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Chebyshev's continuous adding machine

This article analyzes the structure of Chebyshev's continuous adding machine, the readability of its values, and its sensitivity to backlash.

Discrete adding machines

The first calculating machines were discrete machines. These machines had a number of states, corresponding to clearly identified numerical values. The passage from one state to another was obtained by various means, but it was always meant to be quick. In such machines, digits were usually represented by the positions of wheels, and sometimes one wheel would serve for several digits. Figure 1 shows such a display, with ten wheels which have been laid out flat, or unrolled. Each vertical strip represents one wheel, and a wheel may sometimes contain more than one series of integers 0 to 9. In such a machine, adding one to the units will advance that wheel by one position, and in case the figure displayed was 9, it becomes 0, and at the same time (or shortly afterwards) the second wheel is advanced by one unit, and so on. These machines have to take care of carries, and this is often a source of problems or limitations. Many of these machines can for instance not work backwards.

Figure 1: The display of a discrete value. The digits are aligned on horizontal lines and there is a special line (here marked by a dashed rectangle) for reading the value, which is here 0003141592.

Chebyshev's continuous adding machine

In the 1870s, the Russian mathematician Pafnuty Lvovich Chebyshev (Пафнутий Львович Чебышёв) (1821-1894), who had been interested in the theory of mechanisms, 1 came up with a new construction for adding numbers. He first constructed a machine for additions only, and this machine is now kept in St Petersburg. This machine was probably exhibited at the scientific meeting attended by Chebyshev in Clermont-Ferrand in 1876. In 1882, Chebyshev returned to France and had a second machine built in Paris by the firm Gautier [START_REF] Butzer | Chebyshev (1821-1894) and his contacts with Western European scientists[END_REF], [18, p. 403]. The French mathematician Édouard Lucas [START_REF] Décaillot | L'arithméticien Édouard Lucas (1842-1891) : théorie et instrumentation[END_REF][START_REF]le parcours original d'un scientifique français dans la deuxième moitié du XIX e siècle[END_REF] arranged that this machine be "temporarily" lent to the Conservatoire des Arts et Métiers in Paris, probably during Chebyshev's next trip in 1884, but it was donated to the museum only at the end of Chebyshev's last trip to France in 1893. During that visit, Chebyshev gave d'Ocagne all the necessary explanations on the machine, and he provided a description which was published in d'Ocagne's Le calcul simplifié [START_REF] Ocagne | Le calcul simplifié par les procédés mécaniques et graphiques[END_REF]. According to d'Ocagne, another copy of the machine was built after Chebyshev's death for exhibition in Moscow [START_REF] Butzer | Chebyshev (1821-1894): A guide to his life and work[END_REF][START_REF] Ocagne | Hommes & choses de science : propos familiers[END_REF].

Chebyshev's idea is based on the following observations. In a discrete machine, the position of a given wheel, say that of the hundreds, does not show exactly how many hundreds there are in a certain number, but only how many complete hundreds there are. For instance, in the above example, 592 means that there are five complete hundreds, even though the number is much closer to 600 than to 500. Now, Chebyshev considered a new display in which each figure would move regularly, at the same time as the units. The tens would gradually move from one position to the next, and not instantly skip when the units go from 9 to 0. It is therefore necessary to have a construction such that the wheel of the tens moves 10 times slower than that of the units, the wheel of the hundreds moves 10 times slower than that of the tens, and so on. This can be achieved with gears in a 1:10 ratio between the units and the tens, between the tens and the hundreds, and so on. This solution then totally dispenses with the usually complex mechanisms required for an intermittent motion. It also makes it possible to do calculations much faster.

However, such a machine will not be used to add only units. It must be possible to add tens, hundreds, etc. separately, and in any order. Adding one hundred, for instance, would then cause the wheel of the tens to move by 10 places, and the unit wheel to move by 100 places. This is of course quite impractical. On the other hand, adding 10 places to the tens, or 100 places to the units, does in fact not change their values, so that a better solution would be to keep these wheels still when adding places to the hundreds. In other words, what is desired is that the addition of some units to a given position only moves that wheel, and those on its left, but not the wheels on its right.

