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Event-Triggered Observers and Observer-Based Controllers
for a Class of Nonlinear Systems

L. Etienne, S. Di Gennaro, and J.—P. Barbot

Abstract

In this paper, we investigate the stabilization of a nonlinear plant subject to network constraints, under the assumption of
partial knowledge of the plant state. The event triggered paradigm is used for the observation and the control of the system.
Necessary conditions, making use of the ISS property, are given to guarantee the existence of a triggering mechanism, leading to
asymptotic convergence of the observer and system states. The proposed triggering mechanism is illustrated in the stabilization
of a robot with a flexible link robot.

I. INTRODUCTION

The use of the digital technology is pervasive in modern control systems, where the control task consists of the sampling of
the plant outputs, the computation, and the implementation of the actuator signals. The classic way is to sample in a periodic
fashion, thus allowing the closed—loop system to be analysed on the basis of sampled—data systems, see [2]. Recent years
have seen the development of a different paradigm where, instead of being sampled periodically (i.e. with a time-triggered
policy), the system is triggered when the stability property is lost (i.e with an event—triggered policy). A good number of
works deal with this subject, see [3], [12], [14], [9], [5], and [6] for an introduction to this topic. The problem is to design
an event-triggered mechanism to ensure the closed—loop stability. This problem was solved, for both the linear and the
nonlinear case, when the full state is available [12], [14]. When the state is not available, the problem was addressed in [8],
[4] for linear systems. In [13] the results were extended to linear event—triggered network control systems. In the nonlinear
setting, to the best of the authors’ knowledge, no result is still available when the whole state is not available for feedback.

The main objective of this paper is to address the problem of the event—triggered output-based feedback for nonlinear
systems, giving sufficient conditions for the dynamic feedback control of nonlinear plants subject to network constraints,
using an event—triggered strategy.

The paper is organized as follows. In Section II we recall the event-triggered control, and we introduce the class of
systems considered. In Section III we give sufficient conditions on the observer and on the observation error in terms
of input-to—state stability, along with relevant event—triggering mechanisms, in order to ensure asymptotic convergence to
the origin. In Section IV we consider some type of systems fitting into the class of systems considered in Section III. In
Section V an example is given. Finally, in Section VI we give some concluding remarks.

Notation: In the following, | - | denotes the norm || - ||1, and || - || is the euclidean norm. Moreover, | - | is the component
with the biggest absolute value. Furthermore, «(-) € K if it a strictly increasing function from [0, a) — [0, 00), while « is a
class Koo function if it strictly increasing function from [0, 00) — [0, 00) and lim,_,o «(r) = co. Finally, 8(r, s) € KL if
B(-,s) € K for all s and lim,_,, 5(r,s) = 0 for all . When a function f is Lipschitz, we denote L its Lipschitz constant.

II. PROBLEM FORMULATION AND DEFINITIONS

We will first recall some known facts and terminologies about event triggered systems. Consider the system

&(t) = fo(@(t), u(t))
y(t) = h(x(t))
where x € R"™ is the state, u € R" is the control, ¥y € R? is the output. The time instant ¢ is dropped if there are no
ambiguities. The functions f and h are assumed sufficiently smooth. We also assume the existence of a continuous state
based controller which renders the origin asymptotically stable.
The control scheme is shown in Fig. 1. Due to the communication constraints, there is no continuous communication
either between sensors and observer, or between observer and actuators. The inputs and the outputs are partitioned into

(1)

actuator/sensor nodes u = (uf,--- ,ul )", y = (yf, -+ ,yl)" = (h{ (x), - ,hF ()T, with uy,--- ,ug, y1,--- ,yr, Ot
necessarily scalars.

