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MOLLIFICATION IN STRONGLY LIPSCHITZ DOMAINS WITH
APPLICATION TO CONTINUOUS AND DISCRETE
DE RHAM COMPLEX*

ALEXANDRE ERN' AND JEAN-LUC GUERMOND/

Abstract. We construct mollification operators in strongly Lipschitz domains that do not invoke
non-trivial extensions, are LP stable for any real number p € [1, o], and commute with the differential
operators V, VX, and V-. We also construct mollification operators satisfying boundary conditions
and use them to characterize the kernel of traces related to the tangential and normal trace of vector
fields. We use the mollification operators to build projection operators onto general H!-, H(curl)-
and H (div)-conforming finite element spaces, with and without homogeneous boundary conditions.
These operators commute with the differential operators V, Vx, and V-, are LP-stable, and have
optimal approximation properties on smooth functions.
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AMS subject classifications. 65D05, 65N30, 41A65

1. Introduction. Smoothing by mollification is an important tool for the anal-
ysis and the approximation of partial differential equations. This tool has been in-
troduced by Leray [24, p. 206], Soboleff [31, p. 487], and Friedrichs [18, p. 136-139].
The mollifying operation commutes with differential operators and converges opti-
mally when the function to be smoothed is defined over the entire space R?. These
properties may not be easy to achieve if the function in question is defined only in
a non-smooth domain D, say only Lipschitz, since mollification by convolution as
originally introduced in the above references requires to extend the function out-
side D, which is a non-trivial task in general unless the boundary and the function
are reasonably smooth. The boundary difficulty has been overcome by Blouza and
Le Dret [5] and Girault and Scott [19] by redefining mollification using a convolution-
translation technique so that mollification does not require information outside of D.
The question is, however, more subtle when dealing with vectors fields where normal
or tangent boundary conditions are involved, and, to our knowledge, has not yet been
fully addressed in the literature.

The first objective of this paper is to revisit the theory of mollification for scalar-
and vector-valued fields in strongly Lipschitz domains with the following goals in
mind: the mollification operators must be compatible with the De Rham complex
(i.e., they must commute with the standard differential operators V, Vx, and V),
be LP-stable for any real number p € [1, o0], and have strong convergence properties
in the entire domain. Using a partition of unity subordinated to a covering of the
boundary as done in Blouza and Le Dret [5] and Girault and Scott [19] is (seemingly)
incompatible with the first constraint. The route that we propose instead is based on
a shrinking technique of the domain using transversal vector fields. We also devise
a second sequence of mollification operators based on the extension by zero; the
corresponding operators have the property that the mollified functions are in the
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kernel of the canonical trace operators in H', H(curl), and H(div) (i.e., zero trace,
zero tangential trace, and zero normal trace, respectively). The main results of the
first part of the paper are Theorems 3.3 and 4.4, and their respective corollaries. As
an application of independent interest, we give in Theorem 4.7 a clear characterization
of the kernel of the traces associated with the divergence and the curl operators.

The second objective of this work is to use the mollification operators introduced
in the first part of the paper to construct quasi-interpolation operators onto general
finite element subspaces of H', H(curl), and H(div), with and without homogeneous
boundary conditions. We want these operators to satisfy three key properties: (i)
LP-stability for any p € [1,00], (ii) commutation with differential operators, (iii)
preservation of functions in the finite element spaces. Operators with such properties
are important tools in finite element exterior calculus, see Arnold et al. [2, §5.4],
[3, §5.3], where they are termed bounded cochain projections. In particular, the
above properties imply that the quasi-interpolation error is bounded by the best
approximation error.

The bases for constructing stable, commuting, and quasi-interpolation projec-
tions have been laid in Schoberl [28, 30] and Christiansen [10], where stability and
commutation are achieved by composing the canonical finite element interpolation
operators with some mollification technique. Then, following Schoberl [29], the pro-
jection property over finite element spaces is obtained by composing these operators
with the inverse of their restriction to the said spaces. An important extension of
this construction allowing the possibility of using shape-regular mesh sequences and
boundary conditions has been done in Christiansen and Winther [12]. Further vari-
ants of this construction have recently been proposed. For instance in Christiansen
[11], the bounded cochain has the additional property of preserving polynomials lo-
cally, up to a certain degree, and in Falk and Winther [17] it is defined locally. In the
present work, we revisit the results of [12] by invoking our shrinking-based mollifica-
tion operators which do not require extension outside the domain. We also present
the results in the language of numerical analysis to make them accessible to a wide
audience. The main result of this second part is Theorem 6.4. As an application, we
give in Theorem 6.5 discrete Poincaré inequalities for vector-valued functions.

The paper is organized as follows. In §2 we introduce a shrinking technique of
D that avoids difficulties with the boundary. We also introduce an expansion tech-
nique. In §3 we use the shrinking technique to devise mollification operators that
commute with differential operators, are stable in any LP space, and have approxi-
mation properties on smooth functions. Using the expansion technique from §2; we
introduce in §4 mollification operators that produce compactly supported functions
and share the same properties as the shrinking-based operators. In §5, we introduce
the finite element setting that is necessary to construct canonical interpolation oper-
ators on standard H'-, H (curl)-, and H (div)-conforming finite element spaces, with
and without homogeneous boundary conditions. In §6 we devise quasi-interpolant
operators that are LP-stable, commute with differential operators, and preserve finite
element spaces, with and without boundary conditions.

2. Some geometry. In the entire paper, D is an open, bounded, strongly Lip-
schitz, connected set in RY, int(D) denotes the interior of D, and D its closure.
Points in R? and R%valued functions and mappings are denoted using bold face; the
Euclidean norm in RY, ¢ > 1, is denoted ||-[|s2(gay, or ||-||;> when the context is unam-
biguous. We abuse the notation by using the same symbol for the £2-induced matrix
norm and the norm of multilinear maps.
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2.1. Shrinking of strongly Lipschitz domains. Let us now weaken the star-
shaped hypothesis by assuming that D is just a strongly Lipschitz domain, i.e., there
are a > 0, 8 > 0, a finite number N of affine maps T,, n € {1:N}, and Lips-
chitz maps ®,, : B(Oga-1,) — R such that 9D = UiLl T,{(x,z = ®p(x)) | €
B(Ogai-1,)}), and for all n € {1: N},

T,{(x,2) | ¢ € B(Oga-1,0), ®p(x) < 2z < &, (x) + B}) C int(D),
T, ({(x,2) | x € B(Ogi-1,a), ®,(x) — B < 2z < ®,(x)}) C RA\D,

where B(0ga-1,a) is the open ball of radius o in R?~! centered at the origin.

Since D is strongly Lipschitz and bounded, the combination of Theorem 2.7 and
Lemma 2.2 from Hofmann et al. [22] implies that D has continuous globally transversal
vector fields, i.e., there exist a vector field J € C°(9D) and a real number v > 0 with
the property that n(x)-J(x) > v at a.e. point  on 9D, where n is the unit normal
vector pointing outward. Proposition 2.3 in [22] in turn implies the existence of a
vector field j € C*°(R?) that is globally transversal and ||j ()2 = 1 for all z € OD.
We then define the mapping:

w5 R¥> 2+ x—dj(x) € RY (2.1)

Using Proposition 4.15 in [22], together with the uniform cone property (see [22,
pp. 599-600]), we infer that there exists r > 0 such that

ps(D) + B(0,0r) C D, Vo € [0, 1]. (2.2)

LEMMA 2.1 (Properties of @;5). The following properties hold:
(i) The map @5 is of class C™ for all § € [0, 1].
(ii) For all ¢ € N, there is ¢ such that maxzep |[D'ps(x) — D'x|;2 < ¢6, for all
§ €10,1].
(iii) @s(D)+ B(0,0r) C D for all § € (0,1].
(iv) The mapping x — x +t(ps(x) + (dry) —x) maps D into D for allt € [0, 1], all
y € B(0,1) and all § € [0,1].

Proof. The first two properties are consequences of j being of class C*° and D
being bounded, while (iii) is just (2.2). To prove (iv), observe that t(¢s(x) — x) =
@is(x) — x. This implies that « + t(es(x) + (0ry) — ) = pis(x) + tory € @i5(D) +
B(0,tér) C D for all y € B(0,1), all t € [0,1] and all § € [0,1]. O

2.2. Expansion of strongly Lipschitz domains. Since D is bounded, there
are xp € R and rp > 0 such that D C B(xp,rp). Let O = B(xp,rp)\D. The
domain O is bounded, open, and strongly Lipschitz; hence, we can apply the above
argument again, and deduce the existence of a vector field k € C°(R9) that is globally
transversal for O and ||k(x)|,2 = 1 for all * € dO; note that 0D C 00. We then
define the mapping:

95 : R > & — & + Jk(z) € RY. (2.3)

Proposition 4.15 in Hofmann et al. [22] and the uniform cone property imply that
there exists ¢ > 0 such that

95(0) + B(0,35¢C) c O, VY5 € [0,1]. (2.4)

LEMMA 2.2 (Properties of ¥5). The following properties hold:
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(i) The map Ys is of class C* for all § € [0,1].
(ii) For all ¢ € N, there is ¢ such that maxgep |[D9s(x) — D'x||,2 < c6, for all
5 €10,1].
(iii) 95(0) + B(0,26¢) C O for all § € (0,1].