A solution to this problem involves additional wheels between the figure wheels. These additional wheels will be used whenever a value has to be added at a specific position, and changes have to be propagated towards the left, but not towards the right. Figure 2 shows Chebyshev's solution. The central arbor is X and around it there are a number of freely revolving blocks. Each block is made of a figure wheel (n 1 and n 2 in the figure), and of two gears (d and f on each side of n 1 ). These three elements always move together. At the right, there is one gear a which is fixed on the arbor X and not moving. Moreover, at the right of the first figure wheel, and between each two blocks, there is an additional disk R (r 1 and r 2 on the figure), also moving freely on the arbor X. This disk is the carrier for two satellite wheels (b and c, and e and g), which are used to transmit the motion from one block to the next.

If the carriers r 1 and r 2 do not move, whenever n 1 moves, it will cause e to rotate, therefore g, and therefore h, and the figure wheel n 2 will advance. The ratios can be chosen so that n 2 advances 10 times slower than n 1 . But of course, our assumption is slightly incorrect, in that n 1 cannot just move by itself and a and r 1 remain still. n 1 can only move if the carrier r 1 moves. And that is in fact how units are added. The user will not advance the figure wheel n 1 , but he/she will advance the carrier r 1 , which is equipped with notches. One notch in r 1 should correspond to one unit of n 1 , and we will see in a moment how this is done.

Consequently, moving the carrier r 1 , and keeping all the other carriers still will cause n 1 to advance by a number of units, n 2 to advance ten times less, n 3 to advance 100 times less, and so on.

One may now wonder what happens if we move the carrier r 2 , keeping all the other carriers still. What happens is very simple to understand. Since the wheel a is not moving, the first figure wheel will not move, and therefore the gear f will be still. Moving r 2 with gear f still will be similar to moving r 1 with gear a still. Everything will behave as if the tens had become the units, and the motion will only be propagated towards the left. All this rests on two assumptions, that the first gear a is never moving, and that the motion of a figure wheel cannot move a carrier.

Figure 3 shows a side view of the wheels for the transmission from one figure to the one to its left. The wheels are named like in figure 2. X is the central arbor, and A is the satellite arbor, moving on plate R (the "receiving" wheel). When R moves, b will roll on a, this will rotate c, which in turn will rotate d, to which the next figure wheels are attached. In turn, the rotation of d will be transmitted further left, but without any rotation of the receiving wheels, because these are kept in place by springs.

If we assume that a is not moving, we have to find out what is the effect of the rotation of R on wheel d. Let us assume that R turns by the angle α R , for instance clockwise (the actual direction is irrelevant, as long as we stick to the same convention), and that a is not moving. We also use α ... for angles in R's reference frame, and α ... for angles in an absolute reference frame. Then, in R's reference frame,

α a = -α R (1) 
α b = - a b α a = a b α R = α c (2) 
α d = - c d α c = - ac bd α R (3) 
Consequently, in the absolute reference frame, d has turned by the angle 

α d = α R + α d (4) = α R - ac bd α R = α R 1 - ac bd (5) 
With the values of Chebyshev's second adding machine, this gives:

α d = α R 1 - 24 × 12 48 × 60 (6) = α R 1 - 1 10 = 9 10 α R (7) 
with a = 24, b = 48, c = 12 and d = 60. R contains 27 notches (and not numbers), so that advancing R by one notch corresponds to α R = 360 • 27 , and , that is, exactly one digit, assuming that the figure wheels contain three times the interval 0-9.

