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Error bounds in stochastic-geometric normal
approximation

Mathew D. Penrosell” and Tom Rosoman’}

Y Department of Mathematical Sciences, University of Bath, Bath BA2 7AY, UK

We provide normal approximation error bounds for sums of the form )" &., indexed by the points 2 of a Poisson
process (not necessarily homogeneous) in the unit d-cube, with each term £, determined by the configuration of
Poisson points near to x in some sense. We consider geometric graphs and coverage processes as examples of our
general results.

Keywords: Central limit theorem, Berry Esséen bound, stochastic geometry, coverage process

1 Introduction

On first acquaintance with the central limit theorem, it is not uncommon for undergraduates to ask how
accurate the normal approximation is for a sum of (say) twenty random variables. One answer is provided
by the Berry-Esséen theorem. This says that there exists a constant C' such that if 7" = . &; is a finite
sum of independent identically distributed random variables with finite third moments, then

T-BT ~3/2 e
dK< VaT(T),Z>§C(VarT) ;EHQ E&), (1.1)

where Z denotes a normal random variable with mean zero and variance 1, and for any two random
variables X, Y we set
dx(X,Y) = sup|P[X <] - PIY <],
teR

the so-called Kolmogorov distance between the distribution of X and that of Y. A possible value for
the constant C' is given as 22/5 in (6) (page 525). Note that without a numerical value for C, the result,
while providing information about the rate of convergence in the central limit theorem, does not provide
an answer to the undergraduate question mentioned above.

In the present paper we are concerned with sums arising in stochastic geometry with spatial dependence
between terms. The summands &; are now indexed by the points x; of a Poisson point process in a region
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of d-space (so the number of terms in the sum is random), and are assumed to be determined by the
local configuration of points in some sense. Such spatial random sums have been much studied recently,
motivated by amongst other things, spatial statistics and theoretical computer science; see (8; [14; 215 22)).
Depending on the precise nature of the local spatial dependence, numerous central limit theorems are
available for such sums (see e.g. (157} 8 [15;[19).

Again in the geometric setting, Berry-Esséen type error bounds are of interest. Barbour and Xia (2)),
improving slightly on similar results of Penrose and Yukich (18), provide such a bound in a general
geometric setting, but with a non-explicit constant C'. For some geometrical examples, Chatterjee (4)
provides error bounds which allow for (among other things) a non-Poisson number of points, though only
for the weaker Kantorovich-Wasserstein distance, rather than the Kolmogorov distance (see the discussion
at the start of Section 2 of (4)), and also with a non-explicit C'.

In the present paper we provide a general Berry-Esséen error bound similar to that of (2), but with a
more explicit constant (Theorem [2.3 below). As an application, we consider normal approximation for
sums (over the Poisson points) of functions of each point’s k nearest neighbour configuration, and compare
this result with the similar one in (4) (again we have a more explicit constant). In these examples, as in
(1.1)) above, the error bound depends on the variance of the sum in question; finding a lower bound for
this variance can be viewed as a seprate problem to be considered case by case, although for the purpose
of asymptotics, general methodologies for finding lower bounds for variances have been proposed in
{175 19).

The notion of local dependence is formalized by the notions of radius of stabilization or radius of
localization, as used in (2; [18} [20) and elsewhere. Considerable simplifications are possible where this
radius has bounded range, and for this case we give general results with simpler bounds. We also discuss
some concrete examples where the range is bounded; namely (i) the count of the number of Poisson points
with kth nearest neighbour less than some given distance away, and (ii) the covered volume in a union of
balls centred at the Poisson points. We compare our results for these examples with those in (4) and (7).

As in (18), the general idea here is to express the variable of interest, or some close approximation to
it, as a sum of variables forming a k-dependent random field, and use results of Chen and Shao (5) who
provide normal approximation for such sums (using Stein’s method). A refinement of this method is also
used in (2), while Stein’s method is used a different way in (4).

As this suggests, there is nothing very new about the methodology used here, although it has apparently
not been well publicised (e.g. in (4), the ability of previously known methods to provide error bounds is
somewhat understated). Alongside our principal aim of providing more explicit error bounds, we also aim
in the present paper to draw further attention to these methods.

We restrict attention here to Poisson processes in the unit cube [0, 1], but we believe this approach
should also be applicable in the case of Poisson processes in a nice d-dimensional manifold embedded
in a higher-dimensional Euclidean space, which provides much of the motivation for considering more
general metric spaces in section 3.4 of (4). In the special case where the Poisson process on [0, 1]¢ is
homogeneous of intensity A, it can be viewed, by scaling, as equivalent to a Poisson processes of unit
intensity over [0, A\'/?]¢. There is an extensive literature on central limit theorems (without concrete error
bounds) in this setting (e.g. (7585 (95 [10; 1125 [13519).
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2 General notation and general results

For z € R% and r > 0, let B,.(z) denote the Euclidean ball of radius r around =, and let 6, denote the
volume of the unit ball By (x). For p > 0, write Po(u) for a Poisson variable with mean .

Let (f(),z € [0,1]¢) be a probability density function on the unit cube [0, 1]¢, and assume its supre-
mum [, is finite; let fi,;, denote its infimum. For A > 0 let Py be a Poisson point process with intensity
function A f(-) on the unit cube [0, 1]%. List as x1, o, . . ., v the points of Py.

Suppose £(x, ¥) is a measurable real-valued functional defined on all pairs of the form (z, ¥) where
U is a finite point set in [0, 1]% and x is a point in this point set. For z € [0, 1]? \ ¥ we write &(z, ) for
E(z, ¥ U {z}). Let

N

T:=Y & Pr); o:=+Var[T]. 2.1)

=1

We are interested in normal approximation for (T' — ET')/o.
Given a > 0, we can divide [0, 1] up into disjoint small cubes (boxes) C; of side aA™/¢ (if a— 1 \}/¢
is not an integer, these will not form an exact fit). Define

Yi= > &@inPy);  X;=Y; - E[Y]] 2.2)
iz, €C;
Note that 7' = > Y;. For p > 0, set
Bp = Bp(a) := mZaXE|Xi|p; Bp = Bp(a) = m?XE|Yi|p.

