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VARIATIONAL PRINCIPLES OF FUNCTIONS
IN MATRIX ANALYSIS

ANTOINE MHANNA'*

ABSTRACT. The main result I present is first extending by a very basic lemma
the Ky-Fan principle to a larger set of functions satisfying certain conditions,
second generalizing the property for functions defined over product of finite
dimentional Hilbert spaces.

1. INTRODUCTION AND PRELIMINARIES

The numerical range of a Hermitian matrix A is the image of the Rayliegh
Quotient R4 which is the application :

Ri:C™N{0} — R

v* Av
v —.
v*U
Let Ay > --- > A, denote the eigenvalues of an n x n Hermitian matrix A, and

let 0y > --- > 0, be the singular values of A. The set of m x n complex matrices
is denoted by M, ,(C).

Proposition 1.1. [1] Let A be an n x n Hermitian matriz, and (vy,ve, -+ ,v,)
an orthonormal basis of eigenvectors corresponding to the set of eigenvalues \;,
1 =1,---,n, that is Av; = \jv;. Then:

(1) M, = Ra(vg) and the range of Ry is [An, M].
(2) M = Sgp(RA(U)) = Ra(B) , Ay =inf(Ra(v)) = Ra(C)

where B is the subspace of eigenvectors corresponding to Ay and C' is the
subspace of eigenvectors corresponding to \,.
More specifically:
(8) Let Vj. be the subspace of C" spanned by {vi, v, -+ ,vx},
and Wy, =span {vgs1, -+ ,vn} = Vit
A\ = 1€n‘£ (Ra(v)) and X, = sup (Ra(v))
v k

veWy_1

Another yet equivalent form of Proposition 1.1 is:
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2 A MHANNA

Proposition 1.2. Let A be an n x n Hermitian matrix then

AM(A) =max{Ra(v)} so A\ = Ra(v1) for some v, € C".

A (A) = max{R4(v),v L vy, vg, -+ ,vp_1} and

A = Ra(vg) for some v, L vy, 09, vp_1.

2. MAIN RESULTS

2.1. Variational characterizations. If f is a given function that is defined
over a product of vector spaces and a certain domain D, we mean hereafter by
f(span(uy),--- , span(u,)) where u; is any set of vectors, the value of f(z1,- -+, z,)
for any of the z;’s taken to be in span(u;) and in the domain D.

Lemma 2.1. Let H be a K-Hilbert space (K =R or C) of dimension n equipped
with the norm denoted by ||.||, and let f be a continuous function from E to R.
If r > 0 is any fixed real number, Set:

hy = max{f(z),||z||, =7} so hy = f(v1) for some v, € E.

hy = max{f(z),||z||, =72 L v} so hy = f(vy) for some vy € E.

h, = maX{f(l'), ||$||s =r,x L u,vg, - ?Un—l}

50 hy, = f(vy,) for some v, L vy, -+ v,_1.

and set:
¢, = min{f(z),||z||, =7} so ¢ = f(w1) for some w, € E.

¢ = min{f(x),||z||, =7« L wi} so g2 = f(ws) for some wy € E.

Gn ‘= mln{f(a?), ||x||5 =nrx il Wy, W, * -« - >wn—1}
50 ¢, = f(wy) for some w, L wy,wy, -+ w,_1.
A= (v, - ,v,) and B = (wq,--+ ,wy,) are two orthonormal basis of E. Let

E < n, and m < z since we study f on the ball of radius r denoted B, we will
suppose that our function f is only defined from B, to R.

o IF F(span(ue - ) < () and £(3 agny) < 3 oy 2F(ey) (ma con-

j=i j=i

k k
dition) for all i = 1,--- ,n then Zrhi = r%aXZf(SL’i), if [ is positive
i=1 Foi=t

k k
lued we h l h; = i)
valued we have also Hr n}lgaklej[lf(x)

1=1
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o If f(span(ws,---  wy)) = rf(w:) and f(zn:ajwj) > zn: o f (w;) (min

j=i

k k
condition) for alli =1,---  n then Z rg; = I%inz f(zy), if f is positive
i=1 Foi=t

k k
valued we have also Hrq I%lknlj[lf(x)
where By = (x1,-+- ,x) denotes an orthogonal basis of dimension k such that

|zi|l, =7 for1 <i<kando; €C, p; €C foralli=1,--- k.

