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On unary nodes in tries

Stephan Wagner†

Department of Mathematical Sciences, Stellenbosch University, Private Bag X1, Matieland 7602, South Africa

The difference between ordinary tries and Patricia tries lies in the fact that all unary nodes are removed in the latter.
Their average number is thus easily determined from earlier results on the size of tries/Patricia tries. In a well-known
contention resolution algorithm, whose probabilistic model is essentially equivalent to tries, unary nodes correspond
to repetitions, i.e., steps in the algorithm that do not resolve anything at all. In this paper, we take an individual’s
view on such repetitions: we consider the distribution of the number of repetitions a certain contender encounters in
the course of the algorithm—which is equivalent to the number of unary nodes on the path from the root to a random
string in a trie. We encounter an example of a sequence of distributions that does not actually converge to a limit
distribution, but rather oscillates around a (discrete) limit distribution.

Keywords: tries, Patricia tries, contention trees, unary nodes, limit distribution

1 Introduction
Tries can certainly be said to belong to the most classical data structures, and different shape parameters
have been studied extensively in the past under various models. Their main purpose is the storage and
retrieval (hence the name trie, being part of the word retrieval, suggested by Fredkin [6]) of strings over a
finite alphabet (bit strings, hexadecimal strings, words, DNA, etc.). Let us start with a brief definition.

A trie is built from a set of n strings over a finite alphabet in such a way that the strings are stored
in external nodes and that edges going out from an internal node correspond to different letters of the
alphabet. Recursively, one can define tries as follows: if the set of strings has only one element, the
corresponding trie only consists of a single external node containing this string; otherwise, the set of
strings is split into groups according to their first letter; tries are built from each of these groups and
attached to a common root. Figure 1 shows a simple example of a trie, built from the strings aabc. . . ,
acaa. . . , acab. . . , babc. . . , cbab. . . , cbbb. . . , cbca. . . .

Tries were first proposed by de la Briandais [3] in the context of information processing. They play
an important role in computer science due to their various applications to searching and sorting, fast
retrieval [10], data compression [14], and others. The classical model for their analysis assumes that the
set of strings is randomly generated by a memoryless source, and that the probabilities of the various
letters are fixed. Under these assumptions, parameters such as the size (number of (internal) nodes) or the
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external path length (sum of the distances from the root to all external nodes) can be studied by means of
techniques involving analytic poissonization/depoissonization and the Mellin transform (see for instance
[1, 5, 8, 9, 12]). Besides expected values and variances, limit distributions have been determined as well.
One of the first such distribution results, due to Jacquet and Régnier [7], states, for example, that the
distribution of the (random) size of a binary trie tends to a normal distribution.

aabc . . .

acaa . . . acab . . .

babc . . .

cbab . . . cbbb . . . cbca . . .

Fig. 1: An example of a trie

There are also more general (and thus also more realistic) source models that have been studied, for
example involving finite Markov chains (see for instance [1]). For the sake of simplicity, we will stick
to the case in which the m letters of the alphabet in use are assigned positive probabilities p1, p2, . . . , pm
and all letters of a random string are independently generated, even though all results should extend to
more general probabilistic models. In this simple case, the average size of a trie generated by n strings is
given by

1

−
∑m
j=1 pj log(pj)

· n+ nQ1(n) + o(n),

see [1]. Here Q1(n) is an oscillating function (possibly 0) of small amplitude compared to the first term.
This is a typical phenomenon in the analysis of tries. Note the occurrence of the entropy associated with
the probabilities p1, p2, . . . , pm in the denominator.

A variant of tries is known as Patricia tries; the only difference lies in the fact that unary nodes (with
only one child) are compressed, thus making the data structure slightly more efficient. See Figure 2 for the
Patricia trie generated from the aforementioned set of strings. Parameters of Patricia tries are somewhat
more intricate to study, see Bourdon’s article [1] for an extensive study of the most important shape
parameters size and external path length. The average size is given by a formula similar to that for tries:

−
∑m
j=1(1− pj) log(1− pj)
−
∑m
j=1 pj log(pj)

· n+ nQ2(n) + o(n).

It is worth noting that the size of Patricia tries is deterministic in the binary case, since all internal nodes
are binary nodes in this case, which implies that their number is exactly n− 1. In the general m-ary case,
this phenomenon does not occur any longer.
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aabc . . .

acaa . . . acab . . .

babc . . .

cbab . . . cbbb . . . cbca . . .