For t > 0 we say that the range of interaction of & is at most ¢, if {(x, ¥) = &(x, ¥ N B;(x)) for all x and
all ¥. Our first result concerns the case when & has a range of interaction that is not too large compared
to A\~1/4. As we shall see, it follows rather easily from known results, but nevertheless has its uses.

Theorem 2.1 Suppose for some a > 0 that the range of interaction of € is at most A\~ %a, and 3 < <.
Then with T' defined as above,

. /d N\
dg (T’,Z) < 75 % 21% ([/\;d]) B3(a)o 3.

In Theorem 2.1, we have assumed for simplicity that a third moment bound holds, i.e. 83 < co. One
can also obtain weaker bounds under the weaker assumption that 3 is finite for some ¢ with 2 < ¢ < 3,
but we do not do this here.

It is often more natural to start from having a bound on the pth moment of the contribution from a single
point inserted into 7, rather than on the contribution from all Poisson points in a cube of side aXA~/¢. Set

Vp = sup E[|¢(z, Px)|"]. (2.3)
zER?

For 2 > 0 we define the notation hy(x) := (14 2~/4)%. This is useful because for any = > 0 we have

1/d d 1/d1d
hgz(x)=(Jj +1> > [ (2.4)

x1/d x
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Note that hg(1) = 27 and hy is decreasing with hg(x) — 1 as x — oo.

By combining Theorem [2.T]and Lemma [5.2] below, we obtain a similar result to Theorem [2.1] but with
the error bound given in terms of -y, some p > 3, rather than 33. For simplicity we give this only for the
case with p = 4.

Theorem 2.2 Suppose for some a > f,;;){d that the range of interaction of & is at most a\~"/?, and that
Y4 < 00. Then

T - ET
dK-(VZ> < 2129(174600)hg(Aa~ )y 2 £3 . a®P Ao 3. (2.5)
g

max

This result is similar to the case Q(p) = 0 of Theorem 3.2 of (2)), but provides an explicit constant as the
coefficient of Ao~ in the right hand side.

We give a further general result where we assume only that the range of interaction of ¢ is aA~/¢ with
high probability, rather than almost surely as in Theorems [2.1] and 2.2] For this we require the notions
of stabilization and localization, also used in (2} [15} [18) and elsewhere (for a survey see (20)). Consider
measurable R*-valued functionals of the form R(z, ) where W is a finite point set in [0, 1]? and z is a
point in this point set. For z € [0,1]? \ ¥ we write R(z, ¥) for R(z, ¥ U {z}). We say that R is a radius
of stabilization for & if £(x, ¥') = £(x, ¥), for all z € [0, 1]¢ and all finite point sets ¥, ¥’ in [0, 1] such
that ¥/ N BR(ac,\I/) (z)=9¥nN BR(m,\Il)(x)-

We shall say that R is a stopping radius of localization for £ if for all » > 0, the value of the function
1{R(z, ¥) < r} is determined by the pair (z, ¥ N B,(x)), and also for all (z, ¥) we have

The notion of ‘stopping radius of localization’ is used (without being assigned any particular terminology)
in (2). It is similar to, though not the same as, the notion of ‘radius of localization’ described in (20). The
notion of ‘radius of stabilization’ is the same as in e.g. Definition 2.1 of (18)), up to a multiplicative factor
of A/ (where ) is the Poisson process intensity); for the non-asymptotic error bounds given here it is
more natural not to include A in the definition of radius of stabilization.

Theorem 2.3 Suppose R is either a radius of stabilization or a stopping radius of localization for &,
A>1, and a > f,;;){d is a constant such that

sup P[R(x,Py) > aA™ 9 <A77, (2.6)
z€([0,1]4
Then
T —ET
dK»<,Z) < (3.012a%% 4 2) 174600(21) > hg(Aa~ )y * 3 Ao 2. (2.7)
ag

Theorem [2.3]is similar to Theorem 3.2 of (2)). By taking the p of (2)) to be the same as our a, and setting
the ¢ and p of (2) to be 3 and 4 respectively, one sees that the middle term in the bound provided by (2)
is similar to the bound in our Theorem except that we provide an explicit constant, while (2)) has a
factor of f2__ where we have f3

max max-*
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In many cases, a condition known as ‘exponential stabilization’ holds, i.e. for each A there exists a
radius of stabilization R(\) such that

limsup ¢! sup log P[)\l/dR()\) >t < 0.
t—o0 A>1
When this condition holds, we can take the a in to be a constant times log A, and hence the bound in
1) is at most a constant times (log \)2¢\o—3, which is a slight improvement on Theorem 2.1 of (I8),
and would be the same as in Corollary 3.1 of (2), except that the latter result has a typo: the factor of
¥~P3/2 in (2)) should be ¥ Ps.

To conclude the discussion of Theorem we note that it is possible to conceive of a radius of stabi-
lization which is not a stopping radius of localization. For example, suppose £(x, ¥) is the distance from
x to its nearest neighbour in ¥ \ {z} (or 0if ¥ \ {z} is empty). Suppose for i = 1,2 we set R;(x, ¥) to
be the distance from  to its ith nearest neighbour in ¥\ {z} (or v/d if ¥\ {x} has fewer than i elements).
Set R(x, ¥) to be Ry(x, V) if the first non-zero digit in the decimal expansion of Ry(x, V) — Ry(z, ¥)
is even and set R(x, ¥) to be Ra(x, ¥) otherwise.

Then R is a radius of stabilization for £, since R > R; and R; is a radius of stabilization. However,
in this example, given r > 0, in the event that Ry (z, ¥) < r < Ry(z, ¥), we cannot tell from looking
at U N B,(z) whether R = R; or R = Ry, so that the value of the indicator 1{R(x, ¥) < r} is not
determined by the configuration of ¥ N B,.(z). Therefore R is not a stopping radius of localization (it
fails the ‘stopping time’ condition).

Of course, in this example a more natural choice of radius of stabilization, instead of R, would be Ry
which is in fact a stopping radius of localization. Lemmal6.5] (in Section [6) makes rigorous the idea that
given any radius of stabilization we can find a stopping radius of localization that is smaller.