α d = 9 10 × 360 • 27 = 12
Moreover, d has turned in the same direction as the receiving wheel. This is consistent with Chebyshev's second adding machine, and figure 8 shows that the figures increase from bottom to top (for instance 8 and 9 in the window left), and adding a digit is obtained by turning a receiving wheel towards the bottom by a certain number of units.

However, on Chebyshev's first adding machine (figure 11), the figures increase towards the bottom. It is likely that the ratio of the wheels is different than the one given above. The motion could indeed be reversed if ac bd = 19 10 , for instance with a = 48, b = 24, c = 38, and d = 40. Unfortunately, we do not know the details of Chebyshev's machine, but hopefully this can be clarified in the future, or perhaps in the archives of the St Petersburg museum.

Configurations

With discrete displays, we never think about the alignment of figures, because this seems to be an obvious matter. Although figures briefly move from one value to the next, they appear most of the time at integer positions. It is therefore natural to align the figures, initially and at all times, and the reader may certainly be puzzled by this consideration. In such a display, a value may start with 0000, then move to 0001, then 0002, etc., then 0009, then 0010, and so on. The initial 0's appear on a same line. They could of course be aligned differently, but that would obviously not be very convenient, as it is desirable to be able to read the values as clearly as possible.

But with a continuous (opposed to intermittent) display, several figures move at the same time. When the units advance by one unit, the tens advance by a tenth, the hundreds advance by a hundredth, and so on. Therefore, even if we start with 0000, the figures will little by little be offset, and no longer be aligned. Figure 4 show a 4-digit display for the values 0 to 11. When the units go from 0 to the next 0, the tens slowly move from 0 to 1, and the hundreds also move, but even slowlier.

The issue of readability

A continuous display raises a readability question, as should be read 0008 and not as 0018, which it seems to display. There seems therefore to be an ambiguity, and that such a continuous display is unusable. But is it really?

In fact, the above value can be read without ambiguity, but it has to be read in another way than the way we may find most natural. Although the tens are close to 1, and might even show exactly 1 if there is some backlash, we should not consider this value as the value to be read. So, how can we read unambigously such a display?

Answering this question seems even more difficult when we come closer to the threshhold: There is in fact a very simple algorithm for reading these values. Let us denote V i the real value of a digit wheel, and v i the value that is read. We have of course 0 ≤ V i , v i < 10, V i ∈ R and v i ∈ N. Now, the algorithm starts with the units which are assumed to be an integer. The value shown is the value to be retained. In the latter case, the value of the units is v 0 = V 0 = 9. Now, whenever the units are close to 0 or 10, the tens are close to an integer, and we can unambiguously know the value of this integer. In that case, it is w 1 = 1. But w 1 is neither the real value V 1 of the tens, nor the value v 1 to be read. Now, in order to find v 1 , the value to retain for the tens, we can distinguish two cases:

• if v 0 > 8, then v 1 = w 1 -1; • if v 0 < 2 then v 1 = w 1 .
Of course, this will only work in the previous example and when v 0 is close to 0 or 10, and also only when w 1 > 0, but we will be able to generalize it easily. Before we do that, we can look at what happens when the figures of the tens are halfway between two integers: The first thing to observe here is that the display is in fact much less ambiguous than above. We see right away that the tens are neither 0 or 1, or rather, that the value to be retained will be either 0 or 1. (Our sentence seems contradictory, because some of our words are intentionally ambiguous.) In that case, the algorithm also is rather simple: if 1 < v 0 < 9, v 1 is the integer part of the fractional value displayed.

