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We consider the class of bases B of tropical Pliicker functions on the Boolean n-cube such that B can be obtained by
a series of flips from the basis formed by the intervals of the ordered set of n elements. We show that these bases are
representable by special wiring diagrams and by certain arrangements generalizing rhombus tilings on a zonogon.
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1 Introduction

This paper deals with bases of tropical Pliicker functions defined on a Boolean (hyper)cube and is devoted
to a combinatorial description of a wide class of such bases via a relationship to certain classes of wiring
and rhombus tiling diagrams.

For a positive integer n, let [n] denote the ordered set of elements 1,2, ...,n. Consider a real-valued
function f on the subsets of [n], or on the Boolean cube 2ln], Following [[1]], f is said to be a tropical
Pliicker function, or a TP-function for short, if it satisfies

FXR) + £(X5) = max{ f(Xij) + F(Xk), F(Xi) + F(Xjk)} (L1

for any triple i < j < k in [n] and any subset X C [n] — {4, 4, k}. Hereinafter for brevity we write
Xi'...j"instead of X U {i’} U...U{;j'}. The set of TP-functions on 2["! is denoted by TP,,.

Definition. A collection B C 20" is called a TP-basis, or simply a basis, if the restriction map res :
TP, — RBisa bijection. In other words, each TP-function is determined by its values on B, and the
values on B can be chosen arbitrarily.

Such a basis does exist and the simplest instance is the set Z,, of all intervals {p,p + 1,...,q} in [n]
(including the empty set); see, e.g., [2]. In particular, the dimension of the polyhedral conic complex 7 P,,
is equal to |Z,,| = (") + 1. The basis Z,, is called standard.

(Note that the notion of a TP-function is extended to other domains, of which most popular are an
integer box B™* := {x € ZI": 0 < 2 < a} for a € Z[ and a hyper-simplex A" := {S C [n]: |S| =
m} for m € Z (in the later case, should be replaced by a relation on quadruples ¢ < j < k < £).
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Aspects involving TP-bases or related objects are encountered in [[1} 15, 8} 9} [10} [11} [12] and some other
works. Generalizing some earlier known examples, [2]] constructs a TP-basis for a “truncated integer box”
{reB" m<z+...+z, <m'},where 0 <m <m’ <ay+...+ a,. The domains different
from Boolean cubes are beyond this paper; for some generalizations, see [3].)

Once we are given a basis B, we can produce more bases by making a series of elementary transfor-
mations relying on . More precisely, suppose (X, 4, j, k) is a cortege such that the four sets occurring
in the right hand side of and one set Y € {Xj, Xik} in the left hand side belong to B. Then the
replacement in B of Y by the other set Y in the left hand side results in a basis B’ as well (and we
can further transform the latter basis in a similar way). The basis B’ is said to be obtained from B by
the flip (or mutation) with respect to X, 4, j, k. When Xj is replaced by Xk, the flip is called raising;
otherwise the flip is called lowering. The standard basis Z,, does not admit lowering flips, whereas its
complementary basis co-Z,, := {[n] — I: I € Z,,} does not admit raising flips.

We further distinguish between two sorts of flips, inspiring consideration of two classes of bases.

Definitions. For a TP-basis B and a cortege (X, 1, j, k) as above, the corresponding flip is called strong if
both sets X and Xijk belong to B as well, and weak in general. A basis is called normal (in terminology
of [2]) if it can be obtained by a series of strong flips starting from Z,,. A basis is called semi-normal if it
can be obtained by a series of weak flips starting from Z,,.

Leclerc and Zelevinsky [8] showed that the normal bases (in our terminology) are exactly the collections
C C 2["] of maximum possible size |C| that possess the strong separation property (defined later). Also
the normal bases admit a nice “graphical” representation, even for a natural generalization to the integer
boxes (see [2,4]): such bases correspond to the thombus tilings on the related zonogon.

The purpose of this paper is to characterize the class of semi-normal TP-bases for the Boolean cube
2["], denoted as B,,. (It should be noted that it is still open at present whether there exists a non-semi-
normal, or “wild”, basis; we conjecture that there is none.) We give two characterizations for 5,,: via a
bijection to special collections of curves, that we call proper wirings, and via a bijection to certain graph-
ical arrangements, that we call generalized tilings, or g-tilings for short (in fact, these characterizations
are interrelated via planar duality). We associate to a proper wiring W (a g-tiling T) a certain collection
of subsets of [n] called its spectrum. It turns out that proper wirings and g-tilings are rigid objects, in the
sense that any of these is determined by its spectrum (see Theorem [3.3).