The value y;(ty,) = hi(x(tg,)), i = 1,--- ,r, is the last sampled value at the i** sensor node, available for the controller
to implement the control, while the value w;(t;,), ¢ = 1,--- , ¢, is applied to the system at the it" actuator node, through
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a classic zero—order holder Hy. It is worth noting that this means that the different outputs {y;};=1,... , and the different
inputs {w;};=1.... 4 are not sampled synchronously. For this reason, at time ¢ the latest output available is

T

9(t) = (o7 (th), 98 (th2) -+ v (1))

while the control is -
a(t) = (ul (t5,),uf (t3,) -+l (15,))

Denoting by e, = u — % and e, = y — ¥ the difference vectors between the continuous and sampled values, one considers

the vector E = (eI, eI)T of the error due to the sampling.

us Gy
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Fig. 1. Control scheme with sampled output and zero order holder

Let us consider first a simple case in which the state = is available for measurement, and let us assume that there exists
a state—feedback
u="(a) @)

rendering system (1) asymptotically stable at the origin. The partitioned input vector is

u= (@), AF @)

When the controller is implemented making use of the sampled values, one considers the last communication time ¢; between
controller and plant, and the control value

i=4() = (W), AT @,)

Using a classic periodic sampling, the next sampling time is t;4+1 = ¢ + J, where § > 0, so that tx11 —t =6 > 0 or,
that is the same
tpy1 = rntin{t |t >ty +6}.

The event triggered paradigm replaces this condition with a condition on the state values x(¢), z(¢x). A simple condition of
this kind is, for instance, the epsilon crossing policy, which is of the form

tpal = mtin{t >ty | |x(t) — x(te)] > e}

viz. z(t) is sampled when |z (t) — x(¢x)| is greater than a certain threshold value ¢ € R. When this condition is verified, an
event is triggered, which determines the sampling time ;1. The difference 6 = )11 — ) is usually called the inter—event
time. To avoid Zeno behaviors [7], it is important that the chosen sampling policy ensures that d; > 0 for all £ € N, possibly
under additional conditions.
Further strategies can also be used to determine the next sampling time. For instance, the state dependent triggering
condition
tpt1 = mtin{t >t | |z(t) — z(ty)| > o|z| + €}

with g,0 € R, or a mixed triggering policy
tey1 = mtin{t > ti + Omin, | |2(t) —x(tg)| > €}

with €, duin € R, Furthermore, (1) can be stabilized asymptotically with the state triggering condition
tier = min{t > ty, | [2(t) — 2(te)| > ol ()]}

under the sole assumption that the closed loop nonlinear system is input—to—state stable with respect to the quantity |z(t) —
x(ty)] [12].



When the state x of (1) is not measurable, these triggering policies cannot be implemented. In the following, we will
introduce the triggering policy that will be used in this case, taking into account the constraints on the communication of
output and input. An obvious assumption is that it is possible to design an observer that converges asymptotically to z, of
the form

&= fo(Z,y,u).

where f, : R™ x RP x R™ — R" is not smooth, in general. In view of an implementation via a triggering policy, and since
the observer has not y(t) available, one can use the vector ¢, so considering the observer

&= fol#,u,p). 3)

A feedback controller based on & given by (3) will be used in the following to stabilize the system (1) in the origin. The
input applied to the system, due to the communication channel, is & = (%), so obtaining the controlled dynamics

&= fs(z,7(2)).
Eventually, one gets the following closed—loop system
T = fo(a?,”y(:%), g)
The observation error is z = x — £. We assume that the observation error dynamics can be written is the form
2= fs(@,7(2) = fo(2,7(2), ) = g(z,01(eu), b2(ey), 7)

where 01,0, give the dependence on the input and the output errors e, e,, due to the sampling.

III. MAIN RESULT
A. Hypothesis on the Dynamics of the State Observer and of the Observation Error

Since the observer state is available, in the following we consider the observer dynamics, so allowing imposing on & a
triggering condition, along with the observation error dynamics

&= fo(@,7(2), h(# + 2)) (4a)
2 =g(z,601(ey), 02(ey), &) (4b)
where y = h(# + z) and § = h(Z + 2), or equivalently
X =G(X,E) 5)
where X = (27, 27)T is an extended state vector, and G = (fI,g7)T. In the following we consider the following

assumptions.
(A1) There exists an ISS Lyapunov function for (4a) such that V#,2 € R*, E € R™™P V¢ >0
e (|2]) < Ve(2(t)) < aea(|2])