Fig. 2: The Patricia trie associated with the trie in Figure 1

Let us finally mention another aspect of tries related to a contention resolution scheme. Suppose that
n submitters contend for access to a broadcasting channel. An algorithm to resolve this situation is the
contention tree algorithm due to Capetanakis [2], Tsybakov and Mikhailov [16]: for some given degree
m, we let m broadcasting slots be grouped into a frame. Now each transmitter selects one of these
slot at random, with probabilities p1, p2, . . . , pm (typically chosen to be equal, but there are variants
where unequal probabilities are more efficient). If a slot is picked by only one contender, transmission
is successful; otherwise, if a collision occurs at a certain slot, a new frame is opened for all contenders
who picked this slot, and the procedure is applied recursively until all collisions are resolved. It is plain
to see that this approach leads to a tree structure that is equivalent to the aforementioned description of
tries. Figure 3 shows the contention tree that corresponds to the trie of Figure 1—the numbers in the slots
indicate the number of contenders that choose the respective slot. It is possible in this procedure that no

3 1 3

1 0 2 0 3 0

2 0 0 1 1 1

1 1 0

Fig. 3: The contention tree corresponding to the trie in Figure 1

resolution is achieved in a certain step at all, because all contenders pick the same slot of a frame. Such
repetitions correspond exactly to unary nodes in tries, which constitute the difference between tries and
Patricia tries. They occur surprisingly frequently, their average number being linear in n. Combining
results on the size of tries and Patricia tries, one obtains that the average number of repetitions, given the
probabilities p1, p2, . . . , pm and the number n of strings, is asymptotically

1 +
∑m
j=1(1− pj) log(1− pj)
−
∑m
j=1 pj log(pj)

· n+ nQ3(n) + o(n). (1)
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Using the techniques of Jacquet and Régnier [7], one can also prove a central limit theorem for this
quantity, the limit distribution being Gaussian. We will not give the details in this paper—the reader is
referred to [8] and [15, Chapter 10] for very general results on analytic depoissonization.

Since repetitions are so numerous, it usually makes a difference in the study of trie parameters whether
they are taken into account or not (in other words, whether tries or Patricia tries are considered): the size
and the external path length are but two examples; let us mention the number of k-cousins as another
example. We call a set of k strings k-cousins if they are stored in a common subtrie rooted at some
internal node, and no other strings occur in this subtrie. For instance, in the binary case, 2-cousins are
exactly pairs of two strings sharing a common parent node. The number of k-cousins was studied in
a recent paper of Mahmoud and Ward [11], motivated by the fact that measures for the similarity of
strings play an important role in applications. Under the usual model of a memoryless source with given
probabilities p1, p2, . . . , pm, the mean number of k-cousins was determined by Mahmoud and Ward to be

1−
∑m
j=1 p

k
j

−k(k − 1)
∑m
j=1 pj log(pj)

· n+ nQ4(n) + o(n).

The corresponding parameter for contention trees would be the number of frames with exactly k con-
tenders (henceforth called k-frames). In this context, however, it makes more sense to take repetitions
into account (which is not done for k-cousins; there might be more than one possible root for the common
subtrie). This, however, does not pose major difficulties: the simplest way to derive a result that takes
repetitions into account is to notice that once a k-frame is reached, the number of repetitions to follow
before the number of contenders is reduced follows a geometric distribution with parameter 1−

∑m
j=1 p

k
j

(the probability that the group of k contenders is split into several non-empty subgroups). Hence we ob-
tain a formula for the mean number of k-frames that is even slightly simpler since the average number of
repetitions cancels exactly with the numerator:

1

−k(k − 1)
∑m
j=1 pj log(pj)

· n+ nQ5(n) + o(n).

In other words, k-frames roughly make for a fraction of 1
k(k−1) of all frames.

In the following, we take an individual’s view on repetitions: how often can a certain contender expect
to encounter the frustrating situation that nothing is resolved at all, in the sense that all other contenders in
the same frame choose the exact same slot? In the setting of tries generated by strings, one can formulate
this in a more positive way: suppose that a trie is used to store a dictionary, and that a word is entered. An
autocomplete tool suggests the following letter to be entered whenever it is unique (among words stored
in the dictionary). Then the parameter we consider corresponds to the number of letters that are suggested
by this tool if a random word from the dictionary is entered (which is exactly the number of unary nodes
on the path from the root to the node where the word is stored).