Summing up, we have the following algorithm, where V i is the real value of figure i, v i is the value read, E(x) represents the integer part of x, and R(x) = E(x + 0.5) the rounded value of x:

• v 0 ← R(V 0 ) mod 10 • for i > 0: -if v i-1 > 7 then v i ← (R(V i ) -1) mod 10 -if v i-1 < 3 then v i ← R(V i ) mod 10 -otherwise v i ← E(V i )
This can also be expressed as follows:

• v 0 ← E(V 0 + 0.5) mod 10 • v i+1 ←      (E(V i+1 + 0.5) -1) mod 10 if v i > 7 E(V i+1 + 0.5) mod 10 if v i < 3 E(V i+1 ) otherwise
The following configuration is then unambiguously read as 9999, and not as 0009. This will remain true even if the figure wheels do slightly move, as long as they do not move too much. Now, what is too much? As it must be apparent, the important features of the reading algorithm are the notions of being close to an integer, and of being far from an integer. The backlash of the wheels must not be such as being able to move the tens (or any other wheel) from 0 to 0.5 for instance, for it would then be genuinely difficult to know which integer is represented by the tens when the units were about to pass from 9 to 0. Each figure should certainly not depart more than 0.2 or 0.3 units from its theoretical value, and we can for instance hope for a display error of V i of no more than 0.1 units of that wheel. Given these assumptions, we have in fact a quite robust algorithm.

We represent the theoretical2 values of the figure wheels as the configuration V p , V p-1 , . . . , V 1 , V 0 0 , the subscript 0 being a reminder that we have started with 000. . . 00. We can then speak of "0-configurations." The actual values (due to backlash) are represented by W p , W p-1 , . . . , W 1 , W 0 0 . And the values read are v p , v p-1 , . . . , v 1 , v 0 0 .

There is a relationship between a value N and its representation as a configuration V p , V p-1 , . . . , V 1 , V 0 0 . We must have V p = (N/10 p ) mod 10, V p-1 = (N/10 p-1 ) mod 10, . . . , V 1 = (N/10) mod 10, and V 0 = N mod 10. For instance, 157 is represented by 1.57, 5.7, 7 0 , and not by 1, 5, 7 0 .

Conversely, a given configuration corresponds to a certain value N . We merely have N mod 10 p+1 = 10 p V p .

The robustness of the algorithm means that the actual configurations 9.98, 9.3 0 and 0.1, 9.3 0 may both denote the integer 99, so that there is a certain insensitivity to backlash. We will return to the influence of backlash in section 6.

Chebyshev's initial values

5-configurations

Starting with aligned zeros (0-configurations) may seem the most natural initial choice, but it is not the only one. In his adding machine, Chebyshev chose a setting in which the figures half way between 0 and 10 are aligned, namely a setting in which the fives are aligned. Such a configuration will be called a 5-configuration: In that setting, when the units reach 0, the tens are not close to an integer, but right in between: Such a configuration is not ambiguous, and like above, we merely have to chose the upper value of the tens if the (read) units are 0 or above, and the lower value of the tens if the (read) units are below 0. And if the (read) units are close to 5, the tens will be close to an integer, and that integer will be the one to retain for the tens.

If we define two congruent configurations as two configurations which are reachable one from the other by a normal rotation (without disassembly) of the wheels, then it appears that 5, 5, . . . , 5, 5 5 is not congruent to 0, 0, . . . , 0, 0 5 . It is easy to see that 5, 5, 5, 5 5 ≡ 4, 5, 5, 5 5 because any addition of 1 to the thousands corresponds to the addition of 10 to the hundreds, and so on, and therefore does not alter the figure of the hundred. So 5, 5, 5, 5 5 ≡ 4, 5, 5, 5 5 ≡ . . . ≡ 0, 5, 5, 5 5 . But now, any smaller value will break the alignment of the initial 0. In fact, the first 0 is only at the same position as the figures of 5, 5, 5, 5 5 when the value reads 0, 5, 5, 5 5 .

For other values, the first figure 0 will be shifted up or down, and therefore the value 0, 0, 0, 0 5 is not reachable. What this means, of course, is not that there is no value 0, but that the value 0 is not displayed as 0, 0, 0, 0 5 , if we take 5, 5, 5, 5 5 as an initial value.