OVeld) , o A
8 0,70, @ + 2)) < ~aa((al) + Bell(z, B))
with a1, e 2, 0,3, B € K, and [, a;é Lipschitz;
(Ay) There is an ISS Lyapunov function for (4b) such that Vz € R", E € R™*P, V¢ >0

o1 (|2]) < Vo(2(1)) < o 2(]2])
V,(z)

—, 9z 01(eu); O2(ey), &) < —ao3(|2]) + Bo(| )

with a1, 06,2, 0.3, B € K, and ﬂo,a;§ Lipschitz;
(A3) fo, h and v are Lipschitz;
(A4) g is Lipschitz with respect to (z, 61 (ey), 02(ey)), uniformly in &, and 6y, 6, are Lipschitz.

Remark 1: (A;) ensures the asymptotic convergence to the origin of the observer, in absence of sampling errors and
observation error, and an ISS property with respect to z, ey, e,. (A2) ensures the asymptotic convergence to zero of the
observation error in absence of sampling errors, and an ISS property with respect to e, e,. Those two assumption suppose
a separation principle between state estimation and control. o



Since we are interested in the stabilisation of the observer state & and of the observation error state z, in the following
we will assume that X (0) # 0.

Lemma 1: Under the Assumptions (A1), (Az), (A3), (A4), the extended system X = (27, 27)T admits an ISS Lyapunov
function V(X) such that V XR?" VE € R"*P, Vt >0
ar(|X]) < V(X) < az(]X])
IV (X)
0X

G(X, B) < —as(|X]) +0(|E])

with ay,as,a3,b € K, b,az*, G Lipschitz.

In the following section we are interested in providing sufficient conditions on the stabilisation of a nonlinear system using
the event trigger paradigm. The key concept will be the ISS of both the closed—loop system and of the observer dynamics.
For, we introduce the following lemmas.

Lemma 2: If the observer and the error dynamics verify (A1), (Aa), (A3), (A4), then there exist a ¢ > 0 such that any
sampling policy ensuring |E| < o|X]|, leads to asymptotic convergence of the overall system to the origin.

Remark 2: Under the hypothesis that as, al_1 are Lipschitz, one can prove exponential convergence of (4). In fact, since

S IX] < (X)) < V(X))

aq

one has that

Therefore

Remark 3: The choice o € <O, m
3

> represents a trade—off between the sampling rate and the convergence rate. ¢

Since |E| < o]|X

, using the norm equivalence there exists a ¢’ > 0 such that || E|| < ¢’||X|| implies |E| < o|X]|.

Lemma 3: For every x; > 0 there is a minimal time T, > 0 such that if |E| < o|X]|, then Vi, YVt € [tg, tk + Tmin)
the following inequalities are verified
[17:(2(8)) — 7i (2 ()| < sl X|
1 (£(t) + 2(8)) = hy(2(tk) + 2(E0)[| < [ X]-
Proof: In the following we assume X # 0. The argument follows the proof of Theorem 1 in [12]. Denoting e,,, =
~i(2(t)) — 7:(Z(tr)), one works out

d Jlewll _  eiiéu XX |les|
dt | X Jlew, 11X 11
lew lléw ]l X Tlesl]
= llew XTI

Since [|éy, || < Ly, ]| < Ly [IX

s

d el _ 1X] (L ;. I6i>
dt | X = X\ X

d llew, |l _ Le(IX] + [ E]]) ( €i|>
— z S L ; +
dt || X|| X X

Moreover, G is Lipschitz, so that

Since || E|| < o'|| X,

d [l / ( ||€z-||>
- . SLG(1+U) L i+ .
di || X| X



At each reset time one has e,, = 0. Using the comparison lemma with the differential equation

y=La(1+0d)(Ly, +y), wy(0)=0

one has
||€Ui (t)H < (eLg(1+o'/(t—tk) _ ].)L

IX@l ”'

Therefore the inequality
[7:(2(t) — v (@) > kil Xl
can not be true before time 1

Ri
Tmin:mln(]."‘ )