Roughly speaking, by a wiring we mean a set of n directed non-self-intersecting curves wi, . .., wy,
in a region R of the plane homeomorphic to a circle, where each w; begins at a point s; and ends at
a point s}, and the points s1, ..., Sn, s}, ..., s, are different and occur in this order in the boundary of
R. A special wiring W is defined by three axioms (W1)-(W3). Axiom (W1) is standard, it says that W
preserves (topologically) under small deformations. (W2) says that the common points of w;, w; follow in
the opposed orders along these wires. The crucial axiom (W3) says that in the planar graph induced by W,
there is a certain bijection between the faces whose boundary is a directed cycle and the regions (“lenses’)
surrounded by pieces of two wires between their consecutive common points. W is called proper if none
of “cyclic” faces is a whole lens. The spectrum of W is the collection of subsets X C [n] associated to the
“non-cyclic” faces F', where X consists of the elements ¢ such that /" “lies on the left” from w;. When any
two wires intersect exactly once, the dual planar graph is realized by a rhombus tiling, and vice versa (for
a more general result of this sort, see [6]]). The construction of a g-tiling is more intricate. Axiom (W2)
occurs in [9]. Another sort of wirings, related to hyper-simplexes, is studied in [9} [10].

Our main result is the following
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Theorem 1.1 For B C 2", the following statements are equivalent:
(1) B is a semi-standard TP-basis;
(i) B is the spectrum of a proper wiring;
(iii) B is the spectrum of a generalized tiling.

The paper is organized as follows. Section[2]gives precise definitions of proper wirings and generalized
tilings. Section [3]outlines ideas of the proof of Theorem [I.1] It consists of four subsections, concerning
implications (i)—(iii), (iii)—(i), (iii)—(ii), and (ii)—(iii), respectively. (In fact, g-tilings are the central
objects of treatment; we take advantages from their nice graphical visualization and structural features,
and all implications that we explicitly prove involve just g-tilings. Another advantage of g-tilings is that
they admit “local” defining axioms; see the Remark in Section[2])

Complete proofs of the above-mentioned results are given in the full version [3] of this paper. More-
over, combinatorial methods and technical tools elaborated in those proofs give rise to additional results
presented there. Apparently the most important among them is the affirmative answer to a conjecture of
Leclerc and Zelevinsky [8]] on weakly separated set-systems having maximum possible cardinality.

A commentary: For A, B C [n], let us write A < B if i < j forany ¢ € A and j € B. Following [8]],
a pair A, B is called strongly separated if A— B < B—AorB— A < B — A, and is called weakly
separated if, up to renaming (A, B) as (B, A), one holds: |A| > |B| and B — A can be partitioned into a
disjoint union B’ LI B” so that B’ < A — B < B”. Accordingly, a collection C C 2" is called strongly
(weakly) separated if any two members of C are strongly (resp. weakly) separated. It is shown in [8] that:
(a) any weakly separated collection in 2["] has cardinality at most (”'QH) +1; and (b) the set C,, of weakly
separated collections C C 207 with IC| = (";“1) + 1 includes B,,. In fact, the above-mentioned conjecture
in [8, Conjecture 1.8] is that this inclusion turns into equality: C,, = B,,.

(As is seen from a discussion in [8]], an interest in studying weakly separated collections is inspired, in
particular, by the problem of characterizing all families of quasicommuting quantum flag minors, which
in turn comes from exploration of Lusztig’s canonical bases for certain quantum groups. It is proved in [8§]]
that, in an n X n generic g-matrix, the flag minors with column sets I, J C [n] quasicommute if and only
if the sets I, J are weakly separated. See also [7].)

2 Wirings and tilings

Wiring and tiling diagrams that we deal with live within a zonogon, which is defined as follows.
In the upper half-plane R x R, take n non-colinear vectors &1, . . ., &, so that:

2.1) ()&, ...,&, follow in this order clockwise around (0, 0), and
(i1) all integer combinations of these vectors are different.