Every valid theoretical configuration represents some value, and we may ask which configuration represents the value 0? This question is easy to answer, and it suffices to subtract 55. . . 55 to the configuration . . . , 5, 5, 5, 5, 5 5 . We first subtract 5, and we obtain the configuration . . . , 4.9995, 4.995, 4.95, 4.5, 0 5 .

Then we subtract 50, and we obtain the configuration . . . , 4.9945, 4.945, 4.45, 9.5, 0 5 .

We continue by subtracting 500, and we obtain the configuration . . . , 4.9445, 4.445, 9.45, 9.5, 0 5 .

And so on, so that the value representing 0 is actually Z 0 = 9.4 . . . 45, . . . , 9.445, 9.45, 9.5, 0 5 .

This assumes that 5, 5, 5, 5 5 represents the value 5555. But if we instead considered that 5, 5, 5, 5 5 represents the value 5555.5, then the value representing 0 would actually be Z 0 = 9.4 . . . 45, . . . , 9.445, 9.45, 9.5 5 which is admittedly more regular. We will however stick to the somewhat irregular interpretation in which 0 is represented by Z 0 . 

From a value to a 5-configuration

Given a value n, we may want to know which 5-configuration represents it. All we have to do is add n to the value V 0 of Z 0 , n/10 to the value V 1 of Z 0 , n/100 to the value V 2 of Z 0 , and so on. Eventually, we have 

C = . . . ,

From a 5-configuration to a value

Given a valid 5-configuration Z = V p , V p-1 , . . . , V 1 , V 0 5 , we may also want to find out which value it represents, and we want to do it in a robust way.

The 5-configurations will behave like the 0-configurations, merely shifted by the configuration -0.55 . . . 5, . . . , -0.55, -0.5, 0 5 . We can therefore derive the reading algorithm:

• v 0 ← E(V 0 + S(0) + 0.5) mod 10 • v i+1 ←      (E(V i+1 + S(i + 1) + 0.5) -1) mod 10 if v i > 7 E(V i+1 + S(i + 1) + 0.5) mod 10 if v i < 3 E(V i+1 + S(i + 1)) mod 10 otherwise
where S(i) = 5(10 i -1) 9•10 i , that is, 0.55 . . . 5, with a total of i figures 5. For instance, with the configuration 5, 5, 5, 5 5 , we obtain v 0 = 5, v 1 = E(5 + 0.55) = 5, v 2 = E(5 + 0.555) = 5, and v 3 = E(5 + 0.5555) = 5.

The above algorithm translates graphically (figure 6):

• if v i is close to 5, then the next figure is close to an integer, and its value can be obtained by rounding it to the nearest integer; v i can therefore point horizontally to the value immediately on the left;

• if v i if close to 10, but below 10, then the next figure is half way between two integers, and the lowest one should be taken; consequently, values of v i above 5 should point towards this lowest value, and therefore point somewhat down, the more down that they are close to 10;

• finally, if v i is close to 0, but above 0, then the next figure is also half way between two integers, but the upper one should be taken; consequently, values of v i below 5 should point towards this upper value, and therefore point somewhat up, the more up that they are close to 0.

Similarly, when we start with aligned 0s, the algorithm can also be expressed graphically (figure 7).

This is exactly what Chebyshev does in the addition component of his second calculating machine. Chebyshev writes that the figures are written on white strips and that these strips can easily be followed from the right to the left [18, p. 403]. 

Existing machines

As mentioned previously, the Conservatoire des Arts et Métiers in Paris holds the machine that Chebyshev had built in 1882. The museum also holds an epicycloidal gear train illustrating the ratio from the units to the tens. This second machine seems to be mounted correctly. It is possible that it has never been disassembled since the Chebyshev's last visit to Paris in 1893.

On the other hand, Chebyshev's first calculating machine is located at St Petersburg. The pictures of the machine seem to indicate that it is not correctly mounted (see figure 11). An animation has been made of that machine (see http://tcheb.ru), but the animation assumes incorrectly that the 0s are initially aligned.

