1/2 ox J,

in the energy balance Eq. (B6).
We can see that

0
ax (ua(zaJrl/Q Z h; szj Ra— 1/28 Zh sz]))

j=a+1
— %<ua ((ha‘i_za—l/Q)a_x Z hjzzx] Zo— 1/2_ Z h; sz] Zo— 1/28 (h sza)))
Jj=a+l j=a+1
9 9
— a ( ( Z h sz] ZO{ 1/28 (h sz a)))

] =a+1
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N

5 5 ha 5 .
= % <Ua (haa—x< Z hjEmj + 7221’0‘) - Za%(hazzx,o)))? (91)

j=a+1

and

d 0 Zi+1/2 - 2271/2 d d 0za
% <UQ%< 5 Zzw,a)) = a’E <Uazaa <h Ya a) + uahasz,a%> (92)

Denoting Rau, the last three terms in Eq. , we write

5 O (2210 — 22 1 s Ouy Ziiye — Paija 0%,
Rou, — __( +1/22 172 Ou sz,a)+ +1/2 172 0%u S

ox ox 2 8 2

8
_8 2a+1/2ua Z h; EZI] + Za 1/2uoz Zh sz]

] =a+1
2 2
Zat1/2 ™ Za-1/2 0%Ug
= ( h aWeo — )sz,a> + 9 02 Zzw,a
(9
a Za+1/2ua Z h; Ezzg + Za 1/2ua Zh Ez:vju

] =a+1

where has been used. And simple manipulations give

~ 0 ow 024 Ou 0
_ Y D . o o o 7 .
Rauq O (waha zz,a) ( O + o O )ha 2z, a (h Y a)
9 0 a
_8:1: Za+1/2ua Z h; sz] + Za 1/2“(1 Z 2x,j
] =a+1 =
0 ow 024 Ou
= A alaXipa | — < e . a) adizza
8x(wh ) 8x+8x Ox h ’
0
+wa+1/2_ Z h; sz] We— 1/26 Z h; szy;
Jj=a+1
with Wa41/2 defined by
a o o 6 o (e}
?IJa-l—l/? = ka — —(Z BZQU ) = ka+1 - (z +é—/;u +1) .

The two last terms of Rous give a telescoping series and vanish when summing since
w2 =0 and Z?f:aﬂ h;¥.s.; vanish when o = N.
Finally, the quantity
N
> Vatta,
a=1

gives the expression involving of the terms related to the Cauchy stress tensor in
proving the result. B
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5.4 Newtonian fluids

When considering a Newtonian fluid, the chosen form of the viscosity tensor is

ou ou Ow
E“_M%?E“_M$+5ﬁ’ (93)
ow ou Ow
Y. = 2#&; Y= M(& + £)7 (94)

where p is a dynamic viscosity coefficient.
When considering the fluid rheology is given by -, thus leading to 2., = =X,
and X,, = X,,, prop. becomes:

Lemma 5.5 The layer-averaging applied to the Navier-Stokes system for a mnewtonian
fluid gives

0 — 0
aZhj—i‘a—thjUj:O, (95)
j=1 j=1
0 0 0z
a(haua) + (9_1: <haui + ghaH> = —ghaa—; + Ua+1/2Ga+1/2 - Ua—1/2Ga—1/2
0 19)
a_ Zhazzx [ a_ (ha azzx a)
+8:1: ( ot Dy \oFam >
P < P
+Za+1/2@ Z hj¥.; — Za71/2@ Z hi¥.e
j=a+1 Jj=a
+0a+1/2 = Oa—1/2 ) (96)

 10(haua) — d(h;u;) 024,
Yo = T o _Z Ox +ua&v7

J=1

a=1,...,N (97)

where exchange terms Got1/2 are still given by and the interface terms o412
defined by are here reduced to

0% 0% 2
Oa+1/2 = _221’z,a+1/2 821/2 + 2zz,a—f—l/2 (1 - ( a;l/2> ) : (98)

