N

N
N

HAL

open science

Chamber Structure For Double Hurwitz Numbers

Renzo Cavalieri, Paul Johnson, Hannah Markwig

» To cite this version:

Renzo Cavalieri, Paul Johnson, Hannah Markwig. Chamber Structure For Double Hurwitz Numbers.
22nd International Conference on Formal Power Series and Algebraic Combinatorics (FPSAC 2010),

2010, San Francisco, United States. pp.227-238, 10.46298/dmtcs.2863 . hal-01186292

HAL Id: hal-01186292
https://inria.hal.science/hal-01186292
Submitted on 24 Aug 2015

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://inria.hal.science/hal-01186292
https://hal.archives-ouvertes.fr

FPSAC 2010, San Francisco, USA DMTCS proc. AN, 2010, 227-238

Chamber Structure For Double Hurwitz
Numbers

Renzo Cavalieri' and Paul Johnson% and Hannah Markwig¥

YColorado State University, Department of Mathematics, Weber Building, Fort Collins, CO 80523-1874, USA
2Depﬁtrtmem‘ of Mathematics, Imperial College London, 180 Queen’s Gate, London SW7 2AZ, UK

3CRC “Higher Order Structures in Mathematics”, Georg August Universitit Gottingen, Bunsenstr. 3-5, 37073
Gottingen, Germany

Abstract. Double Hurwitz numbers count covers of the sphere by genus g curves with assigned ramification profiles
over 0 and oo, and simple ramification over a fixed branch divisor. Goulden, Jackson and Vakil (2005) have shown
double Hurwitz numbers are piecewise polynomial in the orders of ramification, and Shadrin, Shapiro and Vainshtein
(2008) have determined the chamber structure and wall crossing formulas for g = 0. We provide new proofs of these
results, and extend them in several directions. Most importantly we prove wall crossing formulas for all genera.

The main tool is the authors’ previous work expressing double Hurwitz number as a sum over labeled graphs. We
identify the labels of the graphs with lattice points in the chambers of certain hyperplane arrangements, which give
rise to piecewise polynomial functions. Our understanding of the wall crossing for these functions builds on the work
of Varchenko (1987). This approach to wall crossing appears novel, and may be of broader interest.

This extended abstract is based on a new preprint by the authors.

Résumé. Les nombres de Hurwitz doubles dénombrent les revétements de la sphére par une surface de genre g
avec ramifications prescrites en 0 et oo, et dont les autres valeurs critiques sont non dégénérées et fixées. Goulden,
Jackson et Vakil (2005) ont prouvé que les nombres de Hurwitz doubles sont polynomiaux par morceaux en 1’ordre
des ramifications prescrites, et Shadrin, Shapiro et Vainshtein (2008) ont déterminé la structure des chambres et ont
établis des formules pour traverser les murs en genre 0. Nous proposons des nouvelles preuves de ces résultats, et
les généralisons dans plusieurs directions. En particulier, nous prouvons des formules pour traverser les murs en tout
genre.

L outil principal est le précédent travail des auteurs exprimant les nombres de Hurwitz doubles comme somme de
graphes étiquetés. Nous identifions les étiquetages avec les points entiers a ’intérieur d’une chambre d’un arrange-
ment d’hyperplans, qui sont connu pour donner une fonction polynomiale par morceauz. Notre étude des formules
pour traverser les murs de cettes fonctions se base sur un travail antérieur de Varchenko (1987). Cette approche parait
nouvelle, et peut étre d’un large intérét.

Ce résumé élargi se base sur un papier nouveaux des auteurs.
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1 Introduction

Hurwitz theory studies holomorphic maps between Riemann surfaces with specified ramification. Dou-
ble Hurwitz numbers count covers of P! with assigned ramification profiles over 0 and oo, and simple
ramification over a fixed branch divisor.

A systematic study of double Hurwitz numbers in|Goulden et al.|(2005) shows double Hurwitz numbers
are piecewise polynomial in the entries of the partitions defining the special ramification. In Shadrin et al.
(2008), this result was investigated further in genus 0; the regions of polynomiality are determined, and a
recursive wall crossing formula for how the polynomials change is obtained. This paper gives a unified
approach to these results that strengthens them in several ways - the most important being the extension
of the results of |Shadrin et al.|(2008)) to positive genus.

This extended abstract is based on Cavalieri et al.| (2009).