It is possible that another copy of one of the machines is located in Moscow.

Figure 8: The addition component of Chebyshev's second calculating machine. The machine seems to be mounted correctly. For instance, the units show 0, but the tens are half way between 0 and 9. (picture from http://tcheb.ru) Figure 11: Detail of Chebyshev's first calculating machine. This machine is not correctly mounted. When a figure is 0, the next one should be between two digits, and this isn't the case for the units and tens. Moreover, because the mounting is incorrect, it is difficult to follow the white strips. The first 0 points downwards, but there is no figure downwards in the tens. The third figure is 3, and the next one should then be almost centered, which isn't the case. (picture from http://tcheb.ru)

Addition examples

The following figures show a number of examples for the addition of two numbers. Of course, subtraction is similar and need not be detailed. 

The effect of play

In order to study the influence of backlash, we can assume that the deviation of one figure wheel with respect to the previous one is no larger than a certain amount. For instance, if the first wheel displays 5, the second wheel should normally display an integer, but it may be off by some amount. These deviations are going to accumulate and if there is too much play, the value at the left may be totally wrong. In order to illustrate the problem, consider again the value 1725083819 (figure 19). Now, if we add 0.1 to the first wheel, 0.2 to the second one, 0.3 to the third one, etc., we obtain the configuration of figure 20. The value read is 2836093819 which is not only wrong, but ambiguous to read. For instance, when the digit 6 is read, it is not totally clear if the value to read on its left is 3, or 2, because 3 has deviated too much to the top. This shows that a deviation of 0.1 units is already too much in the worst case. It would however be possible to some extent to read the correct value, if we could read outside of the horizontal window, but that is then far from practical! For a good and unambiguous reading, we may assume that the last figure on the left should not be wrong by more than 0.1 or perhaps 0.2 units. In the worst case, this entails that the basic deviation from one wheel to the next should not exceed about 0.02 units. If however we assume that the deviations are more randomly distributed, then a deviation of 0.05 or even 0.1 might be acceptable from one figure wheel to the next one.

These deviations are essentially due to the four wheels a, b, c and d, because the carrier wheels are kept in place by springs and their deviations cannot accumulate [START_REF] Ocagne | Le calcul simplifié par les procédés mécaniques et graphiques[END_REF][START_REF] Tchébychef | Une machine arithmétique à mouvement continu[END_REF].

Setting the machine to 0

The adding machine can easily be set to the value representing 0, by setting each wheel appropriately from right to left. This is made easy by notches on each figure wheel, and claws which can be activated to enter these notches [START_REF] Ocagne | Le calcul simplifié par les procédés mécaniques et graphiques[END_REF]. When turning the first figure wheel backwards, we reach 0, and then a claw enters the notch, blocking the wheel. The second figure wheel is then turned (using the receiving wheel), and it too will reach its initial position and be stopped. And so on. The claws are then removed and the machine can again be operated. This is easier than trying to set the machine on the value representing 0, for the very reason that 0 is not represented by a mere alignment of zeroes.

Chebyshev's extension for multiplication

Chebyshev's second adding machine (figures 8 and 9) was actually designed so that it could become a component of a larger machine, for multiplying or dividing (figures 21 and 22). This machine was built in 1882. It is quite interesting, and perhaps unique in the history of computing, to have the possibility of such a separation. The entire machine, with its addition component, is kept in the Conservatoire des Arts et Métiers in Paris [START_REF]Catalogue du musée, section A: Instruments et machines à calculer[END_REF].

In order to use the adding machine as an element of another machine, the carrier wheels are actually toothed, so that pinions can mesh with them. In figure 21, the number to be multiplied is written on the right, and it positions other sliding pinions with respect to a central (Leibniz) cylinder made of 0, 1, 2, . . . , and 9 teeth. The multiplicand can contain seven digits and the highest digit is the one given on the first row. Each of the seven figures has a corresponding steel arbor and in addition to the sliding pinions, these seven arbors end with 4 tooth pinions, which are those meshing with seven receiving wheels of the addition module.