Proof. The only novelty is the proof of (iii). Let & € O, then there exists z; € O
such that (14+0Lyg)| zs —x||;2 < 6¢, where Ly denotes the Lipschitz constant of the field
k in O. We observe that ¥5(z) + B(0,25¢) = 95(z5) + (9s(x) —95(25)) + B(0,25¢) C
95(0) + B(0,6¢) + B(0,26¢) = 95(0) + B(0,35¢) C O owing to (2.4). O

3. Mollification without extension. We introduce in this section a mollifica-
tion technique in strongly Lipschitz domains that does not require to invoke non-trivial
extensions and that commutes with differential operators. The mapping 5 : D — D
and r > 0 are defined in (2.1) and (2.2). In what follows, Js(x) denotes the Jacobian
matrix of 5 at ¢ € D.

3.1. Mollification. Let us consider the following kernel

N N N
ply) = "eXp( H\yH;) , ff lylle <1, 51)
Oa lf Hnyz Z 1’

where 7 is chosen so that [p.p(y)dy = fB(O yPy)dy = 1. To be generic, we

introduce ¢ € N, ¢ > 1, and a smooth R7%%-valued field As : D — R9%9 (related
to the Jacobian Js of ¢4, see (3.5) below) such that for all I € N, there is ¢ such that

sug | DY (As(x) — )|l < ¢, (3.2)
e

where [ is the identity matrix in R9*9. Consider the following smoothing operators
acting on f € L'(D;R) and g = (g1,...,9,)" € L*(D;R):

(KEf) () = / o)1 (05(@) + (5r)y) dy, (3.3a)
B(0,1)
(Ksg)() = As(@) (g1 (), - ., Kigq(2))T. (3.3b)

Property (iii) from Lemma 2.1 implies that
ps(x) + (0r)y € ps(D) + (6r)B(0,1) C D, Yz € D, Yy € B(0,1).

The means that the domains of K§ and Kj are indeed L'(D;R) and L*(D;R?), i.e.,
there is no need to invoke extensions outside D.

LEMMA 3.1 (Smoothness). Ksg is in C°°(D;RY) for all g € L'(D;RY), and Ksg
as well as all its derivatives admit a continuous extension to D.

Proof. Owing to (3.2) and (3.3b), and using the Leibniz product rule, it suffices
to show that the statement holds for K%. Let us prove first that K% f is continuous.
Let « and z be two points in D. Up to appropriate changes of variable we have

Kf@) = K51(2) = g || ((522) = p(2522)) st do,

where we replaced ps(x) + (6r)B(0,1) and ¢5(z) + (6r)B(0,1) by D and used that
p is zero outside the unit ball B(0,1). The uniform Lipschitz continuity of p and s
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implies that there is ¢ such that |p (%f(m)) —p (%j(z)) | < &l — 2|2 Asa

result, we infer that
IG5 f (@) — K5 f(2)| < e(6r) " flla oy & — 2|z,

which proves that K§f is Lipschitz continuous; hence K§f is uniformly continuous.
This proves that K5 f € C°(D;R) and K§f admits a continuous extension to D. Let
us now evaluate the gradient of X§f. Using the chain rule, we infer that

V(KES) (@) = / () IT (@)(V ) (s () + (6r)y) dy

B(0,1)

— () / (1) (Vf) (05 () + (r)y) dy
B(0,1)

— @60 [ sV ((ese) + (@) dy

B(0,1)

= I () (6r) ! / V() f(@s(x) + (6r)y) d.

B(0,1)
We can then conclude that V(K% f) is Lipschitz continuous by using the same argu-

ment as above and continue the argument by induction. O

3.2. Examples. Let f € L}(D;R) and g € L'(D;R%). Following [28] and [30,
§3], we define the following families of mollification operators:

CHORY o, PO ) 5 () (3.42)
(K5a)(e) = | o, PO @ (sta) + (0r)y) (3.4D)
(Kig)) = | o, PO @ @@ + 0y, (340
(k3@ = [ o, PO A@) @) + () (3.44)

for all @ € D. The superscripts in (3.4) refer to the fact that K§ (resp., K§, K¢, K§)
acts on functions in the graph space of the gradient (resp., curl, divergence, identity)
operator, see Lemma 3.2 below. Furthermore, the functions K$g, K¢g, KL f are of
the form (3.3b) with A%(z) =1 and

Aj(x) =I5 (), Af(x) = det(J5(2))I5 " (),  Aj(x) = det(Js(z))  (3.5)

Property (iii) from Lemma 2.1 implies that (3.2) holds true in the above three cases.
Let p € [1,00]. Assuming d = 3, we define

z8P(D) ={f € L*(D) | Vf € L*(D)}, (3.6a)
Z°P(D) = {v € LP(D) | Vxv € L?(D)}, (3.6b)
Z4?(D) = {v € L*(D) | V-v € LP(D)}, (3.6¢)
7Z'"?(D) = L*(D) (3.6d)

LEMMA 3.2 (Commuting with differential operators). The following holds:
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(i) VKEf =K5Vf, for all f € Z&P(D),
(ii) VxKSg = K§Vxg, for all g € Z°P(D),
(iil) V-K¢g = KiV-g, for all g € Z4P(D),

i.e., the following diagram commutes:

A\ V x V-

Z&P(D) ZP(D) Z4P(D) Z'P(D)
K8 K Kd K (3.7)
(D) c=(D) — VX . c=(p) . c=(D)

Proof. Upon setting T'(x) = ¢s(x)+dry, these identities are simple consequences
of the chain rule:

V-(det(Js(z))I5 " (
V(I3 (z)(goT
This completes the proof. 0

3.3. Convergence. We now show that the smoothing operators defined above
have interesting approximation properties. Owing to Lemma 2.1, Js5 and ,J]gl converge
uniformly to the identity, and det(Js) converges uniformly to 1. As a result, there
is 0y € (0,1] such that [|[Js —Ifl,2 < 3, [|T5 ez < 2, and |det(J; )| < 2¢, for all
d €10,00] and all x € D.

THEOREM 3.3 (Convergence). The sequence (KCs)o<s<s, @5 uniformly bounded
in L(LP; LP) = L(LP(D;R?); LP(D;R?)) for all p € [1,00]. Moreover, ||[Ksf —
fllze(pray — 0 as 6 — 0 for all f € LP(D;RY).

Proof. Owing to (3.2) and (3.3b), it suffices to show that the statement holds for
K§. (1) We show first that K% is uniformly bounded in £(LP; L?) by using the Riesz—
Thorin interpolation theorem. The statement is evident for p = oo with constant
¢ = 1. Now consider f € L'(D;R), then

IKE 1oy < / / )| (ps(@) + (6r)y)| dy da

/ / |f(ps(x) + (6r)y)| dzdy

B(0, 1)

< / o(¥) / 1£(2)]] det(s(=))| " dzdy < el Fll: (o),
B(0,1) (D)+(6r)y

since § < dp. The Riesz-Thorin interpolation theorem implies that [|K%f|lr»p) <

1 .

c? || fllLe(py, so that || fllepy < il fllze(py, with ¢; = max(1,¢).

(2) Assume first that f is smooth over D, say uniformly Lipschitz with Lipschitz
constant Ly, i.e., |f(x) — f(2)| < L¢||® — z[|s2. Then,

K51 () — f(=)| =

/B oy, PO s(@) + 0ry) — @) ay

<[ s@)Lilleste) ~ @+ ()l dy < Ly
B(0,1)
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In conclusion, there is ¢ = cmax(1,|D|) such that |KSf — fllz»(p) < co Ly9.

(3) We conclude by using a density argument and the triangle inequality. Let f €
LP(D). The space of uniformly Lipschitz functions being dense in LP(D), there is a
sequence of uniformly Lipschitz functions (fy)nen such that || f, — fllzr(py — 0 as
n — o0o. Then

IS f = Flleoy S NKE(f = fu)lloe oy + 1K5 fru = Falle oy + 1 fn = fllLecpy
<allf = falleepy +coLy, 6 + || fn — fllLe(D)-

Let € > 0 and let n(e) be large enough so that || f,) — fllzr(p) < €. Setting do(e) =
¢/Ly, ., we have || K3 f — fllLr(py < €(c1+co+1) for all § < dy(€). In conclusion, for
all € > 0, there is do(€) such that ||KC§f — flle(p) < €(c1 +co+ 1) for all § < do(e),
which proves that ||[K§f — f|lz»(py = 0asd — 0.0

We now can state a result that shows that the above smoothing technique is su-
perior to mollification alone, i.e., contrary to the result originally stated by Friedrichs
(see e.g., [8, Thm 9.2]), strong convergence on the derivatives now occurs over the
entire domain D.