L Vi

Analogously, for
(1 (&(8) + 2(t)) = Ry (&(tk) + 2(tR)[| > r5]|1 X]

gives for the sensors

. 1 Py
Joo=— —In(1+-L).
Tm]n LG(1+O'/) Il( + th)
|
Let us define the triggering function at each node
thpr = min{t >t + 7o | flui(t) — wi(th)] > sl X[} (6)
tor = min{t > 1+ 7 | ly (8) — w3 (81 > sl X[} @)

Remark 4: From Lemma 3, t; ., = ming{t > t + 7h;, | lui(t) — wi(tp)| > wll X[} = ¢, = ming{t > ¢}, ]
l[ui () — wi(t) | > all X3 o

Lemma 4: If 3_(; . 4541, g1 K < 0 then (6) and (7) ensure |[E|| < ol X]|.

Proof: from (6) and (7
f: (6) @) | /
1Bl < > rel| X < o' [| X
{1, ryu{l, - q}
||

The proposed triggering conditions allow asymptotic convergence with a nonzero minimum inter—event time. Unfortunately,
they are not implementable on a network for two reasons. The first is that X is not available, since the observation error is
not known. The second is that sensors do not communicate among them nor receive information from the observer—based
controller. Nevertheless, considering the following modified triggering conditions

Rj

thar = mindt > 8 + 7o, | wi®) — wi)] > 7

(@)} (8)

Vi
. . . ) Kos
I — i J J g
B = minft > 6wl | y(8) =y > 57l 1) ©)
this approach can be used on a network, allowing asymptotic convergence and a nonzero minimal inter—event time, using

only information available at each node, as stated by the main contribution of this work.

Theorem 1: If (A1), (A2), (As), (A4) are verified, and the sampling instants are defined by (8), (9), then the origin of
the closed—loop system (4) is asymptotically stable and there exists a nonzero minimum inter—event time for each node. []

lly;ll
X d
2L, < | X an

i () = wi ()| > ril| X

HLu—i” < || X|| and Vi €

Vi
, while Vj € {1,--- ¢}

Proof: Under the hypotheses of the theorem, Lemma 1 applies. Since

{1,--- ,r} from Lemma 3 one can state that between ¢5, and ¢y, + 7.,
between i, and i, + 77, one has ||y;(t) — y;(tx,)|| > r; ]| X].

Therefore, || E|| < 0’| X|. Using Lemma 2, there is asymptotic convergence of (4) to the origin. [ |

in®




IV. EXAMPLES OF SYSTEMS FITTING INTO THE PROPOSED FRAMEWORK
A. Linear Systems

Let us consider a detectable and stabilizable linear system

i = Az + Bu
(10)
y=x
with '
Z=Ai+ Bu+ LC(Z — %) (11)
a Luenberger observer. With control K, one gets
&= (A+ BK)i+ BK(& — i)+ LCz — LC(z — %)
2=(A—-LC)z+ LC(z — x).
Since A + BK and A — LC' are Hurwitz, it is possible to find an ISS Lyapunov function for the extended system.
B. Nonlinear Lipschitz Systems
Let us consider a nonlinear Lipschitz system
= Ax+ Bu—+ ¢(x,u
dl.u) )

y = Cx.

Several results are available for the observer synthesis of nonlinear Lipschitz systems when the control and the output are
implemented in a continuous fashion. We consider an observer of the form

&= Az + BKi + ¢(x, K#). (13)

Hence, the extended closed—loop system is
t=A+2+BK#+ ¢, K#) + LCz (14a)
2=(A—-LC)z+ ¢(z, Ki) — $(Z, KT). (14b)

To implement an event—triggered control strategy, we need to consider the following structural properties.