Proof. Tt suffices to prove the maximum version as the other has a similar proof,
we will take r to be 1, as the same proof holds if r # 1. Let us suppose first
that F is of dimension n = 2, take two orthonormal vectors z; and x5 and since
(v1,v9) is a basis, necessarily we have

(1131 = auvy + Py
To = 101 + JU la?li|* + |B2if* = 4*
la* + 6P =1 (lzfl, = 1) . 1B12(Ji* + 151%) = [i]?
i+ 5P =1 (|lzll, = 1) 18> = [if?
P+ 1 ol i
i =—B7 (11 L x9) la|* = [j]>.
la?[i]* = 87|57

The max condition let us write

flar) < aff(v) + B f(ve)
flaz) < il fve) + 152 f (v2) = [BIPf(v1) + @] f (v2),

adding both inequalities yields to f(z1) + f(x2) < f(v1) + f(v2) and we have
equality if v; = 1 and x5 = v9. For any n, n > 2 we can write:
(.]71 = 01,101 + 2 1V2 + -+ QO 1Up

Ty = Q1 2U1 + Qg 2V + + - - + QU 2y

T = QU1 + Q2 U + - F Qi |Un
loag P+ 4 a2 =1 (lo, = 1)
lang? + - 4 | =1 ([lz2, = 1)

ar kP 4+ o> =1 (|l = 1).

Here we assume that 1 < k < n, |a;,|? can be different from zero for any j
and same 7, the matrix whose lines are these k vectors, completed by n — k uni-
tary vectors orthogonal to the k vectors and mutually orthogonal is an n x n

unitary matrix, we will impose a supplementary condition over the added n — k
vectors as follows; without loss of generality
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)
T1 = Q11U + Qo 1V + - - + Qp 1V,

Ty = Q1 2V + Qo 9V + + -+ + Qp 2V,

Tp = QU1 + -+ Qp iUy

Tht41 = Q2 k+1V2 + =+ + Qp k+1Un

 Ln = Op—k4+1,nUn—k+1 +-+ Qn nUn

It is easily seen that such basis always exists, a direct consequence of the max
condition is this inequality

fla) 4+ 4 f(@n) < flo) +-- 4 f(va)
since f(z;) < f(vj_(k—1)) for n > j > k we obtain:
fla) 4+ f(@r) < flo) +f(on-e—2)) -4 f(va) < fo1)+f(v2)+- -+ fon).
Consequently we have discussed all possible cases to complete the proof. (]

Notice that f(v,) <--- < f(v1) and f(w,) > -+ > f(w;). Here is an example
showing that the conditions in Lemma 2.1 are necessary.

Example 2.2. Let
f: R? —- R
u=(z,y) — In(jz+e€).

where € is a strictly positive number to be fixed, here the norm ||.||; is the euclidien

norm, we verify then that h; = In(|1 +¢|) = |a§1 In(|z + €|) = f(v1), by taking
2 V2 2 2
v = (1,0), vo = (0,£1), =, = (g,g) and xy = (g,—%) we have

1 1 V2, T 1 i) but
f(o1) + f(vg) =n(e(1 +€)) = hy + hy < f(x1) + f(22) = In(V2 + 0.5 + %)
whenever € < 0.5 + /2.

Lemma 2.1 and the previous results will entail important variational represen-
tations concerning the sum and product of eigenvalues and singular values:

Corollary 2.3 (Ky-Fan principle). Let H be an nxn Hermitian matriz such that

A > -0, > N\, are the eigenvalues of H in decreasing order. For any 1 < k <n
k
2 N(H) = max tr (U"HU) (2.1)

k
Zl Aneii(H) = min tr (U"HU) (2.2)
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And if H is P.S.D that is )\n 1s nonnegative we have