Then the set
Z =2y, 2:{>\1§1+...+)\n§"2)\1‘ER, OSAZSL 2:1,,n}

is a 2n-gone. Moreover, Z is a zonogon, as it is the sum of n line-segments {\&;: 1 < A < 1}, 4 =
1,...,n. Also it is the image by a linear projection 7 of the solid cube conv(2[™) into the plane R?,
defined by 7(z) := 21&1 + . . . + &, The boundary bd(Z) of Z consists of two parts: the left boundary
Ibd(Z) formed by the points (vertices) p; := &1 + ... + &; connected by the line-segments p;_1p; =
pi—1 + {A&: 0 < X < 1}, and the right boundary rbd(Z) formed by the points p} := &1 + ... + &,
connected by the segments pip, _; (i = 0,...,n). So py = p), is the minimal vertex and p,, = p|, is the

i
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maximal vertex of Z. We orient each segment p;_1p; from p;_; to p; and orient each segment p,p;_,
from p) to p;_,. Let s; (resp. s}) denote the median point in the segment p;_1p; (resp. pipl_;).

Although the generalized tiling model will be used more extensively later on, we prefer to start with
describing the special wiring model, which looks more transparent.

2.1 Wiring diagrams

A special wiring diagram, also called a W-diagram or a wiring for brevity, is a collection W of n wires
wi, . .., w, satisfying three axioms below. A wire w; is a continuous injective map of the segment [0, 1]
into Z (or the curve in the plane induced by this map) such that w;(0) = s;, w;(1) = s}, and w;(\) lies
in the interior of Z for 0 < A < 1. We say that w; begins at s; and ends at s}, and orient w; from s; to s/.
The diagram W is considered up to a homeomorphism of Z stable on bd(Z), and up to parameterizations
of the wires. Axioms (W1)—(W3) specify W as follows.

(W1) No three different wires w;,w;, w; have a common point, i.e., there are no A\, X', \” such that
w;(A) = wj(N) = wi(N”). Any two different wires w;, w; intersect at a finite number of points,
and at each of their common points v, the wires cross, not touch (i.e., when passing v, the wire w;
goes from one connected component of Z — w; to the other).

(W2) for1 < i < j < n, the common points of w;, w; follow in opposed orders along these wires, i.e., if
wi(Ag) = w;(Ay) forg=1,...,randif A\; <... <A, then \] > ... > AL.

Since the order of s;, s; in £bd(Z) is different from the order of s, s’ in rbd(Z), wires w;, w; always
intersect; moreover, the number » = r;; of their common points is odd. Assuming that ¢ < j, we denote
these points as x;;(1),...,x;;(r) following the direction of w;. When r > 1, the region in the plane
surrounded by the pieces of w;, w; between x;;(g) and x;;(q + 1) (where ¢ = 1,...,r — 1) is denoted
by L;;(¢) and called the g-th lens for w;, w;. The points z;;(q) and z;; (g + 1) are regarded as the lower
and upper points of L;;(gq), respectively. When ¢ is odd (even), we say that L;;(¢) is an odd (resp. even)
lens. Note that at each point x;;(g) with ¢ odd the wire with the bigger number, namely, w;, crosses the
wire with the smaller number (w;) from left to right w.r.t. the direction of the latter; we call such a point
white. In contrast, when ¢ is even, w; crosses w; at ;;(q) from right to left; in this case, we call z;;(q)
black, or orientation-reversing, and say that this point is the root of the lenses L;;(¢ — 1) and L;;(q).
In the simplest case, when any two distinct wires intersect exactly once, there are no lenses at all and all
intersection points for W are white. (The adjectives “white” and “black” for intersection points of wires
will match terminology that we use for corresponding elements of tilings.)

The wiring W is associated, in a natural way, with a planar directed graph Gy embedded in Z. The
vertices of Gy are the points p;,p}, s;, s; and the intersection points of wires. The edges of Gy are
the corresponding directed line-segments in bd(Z) and the pieces of wires between neighboring points
of intersection with other wires or with the boundary, which are directed according to the direction of
wires. We say that an edge contained in a wire w; has color i, or is an i-edge. Let Fy be the set of
(inner) faces of G'yy. Here each face F' is considered as the closure of a maximal connected component
in Z — U(w € W). We say that a face F is cyclic if its boundary bd(F') is a directed cycle in Gy .

(W3) There is a bijection ¢ between the set L(17) of lenses in W and the set f‘f‘?}c of cyclic faces in Gy .
Moreover, for each lens L, ¢(L) is the (unique) face lying in L and containing its root.



On wiring and tiling diagrams related to bases of tropical Pliicker functions 329

We say that W is proper if none of cyclic faces is a whole lens, i.e., for each lens L € L£L(W), there is
at least one wire going across L. An instance of proper wirings for n = 4 is illustrated in the picture; here
the cyclic faces are marked by circles and the black rhombus indicates the unique black point.

