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VARIATIONAL PRINCIPLES OF FUNCTIONS

IN MATRIX ANALYSIS

ANTOINE MHANNA1∗

Abstract. The main result I present is first extending by a very basic lemma
the Ky-Fan principle to a larger set of functions satisfying certain conditions,
second generalizing the property for functions defined over product of finite
dimentional Hilbert spaces.

1. Introduction and preliminaries

The numerical range of a Hermitian matrix A is the image of the Rayliegh
Quotient RA which is the application :

RA : Cn\{0} → R

v → v∗Av

v∗v
.

Let λ1 ≥ · · · ≥ λn denote the eigenvalues of an n × n Hermitian matrix A, and
let σ1 ≥ · · · ≥ σn be the singular values of A. The set of m× n complex matrices
is denoted by Mm,n(C).

Proposition 1.1. [1] Let A be an n × n Hermitian matrix, and (v1, v2, · · · , vn)
an orthonormal basis of eigenvectors corresponding to the set of eigenvalues λi,
i = 1, · · · , n, that is Avi = λivi. Then:

(1) λk = RA(vk) and the range of RA is [λn, λ1].
(2) λ1 = sup

v

(RA(v)) = RA(B) , λn = inf
v
(RA(v)) = RA(C)

where B is the subspace of eigenvectors corresponding to λ1 and C is the
subspace of eigenvectors corresponding to λn.
More specifically:

(3) Let Vk be the subspace of Cn spanned by {v1, v2, · · · , vk},
and Wk =span {vk+1, · · · , vn} = Vk

⊥

λk = inf
v∈Vk

(RA(v)) and λk = sup
v∈Wk−1

(RA(v))

Another yet equivalent form of Proposition 1.1 is:
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2 A.MHANNA

Proposition 1.2. Let A be an n× n Hermitian matrix then

λ1(A) = max{RA(v)} so λ1 = RA(v1) for some v1 ∈ C
n.

...

λk(A) = max{RA(v), v ⊥ v1, v2, · · · , vk−1} and

λk = RA(vk) for some vk ⊥ v1, v2, · · · , vk−1.

2. Main results

2.1. Variational characterizations. If f is a given function that is defined
over a product of vector spaces and a certain domain D, we mean hereafter by
f(span(u1), · · · , span(un)) where ui is any set of vectors, the value of f(x1, · · · , xn)
for any of the xi’s taken to be in span(ui) and in the domain D.

Lemma 2.1. Let H be a K-Hilbert space (K ≡ R or C) of dimension n equipped
with the norm denoted by ‖.‖s and let f be a continuous function from E to R.

If r > 0 is any fixed real number, Set:

h1 := max{f(x), ‖x‖s = r} so h1 = f(v1) for some v1 ∈ E.

h2 := max{f(x), ‖x‖s = r, x ⊥ v1} so h2 = f(v2) for some v2 ∈ E.

...

hn := max{f(x), ‖x‖s = r, x ⊥ v1, v2, · · · , vn−1}
so hn = f(vn) for some vn ⊥ v1, · · · , vn−1.

and set:

q1 := min{f(x), ‖x‖s = r} so q1 = f(w1) for some w1 ∈ E.

q2 := min{f(x), ‖x‖s = r, x ⊥ w1} so q2 = f(w2) for some w2 ∈ E.

...

qn := min{f(x), ‖x‖s = r, x ⊥ w1, w2, · · · , wn−1}
so qn = f(wn) for some wn ⊥ w1, w2, · · · , wn−1.

A ≡ (v1, · · · , vn) and B ≡ (w1, · · · , wn) are two orthonormal basis of E. Let
k ≤ n, and m < z since we study f on the ball of radius r denoted Br we will
suppose that our function f is only defined from Br to R.

• If f(span(vz, · · · , vm)) ≤ rf(vm) and f
(

n
∑

j=i

αjvj
)

≤
n
∑

j=i

|αj|2f(vj) (max con-

dition) for all i = 1, · · · , n then
k
∑

i=1

rhi = max
Bk

k
∑

i=1

f(xi), if f is positive

valued we have also
k
∏

i=1

rhi = max
Bk

k
∏

i=1

f(xi).
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• If f(span(wz, · · · , wm)) ≥ rf(wz) and f
(

n
∑

j=i

αjwj

)

≥
n
∑

j=i

|αj|2f(wj) (min

condition) for all i = 1, · · · , n then

k
∑

i=1

rqi = min
Bk

k
∑

i=1

f(xi), if f is positive

valued we have also

k
∏

i=1

rqi = min
Bk

k
∏

i=1

f(xi).

where Bk = (x1, · · · , xk) denotes an orthogonal basis of dimension k such that
‖xi‖s = r for 1 ≤ i ≤ k and αi ∈ C, βi ∈ C for all i = 1, · · · , k.