H)\ = max det(U*HU) (2.3)
k
H i1 (H) = min, det(U"HU). (2.4)
k
Proof. 1t suffices to notice that Un(l]a%ktr (U"HU) = mzrga;)gij lel Hzx; applying
Proposition 1.2 and Lemma 2.1 to the function f(x) = 2* Hz completes the proof,
since f(span(v,,- - ,vm)) < f(vn) when m < z (see Proposition 1.1) and for all

i we have f(Zajvj) = Z |aj|? f (v;). For the product assertion if H is P.S.D
=1 j=1

we have fuax det(U*HU) = max (z}Hx;) but since U*HU is Hermitian we
=1

TiTj=0;;
can suppose that it is a diagonal matrix we apply again Proposition 1.2 and
Lemma 2.1 to the positive valued function f(x) := z*Hz to complete the proof.
The minimum versions are similarly proven. 0

2.2. Generalization to product spaces. In the previous section we have taken
‘H to be any Hilbert space, hereafter we consider f a continuous function defined
over Hy j, X -+ X H, ;, for any n, where H,; ;, denotes a given Hilbert vector-space
of dimension j, with scalar product denoted by (-,-)Hm_l and |[.[[3, ;, the associated

norm. We will restrict also our real valued functions f to be defined only over
the domain B,, x --- x B, where for any [, r; is a fixed real number, B,, stands

for the sphere of radius 7 in H; j,. For k¥ < m := min(jy, - - , j,), similarly we set
B, == max{f(r1, -+ ,Tn), ||xl||7'[l,jl =r}s0 & = flz11,-+  Zn)
62 = ma,x{f([l}'l, cee ,xn), ||£L’l||7_[l7jl =TT L 21,1, T L Zn,l}

S0 By = f(Z1,2, ce 7zn,2>

&, = max{f(zy, -, 1,), ”leHz,jl =7r,21 L 211,212, ZLE-1

y L L ZnlsAn2 "t 7zn,k—1} SO ®k - f(zl,k7 T 7Zn,k>
and:

Dl = min{f(xh e ’xn)’ HleHl,jl = Tl} SO Dl = f(CLl; cee ’Cn,l)
532 = min{f(:lj'l, s ,l’n), ||Il||Hl,jl =T, uE Ci1, ", Tn uE Cn,l}

S0 Oy = f(01,2, T >Cn,2)

O :=min{ f(z1, -, 2), HleHl,jl =r,x Leig, e, cp—t;

Tp LocnasCuo ot Cag—1} S0 Ok = f(Crg, -+, Cng)-
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For a certain [ and k fixed; 3, = (211, -+, z1%) and D, = (¢11,- -+, ) are
two orthogonal basis of H; ;, each one of dimension k and such that [lcs[,, =
il

21,4 ||Hl,jl = r; for all g and s. A direct generalization of Lemma 2.1 is the following:

Theorem 2.4. For k < min(ji, -+, Jn), ¥i1 < Yio2 for alli < n, v = min y;,
= Max Y, M= mlin Ji and let X1 = (211, ,21) denote an ortfzogonal
basis of H, ;, of dimension k such that ||xl7g||Hl7jl =1 for alll and g. Let f be any
continuous function from B,, x ---x B, into R.

O TR KA ICAMSTRE) = CPE,

and Z f(@1g,  @ng) < Z f(z14y -+ Zni) (max condition).
i=1

X1,k X kr9=1
then

k
6' — max Z €T .. .
Z ‘ xl,kﬁ",xn,k g:l f( 179? ’ "79)

i=1

In addition if f is positive valued we have

k k
[Jo = o TTfng o)
i=1 g=1
L ]ff(spa'n(cl,pr T acl,y172)> ) Span(cmyn,m e >Cn,yn,2)) 2 f(cl,/m Tt acn,u)
m

and Tlgy " Tng) > Ciiy " Cni) (Min condition).
7g 7g 9 b
i=1

%1,167"' 7%7L,kvg:1

then
k k
g 9, = min E f(1g, s Tnyg)-
. %1,]67"'7%”,.%
i=1 g=1
In addition if f is positive valued we have
k k
HDi = min H f(Z1g, s Tnyg)
. xl,k7"'7xn,k
i=1 g=1

Proposition 2.5. Let k be a fized integer and let o j be any complex numbers

k k
with i < k, j = 1,2 such that Z lia)? <1 and Z laio|® < 1 then
i=1 1=1

k
g Q100 2
i=1

Proof. By the Cauchy-Schwartz inequality, it suffices to prove the proposition
when all the complex numbers are nonnegative numbers, we proceed by induction
when k = 2, we have of | + o3, < 1 and of, + a3, < 1, we will prove that the