In view of the fact that the total number of repetitions is of linear asymptotic order in n and that
repetitions are most likely to occur if the number of contenders is small, it is heuristically clear that the
expected number of repetitions encountered by an individual is bounded. In the following, we show that
the distribution of this number either converges to a discrete limit distribution or oscillates around one.
As can also be seen from the above results, such oscillation phenomena are typical for tries and related
structures.
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2 The average number of repetitions encountered by an individ-
ual

Let an(u) be the probability generating function for the number of repetitions that a certain (fixed) con-
tender encounters (equivalently, the number of unary nodes on the path from the root to a random external
node, as mentioned above), given the total number n of contenders. Then the following equation is satis-
fied for n > 1:

an(u) =

n−1∑
k=0

(
n− 1

k

) m∑
j=1

pk+1
j qn−k−1

j ak+1(u) + (u− 1)

m∑
j=1

pnj an(u),

where we set qj = 1 − pj . Note that
(
n−1
k

)∑m
j=1 p

k+1
j qn−k−1

j is the probability that exactly k fellow
contenders choose the same slot, from which this equation follows easily. In particular, the sum

∑m
j=1 p

n
j

represents the probability that a repetition occurs, i.e., all contenders pick the same slot. Furthermore, it
is clear that the initial value is a1(u) = 1. Now consider the exponential generating function

A(x, u) =

∞∑
n=1

an(u)

n!
xn.

The above equation can now be translated to an equation for A(x, u) as follows:

A(x, u) =

∞∑
n=1

n−1∑
k=0

k + 1

n(n− k − 1)!

m∑
j=1

pk+1
j qn−k−1

j

ak+1(u)

(k + 1)!
xn + (u− 1)

∞∑
n=2

m∑
j=1

pnj
an(u)

n!
xn

=

∞∑
k=0

∞∑
n=k+1

k + 1

n(n− k − 1)!

m∑
j=1

(
pj
qj

)k+1
ak+1(u)

(k + 1)!
(qjx)n + (u− 1)

m∑
j=1

A(pjx, u)

− (u− 1)x.

This can be simplified by differentiating with respect to x, which merely amounts to a shift in the coeffi-
cients of A:

Ax(x, u) =

∞∑
k=0

k + 1

x

m∑
j=1

(pjx)k+1 ak+1(u)

(k + 1)!

∞∑
n=k+1

(qjx)n−k−1

(n− k − 1)!
+ (u− 1)

m∑
j=1

pjAx(pjx, u)−(u− 1)

=

∞∑
k=0

k + 1

x

m∑
j=1

(pjx)k+1 ak+1(u)

(k + 1)!
eqjx + (u− 1)

m∑
j=1

pjAx(pjx, u)− (u− 1)

=

m∑
j=1

pje
qjx

∞∑
k=0

(k + 1) · ak+1(u)

(k + 1)!
(pjx)k + (u− 1)

m∑
j=1

pjAx(pjx, u)− (u− 1)

=

m∑
j=1

pje
qjxAx(pjx, u) + (u− 1)

m∑
j=1

pjAx(pjx, u)− (u− 1)

=

m∑
j=1

pj(e
qjx + u− 1)Ax(pjx, u)− (u− 1)
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For u = 1, one has an(u) = 1 for all n ≥ 1 and thus Ax(x, 1) = ex, which indeed satisfies the functional
equation. Now consider the function B(x, u) = e−xAx(x, u), which is the Poisson transform of the
sequence an(u) (shifted). Then one obtains

B(x, u) =

m∑
j=1

pj(1 + (u− 1)e−qjx)B(pjx, u)− (u− 1)e−x. (2)

Let us consider an interesting special case first: if m = 2 and p1 = p2 = 1
2 , one obtains

B(x, u) = (1 + (u− 1)e−x/2)B(x/2, u)− (u− 1)e−x,

which has the explicit solution B(x, u) = 1
2−u + 1−u

2−ue
−x, so that Ax(x, u) = 1

2−ue
x + 1−u

2−u and thus
an(u) = 1

2−u for all n > 1. Hence we have the following result:

Proposition 1 In the unbiased binary case (m = 2, p = q = 1
2 ), the distribution of the number of

repetitions encountered by a certain contender is geometric: with probability 2−1−`, it is equal to `. This
is independent of the number of contenders (> 1).