COROLLARY 3.4 (Convergence of derivatives). Let p € [1,00]. Then,

lim V(K5 = fllep) =0, Vf € Z57(D), (3.8a)
lim [|Vx (K59 = g)ller(p) =0, Vg € Z°7(D), (3.8b)
Lim IV-(K§g — 9)llLrp) =0, Vg€ Z?(D). (3.8¢)

Proof. Using Lemma 3.2 we infer that VK§f = K$V f, and Theorem 3.3 implies
that K§Vf — Vf in LP(D) as § — 0, which proves (3.8a). A similar argument holds
for (3.8b) and (3.8¢c). O

3.4. Convergence rate. We now establish convergence rates.
THEOREM 3.5 (Convergence rate). There is ¢ such that

IKsf — fllor(pray < cO°|flwer(Dira), (3.9)

for all f € W*P(D;R?), all 6 € [0,d0], and all s € (0,1], p € [1,00) or s = 1,
p € [1,00].

Proof. Owing to (3.2) and (3.3b), it suffices to show that the statement holds for
K§. Assume first that p < oo.
(1) Let f € W*P(D) with s € (0,1). We estimate K% f — f in LP(D) as follows:

IS = Mooy = [ | [ o, PO s(@) + 07)) — f@) dy] e

/ |f(ps(x) + (0r)y) — f(=)]”
B(0,1) /D

lps(@) + (6r)y — 2[5

Let us make the change of variables B(0,1) 3 y — z = @s(x) + (Ir)y € ps(D) +
drB(0,1) C D. Observe that the Jacobian of this transformation is bounded from
above by dr and

<c

lps(x) + (6r)y — |2+ da dy.

lps(®) + (6r)y — @[> < [[ps(x) — 22 + Sr[[ylle < 6.
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Hence,

IKEF = 13y < e 57 [ P& =@ 40 < coml
D

Iz — || by

(2) Let f € WHP(D). By proceeding as above we infer that
K57 = Ty < ¢ [ [ 1(ese) + Gr)y) ~ f@)F dedy,
B(0,1) /D

Let us fix y € B(0,1) and define the mapping ¥s : D 3> & — @s(x) + (dr)y €
@s(D) 4+ 0rB(0,1) C D. Observe that

s (@) =l < llps(@) =2 +0r(lylle < ¢, [[Deps(a) — 1| = | Deps () 1| < ¢,
and © +t(¢s(x) —x) = ¢+ t(ps(x) +0ry —x) € D, i.e., 5 satisfies the assumptions
of Lemma 3.7 below. Hence, [}, |f(ps(z) + (0r)y) — f()|” dz < cd?|V fIT,py- We

conclude that [|[C§ f — fl|e(p) < ¢V flLr(p)-
(3) The case s = 1, p = oo is treated similarly to (2). O

COROLLARY 3.6 (Convergence rate on derivatives). Let s € (0,1), p € [1,00) or
s=1, p€[l,00]. Then, there is ¢ such that

IVIKSf = f)lLe(py < cO°|Vflwerpy, Vfe{veLP(D)|Vve W*P(D)},
VX (K59 — g)llLr(p)y < cO°|Vxglwsr(py, Vg€ {ve LP(D)|Vxve W P(D)},
IV-(KSg — g)llLr(p) < c8°|V-glwen(py, Vg€ {veLP(D)|VwveW"P(D)}.

Proof. Let f € {ve LP(D) | Vv € W*P(D)}, then

IV(ESf = Flleepy = IK§Vf =V fllLe (D) since VK§ = K5V
< co*[|Vflwer(p) owing to Theorem 3.5.

Proceed similarly for the two other estimates. O

LEMMA 3.7 (Approximation). Let A\g > 0, and assume that ¥y : D — D is a
diffeomorphism of class C* such that ||t (x) — |2 < ¢ X and ||Dapx(z) — L2 < 3
for all x € D and all X € [0,\o]. Assume also that the mapping pr; : € — x +
t(a(x) — x) maps D into D for all t € [0,1] and all X € [0, \o]. Then, there is c
such that the following holds:

Ilf opx = fllLe(py < c M|V fllLr(py,

Xo], all f € WHP(D), and all p € [1,00].
) Assume first that f is smooth. Let @ € D and v(t) := f(ux,())
The chain rule implies that v'(t) = Df(px(2))(¢r(x) — ), thereby

forall X € [0

Proof. (
with ¢ € [0,1
showing that

1
)

Fapa(@) — fla) = / o () dt = / Df(puas(@)) (s () — ) dt.

Then, assuming that p < oo,

o6 = iy < [ Iba(@) sl / 19 (pra (@) dt da

<o v/ / IV £ (@) 12 dt .
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The assumptions on % imply that the map py . is invertible and HDHX;H 2 < 2,
|det(Dpy )| < 2. As a result,

1
I 0= Ty <0 [ [ IV e )zt

which finally implies that there is co so that || f o9px — fllzr(py < co M|V f||Lr(p)- The
case p = o0 is treated similarly.

(2) If f is not smooth, we deduce from Corollary 3.4 that there exists a sequence of
smooth functions converging to f in W1P(D), i.e., for all € > 0, there is a smooth
function f such that || f — fel|zo(py < € and |V fe|lo(py < 2|V flLe(py. Then

1fovon = fllepy S MI(f = fe) o ¥allepy + [[fe 0 ¥a = fello () + 1 fe = fllLr(p)
< ce+ 2c0M|V fllLe(py + €

The conclusion follows readily since € is arbitrary. O

4. Mollification with extension by zero. Note that the function /Cs f defined
in (3.3b) does not satisfy any particular boundary condition. For instance, even if f
is zero on D, (K5f)|sp is not necessarily zero. Since preserving boundary conditions
may be useful in some applications, we now construct a mollifier that has this property.
Let C§°(D;R?) denote the space of R%-valued functions that are of class C* and of
compact support in D. Consider the mapping 9¥s and the constant ¢ defined in (2.3)
and (2.4). Let Ks(«) denote the Jacobian matrix of s at € D.

4.1. Mollification. For any g € L'(D;R?), ¢ € N with ¢ > 1, we denote by g
the extension by zero of g over R%, i.e., §(x) = g(z) if * € D and g(x) = 0 otherwise.
Taking inspiration from Bonito et al. [7], we introduce

(K o f) () = / o) F95() + (5C)) dy, (4.1)
B(0,1)
(Ks09) () i= By (@) (KE g1 (@), ..., K& o))", (4.2)

for all x € D, all f € LY(D;R), and all g = (g1,...,94)" € L*(D;R?), where B; is a
smooth R?*%-valued field (related to the Jacobian Ks of ¥s) such that for all [ € N,
there is ¢ such that

sup | D'(Bs(z) — T)||e2 < 6. (4.3)
xeD

LEMMA 4.1 (Smoothness and boundary condition). Kso(g) is in C5°(D;RY) for
all g € LY(D;RY) and all § € (0,1].

Proof. The smoothness has already been proved in Lemma 3.1. Let x be the
Lipschitz constant of the field k over D. Let e5 = §¢/(1 + dx). Let £ € D be such
that dist(x,0D) < €5. Then, there exists a point z € 0D such that dist(x, z) < €5,
ie.,

¥s(x) + B(0,6¢) = 95(2) + B(0,5¢) + Is(x) — 9s(2)
=95(z) + B(0,00) + x — z + §(k(x) — k(z))
€ 95(z) + B(0,0¢) + B(0, €5 + dres)
=95(2z) + B(0,6¢ + (1 + dr)es) = 9s(z) + B(0,25¢)

O) + B(0,25¢) C O,
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owing to Lemma 2.2(iii). This implies that ¥s(x) + (6¢)y C O for all y € B(0,1),
so that (K3 (f))(z) = 0 since f(Is(x) + (6()y) = 0 for all y € B(0,1). Hence, the
support of IC?O is compact in D. The same conclusion applies to KCs5¢. O

4.2. Examples. Let us proceed as in §3.2. Let B§(z) = Kl(z), B(z) =
det(Ks(x))K; ' (z), and Bi(z) = det(Ks(z)). Lemma 2.2(ii) implies that (4.3) holds
true for these choices of Bs. Let f € L'(D;R) and g € L'(D;R%). We define the
following families of mollification operators:

(K o f) () = /B o, PO+ 00w (4.4a)
(K5 09) () = /B o, POET @) + (0w) . (4.4b)
(Kdo9) (@) = /B o, PO )T @05 + () dy, (440
(Ko f) (@) = /B o, P @DT5(@) + (5w (4.4q)
for all € D. Let p € [1,00]. If d = 3, we define
Z=r(D) = {f € L’(D) | V[ € L*(R%)}, (4.52)
Z°?(D) = {v € LP(D) | Vxv € LP(R%)}, (4.5b)
Z% (D) = {v e LP(D) | V-¥ € LP(RY)}. (4.5¢)

LEMMA 4.2 (Commuting extension and derivatives). The following holds:
(i) Vf =V, for all f € Z5P(D),
(ii) Vxg = Vxg, for all g € Z°?(D),
(i) V-g = V-g, for all g € Z?(D).
Proof. Let f € Z&P(D) and let ¢ € C°(R?) be a (vector-valued) smooth function
compactly supported in int(R%\ D). Then,

-V dr = —/ fVapdr = —/ fV-apda =0.
R R D
Since ) is arbitrary, this proves that Vfis zero in RN\ D. Now let ¢ € C§°(D), then

_/[)¢.vfdx:—/Rd'tprdx:/Rde'z/)dx:/Dsz/)dx:—/D¢~Vfda:.