Bw = {0,1,4,12,

&2 &3

14,23, 24, 34,
&1 &

123,234, 1234}

Now we associate to W a set-system By, C 271 a5 follows. For each face F, let X (F) be the set of
elements i € [n] such that F lies on the left from the wire w;, i.e., F' and the maximal point p,, lie in the
same of the two connected components of Z — w;. We define

w:={X C[n]: X = X(F) for some F € Fyw — F;/°},

referring to it as the eﬁecnve spectrum, or simply the spectrum of W; this is just the object occurring
in (ii) of Theorem Sometimes it is also useful to consider the full spectrum BW consisting of all sets
X(F), F € Fw. (One proves that when W is proper, all sets in BW are different. When W is not proper,
there are different faces F, F' with X (F') = X (F"). One can turn W into a proper wiring W’ by getting
rid of lenses forming faces (by making a series of Reidemeister moves of type II: (| — )( operations).
This preserves the effective spectrum: By = By, whereas the full spectrum may decrease.)

Note that when any two wires intersect at exactly one point (i.e., when no black points exist), Byy is a
normal basis, and conversely, any normal basis is obtained in this way (see [2]]).

2.2 G@Generalized tilings

When it is not confusing, we identify a subset X C [n] with the corresponding vertex of the n-cube and
with the point 3, - & in the zonogon Z. Due to (2.1)(ii), all such points in Z are different.

Assuming that the vectors ¢; have the same Euclidean norm, a rhombus tiling diagram is a subdivision
T of Z into rhombi of the form = + {\& + N'§;: 0 < A, A < 1} for some ¢ < j and some point z in
Z, i.e., the rhombi are pairwise non-overlapping (have no common interior points) and their union is Z.
It follows that for i, j, z as above, x represents a subset in [n] — {4, j}. We associate to T the directed
planar graph G whose vertices and edges are the vertices and side segments of the rhombi, respectively.
An edge connecting X and X1 is directed from the former to the latter. It is shown in [2} 4] that the vertex
set of G forms a normal basis and that each normal basis is obtained in this way.

In fact, it makes no difference whether we take vectors £1, . . . , &, with equal or arbitrary norms (subject
to @); to simplify technical details and visualization, we further assume that these vectors have unit
height, i.e., each &; is of the form (z,1). Then we obtain a subdivision 7" of Z into parallelograms of
height 2, and for convenience refer to 71" as a tiling and to its elements as tiles. A tile 7 defined by X, 7, j
(with ¢ < 7) is called an ij-tile at X and denoted by 7(X;1, j). Its vertices X, X, X j, Xij are called the
bottom, left, right, top vertices of 7 and denoted by b(7), £(7), r(7), t(7), respectively.
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In a generalized tiling, or a g-tiling, the union of tiles is again Z but some tiles may overlap. It is a
collection 7T of tiles partitioned into two subcollections 7% and T, of white and black tiles (say), respec-
tively, obeying axioms (T1)—(T4) below. When 7% = (), we will obtain a tiling as before, for convenience
referring to it as a pure tiling. Let V1 and Er denote the sets of vertices and edges, respectively, occurring
in tiles of 7', not counting multiplicities. For a vertex v € V7, the set of edges incident with v is denoted
by Er(v), and the set of tiles having a vertex at v is denoted by Frp(v).

(T1) Alltiles are contained in Z. Each boundary edge of Z belongs to exactly one tile. Each edge in Er
not contained in bd(Z) belongs to exactly two tiles. All tiles in 7" are different (in the sense that no
two coincide in the plane).

(T2) Any two white tiles having a common edge do not overlap. If a white tile and a black tile share an
edge, then these tiles do overlap. No two black tiles share an edge.

(T3) Let 7 be a black tile. None of b(7),t(7) is a vertex of another black tile. All edges in Er(b(7))
leave b(T) (i.e., are directed from b(7)). All edges in Er(t(7)) enter t(7) (are directed to (7)).

We distinguish between three sorts of vertices by saying that v € Vr is: (a) a terminal vertex if it is the
bottom or top vertex of some black tile; (b) an ordinary vertex if all tiles in Fr(v) are white; and (c) a
mixed vertex otherwise (i.e. v is the left or right vertex of some black tile). Note that a mixed vertex may
belong, as the left or right vertex, to several black tiles.

