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n-color overpartitions, lattice paths, and
multiple basic hypergeometric series

Olivier Mallet

LIAFA, Université Paris Diderot - Paris 7, Case 7014, F-D52Paris Cedex 13, France

Abstract. We define two classes of multiple basic hypergeometric sé&fig(a, ¢) andWj .(a, g) which generalize
multiple series studied by Agarwal, Andrews, and Bressoi. show how to interpret these series as generating
functions for special restricted lattice paths and+ietolor overpartitions with weighted difference conditsoriVe
also point out that some specializations of our series camriteen as infinite products, which leads to combinatorial
identities linkingn-color overpartitions with ordinary partitions or overpaons.

Résune. Nous définissons deux classes de séries hypergéonetrimpsiques multipldg; :(a, q) et Wy +(a, ¢) qui
généralisent des séries multiples étudiées par AgiaAmdrews et Bressoud. Nous montrons comment intenpcete
séries comme les fonctions génératrices de cheminscaviines restrictions et de surpartitionsolorées vérifiant
des conditions de differences pondérées. Nous remasgaiassi que certaines spécialisations de nos sériesmteuv
s’écrire comme des produits infinis, ce qui conduit a destites combinatoires reliant les surpartitionsolorées
aux partitions ou surpartitions ordinaires.

Keywords: n-color overpartitions, lattice paths, multiple series

1 Introduction

Many multiple series linked to partitions and related ot§dmave been discovered, such as Andrews’ gen-
eralization of the Rogers-Ramanujan identities (8) or &inibe family which was studied a few years ago
in (6). The purpose of this paper is to study classes of maftiperies which generalize the multiple series
appearing in (3, Section 5) as well as generating functimm {19) related ta-color overpartitions.

The multiple series we will study are the following:

Vk,t(% Q) = Z

B, (@ni—nz - (@nos =, (@, (4¢P,

(—1/a)ma"1 q(n12+1)+"§+“'+nf*n17---7m+(";)x(k is even) (1 _ q"")

(1.1)
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wherek > 2, r = [gJ ,0 <t <r,andg "1~ ~"t(1 — ¢g™) is taken to be 1 it = 0, and

(—1/a)n1 a™ q(nlzﬂ)"‘"g‘*‘”"*‘"i*‘m ottt ne+ () x (ks even)

Wk,t(aa q) = Z .
n>na>->n. >0 (q)n1fn2 T (q)nr71fnr (Q)nr (q7 q2)nr+1
(1.2)
wherek > 2,7 = |4],andk —r -1 <t <k—1.
Here we have employed the standasseries notation (15):
n—1 ]
(@)n = (a;9)n = [J (1 — ag?) (1.3)
§=0
and
(a1, a2, ., ar; @)n = (a1;@)n(a2;@)n -~ (ak; @n- (1.4)

The special case — 0 of these series was studied analytically in (3); it was jprteted combinato-
rially in (2) usingn-color partitions and in (4) using lattice paths. The ins&81%,0(1,q), V30(1,q),
Wa1(q~t, q), andWs51(q~ 1, q) were interpreted combinatorially in (19) usimgcolor overpartitions,
which extend the:-color partitions studied in the 1980’'s by Agarwal, Andreswsd Bressoud (see (5)
and references therein) based on work of Baxter (2, Sec)idniBhermoreVs o(a; ¢) was interpreted in
terms of lattice paths and Frobenius symbols by Corteel (A8)n-color partition is a partition where a
partn can appear im colors denoted by subscriptsi, ns, . . ., n, and the parts are ordered first by size
and then by color. Now, an-color overpartition (19) is an-color partition in which the final occurrence
of a partn; may be overlined. For example, the si>xcolor overpartitions of 2 are

(2,2),(2,1),(22), (21), (11,11, 11), (11,11, 11).

For any integet > 0, we can define similarlyn + ¢)-color partitions (3) and overpartitions, where the
possible parts of size areny, no, ..., n,4¢; Note thatift > 0, an(n + ¢)-color partition or overpartition
can contain a part of size 0.

The following theorems are the combinatorial interpretagiofV;, , (a, ¢) andWy, ;(a, ¢) using(n+1t)-
color overpartitions:

Theorem 1.1 V;, 4 (a, q) is the generating function fdn + t)-color overpartitions such that

(i) for all parts m; and n; such thatm > n, if ((m; — n;)) plus the number of overlined parts
whose size lies in the intervab, m) is nonpositive, then it is even and greater than or equal to
—2min(i — 1,5 — 1,k — 3), and

(i) if t > 1, there is a part of the forme, .,
where the exponent gfcounts the size and that efcounts the number of overlined parts.

Theorem 1.2 Wy, .(a, q) is the generating function fdm + ¢)-color overpartitions counted by, ; (a, q)
such that no part of the form, ., is overlined.