Since 1 is arbitrary, this proves that (Vf)p = Vf. We have thus proved that

V]T: W The argument for the other two equalities is identical. O
LEMMA 4.3 (Commuting with differential operators). The following holds:

(i) VK§of = K5,V f, for all f € Z5P(D),
(i) VxKS$og =K$,Vxg, for all g € Z°P(D),
(iii) V~K§7Og = IC;()V-g, forall g € Zd’p(D),

i.e., the following diagram commutes:

~ ~ ~ V- .
Z8P(D) ZP(D) Z4P(D) Z' (D)

Kz%,o g,o Kg,o Zs,o (4-6)
o (D) G5 (D) Cs(D) (D)
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Proof. The proof is almost the same as that of Lemma 4.3. For instance, using
the chain rule together with Lemma 4.2, we obtain

VK o f () = / p()Ks () TV F(9 () + 6¢y) dy

B(0,1)

- / p(y)Ks(2) TV (9(x) + 6Cy) dy = K54V f ().
B(0,1)

Note here that it is critical that Vf: ﬂ The argument for the other two equalities
is identical. O

4.3. Convergence. Similarly to §3.3, we can now state convergence results.
Owing to Lemma 2.2, Ks and Kgl converge uniformly to the identity and det(Ky)
converges uniformly to 1. As a result, there is §y € (0,1] such that |[Ks — I||,2 < 1
K5 e < 2, and [det(K5 )| < 24, for all § € [0,8] and all 2 € D. We combine the
counterparts of Theorem 3.3 and Corollary 3.4 into one statement.

THEOREM 4.4 (Convergence). The sequence (Ks0)o<s<s, i uniformly bounded
in L(LP; L?) for all p € [1,00]. Moreover,

}i_rftl) IKsof — fllLe(pirey =0, Vf € LP(D;RY), (4.7a)
lim |V(K5of — Nllzop) =0, Vf € Z57(D), (4.7b)
lim |V (K5 o9 — 9) Loy =0, Vg € Z°7(D), (4.7c)
lim [|V-(K§0g — g)llzr(p) = 0, Vg € Z47(D). (4.7d)

Proof. The proof of (4.7a) is the same as that of Theorem 3.3. See the proof of
Corollary 3.4 for the other three statements. O

Let s € (0,1], p € [1,00) or s = 1, p € [1,00]. Let us denote by I/IN/S”’(D;R‘?),
the space composed of the functions in W*P(D;R?) whose extension by zero is in
Ws’p(Rd§Rq)- We set |f\Ws,p(D;Rq) = |f|WSvP(Rd;R‘1)-

THEOREM 4.5 (Convergence rate). There is ¢ such that

||K:5,0f - fHLP(D;]Rq) < 66s|f|Ws,p(D;]Rq)7 (48)

for all f € W*P(D;RY), all § € [0,00], and all s € (0,1], p € [1,00) or s = 1,
p € [1,00].
Proof. The proof is identical to that of Theorem 3.5. O

To state a convergence result using norms on D, we recall (see e.g., Grisvard [20,
Thm. 1.4.2.4, Cor. 1.4.4.5]) that

W*P(D;RY) = WSP(D;RY) i sp # 1, (4.92)
WHP(D;RY) = W*P(D;R?)  if sp € [0, 1). (4.9b)

(Recall also that the constants in the above norm equivalences depend on |sp — 1].)



12 A. ERN, J.L. GUERMOND

COROLLARY 4.6 (Convergence rate on derivatives). Letp € [1,00) and s € (0, %)
Then, there is ¢ (depending on |sp — 1|) such that
||V(’C§7of = Pllier(py < &IV fllwsr(py, Vf€{veLP(D)]|Vve WP(D)},
IVX(K509 = 9)llLe(p) < c0°[VXgllwenp), Vge{velLl(D)|VxveWP(D)},
IV-(K§09 — 9)lze(p) < ¢0°||V-gllwsnpy, Vg€ {veLP(D)|VwveWP(D)}.

Proof. The proof relies on the commuting properties from Lemma 4.3, Theo-
rem 4.5, and (4.9b). For instance,

IV(KS of = Ollze ) = IK50Vf = Vo) since VK§ , = K5,V
< c5S\Vf\‘7[;S,p(D) owing to Theorem 4.5
< &, 07V S

We.p(D) owing to (4.9b),

where ¢ , depends on |sp — 1|. Proceed similarly for the two other estimates. O

Remark 4.1. The construction of Kf , is similar in spirit to what has been pro-
posed in Bonito et al. [7]. The curl estimates in Theorem 4.5 and Corollary 4.6 are
identical to those in [7, Thm. 3.1].

Remark 4.2. (sp > 1) Convergence rates on derivatives can also be derived for
sp > 1, namely |[V(K5of — f)llerpy < ¢8°IVflwen(py for all f € LP(D) with
Vfe W P (D), [|[Vx( 509 — 9lLr(p) < c*|Vxglwsr(py for all g € LP(D) with
Vxg € WgP(D), and ||V-(K§ g — 9)llr(p) < ¢6°|V-glwsr(p) for all g € LP(D)
with V-g € W;*(D), where ¢ depends on |sp — 1|. Note that these estimates require
boundary conditions on the derivatives.

4.4. Traces of vector fields. In this section, we illustrate the use of the mollify-
ing operator Ks0. Let p € (1,00). Recall the spaces Z¢P(D) and Z4?(D) from (3.6b)-
(3.6¢). Since the trace operator 5o : WL¥' (D) —s W (OD) is surjective (see
Brezis [8, p. 315], Grisvard [20, Thm. 1.5.1.2&1.5.1.6], McLean [25, Thm. 3.38] (for

s € (3,2),p = 2)), letting (-,-)op denote the duality pairing between W_%’p(é)D)

and W%’p’(ﬁD), we define the bounded linear map Yy, : Z°?(D) — Wﬁi’p(aD) by

(Y (0), o = /

Dv~wa(l)dxf/D'w(l)'V><vdx, (4.10)

for all v € Z%P(D) and all l € W%’p,((f?D), where w(l) € W' (D) is such that
Yo(w(l)) = 1. Note that vxn(v) = vjgpxn when v is smooth. The definition (4.10)
is independent of the choice of w(l). Indeed, let wi,wy € W' (D) be such that
Yo(w1) = yo(ws) =1, e, wi—wy € Wol’pl (D). Let (%, )nen be asequence in C§°(D)
converging to w; — wsy in Wol’p/ (D). Then, 0 = [, v-Vx¥,dz — [, Vxvdz, as
can be seen by replacing v by K§v and passing to the limit § — 0. Passing to
the limit n — oo yields 0 = [, v-Vx(w; — wy) dz — [}, (w1 — w)-Vxwvdz; hence,
(vxn(V),70(w1)Yop = (Yxn(V),Y0(w2))sp, Wwhich establishes the claim.
We also define 7.,, : Z4?(D) — W~ #?(9D) by

on(0), Do = /

v~Vq(l)dx+/ q()V-vdz. (4.11)
D

D
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for all v € Z¥P(D) and all | € W%’p/(E)D), where ¢(I) € W' (D) is such that
Y(q(1)) =1, and {-,-)sp now denotes the duality pairing between Wfi’p(aD) and
e (0D). Reasoning as above, one can verify that this definition is independent of
the choice of ¢(I). Note also that v.,(v) = v|sp-n when v is smooth.