2 Statement of Results

The double Hurwitz number H,(x) (where x = (z1,...,2;,)) counts the number of maps 7 : C — P,
where C'is a connected, genus g curve and 7 has profiles xg := {x;|x; > 0} (resp. X0 := {z;|z; < 0})
over 0 (resp. 00), and simple ramification over r = 2g — 2 4 n fixed other points. The preimages of
0 and oo are marked. Each cover is counted with weight 1/|Aut(7)|. Since r and g are related by the
Riemann-Hurwitz formula, we sometimes use H"(x) to denote H,(x) when it makes formulas more
attractive.

A ramified cover is essentially equivalent information to a monodromy representation; an equivalent
definition of Hurwitz number counts the number of homomorphisms ¢ from the fundamental group II;
of P*\ {0,00,p1,...,p} to the symmetric group S, such that:

o the image of a loop around 0 has cycle type Xg;

e the image of a loop around oo has cycle type X.o;

o the image of a loop around p; is a transposition;

e the subgroup o(II;) acts transitively on the set {1,...,d}.

This number is divided by |S4/|, to account both for automorphisms and for different monodromy repre-
sentations corresponding to the same cover. One organizes this count in terms of graphs as in (Cavalieri
et al., Lemma 4.1), a fact which is the starting point of our investigation (see Section 3).

Let H be the hyperplane H = {>, z; = 0} C R™. We think of H, (equiv. H") as a map

Hy :HNZ" - Q:x— Hy(x).

Our first result is a new proof of the following theorem in |(Goulden et al.| (2005):
Theorem 2.1 (GJV) The function Hy(x) is a piecewise polynomial function of degree 4g — 3 + n.

Our techniques allow us to extend this result and answer a question implicit in the work of Goulden,
Jackson and Vakil:

Theorem 2.2 H,(x) is either even or odd, depending on the parity of the leading degree 4g — 3 + n.
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We then extend the results of [Shadrin et al.| (2008) to all genera. We determine the regions on which
H ,(x) is polynomial:

Theorem 2.3 The chambers of polynomiality of H,(x) are bounded by walls corresponding to the reso-
nance hyperplanes W, given by the equation Wy = {x; = >_,.;x; =0}, forany I C {1,...,n}.

We then describe wall crossing formulas for general genus. Denote the chambers of the resonance
arrangement as H -chambers;

Definition 2.4 Let Cy and Cs be two H-chambers adjacent along the wall Wy, with C being the cham-
ber with x; < 0. The Hurwitz number H" (x) is given by polynomials, say Py (x) and P5(x), on these
two regions. By a wall crossing formula, we mean a formula for the polynomial

WCT(x) = Py(x) — Pi(x).

With the notation W' (x) there is no ambiguity about which direction we cross the wall. Since x lies
on the hyperplane >, 2;; = 0, each wall has two possible labels: W and Wy.. We choose the name so
that X is increasing.

We use H"*(x) to denote Hurwitz numbers with potentially disconnected covers. Our main theorem
is:

Theorem 2.5 (Wall crossing formula)

wex - Y% <—1>t( ’ )H-‘”HzfHs<xf,y>Ht°<—y,z>H“<xIc,—z> M

s,t,u/) L(y)! (z)!
sottu=r |y| =zl — x| (¥)! 6(z)

Here 'y is an ordered tuple of £(y) positive integers with sum |y|, and similarly with z.

The walls W; correspond to values of x where the cover could potentially be disconnected, or where
x; = 0. Crossing this second type of wall corresponds to moving a ramification between 0 and co. In the
traditional view of double Hurwitz numbers, the number of ramification points over 0 and co were fixed
separately, rather than just the total number of ramification points. Theorem [2.5]suggests that it is natural
to treat them as part of the same problem: the wall crossing formula for x; = 0 is identical to the other
wall crossing formulas.

3 Overview of Methods

This paper is an exploration of the consequences of a formula in the author’s previous work, |Cavalieri
et al., which expresses double Hurwitz numbers H,(x) as a sum over certain directed trivalent graphs I'
with several labelings, which we call monodromy graphs:

Definition 3.1 For fixed g and x = (x1,...,x,), a graph T’ is a monodromy graph if:
o I is a connected, genus g, directed graph.

o I" has n 1-valent vertices called leaves, the edges leading to them are ends. All ends are directed
inward, and are labeled by the weights x1, . ..,xy. If x; > 0, we say it is an in-end, otherwise it is
an out-end.
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o All other vertices of I are 3-valent, and are called internal vertices. Edges that are not ends are
called internal edges.

o After reversing the orientation of the out-ends, I" does not have directed loops, sinks or sources. m

e The internal vertices are ordered compatibly with the partial ordering induced by the directions of
the edges.

e Every internal edge e of the graph is equipped with a weight w(e) € N. The weights satisfy the
balancing condition at each internal vertex: the sum of all weights of incoming edges equals the
sum of the weights of all outgoing edges.