Another combinatorial interpretation of these multipleesguses a family of lattice paths that appeared
in (14) to interpret a generalization of the Andrews-Goratemtities to overpartitions:
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Theorem 1.3V}, +(a, ¢) is the generating function for lattice paths which star{@tt) and have no valley
above height — 3 (or no valley at all ifk = 2) where the exponent gfcounts the major index and that
of a counts the number of South steps.

Theorem 1.4 Wy, +(a, q) is the generating function for lattice paths countedWy: (a, ¢) such that the
first peak is a NESE peak if its coordinates are of the farm: + ¢).

We remark that if there are no overlined parts or no Souttssigpich corresponds to the case- 0,
we recover the combinatorial interpretations of the midtgeries from (3).

Finally, the previously mentioned specializations of owdtiple series were shown to be infinite prod-
ucts, which implies several identities linkimgcolor (over)partitions with their ordinary counterpange
have found other such identities of the Rogers-Ramanujam tyhich will be discussed at the end of this
paper:

Theorem 1.5 We have

(@)oo (@15 ¢* o

Vk-,O(laq) = (Q)oo( 2k—1. q2k—1)oo’ (1.5)
2 4k—4 4k 8k—4 Sk—4
_ q ;9 q ,q7,q yq 00
Violg™, @?) = W30l . Joo (1.6)
2k—1—-2t 2k—1+42t 4k—2. 4k—2
— —(q)oc\q ,q ,q yq o
Wiee(g~", q) = =0l - Joo 1.7)

Each of these identities can be interpreted combinatgribdere, we will just state the interpretation of
(1.5).

Corollary 1.6 Let A;(¢) be the number ofi-color overpartitions off such that for all partsn; andn;

satisfyingm > n, if ((m; — n;)) plus the number of overlined parts whose size lies in thevatén, m)

is nonpositive, then it is even and greater than or equalfamin(i — 1,5 — 1, k — 3). Let B;(¢) be the
number of overpartitions into parts not divisible By — 1. ThenA(¢) = By (¢).

For instance, we have thdt(4) = Bs(4) = 14. Then-color overpartitions counted by;(4) are

(44), (43), (42), (41), (44), (43), (42), (41), (31, 11), (31, 11), (31, T1), (B1, Tn), (32, 1), (B2, Tn)

and the overpartitions counted B (4) are

(4), (4, (3,1), (3, 1>,(3,T),(§ 1),(2,2),(2,2),(2,1,1),
2,1,1),(1,1,1,1),(1,1,1,1).

The paper is organized as follows. In Section 2, we give tloeseary definitions on lattice paths and
prove Theorems 1.3 and 1.4. In Section 3, we study the irgtation in terms of.-color overpartitions
proving Theorems 1.1 and 1.2. In Section 4, we prove Theor8rmasing the Bailey lattice structure from
(3). We conclude in Section 5 with ideas for future research.
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2 Lattice paths

The multiple series from (3) were interpreted in (4) usiritjda paths introduced in (9). In this section,
we will interpret our multiple series using a generalizemify of lattice paths introduced by Corteel and
the author in (14). The proofs will be very similar to that abposition 1.4 of (4).

We study paths in the first quadrant that start ongttexis, end on the:-axis, and use four kinds of
unitary steps :

e North-EastNE : (z,y) — (z + 1,y + 1),
e South-EasfE: (z,y) — (z+ 1,y — 1),
e SouthS': (z,y) — (x,y — 1),

e EastE: (z,0) — (z +1,0).

The heightcorresponds to thg-coordinate. A South step can only appear after a North-&eptor at
the beginning of the path and an East step can only appeaiggt I0e A peakis a vertex preceded by a
North-East step (or located at the beginning of the peakfalimved by a South step (in which case we
call it aNES peakor by a South-East step (in which case we call NBBSE peak A valleyis a vertex
preceded by a South or South-East step and followed by a Niarsh step. Amountainis a portion of
the path that starts at the beginning of the path or at heigdtt9s above the-axis, and ends at height 0.
Themajor indexof a path is the sum of the abscissas of its peaks. See Figoreah £xample.