Let us now introduce

zg"(D) = Cr(D)” ", (4.12a)
z47(D) = Coy? P, (4.12D)
THEOREM 4.7 (Kernels of vy, and v.,). Let p € (1,00). Then,
Zy"(D) = ker(yxn), (4.13a)
Z3P(D) = ker(7.p). (4.13b)

Proof. Let us do the proof for x4, the proof for 7., is similar.

(1) We first show that Z;”(D) C ker(yxn), which is the easiest to establish. By
definition there is a sequence of smooth functions (v, )nen in C§° (D) converging to v
in Z%?(D). Let w be a function in C*°(D) N C°(D), then

Oz/ V~(wxvn)dx:/ 'un~V><wda:—/ w-V xv, dz.
D D D

Both integrals on the right-hand side converge; hence,

(n (V). 70(w))ap = /

v-Vxwdr — / w-Vxvdr =0,
D D

for every function w in C°°(D)NC(D). This also implies that the equality holds for
all w € WH#' (D), since C>®(D) N C°(D) is dense in w € WH?' (D), see Lemma 3.1
and Theorem 3.3. In conclusion, v € ker(yxn) since 7, is surjective.

(2) Let us now establish the converse, i.e., ker(vxyn) C Z5" (D). Let v € ker(yxn).
Since v € Z%P(D) C LY(D), v is differentiable in the distribution sense. Let v €
C5°(R?), then

wxv) = [

Rd

v-Vxydr = / v-V X de.
D

Using that v € ker(yxn), the above equality implies that
<V><177¢>:/ v-vwdx:/ Pp-Vxvdr = | $-Vxvda.
D D Rd

This proves that Vxov = Vxv € L*(R%). Hence ¥ € Z°?(D). We can now apply
(4.7¢) from Theorem 4.4 since & € Z°P(D), i.e., the sequence (K§,00)0<s<5, converges
to v in ZP(D). This proves that ker(yxn) C Zg"(D) since K§ v € C5°(D) (see
Lemma 4.1). O

5. Finite element setting. We introduce in this section the finite element
setting that we are going to use in the rest of the paper. We henceforth assume that
D is a bounded polyhedron in R?.
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5.1. Meshes. Let (7;)n>0 be a shape-regular sequence of affine meshes. To
avoid technical questions regarding hanging nodes, we also assume that the meshes
cover D exactly and that they are matching, i.e., for all cells K, K’ € T, such that
K # K'and KNK' # (), the set KN K’ is a common vertex, edge, or face of both K
and K’ (with obvious extensions in higher space dimensions). Given a mesh 7y, the
elements in K € Tj, are closed sets in R? by convention. The following sets

Tk ={K' €T, | K"K # 0}, (5.1a)
Dk :=int{x € D |3K' € Tx, z € K'}, (5.1b)

for all K € T, will be invoked in the following sections. The set Tx is the union
of all the cells that touch K, and Dg is the interior of the collection of the points
composing the cells in Tk .

We assume that there is a reference element X such that for any mesh 75 and
any cell K € Ty, there is a bijective affine mapping Tk : K — K and an invertible
matrix Jx € R (not to be confused with Js) such that

Tx(®) - Tx(9) = Ix(@—§), V&,geKkK. (5.2)

The shape-regularity assumption of the mesh sequence implies that there are uniform
constants ¢f, ¢” such that

det(Ti)l = [KIIK]™ Tkl < Ehi, e < b, (53)

where hx is the diameter of K. It can be shown that ¢! = p% and ¢ = Z—I’:hf( for

meshes composed of simplices, where pk is the diameter of thg largest ball that can
be inscribed in K, hj; is the diameter of K, and pg is the diameter of the largest ball

that can be inscribed in K.

5.2. Definition of §(z). In the arguments to follow, we are going to invoke
smoothing operators like those defined in §3. To avoid having to assume that the
mesh sequence is quasi-uniform, we construct a meshsize function h € C%!(D;R)
such that there are three uniform constants ¢, ¢’,¢” > 0 so that

16llw . (pr) < ¢, cdhg <h(z) <'hg, Vzelk, (5.4)

for all K € T,. The construction of this function is standard in the finite element
literature. For instance, if the mesh is composed of simplices, consider the piecewise
linear function whose value at any vertex of the mesh is the average of the mesh-sizes
of the simplices sharing this vertex.

Following Christiansen and Winther [12], we introduce € € (0, 1) and define

0(x) := eh(x), Va € D. (5.5)

Then we can define s and Y5 like in (2.1) and (2.3), and we can also define generic
mollifying operators s and /Cso like in (3.3b) and (4.2). Lemmas 2.1&2.2 hold for
¢ € {0,1} only, and the smoothness statement in Lemmas 3.1&4.1 must be replaced
by Ks(g) € CH(D;RY) and Kso(g) € CH(D;RY) for all g € L'(D;RY), respectively,
since § is only Lipschitz. All the other statements in §3 and §4 remain unchanged.
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5.3. Reference and local finite elements. We are going to consider various
approximation spaces based on the mesh sequence (7;)r>0 and a fixed reference finite
element (I? , ]3, b5 ). We henceforth assume that Pis composed of R?-valued functions
for some integer ¢ > 1 and that P C Wl’oc(IA(;Rq) (recall that Pis a space of
polynomial functions in general). The reference degrees of freedom and the associated

reference shape functions are denoted {71,...,0,,, } and {51, . ,é\nﬁh}, respectively.

We denote N := {1:ng,} to alleviate the notation. We assume that the linear forms

{G:}ien can be extended to £(V(K);R), where V(K) is a Banach space such that

V(K) c LY(K;R9); see [15, p. 39]. The interpolation operator Iy - V(K) = P
associated with the reference finite element (I? P, 2) is defined by

Iz(0)&) =Y 6:i()0(Z), vazek, VieV(K). (5.6)

ieN

By construction, T € L(V(K); P), and P is point-wise invariant under Iy
Let K be a cell in the mesh 7,. We introduce a gxgq invertible matrix Ax and
define the mapping vk € L(L'(K;R?); L' (K;R?)) by

1/)[((1}) ZAK(UOTK). (57)

It can be shown (see [15, Prop. 1.61]) that upon setting
Pic = {p=vy' () |pe P}, (5.82)
YK = {O’Kﬂ;}ie_/\f s.t. OK,i = /U\z o 1/JK7 (58b)

the triple (K, Px,X k) is a finite element. Moreover, the interpolation operator

Ik ()(w) = Y oxi(v)iki(x), VoeK, YveV(K), (5.9)
ieN

where we have set 0 ; := zbl_(l(@), is such that T € L(V(K); Px) and Pk is point-
wise invariant by Zr. Definition (5.8a) implies that Px C W1H°(K;RY). More
generally 1x maps WHP(K;R?) to WHP(K;R?) for all I € N, all p € [1,00] (with

ziizl,Vz>Oifp:oo) and

g =

WJK|[;(Wl‘p(K;Rq);Wl,p(f(;Rq)) <c ”AKH@z ”JKHZZ? |det(JK)|_77 (5'103‘)
_ - _ 1
W’Kl|L(Wlm(}?;Rq);th(K;Rq)) = C”AKl”l2 H«le\llez |det(Jx)[7, (5.10b)
for all K € Ty, (see e.g., [13, Thm. 3.1.2] or [15, Lemma 1.101]).

5.4. Structural assumptions. We henceforth assume that there is a uniform
constant ¢ such that

1Ak llellAR e < e Tk lle 105 e (5.11)

so that, owing to (5.3), |Ax||ez||[A%"[|¢2 is uniformly bounded with respect to K and

h. We also assume that the degrees of freedom over K are either point values or
integrals over edges, faces or K itself. This is formalized by assuming that

S [[o(@;)||e2 if point evaluation at a;,
‘OKJ(U)' =¢ L Js_ ||l (rayds, otherwise,
K,i

1S% !

(5.12)
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where §f(l is either an edge, a face, or K itself. All these mesh-related geometric
entities are assumed to be closed sets.

In the case of a point evaluation at @\i, we observe that since the cardinal number
of X is finite, there exists a distance lp > 0 such that only one of the following
situations occurs: (1) @; is a vertex of K; (2) a; is in the interior of an edge of K and
is at least at distance ZAO from any vertex; (3) @; is in the interior of a face of K and
is at least at distance ly from any edge; (4) @; is in the interior of K and is at least
at distance ZAO from any face (with the obvious extension in higher space dimension).