Essentially because of examples such as the one above, there is in fact a minor error in the proof (though
not the statements) of the main results of (I8), which can be fixed by using Lemma|[6.5] We shall discuss
this issue at the start of Section 7l

For our last general result, instead of making an assumption on the range of influence of £(xz, ¥) we
assume for some k € N that £(x, U) is determined by « and the k nearest neighbours of x in the point set
W. Throughout, our logarithms are to base e.

Theorem 2.4 Suppose fumin > 0. Let k € N, and suppose X > 1. Suppose that T is given by (2.1)), and
that £(x, V) is determined by x and the k nearest neighbours of x in the point set V. Suppose also that

9log A

22d+19d1max<1 on 2’
—log

Then

. (T—ET Z> B (1764)%(2452781)~3/* f3,.. max (861 (log A)?, k2) A
K\ — >

g o (fmined)QU3

)‘fminad > ) (29)

h
i <2d+1 max(9log A/(1 — log 2), k)
The condition (2.8]) is a mild lower bound saying that X is reasonably large, both in absolute terms and

relative to k. The final factor of h,(..) in the bound (2.9) is at most (3/2)? by condition (2.8), and will
be close to 1 if A is large enough both in absolute terms and relative to k.
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Theoremis similar to Theorem 3.4 of (4), with a Poisson number of points in [0, 1] @ rather than with
a fixed number of points in a general metric space as in (4), and with an error bound on the Kolmogorov
distance rather than the Kantorovich-Wasserstein distance as in (4)). Setting aside the differences in scope,
we may compare the error bound in Theorem with that in (4). Our A corresponds to the n of (4)),
and 7, := AP/24, corresponds to the quantity denoted -, in (@); our factor of 72/ “) could be written
as ’yi/ “A~1/2, Our bound is then competitive with that in (4). Indeed, if we consider only the second
term in the bound in (4), we see that our bound has a more explicit constant factor, and has a factor of
max (861(log A)2, k?) where (d) has a factor of n*/Pk* ((4) requires a pth moment condition for some
p > 8).

Much of the motivation for consideration of nearest neighbours in (4) comes from applications to tests
of dimensionality such as those in (L1). As mentioned earlier, these are often concerned with data in a
submanifold of R?, for which our methods may well be adaptable but are not directly applicable. There
are many other applications of nearest-neighbour statistics for which Theorem [2.4] should be directly
applicable; see e.g. the discussion and references in (19), and see (3) for a recent discussion of one
particular application.

It should be possible to prove a similar result to Theorem [2.4] (with a different constant) for summands
which depend, not on the k nearest neighbours, but on the the Voronoi cells of the Poisson points; see the
arguments in Section 6.3 of (13).

All of the results stated in this section carry over to the case where the points carry independent iden-
tically distributed marks, as in (18). Here we have not given the results with this degree of generality for
the sake of clarity of exposition.

If the functional £(x, ¥) takes only nonnegative values, then each of the bounds , , and
still hold with the right hand side divided by a factor of 4. This is because in that case, in the proof of
in Lemma5.2] below, one can use the bound instead of and this improvement carries through
to the subsequent proofs of Theorems and

As they stand, the constants in our bounds might be too large to be of much practical use except for
very large samples (i.e., large values of \). There may be scope to reduce the bound in the constant in
Theorem 2.4l We discuss this at the conclusion of Section [7}

We prove Theorems [2.1] and [2.2] in Section [5] We prove Theorems [2.3] and [2.4] in Section [7] using
estimates from Section [f] We discuss two concrete examples in Sections [3]and ]

3 Degrees in geometric graphs

Theorem[2.T|reduces the problem of finding normal approximations to finding bounds on the variance and
third moments. In this section we apply it to the count of vertices of given degree in the geometric graph.
Given a finite point set ¥ C R, and > 0, the geometric graph G(, ) is the graph with vertex set ¥
and with each pair of points distance at most 7 from each other connected by an edge (see (14) for much
more about random geometric graphs).

Theorem 3.1 Let k € N. Suppose T denotes the number of points x; in the Poisson process Py with
degree at least k in G(P,a/\’l/d). Suppose fuin > 0. Then, setting J := P[Po(27%04a% fuin) > kI,
and j1 = a® finay, we have:

T - ET 1/d_\“
dx (Z) < 75 % 21% ([2]) (2p® + 3% + p)(NT) 7372, (3.1)

g
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1/2

and also, setting 0 = (VarT)'/?, we have

max

T—-ET
dx < ,Z) < 75 % 2120 hg(a”9N) £3 (2% + 3a? + 1) Ao, (3.2)
o
The bound ({3.1]) is more explicit but we have also included the bound ([3.2]) for comparison with (4); this
example is discussed as application (i) of Theorem 3.4 of (4). Correcting an inconsistency between the
definition of o there and in Theorem 3.4 of (4) itself, the displayed bound in (4)) should be
C <k4n1/2072 + k3n073)

which is rather like our bound in (3.2)) except that (4) has powers of k in the bound, while we have powers
of @ in the bound. If a is fixed but k£ grows as A becomes large, then our bound will grow more slowly.

Proof of Theorem Our specific choice of T here is given by the general formula (2.1]), when we set
&(z, W) = I[{{¥ N Byy-1/a(z)} > k. By Theorem[2.1]
d

_ 1/d
dx (T UET7Z> < 75 % 21% ([Aa}) B3(a)o 3. (3.3)

We need to find an upper bound for 33 := (33(a). Set p := a? fiyax and V' = Po(u). Then

B3 = E|Xi° = BY; - E[Y}]|> < EV’] + (BV)® = 21° + 31 + pu.

Using this in (B.3)), together with (2.4), we obtain (3.2).

For 1’ we need to find a lower bound for . For z,y in R, let F,, (respectively Eg(cy)) denote the
event that = has degree at least k in G(z; Py U {x}) (respectively, in G(x; Py Ux,y)). Using Palm theory
for Poisson processes (see e.g. (14)) we get:

ET) = A [ PIE, f(a)do
and
BT~ 1) =3 [ [ PIEY 0 B (o) (y)dody
> % [ [ PIEPIE) @) f0)dody = (EIT),

Therefore
Var[T] = E[T(T —1)] + E[T] — (E[T])* > E[T].