It follows from (Cavalieri et al., Lemma 4.1) that the Hurwitz number is computed as:

1
Hgy(x) :;mgw(e)v 2

the sum over all monodromy graphs I" for g and x, and the product over the interior edges of I'.

In genus zero, the edge labelings w(e) are determined uniquely by x. This makes the genus zero case
much easier to treat, and the results for this case were already presented in|Cavalieri et al.l In higher genus,
if we fix a directed graph and the labels x for the ends (such data will be called a directed x-graph), there
are many ways to assign edge labels w(e) that satisfy the balancing condition.

The crux of this paper is to understand the space of edge labelings (which we call flows) for each
directed x-graph. The space of flows consists of the lattice points in a certain bounded polytope which we
call an F'-chamber. The contribution sp(q)(x) of a fixed directed x-graph I'(d) to H,(x) equals

SF(d)(X):m~m(C)~ S ] Lex.b) 3)

beCNA e

where C is the F'-chamber associated to I'(d), A denotes the lattice and m(C) equals the number of ways
to order the vertices of I'(d) as required for a monodromy graph. Here we have written L, (x, b) for w(e),
as the weight of each edge will be a linear function in x and the coordinates of A.

We illustrate this in an example that we continue to develop throughout. Consider the directed x-graph
I'(x,d,v) on the left hand side in Figure|l| In this example, we use the notation I'(x, d, v) to indicate
that the graph comes with directed edges (d) and with a vertex ordering (v). In the figure, the vertices
are labelled to indicate the vertex ordering. We want to understand all monodromy graphs that equal
I'(x, d, v) after forgetting the weights of the internal edges. There are no monodromy graphs that equal
I'(x,d,v) after forgetting the weights if 1 + x3 < 0, so we assume that x1 + x3 > 0.

We have two degrees of freedom to choose weights for the interior edges such that the balancing con-
dition is satisfied, one for each independent cycle of I'. Once we label one of the interior edges with the
weight ¢, and another with j, all other weights are determined by the balancing condition, as shown in the
right hand side of Figure[I} All possible collections of edge labels are indexed by the lattice points in the
polytope defined requiring these labels to be nonnegative:

120,j20,j+i-2220,—24—1—-720,—24-720,5 —222>0.

(@ We do not consider leaves to be sinks or sources.



Chamber Structure For Double Hurwitz Numbers 231
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Fig. 1: A directed x-graph and the weights of internal edges determined by the balancing condition

-t

Fig. 2: The F-chamber corresponding to I'(x, d, v)

Figure [2| shows all hyperplanes w(e) = 0 with a normal vector indicating on which side of the hyper-
plane the inequality w(e) > 0 is satisfied; this defines the F'-chamber corresponding to I'(x, d, v).
The contribution of I'(x, d, v) to H,(x) is given by

(z1 +$3)'_‘i‘2_i4i'j'(j+i—$2)‘(—$4—i—j)'(—$4—j)'(j—$2)
=0

Jj=x2

where the sum goes over all lattice points (¢, j) in the polygon above (I'(x, d, v) has no automorphisms).
Theorem [2.1] follows from Equation [3] and the general theory of lattice points in polytopes. As we
change x, the facets of F'-chamber C translate (their normal directions remain constant). Since for all
integral x, the vertices of the F'-chamber C are integers, our sums are piecewise polynomial, and the walls
occur when the topology of C changes.
In the general setup of the theory the resulting polynomials need not be odd or even, so Theorem 2.2]
is more subtle: it is related to Ehrhart reciprocity, and depends essentially on the fact that the polynomial
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I I3
\/
T+ X3
J+1—x2 —T4—1—]
1
J—x2 —T4—J
T2 j X4

Fig. 3: Labels w’(e) for the undirected graph

we are summing over the polytope vanishes on the boundary of the polytope.

To prove Theorems [2.3] and [2.5] requires understanding for what values of x the F-chambers change
topology, and how they change topology, respectively. To answer these questions, it is helpful to notice
that the F'-chambers for distinct x-graphs with the same underlying undirected graph I" fit together as the
set BCr(x) of bounded chambers of a natural hyperplane arrangement A (x) associated to T" and x.