<1

quantity M := \/1 - a§71¢1 — Q35+ 105 < 1, and consequently we will have
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1100 2 + Qg 2009 1 S 1 s but if w := Qo9 — Qig 1] WE get:

M<1l<= (1-a,)(1—ad,y) <(1—agiam2)? (2.5)
= (1 —ag1)(1+ag2)(1 —ags)(1+ag;) < (1 —agian2)®  (2.6)
= (1 —ag 000 — w)(1 — agrags +w) < (1 — g a99)? (2.7)
= ( )

1-— Oé2710é272)2 — w2 S (1 — Oé2720ég71)2. (28
Suppose the result true for £k = n let us prove it for £k = n + 1, we will take
n+1 n+1

Z | |> < 1 and Z |a;2)* < 1 and set without loss of generality sf = o2 | +
i=1 i=1

n—1
ap 1 and s5 = al,+a?, . By the induction hypothesis Z Qi1QGo + 8189 < 1
i=1
but then it is easy to verify that
n+1 n—1
Z Q100 < Z Q0o+ 51859 < 1
i=1 i=1
k k
thus Zai71ai,2 < Z | 12| < 1 which is the desired result. O
i=1 i=1

Lemma 2.6. Let k, h be two fized integers and let o, j be any complex numbers
k

with i < k, j < h such that Z |l ;|* < 1 for all j, then
i=1
<1

k
E Qi1 Qih
i=1

Proof. The proof will follow from Proposition 2.5 by noticing that

k
E Qi1 Qgp
i=1

k

k
< Z laig - aup| < Z |10 <1
i—1

i=1

O

As noticed in Theorem 2.4 the order at which we write the elements of the
orthogonal basis is important, we associate to every basis (x1,- -, zx) the group
of permutation Gy.

Definition 2.7. Given a certain basis A := (xy, - - - , x) of dimension k, the no fix
point permutation basis of A is A" := (1), - - , Zok)) Where 9 is a permutation
of the k elements with no fixed point.

Keeping the terminology we used in this section we have:
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Lemma 2.8. Let n be a fixed integer and let f; be nonnegative real numbers for
1 <mn. Let f be the function

fZBhX"'XBln — R

m
(113'1’ “ e . ’xn) —) Z fl<l'1,$1,z>%17]1 <l’2’$2’i>7{2’j2 “ e . <l’n,8n71>7{n’]n 9
i=1
where (11, -, Si.x) 15 an orthonormal basis of dimension k in H, j,, then &; = f;,

9, =0 for all i and f verifies the max and min conditions of Theorem 2.4.

Proof. By writing any unit vector x; € H, ;, in terms of the S;;, == (11, , 51,5,
basis and using Lemma 2.6 we get the required result. Note in this case that
the basis 3;x = (211, , %) can be taken to be the arbitraly chosen S;) =
(si1, -+ sik) and Dy = (11, - -, ¢ i) are also the S;; except one say S, which
will be replaced by S, , (the no fix permutation basis). O

Example 2.9. Let A € M,,,(C) fixed, ¢ := min(m,n), the norm |||, is the
one associated to the usual scalar product on C* for any k, if A = WXV is the

t1 o tm S1 ** Sp
singular value decomposition, W = ( 1 ), V* = ( :1 : ) and Y is the

n X m matrix , then a direct computation shows that

Ay =xWEVy = Z oi(x*t;) (sTy).
i=1
Let us define the continuous function f4 as:

fa:{l@y) ecmxcyllall, = Joll, =1} — R

(z,y) — |z Ay| =

Z oi(x7t:)(s7y)| -

By Lemma 2.8 for each k =1,--- ¢ we have

2% Ay
[ [lyl]

|2+ Ayl

)
wespan{ty, - tx_11- |||
yEspan{s1,,sp_1}"

®; = 01(A) = max & =or(A) =

and :

k
o> & =max {|trX"AY|: X € M,V € M1, XX = =YY}
i=1
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o> O;=min {[trX*AY|: X € My, Y € My, X*X =T =YY}

k
- i iy Yi Oa
min ;fA(x vi)
where z; is a column of X, y; a column of Y, By, = (z1, -+ ,2) and Cj =
(y1,+ -+ ,yx) are any two orthonormal basis of C*.
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