Proof. It suffices to prove the maximum version as the other has a similar proof,
we will take r to be 1, as the same proof holds if r 6= 1. Let us suppose first
that E is of dimension n = 2, take two orthonormal vectors x1 and x2 and since
(v1, v2) is a basis, necessarily we have







































x1 = αv1 + βv2

x2 = iv1 + jv2

|α|2 + |β|2 = 1 (‖x1‖s = 1)

|i|2 + |j|2 = 1 (‖x2‖s = 1)

αī = −βj̄ (x1 ⊥ x2)

|α|2|i|2 = |β|2|j|2

=⇒



















|α|2|i|2 + |β|2|i|2 = i2

|β|2(|i|2 + |j|2) = |i|2
|β|2 = |i|2
|α|2 = |j|2.

The max condition let us write

f(x1) ≤ |α|2f(v1) + |β|2f(v2)
f(x2) ≤ |i|2f(v1) + |j|2f(v2) = |β|2f(v1) + |α|2f(v2),

adding both inequalities yields to f(x1) + f(x2) ≤ f(v1) + f(v2) and we have
equality if v1 = x1 and x2 = v2. For any n, n > 2 we can write:


























































x1 = α1,1v1 + α2,1v2 + · · ·+ αn,1vn

x2 = α1,2v1 + α2,2v2 + · · ·+ αn,2vn
...

xk = α1,kv1 + α2,kv2 + · · ·+ αn,kvn

|α1,1|2 + · · ·+ |αn,1|2 = 1 (‖x1‖s = 1)

|α1,2|2 + · · ·+ |αn,2|2 = 1 (‖x2‖s = 1)
...

|α1,k|2 + · · ·+ |αn,k|2 = 1 (‖xk‖s = 1).

Here we assume that 1 < k ≤ n, |αj,i|2 can be different from zero for any j

and same i, the matrix whose lines are these k vectors, completed by n− k uni-
tary vectors orthogonal to the k vectors and mutually orthogonal is an n × n

unitary matrix, we will impose a supplementary condition over the added n − k

vectors as follows; without loss of generality
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

















































x1 = α1,1v1 + α2,1v2 + · · ·+ αn,1vn

x2 = α1,2v1 + α2,2v2 + · · ·+ αn,2vn
...

xk = α1,kv1 + · · ·+ αn,kvn

xk+1 = α2,k+1v2 + · · ·+ αn,k+1vn
...

xn = αn−k+1,nvn−k+1 + · · ·+ αn,nvn

It is easily seen that such basis always exists, a direct consequence of the max
condition is this inequality

f(x1) + · · ·+ f(xn) ≤ f(v1) + · · ·+ f(vn)

since f(xj) ≤ f(vj−(k−1)) for n ≥ j > k we obtain:

f(x1)+· · ·+f(xk) ≤ f(v1)+f(vn−(k−2))+· · ·+f(vn) ≤ f(v1)+f(v2)+· · ·+f(vk).

Consequently we have discussed all possible cases to complete the proof. �

Notice that f(vn) ≤ · · · ≤ f(v1) and f(wn) ≥ · · · ≥ f(w1). Here is an example
showing that the conditions in Lemma 2.1 are necessary.

Example 2.2. Let

f : R2 → R

u = (x, y) → ln(|x+ ǫ|).
where ǫ is a strictly positive number to be fixed, here the norm ‖.‖s is the euclidien
norm, we verify then that h1 = ln(|1 + ǫ|) = max

‖u‖s=1
ln(|x+ ǫ|) = f(v1), by taking

v1 = (1, 0), v2 = (0,±1), x1 =

(√
2

2
,

√
2

2

)

and x2 =

(√
2

2
,−

√
2

2

)

we have

v1 ⊥ v2, x1 ⊥ x2 but

f(v1) + f(v2) = ln(ǫ(1 + ǫ)) = h1 + h2 < f(x1) + f(x2) = ln(
√
2 + 0.5 + ǫ2)

whenever ǫ < 0.5 +
√
2.