Let K € T;, and denote by {a;},;car, the collection of points associated with the
degrees of freedom in K defined by point evaluation. Note that there exists a; € K
such that a; = Tk (a;) for all j € Mg. The shape-regularity of the mesh sequence
implies that there is a constant cpyi, (uniform with respect to j, K, and 7p) such
that the open ball B(aj,cminhix) has the following property: for all K’ such that
K'NB(a;, cminhi) # 0 and every © € K' N B(a;, tminhk ), the entire segment [z, a;]
is in K’. An immediate consequence of this observation is that

[o()—v(a;)lle < le—a;lle Vol kpy, V&€ K'NB(aj, cminhi) # 0, (5.13)

for all v € Pk. Note that this implies that B(a;, ¢minhi) C Tk-
In the rest of the paper, we define €, > 0 such that

- J(a;) +rd(a; < coinhic, 14
jnax  max la; — (@s(a;)(a;) +16(a;)y)lle < cminhi (5.14a)
Uzek (Qo(g(m) () +ré(x)B(0,1)) C D, (5.14b)

for all K € Ty, all h > 0, and all functions § satisfying (5.5) for any € € (0, €max)-

5.5. Finite element spaces. We introduce the broken finite element space
P>(T3) = {vn € LY(D;RY) | ¢ (vnjx) € P, VK € Th}, (5.15)

where the statement g (v k) € Pis equivalent to vy x € Pk. Notice also that
PP(T,) € Wh(T;R?) := {v € L®(D;R?) | vjx € WH(K;R?), VK € T} since
Pg ¢ WH>°(K;RY). We denote by Z} : ZiP(D) — P"(T}) the interpolation operator
such that 7}, (v)|x = Zk (vk), for all K € Tp,.

We now introduce the notion of interfaces and jump across interfaces. We say
that a subset ' C D with a positive (d—1)-dimensional measure is an interface if
there are distinct mesh cells K;, K, € Tj, such that F' = 0K; N 0K,. We say that a
subset F' C D with positive (d—1)-dimensional measure is a boundary face if there
is a mesh cell K € 7T, such that F = 0K N dD. The unit normal vector ng on F is
conventionally chosen to point from K; to K, for an interface and to point outward
for a boundary face. Interfaces are collected in the set F}, boundary faces in the set
F2, and we let Fj, = Fg UF{. Let F' € F; be a mesh interface, and let K;, K, be the
two cells such that F' = dK; N OK,; the jump of v € WH1(T;,;R?) across F is defined
to be

[v]r(x) = vk, (2) — vk, (x) a.e. x € F. (5.16)

Next we asume to have at hand a Banach space W C L'(D;R?), with continuous
embedding, where some notion of jump across interfaces makes sense. More precisely,
we assume that there is a (bounded) linear trace operator vg : W11(K;RY) —
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LY(OK;R?), for some t > 1 and for all K € Ty, and we define the notion of y-jump
across interfaces as follows:

[T h(@) = 70 (010) (@) — 7, (v, ) (@) ave. @ € F. (5.17)
We assume that |[v] 5 (x)| < [[v]r(z)], for a.e. x € F, for all v € W1(Ty,), so that
ve WHH(D;RY) = [v]}. =0, VF € Fy. (5.18)
We relate the notion of y-jump to the space W by assuming that
veWNWH (T, RY) = [v]} =0, VF € Fy, (5.19)

and, conversely, that a function in W (T;,;RY) with zero y-jumps across interfaces
is in W. With this setting, we define

P(Th) := P>(Th) N W. (5.20)
The above assumptions imply that
P(T) = {vy € P*(Tw) | [vn] 3 = 0, VF € Fy}. (5.21)

Let F € .7-'}? be a boundary face and denote by Kp the unique cell such that
F € 0Kp. We consider the global trace operator v : WH(D;RY) — LY(0D;R?)
such that

() F = Vkr (VKy),  VF € FP. (5.22)

We assume that v can be extended to W into a bounded linear operator v : W — W9
where W7 is an appropriate Banach space, whose exact structure is not important
for the time being. We define Wy = ker(y), i.e., Wy = {v € W | v(v) = 0}. Let us
introduce Py(Tr) = P(Th) N Wy:

Po(Ts) i= {vn € P(Ti) | 7(vn) = 0}. (5.23)

5.6. Examples. The present theory covers a large class of scalar- and vector-
valued finite elements like Lagrange, Nédélec, and Raviart-Thomas finite elements.
To remain general, we denote the three reference elements corresponding to the above
three classes as follows: (K, P8, 28), (K, P¢, X°) and (K, P%,X4). The correspond-
ing domains for the degrees of freedom are denoted V&(K), V¢(K), V4(K). We think
of (IA( , s, ZAJg) as a scalar-valued finite element (¢ = 1) and some of its degrees of free-
dom require point evaluation, for instance (I? , ﬁg, E’g) could be a Lagrange element.
We assume that the finite element (I? , 13C7 20) is vector-valued (¢ = d) and some of its
degrees of freedom require to evaluate integrals over edges. Typically, (I? , 13‘3, E'C) is
a Nédélec-type or edge element. Likewise, the finite element (I/(\’ , 13d, f'd) is assumed
to be vector-valued (¢ = d) and some of its degrees of freedom are assumed to require
evaluation of integrals over faces. Typically, (I? , 13d, f'd) is a Raviart-Thomas-type
element. The arguments developed herein do not require to know the exact structure
of the above elements. R

) = W (R)
1
P

The above assumptions imply that it is admissible to choose V&( (
) with s >

K
with s > 4, V¢(K) = W*P(K) with s > ©L, and VI(K) = W*#(K
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(recall that denoting by M a smooth manifold of dimension d’' in K, the restric-
tion operator to M is continuous from W*P(K) to LP(M) provided s > d’Tfi/).
Note that it is also legitimate to choose Vg(IA{) = Wd’l(f?) (since Wd’l(f?) C
CO(I?)), Vd(I?) = Wl’l(I?) (since functions in Wl’l(f?) have a trace in Ll(af?)),
and VC(I/(\') = Wd_l’l(f?) (since functions in Wd_l’l(l/(\') have integrable traces on
the one-dimensional edges of K ).

Let %, 9%, 1% be the linear maps introduced in (5.7) for each of the reference
finite elements defined above. In practice 1% is the pullback by Tk, and - and %
are the contravariant and covariant Piola transformations, respectively, i.e.,

A% =1, % (v) =vo Tk, (5.24a)
% =Tk P (v) = T (v o Tk), (5.24b)
A% = det(Jr) I, P& (v) = det(Jr) I (v o Tk). (5.24¢)

Note that ¢ =1 in (5.11) for the above examples. We consider the following ~-traces:

Vi (Vi) (@) = vk (2), Va € F, (5.25a)
Vi (V) (x) = Vg () xnp, Y cF, (5.25b)
7?{('0‘;()(:10) =vg(x)np, Vrck, (5.25¢)

and the following finite element spaces:
PE(T;) := {vn, € LY(D) | % (vn ) € P, VK € T, [vn]% =0, VF € F}, (5.26a)
PS(Ty,) == {vn, € LY(D) | ¢ (vpx) € P, VK € Th,, [wp]% =0, VF € F5},(5.26b)
PYTy) := {vn € L'(D) | ¢ (vnix) € P, VK € Ty, [on]% =0, VF € F7}, (5.26¢)

where we simplified the notation by using [vj]% instead of [[vh]]}g7 etc. Note the
conformity properties P&(Ty,) C Z&P(D), P¢(T,) C Z%P(D), and P4(T,) C Z4?(D).

Likewise, upon introducing W§ (D) := {v € Z8(D) | v8(v) = 0} etc., we define
P§(Th) := P&(Tp) NWE(D), (5.27a)
PS(Th) = PS(Th) N Z5(D), (5.27h)
P(Th) = PY(Th) N Z§(D). (5.27¢)

We finally denote by Zt, Z9, Iy and Z¢,, I3, Z5, the canonical interpolation
operators associated with the finite element spaces P&(T), P¢(Tx), P4(Ty), and
PS(Tw), P§(Th), P§(Tn). Note that Z§ : W*P(D) — P&(T,) C LP(D) is stable
provided s > %, Iy : WoP(D) — P°(T,) C LP(D) is stable provided s > %
(= % for d = 3), and I} : W*P(D) — P94(T,) C LP(D) is stable provided s >
d—(d—1) _

P
are compatible so that the following commuting properties hold with s > %:

%. We finally assume that the polynomial degrees in each of these spaces

A\VE

V(D) Ve(D) V(D) Vi(D)
lz,% I lz;j 7, (5.28)
PE(T) —Y—+ PY(T) — e PUT) — e PP
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where
VE(D) = {f e W*P(D) | Vf € W*57(D)}, (5.29)
V(D) ={ge W* »?(D) | Vxg € W »?(D)}, (5.29b)
VYD) ={ge W i"(D) | V-g e W 7(D)}, (5.29¢)
(D) )

— WP (D), (5.29d

and Z} is an interpolation operator only involving integrals over mesh cells. Likewise,
upon introducing

Ve (D) ={f € V&(D) | flap = 0}, (5.30a)
V(D) ={g € V(D) | gxnjgp = 0}, (5.30b)
Vil(D) ={g € VYD) | g-njyp = 0}, (5.30¢)

we assume that the following diagram commutes:

VE(D) VD) — Vi) — Y Vi)
|7, ] | - |7, . ETSNEEY)
PE(T3) PS(Th) PY(T) PP(Th)

6. Stable, commuting, quasi-interpolation projection. We introduce in
this section a family of finite-element-based quasi-interpolation operators (with and
without boundary conditions) that are LP-stable, commute with the standard differ-
ential operators V, Vx, and V-, and preserve the above finite element spaces.