(H1) [|o(z1,u) = d(22,u)|| < pllor — 22|, Yu € RP, (21,22) € R?™;

(Ha) [o(x,u)|| < pll]l,Vu € RP;

(H3) There exist a gain K such that u = K« for the system (13) and there exist a quadratic Lyapunov function

Ve(z) = 2T P.x, Vc(x) < —nch:r (15)

with P. = PT >0, . > 0;
(H4) There exist gain L such that for (14b) and there exist quadratic Lyapunov function for the z dynamic

Vo(2) = 2T P2, V,(2) < —n,2T2 (16)

with P, = PT >0, n, > 0.
In (H3), for p = 0 we have a linear system, and the existence of V., V,, derive from the stabilizability and the detectability.
Moreover, there always exists a pyax > 0 small enough such that the proposed Lyapunov function exist forall p € [0, pmax]-
For other (more complex) conditions of existence of V,, V, verifying (15), (16), see for instance [10].

Lemma 5: If (Hy),(Hs2), (Hs), (Hy4) are verified, then the proposed observer and the observation error verify (A1), (4z2), (As), (A4)

Proof: When subject to the trigger conditions, the observer has the following dynamics
&= (A+ BK)i+ BK (& — ) + LCz + LC(Z — 2).
Let us consider the candidate ISS Lyapunov function

2/ Amin (Po) 2] < 20/ V() < 20/ Amax(Pe) |1 2]]

having derivative g
1
/TP — (_AT s 1 94T P4 )
T Vit P.x 7TTPC£ QT+ 2&" Po(&,u)

1 o _ _
+ TM(QJ: P(BK(J: —I)+ LCz— LC(z — z))



where Q = —(A + BK)TP + P(A + BK). In virtue of (H;), one can write

dy /7p ne|| &1
—2ViTP.g < ————
dt 2T P.g
1 ) )
+ ———=|IIPIIz[ (IBK[|(z — 2)]]

VTP
L=l + ILCI(z = 2)11)
N
~ VAmax(Pe)
n (IBK|ll(z — 2)]| + ILCllI=ll + [ILCIlI (= — 2)])

1]

)\min(Pc)
which verifies assumption (A4;). Analogously, using the candidate ISS Lyapunov function 2+/V,, one can prove that (As)
holds. Furthermore, it is trivial to show that (H7), (H2) imply (4s), (A4). [ |

Therefore, applying Lemma 1 to the system (12), and using Theorem 1, to the event-triggered observer—based controller
ensures asymptotic convergence to the origin.

Corollary 1: 1f (Hy), (Hs), (H3), (H,) are verified, the event—triggered control policy (8), (9) and the control u = K&
ensure the asymptotic stability of the closed—loop system (14).

Proof: Lemma 5 ensures that (A;), (As), (4s), (A4) are verified. Then one applies Theorem 1 to the system (14). B

V. SIMULATIONS
The proposed methodology will be applied to a robot with a flexible link, used as a benchmark example in several papers
dealing with Lipschitz observers (see for instance [11], [1], [10]). The dynamics are in the form (12), with
i = Av + ¢(v,u) + BK3
= Ad + ¢(2,u) + BKZ + LCz
Cx

&
Yy
where
0 1 0 O
—48.6 —1.25 48.6 0 T
A= T ,B:(021.600)
19.5 0 -1950

1000 T
C = : ¢:(0003.3sinx3).
0100

One considers the control v = K&, with
K= <7.8428 1.1212 —4.3666 1.1243)

and the observer (13), with
9.3334  1.0001

—48.7804 22.3665
—0.0524 3.3194
19.4066 —0.3167

The closed-loop equations are in the form (14). The simulations have been performed considering the initial states

L=

2(0) = (1 11 1)T, #(0) = (o 00 O)T.

The theoretical values obtained on the triggering policy can be used but are too restrictive, due to the over—approximation
on the convergence rate of the nonlinear observer and on the triggering parameter estimations. Via simulations it is possible
to better tune the triggering parameters. It is worth noting that there is an order of magnitude of 100 between the theoretical
value and the practical ones. We compared the result of a system controlled using triggering policy

ty41 = mtin{t >t +0.01, | Jui (8) — wi(t,)| > 0.2|ui ()|}
by 1 = min{t >t + 001, s (8) — 95(t,)] > 020y (9]}




with the case in which ¢, 11 = t, + 0.05. The simulations show that for ¢ € [0, 2] s the system and observer are closed to
the equilibrium, while at ¢ = 2 s an impulse drives the system away from equilibrium. Then, for ¢ € [2,15] s, the system is

stabilized at the origin by the proposed observer—based controller.