Each tile 7 € T is associated, in a natural way, to a square in the solid cube com)(Q[”]), denoted by
o(7): if 7 = 7(X;4,4) then o(7) is the convex hull of the points X, X4, X j, Xij in the cube. In view
of (T1), the interiors of these squares are disjoint, and U(o(7): 7 € T') forms a 2-dimensional surface,
denoted by D7, whose boundary is the preimage by 7 of the boundary of Z. The last axiom is:

(T4) Dr is adisc (i.e., is homeomorphic to {x € R?: 22 + 23 < 1}).

The reversed g-tiling T"¢" of a g-tiling T is formed by replacing each tile 7(X; 1, j) of T by the tile
7([n] — Xij;i,7) (or by changing the orientation of all edges in Er, in particular, in bd(Z)). Clearly
(T1)—~(T4) remain valid for T7¢".

The effective spectrum, or simply the spectrum, of a g-tiling T is the collection Br of (the subsets of
[n] represented by) non-terminal vertices in G'; this is just the object occurring in (iii) of Theorem 1.1
The full spectrum By is formed by all vertices in G7. An example of g-tilings for n = 4 is drawn in the
picture, where the unique black tile is indicated in bold and the terminal vertices are surrounded by circles
(this corresponds to the wiring on the previous picture).

Br = {0,1,4,12,14,23,24, 34,
123,234, 1234}
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It turns out that for each semi-normal basis B, there are precisely one proper wiring W and precisely
one g-tiling T such that Byy = By = B (see Theorem [3.3)); this is similar to the one-to-one correspon-
dence between the normal bases and pure tilings.

In the rest of this section we point out some (relatively simple) consequences from axioms (T1)—(T4).

1. For a g-tiling T', an edge e of the graph G = (Vr, E7) is called black if there is a black tile containing
e (as a side edge); otherwise e is called white. The sets of white and black edges incident with a vertex v
are denoted by E%(v) and E%(v), respectively. For a vertex v of a tile 7, let C(7, v) denote the minimal
cone at v containing 7 (i.e., generated by the pair of edges of 7 incident to v), and let (7, v) denote the
angle of this cone taken with sign + if 7 is white, and — if 7 is black. The full rotation angle at v is the
sum »_(a(7,v): 7 € Fr(v)), denoted by p(v). The terminal vertices behave as follows.

Corollary 2.1 Let v be a terminal vertex belonging to a black ij-tile T. Then:

(i) v is not connected by edge with another terminal vertex (whence |ES.(v)| = 2);

(i) |E7r(v)| > 3 (whence E¥(v) # (),

(ii) each edge e € E¥(v) lies in the cone C(T,v) (whence e is a q-edge for some i < q < j);

(iv) p(v) = 0;

(v) v does not belong to the boundary of Z (whence any tile containing a boundary edge of Z is white).
2. The rotation angles at non-terminal vertices behave as follows (this is proved by using Euler formula
applied to the planar embedding of G in the disc Dr).

Lemma 2.2 Let v € Vi be a non-terminal vertex.

() Ifvis in bd(Z), then p(v) is equal to the angle between the boundary edges incident to v.

(ii) If v is inner (i.e., not in bd(Z)), then p(v) = 2.
Remark One shows that if property (ii) in Lemma [2.2]is postulated as axiom (T4’) and added to axioms
(T1)—~(T3), then one can eliminate axiom (T4); in other words, (T4’) and (T4) are equivalent subject to
(T1)—(T3). Note that each of axioms (T1)—(T3),(T4’) is “local”; due to Theorem m this gives rise to a
local characterization for the semi-normal TP-bases.

3. An important fact following immediately from (2.1I)(ii) is that for any g-tiling T, the graph G is
graded for each color i € [n], which means that for any closed path P in G, the numbers of forward
i-edges and backward ¢-edges in P are equal.

3 Ideas of proofs

As mentioned in the Introduction, the proof of Theorem falls into four stages, each consisting in
showing one of the implications involved there. Below we outline ideas of our approach.

3.1 From semi-normal bases to generalized tilings

The first stage is devoted to showing that any semi-normal TP-basis is representable as the spectrum of
some g-tiling, yielding (i)—(iii) in Theorem [I.1]

Consider a g-tiling 7" on the zonogon Z = Z,,. By an M-configuration in T’ we mean a quintuple of ver-
tices of the form X, X j, Xk, Xij, X jk with ¢ < j < k (as it resembles the letter “M”), which is denoted
as CM(X;i,j,k). By a W-configuration in T we mean a quintuple of vertices X4, Xk, Xij, Xik, X jk
with i < j < k (as resembling “W”), denoted as CW (X1, j, k). A configuration is called feasible if all
five vertices are non-terminal, i.e., they belong to By .