Lemma 2.1 and the previous results will entail important variational represen-
tations concerning the sum and product of eigenvalues and singular values:

Corollary 2.3 (Ky-Fan principle). Let H be an n×n Hermitian matrix such that
λ1 ≥ · · · ,≥ λn are the eigenvalues of H in decreasing order. For any 1 ≤ k ≤ n

k
∑

i=1

λi(H) = max
U∗U=Ik

tr (U∗HU) (2.1)

k
∑

i=1

λn−i+1(H) = min
U∗U=Ik

tr (U∗HU) (2.2)
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And if H is P.S.D that is λn is nonnegative we have

k
∏

i=1

λi(H) = max
U∗U=Ik

det(U∗HU) (2.3)

k
∏

i=1

λn−i+1(H) = min
U∗U=Ik

det(U∗HU). (2.4)

Proof. It suffices to notice that max
U∗U=Ik

tr (U∗HU) = max
x∗

i xj=δij

k
∑

i=1

x∗
iHxi applying

Proposition 1.2 and Lemma 2.1 to the function f(x) = x∗Hx completes the proof,
since f(span(vz, · · · , vm)) ≤ f(vm) when m < z (see Proposition 1.1) and for all

i we have f
(

i
∑

j=1

αjvj
)

=

i
∑

j=1

|αj|2f(vj). For the product assertion if H is P.S.D

we have max
U∗U=Ik

det(U∗HU) = max
x∗

i xj=δij
(x∗

iHxj) but since U∗HU is Hermitian we

can suppose that it is a diagonal matrix we apply again Proposition 1.2 and
Lemma 2.1 to the positive valued function f(x) := x∗Hx to complete the proof.
The minimum versions are similarly proven. �

2.2. Generalization to product spaces. In the previous section we have taken
H to be any Hilbert space, hereafter we consider f a continuous function defined
over H1,j1 ×· · ·×Hn,jn for any n, where Hl,jl denotes a given Hilbert vector-space
of dimension j, with scalar product denoted by 〈·,·〉Hl,jl

and ‖.‖Hl,jl
the associated

norm. We will restrict also our real valued functions f to be defined only over
the domain Br1 × · · · ×Brn where for any l, rl is a fixed real number, Brl stands
for the sphere of radius r in Hl,jl. For k ≤ m := min(j1, · · · , jn), similarly we set
:

G1 := max{f(x1, · · · , xn), ‖xl‖Hl,jl

= rl} so G1 = f(z1,1, · · · , zn,1)
G2 := max{f(x1, · · · , xn), ‖xl‖Hl,jl

= rl, x1 ⊥ z1,1, · · · , xn ⊥ zn,1}
so G2 = f(z1,2, · · · , zn,2)
...

Gk := max{f(x1, · · · , xn), ‖xl‖Hl,jl

= rl, x1 ⊥ z1,1, z1,2 · · · , z1,k−1;

· · · ; xn ⊥ zn,1, zn,2 · · · , zn,k−1} so Gk = f(z1,k, · · · , zn,k)
and:

O1 := min{f(x1, · · · , xn), ‖xl‖Hl,jl

= rl} so O1 = f(c1,1, · · · , cn,1)
O2 := min{f(x1, · · · , xn), ‖xl‖Hl,jl

= rl, x1 ⊥ c1,1, · · · , xn ⊥ cn,1}
so O2 = f(c1,2, · · · , cn,2)
...

Ok := min{f(x1, · · · , xn), ‖xl‖Hl,jl

= rl, x1 ⊥ c1,1, c1,2 · · · , c1,k−1;

· · · ; xn ⊥ cn,1, cn,2 · · · , cn,k−1} so Ok = f(c1,k, · · · , cn,k).
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For a certain l and k fixed; Zl,k ≡ (zl,1, · · · , zl,k) and Dl,k ≡ (cl,1, · · · , cl,k) are
two orthogonal basis of Hl,jl each one of dimension k and such that ‖cl,s‖Hl,jl

=

‖zl,q‖Hl,jl

= rl for all q and s. A direct generalization of Lemma 2.1 is the following:

Theorem 2.4. For k ≤ min(j1, · · · , jn), yi,1 ≤ yi,2 for all i ≤ n, ν = min
i

yi,1,

µ = max
i

yi,2, m := min
l

jl and let Xl,k = (xl,1, · · · , xl,k) denote an orthogonal

basis of Hl,jl of dimension k such that ‖xl,g‖Hl,jl

= rl for all l and g. Let f be any

continuous function from Br1 × · · · × Brn into R.