The sliding pinions can slide in a slit made in their arbor. Therefore, even though their position may vary, their rotation will still cause their arbor to rotate [15, p. 202].

The core cylinder is rotated by a small crank visible on the right, and it moves accordingly each sliding pinion. If the sliding pinion is positioned on 7, for instance, one turn of the crank will cause another pinion at the end of the same arbor to advance the total by 7 • 10 6 .

On another part of the machine, the user can set the multiplier, and it will be used to shift the addition block, or carriage, whenever the necessary turns of the crank have been made. In other words, moving the crank produces at the same time the multiplication by one digit, and moves the addition block. 3This machine can also be used for dividing. In that case, the dividend has to be set on the addition carriage before it is put in place in the machine. According to Chebyshev, it is not possible to act simultaneously on two consecutive receiving wheels of the adding machine, and the multiplier takes this into account, in that it alternates the motion of the even and odd receiving wheels [15, p. 203]. However, we don't really understand why such simultaneous action is impossible, and it seems to us that simultaneous rotations of two consecutive receiving wheels merely accumulate and 

Conclusion

Chebyshev's adding machine is an unusual calculating machine. Using non intermittent motion, it dispenses with carry levers and such, and allows for faster calculations. It is also a modular machine, in which an independent addition component becomes a sliding carriage of a larger multiplication machine. Chebyshev provided means to read the result of his machine, even though this at first may seem difficult to achieve. Finally, he automated the multiplication by one digit and the shift of the carriage, so that the user merely has to rotate the crank and not worry about shifting when multiplying by numbers greater than 9.

Chebyshev's machine, although very interesting, seems to have been neglected, and it has only very recently regained interest, in particular through the site http://tcheb.ru, and a few other studies [START_REF] Guyot | La machine à calculer continue de Tchebychev et le reporteur différentiel[END_REF]. Hopefully, the multiplication machine located in Paris will sometime in the future be studied more thoroughly, because it certainly deserves it!
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 2 Figure 2: Chebyshev's wheels. (excerpt from [20])
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 3 Figure 3: A block of wheels seen from the side.
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 4 Figure 4: The first values of a continuous display when starting at 0000.
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 5 Figure 5: The first values when starting with aligned 5s.

Figure 6 :

 6 Figure 6: The first values when starting at 5, with reading hints.
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 7 Figure 7: The first values when starting at 0, with reading hints.

Figure 9 :

 9 Figure 9: The addition component of Chebyshev's second calculating machine. (excerpt from [19]).
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 10 Figure 10: Chebyshev's wheels for his second calculating machine. (excerpt from [19])
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 1213 Figure 12: Initial configuration with aligned zeroes.
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 1415 Figure 14: The representation of 0 in a 5-configuration.
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 1617 Figure 16: The representation of 78352 in a 5-configuration.
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 1819 Figure 18: The representation of 3452478352 in a 5-configuration.
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 20 Figure 20: The representation of 1725083819 in a 5-configuration, but with an incremental backlash of 0.1 per digit. The value reads more like 2836093819.
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 21 Figure 21: A view of the complete second machine. The addition component can be inserted at the left. (excerpt from [19])
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 229 Figure 22: Detail of the complete second machine. The addition component can be inserted at the left. (excerpt from [19])
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 23 Figure 23: Püttmann's simplified reconstruction of Chebyshev's adding machine. (https://fischertechnikblog.wordpress.com)

  

An overview of Chebyshev's mechanisms and several computer reconstructions and animations, as well as many documents related to these mechanisms, can be found on http://tcheb.ru.

By "theoretical," as alluded to previously, we mean that the influence of backlash is neglected.

For more details on this very subtle feature, see the description given by D'Ocagne[15, pp. 205-207].
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