332 V.I. Danilov, A.V. Karzanov and G.A. Koshevoy

Since any normal basis B (in particular, B = Z,,) is expressed as By for some pure tiling 7', it suffices
to prove the following assertion saying that the set of g-tilings is closed under transformations analogous
to flips for semi-normal bases.

Proposition 3.1 Let a g-tiling T contain five non-terminal vertices Xi, Xk, X1vj, Xjk, Y, wherei < 5 <
kandY € {Xik, X j}. Then there exists a g-tiling T’ such that By is obtained from Br by replacing Y
by the other member of { X ik, X j}.

To prove this, one may assume that Y = Xk, in which case we have a feasible W-configuration
CW(X;i,j,k) (since any M-configuration in 7" turns into a W-configurations in the reversed g-tiling
T¢"). We rely on the following two facts (whose proofs are nontrivial).

(P1) Any pair of non-terminal vertices X', X’i’ in G is connected by edge.

(Note that vertices X', X'i’ need not be connected by edge if some of them is terminal.) So, by (P1),
G contains the edges (X4, Xij), (X4, Xik), (Xk, Xik) and (Xk, X jk).

(P2) There exist two white tiles 7,7’ in T such that 7 contains the edges (X4, Xij) and (X4, Xik), and
7/ contains the edges (Xk, Xik) and (Xk, X jk). (These 7,7’ share the edge (X ik, Xijk).

In addition, one shows (which is not difficult) that the vertex v := Xk is ordinary.

Based on the these facts, the construction of the desired g-tiling 7" is as follows. Let eg, ..., e, be
the sequence of edges entering v in the counterclockwise order. Since v is ordinary, eg = (Xi, Xik)
and e, = (Xk, Xik), and each pair e,,_1,¢e, (p = 1,. .., ¢) belongs to a white tile 7,,. We consider two
possible cases, each case being divided into two subcases.

Case 1: The edges e := (Xij, Xijk) and ¢’ := (X jk, Xijk) do not belong to the same black tile.

Subcase la: q = 1. We replace in T the tiles 7, 7', 71 by three new white tiles: 7(X;¢,5), 7(X; 4, k)
and 7(X7; 1, k) (so the vertex v is replaced by X 7). See the picture.

Xijk
. ¢ 4
Xij Xjk
Xi Xk
X

Subcase 1b: g > 1. We remove the tiles 7,7’ and add four new tiles: the white tiles 7(X;4, j),
(X, k), 7(Xj; 1, k) (as before) and the black tile 7(X; ¢, k) (so v becomes terminal). See the picture;
here ¢ = 3 and the added black tile is indicated in bold.
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Case 2: Both edges e and e’ belong to a black tile 7 (which is 7(Xj;14, k)). We act as in Case 1 with
the only differences that 7 is removed from 7" and that the white ik-tile at X j (which is a copy of 7)
is not added. Then the vertex X4jk vanishes, v either vanishes or becomes terminal, and X j becomes
non-terminal. See the picture. Here (a’) and (b’) concern Subcase 2a: q = 1, and Subcase 2b: q > 1,
respectively, and the arc above the vertex X j indicates the bottom cone of 7 in which some white edges
(not indicated) are located.

Xijk
. ¢ e
Xij Xjk
@ Nz —
X
(®") —

X
One proves that in all cases the resulting collection T” of tiles satisfies axioms (T1)—(T4). Also it is
seen from the construction that By = (Br — {Xik}) U {Xj}, as required in Proposition[3.1]

3.2 From generalized tilings to semi-normal bases

The second stage consists in showing that for any g-tiling 7', its spectrum B is a semi-normal TP-basis,
yielding (iii)—(i) in Theorem @

If T has no black tile, then By is a normal basis, and we are done. So assume 7" # (). Our aim is to
show the existence of a feasible W-configuration CW (X; 1, j, k) for T'. Then we can transform 7 into a
g-tiling 7" as in Proposition[3.1] i.e., with By» = (Br — {Xik}) U{Xj}. Under such a lowering flip, the
sum of sizes of the sets in B, decreases. Then the result will follow by induction on > (| X’|: X' € Br).

By the height h(v) of a vertex v € V we mean the size of the corresponding subset of [n]. The height
h(7) of atile 7 € T is defined to be the height of its left (or right) vertex.

In fact, we present a sharper version of the desired property.