Then P[E,] > J as the worst case scenario is x being at a corner of [0, 1]% and having f(y) = fumin for
all y near z. Therefore

BT = A/P[Em]f(a:)dx > )\/Jf(at)dx =\
Plugging this into (3.3 gives (3.1)). O
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4 A coverage process

In this section, we let the random variable 7" be the total area covered in the unit cube by the union of
balls of radius a/ A1/ centred at points of Py. We assume throughout the section that aA =1/ < 1 /2.

Theorem 4.1 Suppose fuin > 0. Then with T as just described, and o = \/Var(T),

T—FET
drc ( Z) < 75(144)%(Oqa’ A1) %03 4.1)
and
T - ET 144)%(ag,4)'/? d
dx 7)< 75( ) (a®04)'* exp(3 fmaxa®0q) ' 42)
(1= 20" VA7 (exp(2~ Funina®0a) — 1)P/PX1/2

As an example, if we take d = 2, f uniform and 640 = 1 then we get

_ 2, .3 3
dre T ET72 < 75 % 144° x e 1 2
o (exp(1/4) —1)3/2)\1/2 NZ3)

L 206%10° (2 ?
()
A reduction in this bound is possible if working on the forus rather than the unit cube. See the remarks at
the end of this section.

Again we have included a bound which includes o to aid comparison with (4). The quantity
64a? X\~ corresponds to the quantity denoted M, in Proposition 3.3 of (4). The second bound
agrees with the bound described in (4) for the case a = 1, but provides an explicit constant; a related
bound (without an explicit constant) is also implicit in earlier work of Gotze et al. (7).

To prove bounds of the form of those in Theorem taking &(x, ¥) to be the area of the region formed
by the intersection of B, \~1/4(z), [0,1]% and the Voronoi cell around z. However, we can obtain better
error bounds by splitting the unit cube into a lattice of little cubes Z;, each of side € with e ™' € N, and
thinking of 7" as ) Y; where Y; is the area covered in cube i. Let X; = Y; — E[Y;]. Then the centred
variable T := T'— E[T] is equal to >~ X;. We also do better to use the following result of Chen and Shao
(5) (not the same one used to prove our general results):

Let J be a finite index set. Given a set of subsets {C; C J;i € J} define N(C;) as {j € J :

C;NCj # ¢}.
Lemma 4.1 (5)) Suppose (X;,i € J) is a family of variables with mean zero and finite variances. Assume
foreach i € J there exists A; C B; C C; C J such that X; is independent ofXAg, X a, is independent
of Xpe and Xp, is independent of Xce. Also assume max(|N(Cy)[, {j : i € C;}|) < k. Let 2 <p < 3.
Let W =Y, X; and 0 := Var(W)'/2. Then:

w
di | —,Z ) < 75"~y  E|X;[Po™P
v (%) st S pxp

Proof of Theorem[d.1] We split the unit cube into very small cubes of side e. Given any § > 0 we can
find an € > 0 such that given the cube of side € centred at 7 we can let A;,B; and C; be made up of cubes
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of side ¢ inside the balls of radius 2a\~/% 4§, 4aA~/¢ 4+ 25 and 6aA~"/¢ + 36 respectively around 4.
This ensures that N (C;) < €~ %0,(12aA"1/4+65)%. Also,i € C;iff j € Ciso|{j:i € C;}| < |N(Cy)|.
Therefore we can take & to be e~ %0,(12a\~/4 + 65)7.

Now we need an upper bound for the third moment. We can simply say E|X;|? = E|Y;—E[Y;]|? < €3
Therefore Y E|X;|? < e~ de3d = €24,

So using Lemma[4.I] with p = 3 gives

T
dr < Z) < 75[e %0,4(12aA "1 + 66)4)2 (203
g
for any § > 0. Taking the limit as ¢ tends to zero gives
T 2 —1/d\2d _—3
di | —, Z ) < 7505(12aX Vo 4.3)
g

which implies (4.1]).

For the variance we have
Var[T] = E[T?| — (E[T))* = / / (P[E, N E,] — P|E,|P[E,]) dzdy
(0,12 J{0,1]4
> [ | (PIE.E) - PIEPIE,) dody
[ax—1/d 1—aqX~1/d]d JD,N[0,1]4

where D, is the ball of radius aX~/4 around y and E, is the event that y is covered (note that events I,
and E, are either independent or positively correlated for all 2, ). Now given  and v, let the expected
number of points of Py in D,, Dy and D, N D, be denoted vy,v2 and u respectively. Then

PIE, (E,] - PIEIPIE)
=1—-e")+el—-e"")1=e"")=(1—e")(1—e"")
— e—(vl—i-vg)(eu _ 1)

Now with z in D,,, the ball of radius (a/2)A~/% around the midpoint of xy is contained in D, N D,,, and
fory € [ax=1/4 1 — aXA~/9]? (ie., y away from the boundary of the unit cube), this ball lies inside the
unit cube, so we can bound u by

a

u > Afmin(m)ded = 27dfminadad

and we can bound v; by

a
(%1 < )\fmax( )ded = fmaxad9d~

2\1/d
The same bound also holds for v2. The volume of D, N[0, 1]¢ is at least ad;)d so putting all of this together
gives

adﬁd

Var|T) > - exp(—QfInaxadﬂd)(exp(?fdfminadéd) -1 - Qa/\*l/d)d.
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Since 02 = Var[T] = Var|[T], we can now substitute this into (4.3)) to get

T
dy (Z> < 75602(12a A~/ 4)2d
(o

—3/2
2 exp(—2fmaxa?0a) (exp(2~ fmina®®a) — 1)(1 — 2ax~"/ d)d>

(adH
X

and (4.2) follows. O

With d = 2 and the coverage process on the unit torus we can also reduce the variance integral to

4dra® exp(—2ma?) [™/?
VarT] = e exp)\( ma’) / cos flexp(3a? (20 — sin 20) — exp(a® (20 — sin 26)]d6
0

With a = 1/+/7 this gives Var[T] ~ 0.45/X which gives the bound

T—-ET
e (

,Z) < 75(144)4(0gaA"1)20 73 &~ 5.1 % 1060 71/2,

5 Proof of Theorems[2.1land 2.2

Our proof of Theorem@is based on a result of Chen and Shao (5), which we now describe.