• If f(span(z1,y1,1 , · · · , z1,y1,2), · · · , span(zn,yn,1
, · · · , zn,yn,2

)) ≤ f(z1,ν , · · · , zn,ν)

and

m
∑

X1,k ,··· ,Xn,k,g=1

f(x1,g, · · · , xn,g) ≤
m
∑

i=1

f(z1,i, · · · , zn,i) (max condition).

then
k
∑

i=1

Gi = max
X1,k,··· ,Xn,k

k
∑

g=1

f(x1,g, · · · , xn,g).

In addition if f is positive valued we have

k
∏

i=1

Gi = max
X1,k,··· ,Xn,k

k
∏

g=1

f(x1,g, · · · , xn,g)

• If f(span(c1,y1,1 , · · · , c1,y1,2), · · · , span(cn,yn,1
, · · · , cn,yn,2

)) ≥ f(c1,µ, · · · , cn,µ)

and
m
∑

X1,k,··· ,Xn,k,g=1

f(x1,g, · · · , xn,g) ≥
m
∑

i=1

f(c1,i, · · · , cn,i) (min condition).

then
k
∑

i=1

Oi = min
X1,k,··· ,Xn,k

k
∑

g=1

f(x1,g, · · · , xn,g).

In addition if f is positive valued we have

k
∏

i=1

Oi = min
X1,k,··· ,Xn,k

k
∏

g=1

f(x1,g, · · · , xn,g)

Proposition 2.5. Let k be a fixed integer and let αi,j be any complex numbers

with i ≤ k, j = 1, 2 such that

k
∑

i=1

|αi,1|2 ≤ 1 and

k
∑

i=1

|αi,2|2 ≤ 1 then

∣

∣

∣

∣

∣

k
∑

i=1

αi,1αi,2

∣

∣

∣

∣

∣

≤ 1

Proof. By the Cauchy-Schwartz inequality, it suffices to prove the proposition
when all the complex numbers are nonnegative numbers, we proceed by induction
when k = 2, we have α2

1,1 + α2
2,1 ≤ 1 and α2

1,2 + α2
2,2 ≤ 1, we will prove that the

quantity M :=
√

1− α2
2,1

√

1− α2
2,2+α2,1α2,2 ≤ 1, and consequently we will have
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α1,1α1,2 + α2,2α2,1 ≤ 1 , but if w := α2,2 − α2,1 we get:

M ≤ 1 ⇐⇒ (1− α2
2,1)(1− α2

2,2) ≤ (1− α2,1α2,2)
2 (2.5)

⇐⇒ (1− α2,1)(1 + α2,2)(1− α2,2)(1 + α2,1) ≤ (1− α2,1α2,2)
2 (2.6)

⇐⇒ (1− α2,1α2,2 − w)(1− α2,1α2,2 + w) ≤ (1− α2,1α2,2)
2 (2.7)

⇐⇒ (1− α2,1α2,2)
2 − w2 ≤ (1− α2,2α2,1)

2. (2.8)

Suppose the result true for k = n let us prove it for k = n + 1, we will take
n+1
∑