Fig. 3.
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Fig. 4. Number of triggers with the a) Proposed event triggered policy; b) Periodic sampling. w1 (solid), y1 (dashed), y2 (dotted).

Figs. 2, 3 show the convergence of the observer and the stabilization at the origin of the overall system. We can note
that the event triggering is relatively slower with respect to the periodic sampling, but introduces a lower peaking. When
confronting the number of triggers in Fig.s 4.a, 4.b, it is clear that the number of communications is greater when considering
the periodic sampling, so justifying the interest of the proposed event-triggering scheme. It is worth noting that the advantage
of the method appears more clearly for output communications. As already noted, this is due to the fact that the observation
and the control communications are done only when necessary. The comparison of Figs. 4.a, 4.b illustrates a trade—off
between “intelligence” in the sensor and actuator, and the communication burden.



VI. CONCLUSION

In this paper we have presented an event—triggered observer—based controller for a class of nonlinear systems. Sufficient
conditions in term of ISS stability for the observer and the observation error dynamics are given for designing an event—
triggering mechanism ensuring the asymptotic convergence to the origin of the closed—loop system state. A particular subclass
is that of systems with Lipschitz nonlinearities. The relevance of the approach has been highlighted by simulations of a
robot with a flexible link, where the triggering parameters have been appropriately tuned.

Further work will include a practical way of determining theoretically a good choice of triggering parameters. Furthermore,
even thought the hypotheses on the state and on the observer imply a separation principle (convergence of the observer
without assumption on the trajectory of the state) when considering a continuous feedback, this property is lost when
introducing the triggering policy. Since this is not the case when considering periodic sampling, an interesting question to
address is: Can we ensure a separation principle when using event—triggered control policies?
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1y

The output feedback problem admits a certainty equivalence approach which requires a separation principle. I am sure
that the authors are aware that this type of assumption is limited to a very special class of nonlinear systems. One
should find an alternative motivation for the observer design problem considered here.

2) Lemma 1 is not properly stated. I think that the authors require a global Lipschitz property for ba?jl and G. Is this
what is meant by Lipschitz on compacts?

LUCIEN: In the next version I removed the part taking Local Lipschitz hypothesis instead for ease of notation we
deal with global Lipschitz function. And save local result for an ulterior version (where linearized system fall into the
scope of example)

3) The main result Theorem goes along the line of existing results on event-triggered control systems. The contribution
is to add a trigger for the measurement updates. There is an underlying observability issue that seems to be missing
here. Triggering on the process measurements will only highlight some states. It is quite possible that some of the
state estimation errors do not vanish while the measurements do vanish.

LUCIEN: the assumption A2 prevent this from happening since it require the capacity of synthesising an observer
when continuous sampling is available. And the triggering mechanism will not produce singularity of observation.

4) The linear case study should probably clarify this situation but the result simply applies Theorem 1.

5) Typo in the proof of Lemma 1, ||y; — u;|| should be |ly; — ;.

6) One limitation of the proposed results is that no disturbance is present in system (1). It would be interesting to add
bounded process and measurement noise. This would make the analysis more significant: in this case, the maximum
allowed inter-event time for a required asymptotic error would take into account the noise magnitude.

LUCIEN: Interesting but outside the scope of this article (Journal paper?)

7) no comparison with other conventional methods has been done.

LUCIEN: The approach is novel in that it consider a new class of system and show that “classical” event trigger
mechanism do work there is no point in comparing it with other triggering mechanism.

8) effect of measurement noise on results has not been considered.

LUCIEN: Another good point that would require further study

9) effect of initial condition on performance of proposed observer should be addressed.

LUCIEN: perhaps write a remark stating that A1 and A2 prevent harmful phenomenon to appear during the transient.
10) no consideration about control effort has been investigated.

LUCIEN: An important issue of this article is highlighted: We miss a good example.
11) effect of triggering parameters is very important in the proposed method and should be studied.

LUCIEN: The MAIN issue of the article is given that is our method to estimate valid parameter is in general restrictive