Let Z¢ denote the d-dimensional integer lattice. The distance between two points i = (iy,..,%4) and
j = (j1,...jq) in Z% is defined by |i — j| = maxi<j<q |4 — Jji| and the distance between two sets A and
B is defined by p(A, B) = inf{|i — j| : i € A,j € B}. For a given subset J of Z¢, a set of random
variables {X;,i € J} is said to be an m-dependent random field if {X;,i € A} and {X;,j € B} are
independent whenever p(A, B) > m for any subsets A and B of J.

Lemma 5.1 (3) Let {X;,i € J} be an m-dependent random field with zero means and finite E|X;|P for
2<p<3 Let W =YX, let 0> = Var|[T), then

w
di | —,Z ) < 75(10 1)@=DINT B X, [PoP.
o (5 2) < 010m 4 )00 S Bl

Proof of Theorem[2.1] The random variables X; are now a 2-dependent random field so we can apply
Lemmal5.1|with m = 2 and p = 3 to get the result. O

Lemma 5.2 Suppose v, < oo for some p > 3, with a := p/(p — 3) € N. Then for any a > 0,

B3(a) < 873/padfmax(1 + 60 4+ 1602 + 6a% frax + 4% 2 ) 5.1
and

Bs(a) < 'yg/padfmax(l + 6 4 1602 + 60 frax + 40212, (5.2)
while if y4 < oo then

B2(a) < 49,720 frnase (5 + 202 fina)- (5.3)
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Note that in Lemma [5.2] we do nor make any assumption on range of interaction of the functional &.
Lemma[5.2]is similar to Lemma 4.3 of (18), but with a more explicit constant and a different proof than
there.

Proof of Lemma We wish to provide a bound on 33 in terms of +y,, which we assume to be finite
for some p > 3. Note first that by the Holder or Minkowski inequality, with X,,, and Y, defined by ,
B[l Xw|’] = E[|Ym — EYil’] < B[([Ym| + [EYi])’] < 8E[[Ym°]. (5.4)
In the case where ¢ takes only nonnegative values, we have the better bound
Bl Xl = EllY, — EYl*] < Blmax (Yo, EY,,)? < B[Y3 + (EY,)Y
< 2E[Y2]. (5.5)

Setting IV, to be the number of points of Py in C,, and listing the points of Py N Cy, as y1,...,Yn,,,
we have that

N 3
E|lYn) <E (Z |f<y,-,7a>|>

=EY 6w PP +3E Y 1€, PA)* (5, Pyl
i (4,5):i#7

+E Y €W PaEWS PAEWE Py
(4,4,k)iAj#kAd

so that by Palm theory for the Poisson process (see e.g. Theorem 1.6 of (14)), writing Py for Py U {z}
and Py"Y for Py U {x, y}, we have that

E[|Ym[?] < Ay + 345 + As (5.6)

where we set

A=A / Ele(, PP £ ()de

m

Ay = X2 /C fa)da /C S @ayBlEC, P, P

Ay = NP /C f(x)de /C F(w)dy /C F(2) B[z, PL¥)E(, PEH)E(, PV
Also, similar arguments to and yield
E[|Xn|?] S AE[|Y;n|?] < 444 + 445, (5.7)

where we set

Ay = )\/C E[|€(z, Py f (z)da; (5.8)

m

Ayi= 3 [ s [ pwayBle Pe P (5.9)
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Consider in turn the terms in the right hand side of l) First, since EN,,, = A f ., x)dz, Holder’s
inequality implies for any p > 3 that

A, <A / 75 (2)dz < AP (EN,p). (5.10)
C,

m

Turning to A,, let U, V, W be independent continuous random d-vectors taking values in C,,, with com-
mon density function f(-)/ [, f(x)dz, and independent of 5. Then by Holder’s inequality,

Az = (ENp)? - E[lE(U, P )*E(V, PY)]
< (ENR)*(E[EU, PP (ENEV, PP, (5.11)

Now let P} be a Poisson process on (0,1)? \ C,, with intensity Af(-), independent of (U, V, W). For
j € Nlet X; denote a binomial point process consisting of j independent identically distributed ran-
dom d-vectors taking values in C,, with common density function f(-)/ [ c,, J(@)dz, independent of
(U, V,W,P}). Then

E[EU, PP =Y E[§(U, X1 UPY)PIP[Ny, = ]
7=0

> 1

;)EEUXMUPA)H Vo =i 1] (S

)
i e, % U PYII PNy, = ] (Ejv )
-sfjwrar- (32

3
p/;D (E

N P/ =3\ PP
( z N’" ) D (5.12)
where the last line comes from Holder’s inequality.

Assuming p is chosen so that p > 3 and « := p/(p — 3) € N, and writing (n),, for the descending
factorial n(n — 1) - -+ (n —a+ 1), we have for n > 2« that n® < 2%(n), so that that since IV, is Poisson
distributed,

E[N2] = E[N21{N,, > 2a} + N21{N,, < 2a}|
< 2°B[(Nm)al + (20)® = 2%(ENy,)® + 2°0°

N \* 1o a \ "\ o}
EKENM> } <2<1+<ENm) ) <2(1+ENm) (5.13)

so that by (b.12)),

SO

E[lEU,PY)P] < 292/P(1 + a/ EN,y,)
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and the same bound naturally holds for E[¢(V,PY)3]. Hence by ,
Ay < 2(EN)73/P(ENp + ) (5.14)
Next we argue similarly for A3. We have that
Ay = (BNw)* BIEX, PY2)EY PU)E(Z P
so by Holder’s inequality and the equality in distribution of £(X, P}\/’Z), (Y, Pf’z), and £(Z, Pf’y),

As < (EN)*E[I€(X, Py 7). (5.15)