For smooth solutions, we obtain the balance

0 (< 0 (& g
a (Z Ea> + 8_1' (; U <Ea + §haH - 2ha2:m:,a

0z 0,1 al al
- <%ha2zz,a + haa_x(ghazzx,a + Z hjEzzJ)>) - ;wahfxzzx,a>

Jj=a+1

N
Ouy, ow, 0z, Oug K
- Z<_2h waoa + < or + or Ox )hoczzcc,oz + Oa+t1/2 (uoc—H - ua)) - _311%7
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If we look at the energy balance for the continuous setting , we have, by using
—, the following non-positive right hand side,

K 2 K o
— [ (3 3 )de - S, (100)
2p Cb

whereas, after including in , the right hand side of the discrete energy balance
of the layer-averaged model leads to

N
Oug, 0Za41)2 Ow, 0z, OUug
R = - Q_hozz;tz a 221‘90 a o - Uq ( )hozzzx a
" ;( Ox ’ a+/2(tlart = Ua) Oz * Or  Ox Oz ’
0Zat1/2\ 2 K
F Yot 2(Uast — ta) (1 _ ( a;/ ) ) ) _ C_gu’;’ . (101)

The aim of the next proposition is to mimic (105]).

Proposition 5.6 The layer-averaging, given in lemma 15 applied to the Navier-
Stokes system for a newtonian fluid with the following consistent expressions of the
rheology terms at the interface o+ 1/2,

haty1/2Yenav1/2 = —hat1/2¥:z 04172

= 2 ( %(h% - haﬂ&g‘;“) - azg; 2 (tg1 — a) ) (102)
hat1/22z00+172 = Nat1/22zz.0+1/2

= (e GG e B )

(a1 — Ue) <1 . (%)2) ) . (103)

and, since the rheology terms are more related to elliptic than hyperbolic type behaviour,
we used the centred approximation for the rheology terms at the layers «,

Zab,oc-l—l/Q + Eab,a—l/?
9 )

Zab,oz = ( 104)

with (a,b) € (x,2)%. Then we obtain an energy inequality since the right hand side of
the discrete energy balance of the layer-averaged model, defined by (101)), leads here to

N

hg K
RE - Z ;1/2 (252(::0,(1+1/2 + ZZI,&+1/2) - _3u% . (105)

a=0
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Proof The expression clearly mimaics the continuous one given by . Moreover
it is possible to exhibit a kind of consistency of the definitions ([105))-(102]). Indeed if we
express the derivatives of the newtonian stress terms along the interface oo+ 1/2, on one
hand, we have

E:Jc:p\z:za+1/2(gc,t) = 2” 8xu(az, Z, t>|Z:Za+1/2(I:t)

ou(z, zap1/2(x,1),t)  Ozatrya(w, 1)
_2,u( aax _ Oz o azu(l',Z,t)|z:za+1/2(x7t) ,

which is consistent with (102)). And, on the other hand, we have,

Ezz|z:za+1/2(m,t) = H <82U($, Z, t)\z:za+1/2(:v,t) + a:vw(xa Z, t)|z:za+1/2($,t)) .
Additionally, we can write

o 8U)($,Za+1/2<.’1§',t),t) 3za+1/2(a:,t)
at1/2(Tt) = o - o

and, using the incompressibility condition, we get,

axUJ(ZL', 2, t)|z:z azw(x, 2y t)\z:za+1/2(x,t) 5

azw(J:v 2, t)‘zzza+1/2(x7t) = _aﬁfu(x7 2, t)|ziza+1/2(33vt) :

Therefore we have,

8w(x, Za+1/2(x7 t)> t)

Oyw(z, Z,t)|zzza+1/2(x,t) = O
0 @ T 0 ) o i1),t 9 @ 0
Zo1/2(%, 1) (0w, Zat1/9(7,1),t)  Ozasaya(® )8Zu(:r,z,t)|z:z (@) | -
81} ax ax a+1/2\L,

Finally, this leads to the following expression

ow(x, zy z,t),t 024 x,t) ou(x, 24 x,t),t
sz z=z zt) — MU ( —H/Q( ) ) ‘H/Q( ) ( +1/2( ) )
|z=2a11/2(2:t) I + " .