i=1

|αi,1|2 ≤ 1 and

n+1
∑

i=1

|αi,2|2 ≤ 1 and set without loss of generality s21 = α2
n,1 +

α2
n+1,1 and s22 = α2

n,2 +α2
n+1,2. By the induction hypothesis

n−1
∑

i=1

αi,1αi,2 + s1s2 ≤ 1

but then it is easy to verify that

n+1
∑

i=1

αi,1αi,2 ≤
n−1
∑

i=1

αi,1αi,2 + s1s2 ≤ 1

thus

∣

∣

∣

∣

∣

k
∑

i=1

αi,1αi,2

∣

∣

∣

∣

∣

≤
k
∑

i=1

|αi,1αi,2| ≤ 1 which is the desired result. �

Lemma 2.6. Let k, h be two fixed integers and let αi,j be any complex numbers

with i ≤ k, j ≤ h such that
k
∑

i=1

|αi,j|2 ≤ 1 for all j, then

∣

∣

∣

∣

∣

k
∑

i=1

αi,1 · · ·αi,h

∣

∣

∣

∣

∣

≤ 1

Proof. The proof will follow from Proposition 2.5 by noticing that
∣

∣

∣

∣

∣

k
∑

i=1

αi,1 · · ·αi,h

∣

∣

∣

∣

∣

≤
k
∑

i=1

|αi,1 · · ·αi,h| ≤
k
∑

i=1

|αi,1αi,2| ≤ 1

�

As noticed in Theorem 2.4 the order at which we write the elements of the
orthogonal basis is important, we associate to every basis (x1, · · · , xk) the group
of permutation Sk.

Definition 2.7. Given a certain basis A := (x1, · · · , xk) of dimension k, the no fix
point permutation basis of A is A′ := (xd(1), · · · , xd(k)) where d is a permutation
of the k elements with no fixed point.

Keeping the terminology we used in this section we have:
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Lemma 2.8. Let n be a fixed integer and let fi be nonnegative real numbers for
i ≤ n. Let f be the function

f : B11 × · · · ×B1n → R

(x1, · · · , xn) →
∣

∣

∣

∣

∣

m
∑

i=1

fi〈x1,s1,i〉H1,j1

〈x2,s2,i〉H2,j2

· · · 〈xn,sn,i〉Hn,jn

∣

∣

∣

∣

∣

,

where (sl,1, · · · , sl,k) is an orthonormal basis of dimension k in Hl,jl, then Gi = fi,

Oi = 0 for all i and f verifies the max and min conditions of Theorem 2.4.

Proof. By writing any unit vector xl ∈ Hl,jl in terms of the Sl,jl := (sl,1, · · · , sl,jl)
basis and using Lemma 2.6 we get the required result. Note in this case that
the basis Zl,k ≡ (zl,1, · · · , zl,k) can be taken to be the arbitraly chosen Sl,k =
(sl,1, · · · , sl,k) and Dl,k ≡ (cl,1, · · · , cl,k) are also the Sl,k except one say Sn,k which
will be replaced by S ′

n,k (the no fix permutation basis). �

Example 2.9. Let A ∈ Mm,n(C) fixed, q := min(m,n), the norm ‖.‖s is the
one associated to the usual scalar product on Ck for any k, if A = WΣV is the

singular value decomposition, W =
(

t1 ··· tm
... ···

...

)

, V ∗ =
( s1 ··· sn
... ···

...

)

and Σ is the

n×m matrix





σ1 ··· 0
...
...

...
0 ··· σq

0

0 0



 , then a direct computation shows that

x∗Ay = x∗WΣV y =
n
∑

i=1

σi(x
∗ti)(s

∗
i y).

Let us define the continuous function fA as:

fA :
{

(x, y) ∈ Cm × Cn; ‖x‖s = ‖y‖s = 1
}

→ R

(x, y) → |x∗Ay| =
∣

∣

∣

∣

∣

q
∑

i=1

σi(x
∗ti)(s

∗
i y)

∣

∣

∣

∣

∣

.

By Lemma 2.8 for each k = 1, · · · , q we have

G1 = σ1(A) = max
|x∗Ay|
‖x‖‖y‖ and Gk = σk(A) = max

x∈span{t1,··· ,tk−1}
⊥

y∈span{s1,··· ,sk−1}
⊥

|x∗Ay|
‖x‖‖y‖ ,

and :

•
k
∑

i=1

Gi = max
{

|trX∗AY | : X ∈ Mm,k, Y ∈ Mn,k, X
∗X = I = Y ∗Y

}

= max
Bk,Ck

k
∑

i=1

fA(xi, yi) =
k
∑

i=1

σi(A),

•
k
∏

i=1

Gi = max
Bk,Ck

k
∏

i=1

fA(xi, yi) =
k
∏

i=1

σi(A),
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•
k
∑

i=1

Oi = min
{

|trX∗AY | : X ∈ Mm,k, Y ∈ Mn,k, X
∗X = I = Y ∗Y

}

= min
Bk,Ck

k
∑

i=1

fA(xi, yi) = 0,

where xi is a column of X, yi a column of Y, Bk = (x1, · · · , xk) and Ck =
(y1, · · · , yk) are any two orthonormal basis of Ck.
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