Also, with the same notation as before,

E[E(X, Py )] =) ElIE(X, Xjya UPY) PPNy, = 5]
7=0

= 3 Bl UPPIPING, =+ 2 (LR
7=0 )
<Y E[E(X, X UP) PPNy, = i] ((Z(Elzv_l)L)
i=0 "
~E [Ié (X, Py)° (W)]
P I
e [(Mola 1) ] . (5.16)

Assuming « := p/(p — 3) € N as before, we have that

E[(Nm(Nm = 1)) = E[(Nim (N = 1)) 1{Nyn, > 4a}]
+E[(N. ( — 1)) 1{Nn < 4a}]
<2

E[(Nm)2a] + (4a)*
= 4%(EN,,)** + (4a)*™

aql/a a - 2a 1/ 2

Ny (N, — 1)\ 1 16% 16ax
Jo | RS ) < (1404 2 2% <d4
K (EN,, )2 =" T @EN e =t EN, 2

so that by ((5.15]) and ([5.16]),

so that

162
3 3/17
Az < (EN,,)*y <4+(ENm)2>

= 493/?(ENy, ) (BN )? + 402). (5.17)
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Combining (5.6)), (5.10) (5.14)) and (5.17]), we have that

B[] < 43/P(ENw) (14 6(ENy, + @) + 4((ENy,)? + 4a?)) . (5.18)

By the choice of box side as a/A/?, we have the bound EN,,, < A fuax(a/AY4)? = a? fiax, for all m.

Hence, by (5.18)), (5.2) holds. Also, using (|5.4)), we obtain (5.1]).
It remains to prove ([5.3]), which we do by bounding A4 and A5 given by (5.8) and (5.9)). First, note

that by and an analogous argument to ([5.10)),
Ay < /\/C o f (x)dz < 41 *(EN,,). (5.19)
Also, by , and a similar argument to (5.11)),
As < (EN)Y(EBEWU, PPN (EIEV. PRIPNY?) = (BN E[IEU, PY )]

and by a similar argument to (|5.12]),

Blew. PP < B |lew. P (- )|

27\ 1/2
v (+[(3)])

As < 2(ENy)7s 2 (ENm +2). (5.20)
Since EN,, < a®fiax, combining (5.20) with (5.7)) and (5.19) gives us the bound
B[ X [?) < 473" (0 finax) (20" fina + 5)
which implies ([5.3)). O

Proof of Theorem 2.2} By Theorem [2.1]and Lemmal[5.2] with v = p/(p — 3) we have that

so by the case o = 2 of ((5.13]),

T —ET AL/d N
dx ( ,Z> < 600 * 2127 ([1) o33P0l frax
ag a

X (14 6a 4 1602 + 60 frax + 4?2 f2. ). (5.21)

Putting z = a~ %\ in 1l we obtain the bound ([a‘lz\l/d])d < a 9 \hg(a™N).
Taking p = 4, so that & = 4, in (5.21]) yields

T —ET
dK( ~ ,Z) < 600hq(a~ N 212N 393/ f

X (1 + 24 4 256 + 602 frax + 40?1 f2,.).

max
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If also a? fmax > 1 then

T—-ET
dK ( ,Z) < 600hd(aid>\)212dA0'73'YZ)/4fmax(291a2dfr%1ax)

g

and follows.
6 Preliminaries to the proof of Theorem

In this section we provide a series of estimates, which we shall ultimately use in the Section [/|to prove
Theorem [2.3] First we give a simple estimate for the tail of the standard normal distribution.

Lemma 6.1 Forall x > 0, it is the case that
Pl|Z]| > z] <272, (6.1)

Proof. A standard integration by parts argument shows that P[Z > z] is bounded above by 2~ (27)~1/2¢="/2,
so that

BP|Z] > 2] < (2/m)/2a%e /2
and this bound takes a maximum value (at = = v/2) of (2/7)/2(2/e) which is less than 1. O
Let a and R be as in the statement of Theorem and set

€' (w,0) = &(, W)L{R(z, ¥) < aA™ V)

N
T = Zg’(mi,ﬂ); & :=Var(T). 6.2)
=1

Lemma 6.2 Suppose the assumptions of Theorem[2.3|hold. Then

PIT#T] <\°8, (6.3)
E(IT T < ~M/*A-23/4, (6.4)

and
BT <X B[] <7\ 65)

Proof. By Palm theory for the Poisson process (see e.g. Theorem 1.6 of (14))),

N
PIT#T) < EY 1{Ry(w;, Py) > ar""/4}

i=1

= )\/ P[R(x,Py) > aX~ Y f(z)dx
(0,1)4
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and (/6.3)) follows from ([2.6]); similarly,

> ‘g(xi,Pm{R(xi;PA) > aA—l/d}”

i=1

N

3w POL{Re(zi; Py) > ad Y4}

=1

E|IT-T|=E

<F

_ /\/ El¢(z, Py [1{R(z:Py) > e\~ VY f(z)dz
(0,1)

so that by Holder’s inequality,

E|IT-T|] < A (B¢, PNV (P[R(z; Pr) > ar™))*/* f(z)dx
and (6.4 follows by (2.6)). Also, similar (simpler) arguments yield (6.5)). O

Given any random variable X, and given p > 1, we use the standard notation || X |, for (E[| X |P])*/P.
We obtain the following bounds using Lemma [5.2] and Minkowski’s inequality.

Lemma 6.3 Under the assumptions of Theorem[2.3) it is the case that

T3 < (291)2ha(\)7a"" frnascA, (6.6)
T3 < (291)2ha(MN)72"* frnaxAs 6.7)

and
o < V28ha(\)7s" frmasxA. (6.8)

Proof. We can write T = Y &(z;, Py) as a sum of [A1/4]? contributions from boxes of side A\~'/¢. By
Minkowski’s inequality and ([5.2)) with « = 4, and the fact that fi,,x > 1, we obtain the bound

ITl|5 < [AY9)4(B3(1)) /2 < [AY 4420147/ 2

and (/6.6 . follows by . Since 74 (given by (| .) is also a bound for E[¢'(x, Py )], a similar argu-
ment yields (6.7]). Also, a further application of Minkowski’s inequality, with X,,, denoting the centred
contribution from the mth box of side A~1/¢, yields

2
o= |E (Z Xm>
s0 by (2.4) and the case a = 1 of (5.3)), we obtain (6.8). O

The final estimate in this section is a bound, in terms of o, on the relative difference between o and &.