32a+1/2(x7 t)g
(-2 Y i)

which is consistent with (103]).
The energy inequality is obtain by injecting (102)), (103) and (104) in (101). W

Remark 5.7 We can remark in the lemma (5.5)) that the rheology terms are both at the
interface and in the layers. Thus an other strategy could be to defined them at the layer,
and to average the terms at the interface. In this case, we have

hazmc,a = - hazzz,a

o aua aZoz-l—l/Q Ua+1 — U aZoz—l/2 Uy — Ua—1
= ( fio or < Ox 2 * Ox 2 > (106)
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hazzx,a - hazxz,oz

. 8wa aza aua Ua+1 — Ug 8ZOC+1/2 2
- u<h0—+h + (1—(—)

ox Y Or Ox 2 ox

Ug — Ua-1 _ aZo¢—1/2 2
st (1 (—(% ))) (107)

which are also consistent expressions of the tensor, and the following averaging is intro-

duced,

Yiabat1 T Laba
Eab,oz—i—l/Z = " +12 Z ) (108)

and leads to an enerqy inequality, since the right hand side of the discrete energy balance

of the layer-averaged model, defined by (101), leads here to

N
ha
Rp=-> "¢ (2 - 2) - St (109)
b

a=1

This strateqy seems to be more natural since, in the spirit of the layer-averaged model, the
unknowns are mainly localised in the layers. However the main drawback is the stencil
of the interface rheology terms which are not compact. For instance, the term X,p o412
will be expressed in function of Ugya, Ugr1 and 1.

5.5 An extended Saint-Venant system

In the simplified case of a single layer, the model given in prop. [5.2] corresponds to the
classical Saint-Venant system but completed with rheology terms.

Proposition 5.8 The classical Saint-Venant corresponds to the single-layer version of
the layer-averaged Navier-Stokes system. With obvious notations, it is given by

oH 0
Y (g =
ot + ax( ) =0,
J(Hu) 0 o 9 0z
9 (mw?+9m?) = —guZ2

ot +8:c( g ) =9 0z

0 = = 0 (H+Zb)2 —Zg— 82 = KR _

— (| HY,., — HY — Y ——(HY,.,.) — —=
T ox ( o= HEe k5 ( 2 ) ) — g () G
YT o Yor 2 )

For smooth solutions, we obtain the balance

oE 0 (_ I — _
E+%(U<E+§H S HE -5 -5
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=\ ol = ow 10(H + 2z,) 0u\< K_q
Mm) =ty G =)~ H(Gy 5 gy ) S~ g™

with = 15 4 §((H + ) = ).

In the particular case of a newtonian fluid, the Saint-Venant system given in prop. [5.§]
reduces to

aa—[j + %(HU) =0, (110)
+% <4MH%+% ((H+zg) —ﬁg_f)) _Zb“aa_;<Hg_z> —Cﬁgﬂglll)
EZ_;@(;@J@@% (H+223b>' (112)

For smooth solutions, we obtain the energy balance

OE 0 9 ou 0 OH+2z)0w H O, Ow
ot 895( (E+ o~ dn H@x) 3_x<'u( Ox %—F?%(H%))))

H 0w? ou\? ow  10(H +2z)0u\> K _,
B —7> = 4l (—> —ul (%*57%) mgt )

Gy

Remark 5.9 Notice that, compared to the classical viscous Saint-Venant system [17],
the model (110)-(113) has complementary terms.

6 Conclusion

We have proposed a layer-averaged discretization for the approximation of the incom-
pressible free surface Euler and Navier-Stokes equations. The obtained models do not
rely on any asymptotic expansion but on a criterion of minimal kinetic energy. Notice
also that the layer averaging for the Navier-Stokes system has been carried out for a
fluid with a general rheology.

Since these models are formulated over a fixed domain, it is possible to derive efficient
numerical techniques for their approximation. For the approximation of the proposed
models, a finite volume strategy — relying on a kinetic interpretation and satisfying
stability properties such as a fully discrete entropy inequality — will be published in a
forthcoming paper.
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