6.1. The operator 7,Ks. Owing to the properties of the smoothing operators
established above, it makes sense to consider the discrete functions Z; K5 f € P&(T),
TS € PE(TL), TiKSf € PP(Th), TiKsg € P(Th), TioKsg € Pi(Th), TiKig €
P4(Ty) and I3, Kdg € PY(Ty) for any integrable scalar-valued function f and any
integrable vector-valued function g. We now establish some stability properties of the
restrictions of the operators Zp K%, Tp K5, T KL, Ti K§, 5 K, ZRK¢, and T3 K¢ to
the discrete spaces P2(Ty), P§(Tn), P°(Tr), P¢(Tw), P§(Trn), P4(Ts), and PS(Ty).

To avoid repeating proofs seven times, we denote Z, one of the interpolation
operators introduced above and s the corresponding smoothing operator; likewise,
the range of Zj, is denoted P(7;,). We assume that P(7p) is composed of R%-valued
fields.

Remark 6.1. (Boundary conditions) Note that we do not invoke Kf’o, K§o and
ICf;{O in the above construction. The theory to be exposed in the next section holds

by using K§, K§ and ICg in all the cases, whether homogeneous boundary conditions
are enforced or not in the discrete spaces.

6.2. LP-stability of the operator Z;,Ks;. We start with a key result in the
spirit of [12, Lem. 4.2], see also [29, Lem. 6]. This result is crucial to devise a quasi-
interpolation operator that preserves the finite element space P(Tp).

LEMMA 6.1 (Discrete LP-approximation). There is cstap > 0, uniform with re-
spect to the mesh sequence, such that || fr — ZnKCs full v (Dsra) < Cstab€l| frllLr(Diray for
all € € (0, €max], all fr, € P(Ty) and all p € [1, ).
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Proof. (1) Let fr € P('ﬁl) and let us set ep == fi, — I, s f, and e := fh — Ksfr;
note that e, = Zpe. Let K be a cell in 7}, then using that 05 ; := ’(/JK (0 i)7 we have
) < det(q]IK)%\|AI_(1||@2||@||LP(IA<,RQ) for all i € {1:ng,}, and we infer that

Msh

lenll Lo (kirey = I Tnell Loz < Y loxi(e)l|10x.i
=1

)

Nsh

< det(Tx) 7 1A e S loxile)], (6.1)

i=1

The rest of the proof consists of estimating ok ;(e).

(2) Let us assume first that the degree of freedom ok ,; is a value at a point
a; := Tk(a;) in K. Then using the assumption (5.12) and the definition (5.7) of
Vi, we infer that |0k i(e)| < c||Ak|e2|le(a;)]l2. By proceeding as in the proof of
Theorem 3.3 (step (2)), we obtain

elas) = fulas) = Ksfilas) = [ plu)(fulas) ~ folepsta, (as) + Ola)ry) v
B(0,1)
Owing to (5.13) and (5.14a) (recall that € < €yax), we have
le(as)lle < ¢ max | fa(a;) = fr(Psa,)(@;) + (a;)ry)le

yeB(0,1)

< 3(ay) max |V il poe o) < el s [V illooe oz

Finally using a local inverse inequality, which is legitimate since the mesh sequence
is shape-regular, we infer that |0k i(e)| < cel|Ak|le2||fnllLoo(Dgra). Note that the
purpose of the above argument is to account for the fact that f;, is (a priori) only
piecewise Lipschitz (i.e., can be discontinuous across interfaces) but f, is necessarily
continuous at a;.

(3) If the degree of freedom ok ; is an integral over an edge, face or over K, we
use (5.12), i.e., |og(e)] < CHAKHW@ fSK,'i llell¢2ds. We define Tg,., = {K' €
Tk | Sk, C K'} and we introduce Sg ; = () + 6(x)rB(0,1) C
TSk} and S% ; = Sk \S% ;- Then using (5.14b) and setting ¥s(x,y) = @s5(z)(x) +
§(x)ry, we have

/SO llelle= ds </ / Y) || fa(s(,y)) — fu(@)]|,» dyds
/ Z / ”fh(’l,b(;(ﬂ?,y)) - fh(m)ng dsdy

y€B(0,1)
Kz K'€Tsy Ps(z,y)EK’

< c|Sk.ilehk Z IV frll Lo (i ray < | Skilell frll Lo (Dcira),
K'eTsy

where we used the shape-regularity of the mesh sequence (i.e., hxs < chg) and an
inverse inequality. Note again that the above construction is meant to account for the
fact that f, is (a priori) only piecewise Lipschitz. Moreover, if € S % i» then there
is y € B(0,1) such that z := @s(4)(x) + d(x)ry is not in TSK ,; then mesh-regularity
implies that ¢ dist(x, 05k ;) < ||z — x|z and that ||z — || < cd(x) < ehk.
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Combining these bounds, we obtain that |S?<,i| < cehi|0SKk il < €|Sk,i| (with the
convention that the 0-dimensional measure of a point is 1). As a result, we infer that

/ lelle ds < / (fllee + 1Ko fulez) s
S@ a

K.,i K,i
< el fullz(prrn|Sk il < el Skilllfull o (Dreiray-
Combining the above two estimates yields |0k i(e)| < cel|Ax|le|fall Lo (D ira)-
(4) We have established that |0k i(e)| < cel|Ak||e2]fall Lo (Dy;ra) for all possible

degrees of freedom. Using the fact that ||Af||s2||A " ||¢2 is uniformly bounded together
with an inverse inequality from L (Dg;R?) to LP(Dg;R?), we deduce that

||fh _Ih]Cth”LP(K;]RQ) = ||eh||Lp(K;Rq)
10—
< cedet(Tx)7 [|A% 2 lAk ezl fall oo (D o)

< cellfullLe (D ira)-

We infer the desired result by summing over K € 7; and by invoking the shape-
regularity of the mesh sequence. O
The above lemma implies that |[(I — Zp/Cs)|pe7;) lz(zrinr) < Cstane for all e €

(0, €max). From now on we choose € once and for all by setting € = €y, with €y :=
min(emax; (2¢stan) ). Lemma 6.1 then implies that

1
1T = ZnKs)lperilerir) < 5- (6.2)

This proves that Z,Ks p(r,) is invertible for this particular choice of €. Let Jp :
P(Tn) — P(Tn) be the inverse of Z,Ksp(7;,), i-e.,

JhIhIC6|P(Th) = Ih/C5|p(7—h)Jh =1 (6.3)

Note that the definition of .J, implies that ||J,||z(ze;rey < 2.

LEMMA 6.2 (LP-stability). Let € = emin. There is ¢(€min), uniform with respect
to h, such that the following estimate holds: ||ZyKs|z(1r;rr) < ¢(€min)-

Proof. Let f € LP(D;R?) and assume p < co. Then

||IhIC6fHIL)P(D;Rq) - Z /K

KeTy

p

Z UK,i(ICéf)eK,i(m) dx

iEN 02

<c ) / > loki(Ks )P [10c,s (@) da,

KeT Kien

Using (5.12), we infer that

NZWKs 15 gy S € D D ARG IS IR ey |AK 121K,
KeTy, ieN

since o, (Ko f)| < c||Ak |l lIKCs fll oo (e and [|0x,i(®)|| oo (xima) < AR ez We
conclude by invoking Lemma 6.3 below. The argument for p = oo is similar. O

LEMMA 6.3 (Local inverse inequality). Let € = emin. There is a uniform constant
c > 0 such that

_ _ 1
1Ks £l oo (rcimay < cemin [ K™% fllLr(Dyime)s (6.4)
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for all K € Ty, all h > 0, and all f € LP(D;R9).
Proof. Let € K. Since the function p is bounded, we infer that

1K f@)les < ¢ /B o, 0@+ 0@l

)

The condition (5.14b) implies that

— _ _ _1
IKsf(@) e < cll6 | Te (pye) /D 1F ()l dz < e A 1Dk 7 I fll oDy,
K

and we conclude using the shape-regularity of the mesh sequence. O

6.3. Main result. We now define the following operator
In = JnInKs, (6.5)

and we state the main result of this section.
THEOREM 6.4 (Properties of J,). The following properties hold:
(i) Jn leaves P(Ty) point-wise invariant;
(ii) There is c, uniform with respect to h, such that || Jn || z(rr;rry < ¢ and