Returning to our example, we can retain the orientation of the edges in Figure [I] as a reference orien-
tation, and the labels w’(e) for the internal edges obtained from the balancing condition as in Figure

We switch to w’(e) instead of w(e) because we do no longer restrict the edge labels to be positive;
instead, any possible value of ¢ and j are allowed. For each edge of T, the set of ¢ and j where w’(e) = 0
will give a hyperplane, and together these form the hyperplane arrangement A (x). Inside a chamber of
Ar(x), a sign for w’(e) is picked for every edge, and thus an orientation for every edge; the chamber will
be the F-chamber for that directed x-graph. Figure 4| shows the hyperplane arrangement Ap(x), with
each F'-chamber labeled by the corresponding directed graphs with the induced orientations. Since the
orientation of the ends and the edge with label x1 + x3 does not depend on 7 and j, we do not include
these edges in the pictures.

Only the bounded F'-chambers (shaded) correspond to directed x-graphs that contribute to the Hurwitz
number. The unbounded F'-chambers correspond to graphs with a directed loop, and so the vertices have
no compatible total orderings and the multiplicity of these chambers are zero.

For different chambers, the product [] w(e) differs at most by the sign, since the edge weights w(e)
equal plus or minus the edge label w’(e), depending on the side of the hyperplane w’(e) = 0 the F-
chamber is situated. Thus we can define a sign sign(C) for each F-chamber C that is determined by the
number of edges that are reversed when compared to the reference orientation.

Summing all the contributions from directed x-graphs I'(d) with the same underlying undirected x-
graph I', we get the contribution St of the undirected x-graph I to the Hurwitz number as

Sr(x) = |Aut Zblgn ©) Z l_ILe(x7 b),

beCNA

where the sum goes over all bounded chambers C of Ar(x).
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Fig. 4: The parameter space for monodromy graphs corresponding to a given x-graph

Remark 3.2 In Equation (2) T is a monodromy graph, while here T' is an x-graph, and so the meaning of
Aut(T) is different. An automorphism of a monodromy graph must fix all vertices, while an automorphism
of an x-graph only needs to fix the ends. These extra automorphisms account for the fact that the same
monodromy graph can occur in multiple ways from a single x-graph.

Even for a generic choice of x the arrangement Ar(x) is not simple - that is, there are hyperplanes that
do not intersect transversally. This follows from the balancing condition: if two edge labels incident to a
vertex are both zero, then the third edge label must be as well. As a consequence, for each vertex we have
three hyperplanes intersecting in codimension two. But for generic x, these are the only nontransverse
intersections. When we pass through a value of x with more nontransverse intersections than expected,
the topology of the arrangement A (x) changes, and so do the Hurwitz polynomials. We prove Theorem
23] by showing that if €1, ..., e, are k edges whose hyperplanes intersect in codimension k — 1 at x,
but generically intersect transversally, then these edges disconnect I', and each component will contain at
least one end. Flows in the intersection of the hyperplanes correspond to flows on the graph where the
edges are cut, and so if [ is the set of ends on one component, we see that x must have been a point on
the wall W7;.

Our main result is the wall crossing formula (Theorem [2.3). The idea of the proof is simple: matching
the contributions to both sides by every directed x-graph. In genus 0, realizing this strategy is straightfor-
ward because there is a natural geometric bijection (C'ut) between graphs contributing to the wall crossing
(LHS) and pairs of graphs contributing to the product of Hurwitz numbers on the RHS (the middle term
can easily be seen to equal 1 in genus 0). In higher genus C'ut is no longer a function, and a delicate
process of inclusion/exclusion is required, leading us to foray into algebraic combinatorics. While to
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determine the walls it is enough to know where topology of Ar(x) changes, to derive the wall crossing
formula we must understand how the topology changes; i.e. if x; and x5 lie in two H-chambers C; and
(5, adjacent along the wall Wy, how does Ar(x;) differ from Ar(x2)? This understanding is essential
for relating the difference of the contributions St (x1) — Sr(x2) to the resp. Hurwitz numbers.

The information how Ar(x,) differs from Ar(x2) is conveniently encoded in a linear map

V12 : R[BCF(Xl)] — R[BCF<X2)}

called the Gauss-Manin connection. The basic picture is that as x passes through a wall, certain F'-
chambers vanish, and others appear. For any F'-chamber, the change in shape as x crosses a wall can
be described in terms of adding or subtracting these appearing F'-chambers; V5 is the map that sends a
given F'-chamber to this signed sum of F'-chambers. It turns out to be easier to declare F'-chambers to
form an orthonormal basis of R[BCr(x1)], and study the adjoint Vi, which records which F-chambers
of Ar(x;) map to a given one in Ar(xz).