)1/3

max

/\1/d'|dﬁ ( )1/27
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Lemma 6.4 Provided \ > 1, it is the case that

Proof. By the Holder and Minkowski inequalities,

og—0

| < 90ha(N)7; A0
g

|B[T%) - B[T?%)| = |E(T® - T*){T # T}]|
< | T2 = T2||5/2(P[T # T))"/?
< (1T laj2 + 1T l3/2) (P[T # T])'/?
= (T3 + ITN3)(P[T # T))'?,
so by (6.3), (6.6)., and (6.7)),
[BIT?) = B[T]] < 2(291)**ha(A*13/* Fah ™.
Also, using and (6.5]), we have that
[(ET)? = (BT’ = (BT + ET)(ET — T))| < 23/*A7/%,
Combined with (6.10]), using the fact that (291)%/% < 44, this gives
0% — 5| = |BT? — (BT)? — (BT — (BT)?)
< 88hd()\)2’yi/2 2 \"2/3 4 2%1/2)\—19/4

max

< 90ha(N)27y 2 fR A2/

We can deduce from this, together with the estimate

2

-0? |6°-0o
<
o olc+o) = o2
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(6.9)

(6.10)

d

We now deal with the fact that in the statement of Theorem[2.3] R may be either a radius of stabilization

or a stopping radius of localization.

Lemma 6.5 Suppose R is a radius of stabilization for &, and let X > 1, and ¢ > 0. Then there exists a

stopping radius of localization for &, denoted R, such that for all x € [0, 1]¢

P[R(z,Py) > c] < P[R(z,Py) > d.

Proof. Let F be the collection of finite point sets in [0, 1]¢. For z € [0,1]¢, and ¥ € F, set

S(z, V) :=sup{&(z, V') : ¥ € F,¥' N B.(x) = ¥ N B.()};
I(z, ) := inf{(z, V') : ¥ € F,¥' N B.(z) =¥ NB.(z)}
and set

~ _fe if S(z,¥) =I(z, )
Rz, ¥) = { 2v/d otherwise

(6.11)
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Then S(z, V) is a measurable function of (z, ¥) (see (16), page 1128), as is I(x, ¥). Hence R(z, D) is
a measurable function of (z, ¥). Also, by definition the value of 1{R(z, ¥') = c} is determined by the
pair (, ¥ N B(z)), and for all z € [0,1]? and ¥ € F we have £(z, ) = £(z, ¥ N Bj, ) (x)) (this is
easily checked for both the possible values of R(az, U)). In other words, Ris indeed a stopping radius of
localization. Moreover, it is easy to see from the definition that if R(z, ¥) < ¢ then R(z, ¥) < ¢. Hence,

(6.11)) holds. O

7 Proof of Theorems 2.3 and [2.4]

Before proceeding with the proof of Theorem[2.3] we note first that there is a small error in the proof (but
not the statement) of the main results of (18)). That proof proceeds similarly to the one here, via a variable
T,\ defined similarly to our T given by ; see Section 4.3 of (18). Shortly before (4.12) of that paper, a
dependency graph argument is set out based on the assertion that the contribution to T from a given box
is determined by the the restriction of the Poisson process to the union of neighbouring boxes, i.e. boxes
within distance a\~/? (in the notation of our 1) from that box. This assertion is valid when R (in the
definition at ) is a stopping radius of localization, but could fail if R is a radius of stabilization (as in
the statement of results in (18)). Indeed, if R is as in the example discussed shortly after the statement of
our Theorem[2.3] then there could be Poisson points z in a given box, for which the value of the indicator
1{R(z,Py) < aAx~/%} is not determined by the restriction of P to the union of neighbouring boxes, and
hence the value of T is also not determined by the restriction to these boxes.

However, it is possible to fix the proof in (18) by using our Lemma [6.5] to replace the original radius
of stabilization by a stopping radius of localization satisfying the same tail probability bound, as we do in
the present paper.

Proof of Theorem[2.3] Define the “constant” (strictly speaking, a bounded function of A\, A > 1)
B := B(d,\) := 2124174600 4()).

Assume the conditions of Theorem hold; by Lemma we can (and do) assume without loss of
generality that R is a stopping radius of localization. Let A > 1 and let a > f@;,{ d satisfying |i Then
T given by (6.2) is a sum of terms with range of interaction aA~'/%, and so by Theorem 2.2} we have

T-ET
dr ( Z) < ByYAp3 . a2ineR, (7.1)
o
By the proof of (4.19) of (L8), for any two random variables Y and Y’ on the same probability space,
and any € > 0, we have the estimate
dx (Y, Z) < (2n) Y2 + P|Y = Y'| > &] + dg (Y, Z) (7.2)

which we shall apply in the case where we take Y = (T'— ET) /o, and Y’ = (T — ET) /&, and (motivated

by (7.1)) take

e:= By 3 Ao (7.3)

max
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We need to estimate the middle term in the right hand side of ([7.2]). Note first that for any A > 1, since

hq()\) < 2¢ it is the case that

3/2 3 d
2(28)*2ha(V)* _ 2 x 149 (;:2) -

B — 174600
and therefore by (6.8)),
0 < (B/2 faeh” < (B/27" X’
so that by (6.3)) and (7.3]),

7 — 3/4 _
PIT # T < A8 < (B/2)/ flacho ™ =¢/2.
Also, (7.4) implies that 56h4(\)? < B fumax, so that by (6.8),
202 < 371/2 mdx/\2 < 371/2 )\27/4
and therefore by (6.4]),
|ET — ET| < v/ *\"2/4 < (B/2)v3/* 3 _\o~2 = ea /2.