Proposition 3.2 Let h € [n]. If a g-tiling T has a black tile T of height h, then there exists a feasible
W-configuration CW (X1, 4, k) with | X| = h — 2. Moreover, such a CW (X1, 3, k) can be chosen so
that Xijk is the top vertex of some black tile (of height h).

To prove this, starting from 7y := 7, choose a vertex ug adjacent to vy := t(7p) and different from
{(70),7(70) (it exists by (ii) in Corollary [2.1)). Then there are white tiles 7/, 7 such that ¢(7') = ¢(7"") =
vo and r(7") = £(7") = ug. One easily shows that if ug is ordinary, then both vertices b(7’), b(7") are
non-terminal, implying that these vertices together with ug, £(7'), 7(7"") form a feasible W-configuration
(as required in the proposition). And if ug is mixed, then there is a black tile 71 (of the same height h)
having uq as the left or right vertex. We treat 7; in a similar way as 7y, by choosing a vertex u; adjacent
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to vy := t(m) and different from £(7y),r(71). If w1 is mixed again, we continue the process. Sooner or
later, we obtain a black tile 75, and a chosen vertex uy such that either uy is ordinary, in which case we
are done, or 73, coincides with 7g. In the latter case, one shows (a key) that there exists ¢ € [n] such that in
the cycle passing v, ug, v1, u1,v2, . .., Ug—1, Vx = Vg, the numbers of forward and backward edges with
color ¢ are not equal, contrary to the fact that G'r is graded.

3.3 From generalized tilings to proper wirings

The third stage consists in showing that for any g-tiling 7" on the zonogon Z = Z,,, there exists a proper
wiring W on Z such that Byy = By, yielding (iii)—(ii) in Theorem |I.1

To prove this, we use the notion of an i-strip (or a dual i-path) for T, where i € [n]. This is a maximal
sequence Q@ = (eg, T1,€1,...,7r, €-) of edges and tiles such that: (a) 7q,..., 7, are different tiles, each
being an ij- or ji-tile for some j, and (b) forp = 1,...,7r, e,—1 and e, are the opposite i-edges of 7,
(recall that when speaking of an i’j'-tile, one assumes i’ < j'.) Clearly @ is determined uniquely, up to
reversing it and shifting cyclically (when ey = e,-), by any of its edges or tiles. Using the fact that G is
graded, one shows that () cannot be cyclic, i.e., the edges e and e, are different. Then one of e, e, lies
on the left boundary, and the other on the right boundary of Z; we may assume that eq € ¢bd(Z).

For convenience we identify the tiles in 7" with the corresponding squares in the disc D7 (whose inte-
riors are pairwise disjoint). To construct the desired wiring W, each i-strip Q; = (eo, 71, €1, .., T, €7)
for T is regarded as a sequence of straight-line segments and squares on Dr, and we draw the “median”
piece-wise linear curve (; within ();. More precisely, for ¢ = 1, ..., r, draw the line-segment on 7, con-
necting the median points of the edges e,_; and e,.. This segment meets the central point of 7,, denoted
by ¢(74). The concatenation of these segments is just ¢;; we direct it according to the direction of Q);.

Now fix a homeomorphic map v : Dy — Z that brings the boundary of Dr to bd(Z) in a natural
way. This turns the above curves into the wires w; := v((;) on Z, where w; begins at the median point
s; of p;_1p; on £bd(Z) and ends at the medial point s} of p/p,_; on rbd(Z)). We assert that the wiring
W = (wy,...,w,) is as required.

Clearly W satisfies axiom (W1). To verify the other axioms, we first should explain how the planar
graphs G and H := v~ (G ) on Dr are related to each other. The vertices of H are the central points
¢() of squares 7 and the points s;, ; (identifying the boundaries of Dy and Z by 7). Each vertex v of
G corresponds to the face of H where v is located, denoted by v*. The edges of color ¢ in H correspond
to the i-edges of Gr. More precisely, if an i-edge e € Er belongs to squares 7,7’ and if 7, e, 7/ occur
in this order in the i-strip, then the i-edge e* of H corresponding to e is the piece of ¢; between ¢(7) and
¢(7"), and this e* is directed from ¢(7) to ¢(7'). Observe that e crosses e* from right to left on the disc.
The first (last) piece of (; corresponds to the boundary i-edge p;_1p; (resp. pip;_;) of Gr.