The key point is that integrating a polynomial f over an F’-chamber C(x) gives only a piecewise poly-
nomial function; but if we replace C(x) by V12C(x) when we cross a wall, then we get a globally defined
polynomial. Results of [Varchenko| (1987) show that if we replace integration by summing over lattice
points, the same result is true if we deal properly with lattice points in the boundary of the polytope. Since
our polynomials vanish there, we don’t have to worry about this, and so V1o encodes essentially all the
information for Hurwitz wall crossing.

Returning once more to our running example, in Figure {4 showing Ar (x), we implicitly assumed that
0 > z2 + 4. The topology of the hyperplane arrangement changes if 0 = x2 + x4. Fix the wall W5 43
and let C and C5 be two adjacent H-chambers. Assume that in C, we have 0 < x5 + x4, and in Cs,
we have x5 + 24 < 0. Figure [5shows the hyperplane arrangements Ar(x;) and Ar(x3) for two points
x; € (7 and xo € Ca. The hyperplanes appear with their defining equations. They are drawn with
different line styles in order to emphasize how they move. The bounded F'-chambers are labelled with
letters. Since the edge with weight z; + x3 gives the inequality x; + x3 > 0 on the right which is not
satisfied on the left, every F'-chamber on the right is an appearing chamber, and every F'-chamber on the
left is vanishing. This can also be seen from the corresponding graphs: since the top most interior edge
with weight z; + x3 always points down on the right, there is a flow from top to bottom. Figure [ shows
the directed x-graphs corresponding to some of the F'-chambers.

To understand the Gauss-Manin connection for this example, we pick an appearing F'-chamber on the
right, e.g. A, and ask ourselves what F'-chambers on the left contain it in their support when carried over
the wall, i.e. we determine V. ;5 (A). To do this, we take chambers on the left, e.g. E, and carry them over,
i.e. we first determine VF712(E ). When we carry E over, we get B and keep the orientation (we switch
the summation index twice). In the same way, we get Vr 12(F) = A. If we interpret the inequalities
of G on the right, we have to switch one summation index, and then we end up with A + B + C.
Thus Vr 12(G) = —A — B — C. Finally, H becomes D + B + C. Thus, Vl’i)m(A) = F — @G,
Vii(B)=FE—-G+H,V{,,(C)=-G+ Hand V} ,(D) = H.

Our key result is that we can express the linear map V7, combinatorially. We define a simple /-cut of a
directed x-graph I" to be a minimal set of edges E so that E' disconnects I' into exactly two components,
one containing the ends in I, and the other containing all the ends in /¢. An I-cut in general is a union
of simple /-cuts. This could be the empty union, which we call the empty cut. Note that a general /-cut
might be expressible as a union of simple I-cuts in many different ways.
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Fig. 5: The hyperplane arrangements .Ar(x1) and Ar(x2) for two points x; and x2 on opposite sides of a wall.
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Fig. 6: The directed x-graphs corresponding to the F-chambers B, F, F', G and H of figure[5]

The set of simple I-cuts forms a poset under inclusion, which we denote C(I). As an example, we
show the poset of {1, 3}-cuts of the graph I" 5 from above as an example (see Figure .

In this case, the Cr([) is simply the boolean lattice generated by the simple cuts, although this is not
true in general. A key lemma is in our paper is the following:

Lemma 3.3 Cr(I) is isomorphic to the face lattice of a certain cone, defined in terms of a different
hyperplane arrangement associated to .

The main importance of Lemma is that it shows Cr([) is Eulerian, and all Mobius inversion type
questions can be translated into questions about Euler characteristics of subsets of the cone. A more
immediate consequence is that C(I) is ranked; the empty cut has rank zero.

The key step in our proof of the Main Theorem is the following theorem, which expresses V7, in
terms of the poset of cuts Cr(I).

Theorem 3.4 Let A and B be F-chambers in BCr(x2) and BCr(x1), respectively. Let T 4 and T'p
denote the corresponding orientations of the edges of I, and let S be the subset of edges of I where these
orientations differ. Then

(Vi A, By = (-1)!s S (~pyk@,
Sccecr , (I)

Here the notation means we sum only over the I-cuts of I 4 that contain S.
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Fig. 7: The directed x-graph I' g and its poset of {1, 3}-cuts

Theorem 3.4]does not depend on the graph being trivalent, and could be of independent interest.