Now we can estimate the middle term in the right hand side of ([7.2)), by

T—-ET T-ET
P — - > ¢
o &
<p T—ETﬁT—ET € s T—ETﬁT—~ET 25
o o 2 o o 2
5 T—ET (65—
PIT #T]+ P _ <“ “) 25]’
o o 2
where for the last line we have used (7.6). By (6.9).
T—ET (5— 2\2/352
g (” ”) > <Plizlz —— 7
o o 2 180ha(N)2y,  f2...
T — ET
+2dK< ,Z),
&
so by (7.7) and (7.5)), we have that
T—-ET T-ET A\2/352
P Bl Y P Z] > c
o g 2 180ha(N)27;"” f2.0x

+2dx (T iET, Z> .
g

(7.4)

(7.5)

(7.6)

(7.7)
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Using ((7.2), and the fact that (27)~1/2 < 1/2, then yields

T—-FET
dK( ,Z)SE—FP

g

2l > e\2/3 52 ]

180/a(X)27; % £2.0s
T - ET
+3dx ( — ,Z) . (7.8)
g

To estimate the last term in the right hand side of (7.8]), we would like to replace the &3 in the right
hand side of ((7.1)) by 03 times a suitable constant. Before doing this, assuming for now that ¢ < 1, we
make the estimate

gohd()\)2€2/3)\—4/3 - 90hd(>\)4/3 24/3 d 90
B2/3 = (21)%/3(174600)2/3 — \ 214/3 ) (174600)%/3

2\*? 90 1
<(=)] ———n < =—.
=\ 21 (174600)2/3 = 799

Then use and ([7.3)) to make the estimate

~_3 ~ -3 _3
T (14920) < ()
_ -3 3
90hg(N)2e2/3\=4/3 799
=(1- <|=—=—1] <1.004
( B2/3 TA\T98/) 00
so that (|7.1)) implies

T —ET
dK< _ ,Z> < (1.004) B2/ £3 . a?Ao™3 = (1.004)ea2?.
g

Now we bound the middle term in the right side of . It is easily checked for A > 1 that
5040h4(\)* < BY/3. Then by (6.8),
X > 180ha(N)? BT 2 AR (28ha(0) ) )
> 180hg(A\)2B~ Y3 12§22 o2
so that with £ given by (7.3),

1/4
B’74/ fmax>\5/3 > 4 _ 571/3
180hq(N)20  — Bl/3)‘1/3fmax'7i/4 ’

Then (by (7.3)) again) the middle term of the right side of (7.8)) satisfies

21> — X0 I IPH i
T 180ha(N)2 fRax ] 180ha(X)%0
< P[\Z|25’1/3]
< €
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where the last line comes from ([6.1]).
Putting together the preceding estimates for the terms in the right side of ([7.8]), gives

T—-ET
di (Z) < (3.012¢°" +2) ¢ (7.9)
o

which yields (2.7). Finally, we assumed earlier in the proof that ¢ < 1, but if this fails then clearly (7.9
holds anyway, and hence so does ([2.7)). O

Proof of Theorem Assume that 7" is given by (2.1), with {(z, V) is determined by « and the &
nearest neighbours of z in the point set ¥. Let Ry (x, ¥) denote the distance from z to its kth nearest
neighbour in the point set ¥ \ {x}, with Ry (x, ¥) := d'/? if ¥ \ {x} has fewer than k points. Then R,
is a stopping radius of localization for .

Setb :=18/(1 — log2). Let A > 1 satisfying (2.8)), and then set

a:i= ((f29)1/d) max (blog A, 2k)1/d . (7.10)
minYd

Since the Euclidean unit ball is contained in the £, unit ball in R<, for all d we have the bound
0, < 2. (7.11)

Therefore, since we assume k& > 1, and since fin < 1, the value of a given by ([7.10) satisfies a > 1,

and hence a > f;;)éd

For x > 0 set H(x) = 1 — z + x log x, and recall the Chernoff-type bound for the Poisson distribution
(see e.g. (1.11) of (14)):

P[Po(p) < p'] < exp(—pH (1’ /p), 0 <p' <p

By the choice of b, H($)b = 1(1 —log2)b = 9. Also, the condition ([2.8)) ensures that aA~1/¢ < 1/2, so
that for z € [0, 1]%,
P[Ri(z,Py) > aX /%] < P[Po(279\ fminfaa®/N) < K]
= P [Po (max (blog A, 2k)) < k]

1
< exp(—H(§)blog A) =27,

and therefore if we make this choice of R = Ry, and this choice (|7.10) of a, all the conditions of Theorem
hold. Hence that result, along with the definition (|7.10|) of a, yields

T—ET 44 )
de [—== 7)) < (3012 ——— blog \, 2k)2 + 2

with
e = 174600(21)%hg(Na~ Dy * f3, Ao,

max
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. 2
and since bz < 861,

- 49(12.048 861(log \)2, k2
i (T ) < (ML (VA )
minVd

To simplify this further, note that by 1} we have 2 < 2(4’19;2), and since also fi,in < 1, and we
assume k > 1, we obtain

T—-ET 4%(14.048) max (861(log A)?, k?)
e < o ’Z) = ( (fminta)?

x2124174600hg(Aa~ )y 4 £3, Ao ™?

max

_ (1764)4(2452781)hg(Aa=")73/* £3, max (861(log A)2, k2) A

o (fmingd)20'3

This gives Theorem [2.4] as required. O

Remarks. In proving Theorem [2.3] we have followed the scheme of (I8). This argument involves
a rather coarse discretization of the unit cube so as to use a result of (5) on normal approximation for
k-dependent random fields. Barbour and Xia (2) use a different result of (5), and avoid this coarse dis-
cretization. It is possible that by following the proof of Theorem 3.4 of (2)), and keeping track of the
constants there, one could reduce the constant in the bound of Theorem [2.3] and hence also in Theorem
24

Even staying within the scheme of the proof given here, it might be possible to reduce the bounding
constant somewhat by adopting a less crude bound on o2 than the one we have used at . As was
done in (18) and (2), one can by using the local dependence of the terms contributing to &2, bound &
by a similar bound to that in but with the factor of A changed to (Aa?)'/? (and the constant factor
changed), and then using the proof of Lemma [6.4] deduce bound of similar form for o. Following the
effect of this in our proofs it appears to be that we might be able to take A~ instead of A= in Theorem
and hence reduce the constant of 861 in Theorem [2.4] although some of the other constants might
also change. We have not checked how this would work out in detail.
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