- P ‘Ra < i f - P . 5
If = Infllr(Drey < ¢, If = frllor(Dire
for all f € LP(D;RY).
(iil) Jn commutes with the standard differential operators, i.e., the following diagrams
are commutative:

Z¢7(D) zen(D) —V X o Zde(py — Y, zin(p)

ljhg ljﬁ lj,? lj,i (6.6)
PE(T,) P(T) — e AT e PO
757 (D) 75"(D) — 2 Z37(D) —— 79(D)

ljhgo lj,fo ljﬁo lj,i (6.7)
PE(T:) P(T) — e B{(T) ——— PP(T3)

Proof. The first property is a consequence of Jyp(7;) = I, since JpoJn =
In|p(1)°TIn = Jn- The second property is proved by observing that the LP-operator-
norm of Jp, is bounded by 2 and that of Z; ks is also uniformly bounded, as established
in Lemma 6.2, since € is now a fixed real number. Moreover, using that J, fn = fa
for all f5, € P(Ty), we have

— p(D:Ra) = inf — — — r(D:R4
I f = TnfllLe(Dire fant If = fo = Tn(f = fu)llLe (DR

< inf (147 p.Ip — p(pRra) < ¢ Inf — p(D:R4)
thP(Th)( | Tellcorsoy)If = frlloe(Dsra P Il.f = fullLe(Dire)

which establishes (ii). Let us now prove (iii). We are just going to show that the
leftmost square commutes in the top diagram; the proof for the two other squares is
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identical, and whether boundary conditions are imposed or not is immaterial in the
argument. Let us first show that JiVe, = V(Jiéy) for all ¢, € P8(Ty). We observe
that

Von = V(TEKE pury Ji0n) = VTEKETi0n) = TEV (ST 0n) = TEKSV (JEon),

where we have used that I = ZpK o, (1. ) Jj; (see (6.3)), then TpKg by 7. ) Ty = L K3 Ty
(the range of Ji is in P&(Ty)), followed by VI; = ZgV (see diagram (5.28)) and
VK% = K§V (see diagram (3.7)). Since V(J;¢n) € P°(Ty) (see diagram (5.28)), the
above argument together with (6.3) proves that

Vén = (TiK§ pe(r)) V(i dn) = (J5) 'V (J5bn).

In conclusion, JiV¢, = V(J:¢dr). Now we finish the proof by using an arbitrary
function ¢ € V&(D). We have

TV = LIKV ¢ = TV (K§¢) = V(LK ¢) = V(I T;K5¢).

The last equality results from the fact that JiV¢y, = V(Jidy,) for all ¢, € P5(T),
as established above. This proves that JVe¢ = VJ2¢. O

Remark 6.2. (Approximation) Theorem 6.4(ii) shows that the quasi-interpolation
error is bounded by the best approximation error. Estimates of best approxima-
tion errors in fractional-order Sobolev spaces have been obtained recently in Ern
and Guermond [16] for general finite element spaces. As an illustration, consider a
P<(Ty)-based finite element approximation of a field A € Z%P(D) (typically, with
p = 2). Suppose that the natural stability norm for this problem is that of H (curl)
and that the finite element solution A;, € P°(T}) satisfies the a priori error estimate
|A—Ap|| (cur) < cinfq, cpe(7y) | A —an| H(curr)- Then, taking a; = Jf A and using
the commuting property leads to the bound

IA = Anll (e < e(|A = TFAllL2p) + VXA = T (VX A) | L2())-

Assume that A,VxA € H"(D) for some real number r € (0,k + 1] where k is
the degree of the finite elements composing P¢(7p). Then, using Theorem 6.4(ii)
together with [16, Cor.5.4] leads to the bound ||A — Ayl (cur)y < b (| Allgr (D) +

|VxA| grp)y)- Note that no lower bound on r is assumed a priori.

6.4. Discrete Poincaré inequalities. We illustrate the usefulness of the opera-
tors constructed above by proving discrete Poincaré inequalities for H (curl)-elements.
Assume that the boundary of D is connected and D is simply-connected in R
d = 2,3. Assume also that D is partitioned into M connected, strongly Lipschitz sub-
domains D1, -, Dys. We consider two piecewise-smooth second-order tensor fields
and , i.e., we assume that these fields are in

W (UL D) = { €L¥(D) | V( p,) € [L=(Di)]%, i=1,--- .M},  (6.8)

where L®(E) := L*(E;R4*?). We additionally assume that and are symmetric
and the smallest eigenvalue of each of these two tensors is bounded away from zero

from below uniformly over D. Consider the following Maxwell eigenvalue problems:
Find E and 0 # w € R such that

Vx( "'VxE)=wE, V:( E)=0, Exnjp=0, (6.9)
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Find B and 0 # w € R such that
Vx( 7'VxB)=wB, V:(B)=0, ( B)njpp=0. (6.10)

Upon setting Hy,, = {2z € H(curl) | V-( 2) = 0, zxnpp = 0}, Hy = {2z €
H(curl) | V-( z2) =0, ( 2)njpp = 0}, the L*-theory of the well-posedness of this
problem is based on the following embedding inequality: There are ¢ > 0 and s > 0
(both depending on D and ) such that

lelles(py < cllVxellzz(py, Ve € Hynp, (6.11a)
||b||HS(D) <c Hv><b||L2(D), Vb € H.n. (6.11b)

The above inequalities, proved in Bonito et al. [6], generalize classical inequalities
established by Costabel [14] and Birman and Solomyak [4] assuming that the tensor
is smooth over the entire domain.

Let us consider the finite element approximation of the above eigenvalue problem
using the setting described in the previous sections. The approximation theory of this
problem is non-trivial, especially when using finite elements that do not fit the De
Rham Diagram. We refer to the book of Monk [26] and the review by Hiptmair [21]
for an overview on the topic.

Let P°(Tp), PS(Trn) be defined as above. A key step for approximating (6.9)
or (6.10) consists of establishing the following discrete Poincaré inequalities: There is
¢ > 0, uniform with respect to h, such that

Hehlle(D) <c ||V><eh||Lz(D)7 Veh S Hh7><'n.a (6.12&)
bnllL2(py < c[VXbullL2(py, Vb € Hp .m, (6.12D)

where Hy, xrn = {vn € P§(Th) | [,( vn)-Vandz =0, Yg, € P5(Tn)} and Hy, . =
{vn € P(Th) | [,( vn)-Vandz =0, Vg, € PE(Ty)}. There are many ways of proving
(6.12a)-(6.12b) when is smooth, since in this case it can be proved that the Sobolev
index s in (6.11a) is larger than 1. The first route described in [21, §4.2] consists of
invoking subtle regularity estimates from Amrouche et al. [1, Lemma 4.7]. The second
one, which avoids invoking regularity estimates, is based on the so-called discrete
compactness argument of Kikuchi [23] and further developed by Monk and Demkowicz
[27] and Caorsi et al. [9]. The proof is not constructive and is based on an argument
by contradiction.

We now show that using the approximation operators described in the previous
sections gives a direct answer to the above question without requiring any particular
condition on the Sobolev index s in (6.11a); see also Arnold et al. [3, Thm 3.6].

THEOREM 6.5 (Discrete Poincaré). There is a uniform constant ¢ > 0 such that
(6.12) holds.

Proof. We only do the proof for (6.12a), the proof for (6.12b) is similar. Let
v, € Hj xn be a nonzero discrete field. Let ¢(vy,) € Hi(D) be the solution to the
following Poisson problem:

V-( Vo(vn)) = V-( vn), é(vn)jop = 0.

Note that this problem is well-posed owing to the assumed regularity and structure
of . Let us define v(vy,) := vy, — Vé(vy). This definition implies that

V-(v(vn)) =0, Vx(v(vy)) =Vxvn, v(vp)xngp =0,
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so that v(v,) € Hxyn. We now bound |vs|[p2(py as follows:

cllonlZs ) < / ( vn)v d = / (on)-(n — TEv(vn) + Teyv(on)) da
D

D

- /D (o) To(on — v(vp)) da + / (o) Tiow(wn) de

D

- / ( on)-T5V(é(wn)) dz + / ( on)-Tyv(vn) de.
D

D

Note here that we used that JS,vn = wvx. Then using the commuting property
TioV(9(vn)) = V(T go(vn)) and since Ji2, maps onto P5(7), we infer that

onlitri < [ (o) VTEoow) ot [ (o) Tyl da

D

= /( vn)-Tov(vn) dz < ¢llvn2(p) | Tiov (vr) | L2(p)-
D
The uniform boundedness of 7, on L?(D) and (6.11a) with s = 0 imply

lonllzzpy < ellTrov(vn)llzz(p) < llv(vn)llzap) < " [VxvnllLz ().
This concludes the proof. O
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