This seems to be the only special case in which the distribution does not depend on the number of con-
tenders. The simple geometric law does not persist in the more general case either, not even asymptoti-
cally. Before we look at general distributions, let us first study the mean; we differentiate with respect to
u and plug in u = 1 to obtain

Bu(x, u) =

m∑
j=1

pj(1 + (u− 1)e−qjx)Bu(pjx, u) +

m∑
j=1

pje
−qjxB(pjx, u)− e−x

and thus

Bu(x, 1) =

m∑
j=1

pjBu(pjx, 1) +

m∑
j=1

pje
−qjxB(pjx, 1)− e−x

=

m∑
j=1

pjBu(pjx, 1) +

m∑
j=1

pje
−qjx − e−x.

In order to proceed, we apply a general depoissonization theorem:

Theorem 2 ([15, Theorem 10.5]) Let G(z) =
∑∞
n=0

gn
n! z

n be the Poisson transform of a sequence gn,
and assume that it satisfies a functional equation of the form

G(z) =

m∑
j=1

γj(z)G(pjz) + t(z),

where
∑m
j=1 pj = 1. Suppose further that G(z) is an entire function, and that the following conditions

hold for some β, 0 < θ < π
2 , 0 < η < 1, B > 0 and all z with |z| > ξ:
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• For z ∈ Sθ = {z : | arg(z)| < θ},
m∑
j=1

|γj(z)|pβj ≤ 1− η

and
|t(z)| ≤ B|z|β .

• For z /∈ Sθ and some α < 1,

|γj(z)|epj<(z) ≤ 1

3
eαpj |z|

for all j and

|t(z)|e<(z) ≤ 1

3
eα|z|.

Then
gn = G(n) +O(nβ−1).

See [15] (the theorem is only stated in the special case m = 2 there; the generalization is straightforward)
and [8]. It is easy to check that the conditions are satisfied for the Poisson transform Bu(z, 1), where β
can be chosen to be any positive real number. Hence we only have to consider the behavior of Bu(n, 1)
as n → ∞. To this end, we use the standard technique for this type of functional equation, which is
the Mellin transform: if B∗(s) denotes the Mellin transform of Bu(z, 1), then the functional equation
translates to

B∗(s) =

m∑
j=1

p1−s
j B∗(s) +

 m∑
j=1

pjq
−s
j − 1

Γ(s)

or

B∗(s) =

∑m
j=1 pjq

−s
j − 1

1−
∑m
j=1 p

1−s
j

Γ(s)

for −1 < s < 0. Now we apply the Mellin inversion formula

Bu(n, 1) =
1

2πi

∫ 1/2+i∞

−1/2−i∞
B∗(s)n−s ds

and shift the path of integration to the right, collecting residues at all the singularities (see [4] for a formal
treatment of this procedure). Since B∗(s) has poles at all solutions of the equation

m∑
j=1

p1−s
j = 1, (3)

one needs information on the location of these solutions. This is given by the following result:

Proposition 3 ([11]) The roots of the characteristic equation (3) fall in the vertical strip 0 ≤ <(s) ≤ ∆
for some ∆ that depends on p1, p2, . . . , pm; furthermore, if the plane is cut into horizontal slices of height

2π
| log minj pj | , then each of these slices contains exactly one root.
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In view of this result and Theorem 2, the aforementioned Mellin transform technique yields

−
∑m
j=1 pj log qj

−
∑m
j=1 pj log pj

+
∑
ρ6=0

(∑m
j=1 pjq

−ρ
j − 1

)
Γ(ρ)n−ρ

−
∑m
j=1 p

1−ρ
j log pj

+ o(n−∆) +O(nβ−1)

for the average number of repetitions encountered by an individual, where the sum is taken over all roots
ρ of the characteristic equation. Since Γ(ρ) decreases exponentially as the imaginary part of ρ goes to
infinity, the sum converges. Now there are essentially two cases:

• If there are further characteristic roots (other than 0) on the vertical line <(s) = 0, then the contri-
butions of all such roots sum to a periodic function in log n, whose Fourier series can be determined
explicitly. This is the periodic case in the terminology of [1]. This occurs if the numbers log pj are
rational multiples of each other. In particular, in the uniform case (p1 = p2 = . . . = pm = 1

m ), the
characteristic equation (3) reduces to ms = 1, whose solutions are ρj = 2πij

logm , j ∈ Z. Hence one
obtains the Fourier series

1− log(m− 1)

logm
+

∑
j∈Z,j 6=0

exp(−2πij log(m− 1)/ logm)− 1

logm
Γ

(
2πij

logm

)
exp

(
−2πij log n

logm

)
.