Consider an ij-tile 7 € T, and let e, ¢’ be its i-edges, and u, v’ its j-edges, where e, u leave b(7) and
€', u enter t(7). One can see that: (a) if 7 is white, then e occurs in (); before ¢’, while u occurs in Q)
after v/, and (b) if 7 is black, then e occurs in ); after ¢/, while u occurs in @; before . In the disc Dy,
both e, ¢’ cross the wire (; from right to left (w.r.t. the direction of ¢;), and similarly both u, v’ cross (;
from right to left. Axioms (T1),(T2) for T" imply that when 7 is white, the orientations of 7 in Z and in D
are the same, whereas when 7 is black, the clockwise orientation of 7 in Z turns in the counterclockwise
orientation of 7 in Dy. It follows that: in case (a), {; crosses (; at ¢(7) from left to right, and in case (b),
¢, crosses ¢; at c(7) from right to left; see the picture. So the white (black) tiles of T' generate the white
(resp. black) vertices of Gy .
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(a) yy ) /Ci (b) yy G
T —_— T —_—
e u M
G

(in Z) (in D7) (in Z) (in D7)

For a vertex v of G and an edge e € Er(v), the edge e* belongs to the boundary of the face v* of H.
Since e crosses e* from right to left, e* is directed clockwise around v* if e leaves v, and counterclockwise
if e enters v. Then axiom (T3) for 7" implies that the terminal vertices of G and only them generate cyclic
faces of Gyy, yielding validity of (W3).

Next, for each i € [n], removing from Dy the interior of the i-strip Q; results in two closed regions
4, Q5 containing the vertices () and [n], respectively. Also all edges in Q; go from £ to s, whence
each vertex v of G occurring in ©; (€22) is a subset of [n] not containing (resp. containing) the element
i. Soi ¢ X (v*) if and only if v € Q. This implies the desired equality for spectra: By = Br.

A verification of (W2) for W is less trivial; this is done by using the fact that G is graded (we omit
the details). Finally, since |Er(v)| > 3 for each terminal vertex v in G, each cyclic face in Gy is
surrounded by at least three edges, and therefore, this face cannot be a lens. So the wiring W is proper.

3.4 From proper wirings to generalized tilings

The final, fourth, stage is devoted to showing that for any proper wiring W on the zonogon Z = Z,, there
exists a g-tiling 7" on Z such that By = By, yielding (ii)—(iii) in Theorem [I.T} The construction of T
is converse, in a sense, to that described in the previous subsection; it combines planar duality techniques
and geometric arrangements.

We associate to each inner face F of the graph Gy the point (viz. the subset) X (F) in the zonogon,
also denoted as F™*. These points are just the vertices of tiles in 7. The edges of G are defined as
follows. Let faces F, F’ € Fy have a common edge e formed by a piece of a wire w;, and let F' lie on
the right from w; according to the direction of this wire. Then the vertices F'*, F’* are connected by edge
e* going from F* to F'*. Note that in view of the evident relation X (F”) = X (F) U {i}, the direction of
e* matches the edge direction for g-tilings.

The tiles in 7" correspond to the intersection points of wires in . More precisely, let v be a common
point of wires w;, w; with ¢ < j. Then the vertex v of Gy has four incident edges e;, €;,e;,€; such
that: e;,e; C w;; ej,€; C wj; e;,e; enter v; and e;, e; leave v. One can see that for the four faces F'
containing v, the subsets X (F) are of the form X, Xi, X j, Xij for some X C [n]. The tile surrounded by
the edges e, €5, j , €; connecting these subsets (regarded as points) is just the ij-tile in T" corresponding
to v, denoted as v* Observe that the edges e;, e;, €;,€; follow in this order clockwise around v if v is
white, and counterclockwise if v is black. According to this, the tile v* is assigned to be white in 7" if v is
white, and black otherwise. Both cases are illustrated in the picture:

) s * —* —% *
ej\‘ e; e/yi ’/e] e/‘\ei
_— v* v*

VN — —

e/ ., e}\/;; \/

A proof that T is indeed a correct g-tiling on Z and that By = By consists of several verifications of
which some are not straightforward; we omit the details.
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Properties of g-tilings and proper wirings established during the whole proof of Theorem|[I.T]enable us
to obtain the following rigidity result.

Theorem 3.3 For each semi-normal basis B, there are a unique g-tiling T' and a unique proper wiring
W such that B = Bt = Byy.

Also one can offer an efficient (polynomial-time) algorithm that, given a collection B C 2[", decides
whether B is representable as the spectrum of a g-tiling, and if so, explicitly constructs this g-tiling.
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