The proof of Theorem [3.4]is the technical heart of the paper, and rests upon the following observations
from [Varchenko| (1987)): cones are preserved by the Gauss-Manin connection, and every chamber can be
written as a signed sum of cones. Thus, it suffices to show V7, preserves cones. We are able to do this by
using the understanding of Cr () afforded by Lemma3.3]

We now illustrate the statement of Theorem [3.4] in the case of our example. Consider the appearing
chamber B on the right of the wall. We have seen that V}. ,,(B) = E — G + H, and so we understand
the left hand side of Theorem [3.4] We have also determined the poset of I-cuts of the directed graph I'p
(Figure[7), and so we are able to compute the right hand side as well.

First, let us verify that Theorem gives (Vi,B, F) = 1. We see that to get I' from I' 5, we must
change the orientation of the edges a, b, ¢, d, e and f, and so S = {a,b,c,d, e, f}. . There is only one
cut that contains .5, the maximal cut. Its rank is four (see Figure . Since |S| = 6, Theorem gives
(ViyB,E) = (—1)0 - (~1)* = L.

Similarly, we will verify that Theorem [3.4] gives (Vi,B,G) = —1. In this case, the set S of edges
where the orientations of I'¢ and I'p differ is {a,b,c,e}. There are three cuts that cut these edges,
namely abede and abee f, both of rank three, and abede f of rank four. Since |S| = 4, Theorem gives
(ViaB,G) = (—1)* - ((—1) + (=1)* + (—1)%) = —L.

Additionally, chambers that do not appear in Vi, B should appear with coefficient zero in the right hand
side of Theorem Let us check that we get (Vi,B, F) = 0. To get I'p from I', the set .S of edges we
must reverse is {a, b, ¢, e, f}. The cuts that contain S are abce f of rank three and abede f of rank four,
and so we get (—1)° - ((—1)3 + (=1)*) = 0.

A more complicated wall crossing formula than Theorem [2.3]follows rather quickly from Theorem [3.4]

For a cut C € Cr([), removing the edges in C' from I will cut I" into multiple components graphs,
each of which can can be interpreted as a graph appearing for a simpler Hurwitz number.

As we sum over all I', we will sometimes see essentially the same cut C' appearing for different I -
that is, the components of I' \ C' will be different graphs, but will contribute to the same Hurwitz problem
(have the same number of vertices and in and out going ends), and glue together in the same manner. This
is the situation illustrated in Figure@ As a result, we obtain:

Theorem 3.5 (Heavy Formula)

” _ >0 N r H (M(i7j))k
N=0 5+(Z§\7:1 t;)+u=r [A|=In|=d data in %
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Fig. 8: The data denoted by « in the heavy formula, Theorem 33|

*(xr, A 1_[111t H"(x7c,—n)

The data denoted by « is illustrated in Figure [8} it consists in disconnecting a graph with an I-cut in
all possible ways with the right numerical invariants. The ,u] denote the partitions of weights of the edges
connecting the ¢-th to the j-th connected component, we use (,ul )i to denote its parts.

The derivation of Theorem [3.3]from Theorem 2.3]is essentially inclusion-exclusion, and an application
of Lemma[3.3l

4 Motivation and Connections to other work

Although our methods are essentially combinatorial, much of the motivation of |Goulden et al.| (2005)),
and hence our work, comes from algebraic geometry, in particular the ELSV formula [Ekedahl et al.
(2001). There, it is shown that similar polynomiality occurs for single Hurwitz numbers (where there is no
ramification over o), and that the coefficients of these polynomials are the intersection of certain classes
in the moduli space of curves M, ,,. This connection has been vital in understanding these intersections.
In|Goulden et al.[(2005), it is suggested that a similar relationship should hold for one part double Hurwitz,
where the map is totally ramified over zero - i.e., where x has only one positive part. They conjecture
that the moduli space of curves should be replaced by some yet to be determined universal Picard space,
which would give us a similar understanding of the intersection theory there. One part double Hurwitz
numbers are simply one chamber of the Hurwitz problem, however, and it would be wonderful to extend
the conjecture of (Goulden et al.| (2005) to give a formula for double Hurwitz numbers on all chambers,
with the wall crossing phenomenon explained in terms of changes in the moduli space. Our work could
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perhaps be of use in investigating such a conjecture.
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