Note in particular that all terms in the sum vanish for m = 2 (in this case, the Mellin transform
B∗(s) is simply Γ(s)). See Figure 4 for a plot of this function in the case m = 3.

• If there are no such roots, then the contributions of all characteristic roots other than 0 only add to
a term of order o(1).

20 40 60 80 100

0.3688

0.3692

0.3694

Fig. 4: A plot of the oscillating function in the case m = 3, p1 = p2 = p3 = 1
3

Let us collect all these results in a single theorem:

Theorem 4 As the number of contenders goes to infinity, the expected number of repetitions encountered
by an individual is given by

−
∑m
j=1 pj log qj

−
∑m
j=1 pj log pj

+Q6(n) + o(1),

where Q6(n) is a small oscillating function (possibly 0). In particular, it oscillates around 1 − log(m−1)
logm

in the unbiased case p1 = p2 = . . . = pm = 1
m .
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Let us compare this to equation (1), which gives the average total number of repetitions. Of course, this
average must be less than n times the average given in Theorem 4 for reasons of double-counting (which
is also the reason why Theorem 4 cannot be obtained directly from the results on tries and Patricia tries
mentioned in the introduction). Roughly speaking, the quotient

−
∑m
j=1 pj log qj

1 +
∑
qj log qj

(average total number of repetitions, counted with multiplicity, divided by the average total number of
repetitions), gives the average number of contenders involved in a repetition. From this interpretation, it
follows that the quotient must be ≥ 2, which of course can also be shown directly. In the unbiased case,
the quotient tends to 2 as m→∞.

3 Limit distribution
Let us now consider the distribution in more detail. Again, oscillation phenomena arise, in particular in
the periodic case. In this case, we observe the interesting phenomenon that there is no limit distribution,
but that the distribution of the number of repetitions oscillates around a certain distribution. Since the
mean is O(1), one naturally expects a discrete distribution (as opposed to the continuous distributions for
size and depth, see [7, 13]), which is indeed the case. However, except for the very special case m = 2
(Proposition 1), it is none of the classical distributions and can only be described somewhat implicitly.
Our aim is the following theorem:

Theorem 5 Let Rn be the (random) number of repetitions encountered by a certain contender in our
contention resolution algorithm; equivalently, Rn is the number of unary nodes on the path from the root
to a random external node in a trie. Then the following cases occur:

• In the aperiodic case (i.e., there are no characteristic roots on the vertical line <(s) = 0 other than
s = 0), or if m = 2 and p1 = p2 = 1

2 , Rn tends to a discrete limit distribution.

• In the periodic case (further characteristic roots on the vertical line <(s) = 0), except for m = 2,
p1 = p2 = 1

2 , the distribution of Rn oscillates around a fixed distribution, in the sense that

P(Rn = k) = Lk + Pk(n) + o(1)

for all k ≥ 0, where Lk is a constant and Pk(n) is a function that is periodic in log n.

Proof: The case m = 2, p1 = p2 = 1
2 is already covered by Proposition 1. Now let us consider the

Poisson transform B(x, u) again. We have

rn,k = P(Rn = k) = (n− 1)![ukxn−1]exB(x, u).

Now recall the functional equation (2):

B(x, u) =

m∑
j=1

pj(1 + (u− 1)e−qjx)B(pjx, u)− (u− 1)e−x.
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We consider the coefficient of uk, which we denote by Ck(x):

Ck(x) = e−x
∞∑
n=1

rn,k
(n− 1)!

xn−1 = [uk]B(x, u).

Now start with C0(x); from the functional equation for B(x, u), we obtain

C0(x) =

m∑
j=1

pj(1− e−qjx)C0(pjx) + e−x.

Rewriting this as

C0(x) =

m∑
j=1

pjC0(pjx) + e−x

1−
m∑
j=1

pj

∞∑
n=1

rn,0
(n− 1)!

(pjx)n−1

 ,

we see that the structure of the functional equation is the same as in the analysis of the mean, and that the
conditions of Theorem 2 are satisfied (note for this that 0 ≤ rn,0 ≤ 1, so that the inner sum (over n) can
be estimated by epj |x|). This also shows that the Mellin transform of the expression

e−x

1−
m∑
j=1

pj

∞∑
n=1

rn,0
(n− 1)!

(pjx)n−1


converges for <(s) > −1 (note that we also have a zero at x = 0) and represents an entire function there.
Hence our Mellin transform technique shows that C0(x) tends to a constant as x → ∞ in the aperiodic
case, and oscillates around a constant in the periodic case, which implies the same behavior for rn,0. See
Figure 5 for a comparison of the two cases (m = 2, p1 = 1

3 , p2 = 2
3 vs. m = 3, p1 = p2 = p3 = 1

3 ).
For k ≥ 1, one can proceed in exactly the same way; one simply notes that

C1(x) =

m∑
j=1

pj(1− e−qjx)C1(pjx) +

m∑
j=1

pje
−qjxC0(pjx)− e−x

and

Ck(x) =

m∑
j=1

pj(1− e−qjx)Ck(pjx) +

m∑
j=1

pje
−qjxCk−1(pjx)

for k > 1, which one rewrites as

Ck(x) =

m∑
j=1

pjCk(pjx) +

m∑
j=1

pje
−qjx(Ck−1(pjx)− Ck(pjx)).

Once again, the Mellin transform of the last summand can be shown to converge for <(s) > −1, and one
obtains the theorem for k ≥ 1 in the same way as for k = 0. 2

Remark 1 The distributions in Theorem 5 are only given implicitly in view of the fact that the Mellin
transforms of functions defined in terms of the functions Ck(x) occur. It seems difficult to obtain more
explicit expressions, but numerical values for the probabilities can be computed.
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0.748

0.7485

0.749

0.7495

Fig. 5: Plots of rn,0 in the cases m = 2, p1 = 1
3

, p2 = 2
3

and m = 3, p1 = p2 = p3 = 1
3

4 Autocomplete revisited
Let us finally consider the autocomplete tool mentioned in Section 1 again: a trie is used to store a
dictionary of words; as a word is entered letter by letter, the tool aims to automatically detect the next
letter. If the following letter is not unique (unary node), one of the branches is selected at random, with
probability proportionate to the number of words stored in the respective branch: if k of the words are
stored in the subtrie rooted at the current node, and ` of them in a certain branch, then the autocomplete
tool selects the letter corresponding to this branch with probability `

k .
We analyze the average number of correctly suggested letters by this algorithm: if this number is

denoted by sn for a total number of n words, then we have the recursion

sn =

n∑
k=1

(
n− 1

k − 1

) m∑
j=1

pkj q
n−k
j

(
k

n
+ sk

)
for n > 1, with s1 = 0. If we consider the (shifted) Poisson transform again, i.e.,

S(x) = e−x
∞∑
n=0

sn+1

n!
xn,

then the methods of Section 2 yield, after some manipulations,

S(x) =

m∑
j=1

pjS(pjx) +

m∑
j=1

p2
j (1− e−x) +

m∑
j=1

pjqj ·
1− (x+ 1)e−x

x
.

Once again, the conditions of Theorem 2 are satisfied, and the Mellin transform of S(x) is given by

S∗(s) = −

1−
m∑
j=1

p1−s
j

−1 m∑
j=1

p2
jΓ(s) +

m∑
j=1

pjqj
Γ(s+ 1)

s− 1

 .

This Mellin transform has poles at 0 (double), 1 and all characteristic roots. The double pole at 0 gives
rise to a logarithmic term that dominates the fluctuation, so that one ends up with the following result:
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Theorem 6 The expected number of successes (correctly suggested letters) of the autocomplete tool ex-
plained above is given by ∑m

j=1 p
2
j

−
∑m
j=1 pj log pj

log n+K +Q7(n) + o(1),

where K is a constant and Q7(n) is a small oscillating function (possibly 0).

If one compares this to the expected depth of a randomly selected word, which is (see [1])

1

−
∑m
j=1 pj log pj

log n+ L+Q8(n) + o(1),

one finds that an average proportion of
∑m
j=1 p

2
j of the letters on the way to the desired node is correctly

suggested by the autocomplete tool. Note that this is precisely the coincidence probability (the probability
that two randomly generated words have the same first letter and are thus stored in the same branch).
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