RAN

Fig. 1: This path has four peaks: two NESE peaks (locateDa?) and (8,2)) and two NES peaks (located at
(3,2) and (11, 3)). There are two valleys, located é2,1) and (9,1), and two mountains. The major index is
0+3+8+11 =22

Proof of Theorem 1.3: We first consider the case= 1. We have that

(—1/a)na"ql"s)
Vaola,q) = 5 - (2.1)
SN 7; (D)n(d:6%)n

The factora"q(nil) generates the path efNES peaks starting 40, 0) and ending atn, 0). The factor
(—1/a), generates a partitiofiinto distinct parts which lie between 0 and— 1, which is encoded by
transforming the'th peak from the right into a NESE peak if there isa gart1in § for 1 < ¢ < n.
The factor(q),, ! generates a partitioh into n nonnegative parts, which is encoded by inseringEast
steps before the leftmost mountain akd— A; 1, East steps before théh mountain from the right for
1 < i < n. The factor(q; ¢%);,! generates a partition into odd parts which lie between 1 ad — 1.
This partition is encoded by letting thith peak from the right grow to heighft; 1 (1) + 1 (wheref, ()
is the multiplicity of £ in u) for 1 < 7 < n. This procedure generates all paths satisfying the canmditi
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of the theorem fok = 3 and¢ = 0 and it is uniquely reversible, so Theorem 1.3 is provedifer 3 and
t=0.

The case: = 2 andt = 0 is the same except that we have an additional faﬁt@\' which inserts an
East step between each of the peaks so that there are nesvalley

For the casé& = 3 andt = 1, we have

(-1/a)am" )1 — )~ (a)nagU) T (1/a),angE)
Vsi(a,q) = ; (@n (@ 0)n - 7;) (@)n(q;6*)n ; (Dnla4*)n
2.2)
Remember that X
(—1/a)na"q(n2+ )
(@n (¢ ¢*)n

is the generating function for paths withpeaks starting at0, 0) with no valleys above height 0. Intro-
ducing the factog—" corresponds to removing the first step of such a path; wheroge dve can obtain
a path withn peaks starting &, 0), if that first step was an East step, or a path witheaks starting at
(0, 1), if the first peak was a North-East step. Since the paths we twaount are those from the second
case, the subtraction in (2.2) gives us the right generétimction.

The caseé: = 2 andi = 1 is identical except that, again, we have at least an Easbstspeen each of
the peaks.

The proof is completed by induction. We first need to recadl diefinition of the relative height of a
peak. This notion was defined by Bressoud in (11) for the paitsno South steps and a simpler version
was given by Berkovich and Paule in (10). Their definition \wdapted in (14) for the paths with South
steps.

Definition 2.1 ((14)) The relative height of a peale, y) is the largest integeh for which we can find
two vertices on the patiiz’, y — h) and(z”,y — h), such that’ < = < 2’ and such that between these
two vertices there are no peaks of heighy and every peak of heighthas abscissa .

Due to space constraints, we will only treat the case 0, since the case > 0 is quite similar. We
will need to use the following lemma from (4):

Lemma 2.2 ((4))
gty

(q)n1fn2 T (q)nr71fnr (Q)nr (q; q2)nr

is the generating function for paths with no South stepstisiguat (0, 0), with no valleys above height
k — 3, and such that foi < j < r, there are exactly,; peaks whose relative height is at legsind for
which the difference between the height and the relativgtiés at mosk — 25 — 1.

We consider a path with no South steps startingdaf), with no valleys above heiglit — 5, and such
that for2 < j < r, there arex; peaks whose relative height is at legst 1 and for which the difference
between the height and the relative height is at nkost2; — 1. By Lemma 2.2, such paths are counted
by

gratny

(Dna—ns  (Dnr1—n (D, (6 6. (2:3)
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The factor(—l/a)ma"lq(nl;l)/(q)m_n2 is introduced by a procedure inspired by (4) and (14).

We first perform a “volcanic uplift” by inserting at each peamlNorth-East step followed by a South
step. This operation introduces a factir and increases the major index of the path by

1
142+ 4ny= (nz; )

Moreover, the height and the relative height of each peakareased by one, so; now counts the peaks
whose relative height is at leagtand for which the difference of the height and the relativiglhieis at
mostk — 25 — 1.

We then insert the minimal path starting @t0) with n, —no NES peaks of height one at the beginning
of our path. The sum of the abscissas of these new pea(RST§2+1) and they increase the abscissa of
each of the old peaks by; — ns. Note that none of the new peaks are counteappnd thatn; now
counts the total number of peaks. Altogether, the two oeraintroduce a factor

nzq(nz;rl) % anlfnzq(n&7;'2+1)+n2(n17n2) _ anlq(n12+1)_

a

The facton—1/a),, correspondsto a partition into distinct parts which liglin; —1]. If this partition
containsa part — 1 (1 < j < ny), we transform thgth NES peak from the right into a NESE peak. This
operation increases the major index of the path by1.

The factor(q);ll,n2 corresponds to a partitiofds , ba, . . ., by, —pn,) Whereby > ba > ... > byy—ny >
0. Forl < j < nj — ne, thejth of the peaks we inserted before (counted from the rightjased to the
right b; times according to the following rules. The first set of rukedescribed by Figure 2. Note that
rules 2 and 5 can only be applied if the height of the peak beioged is at most — 3, since otherwise
they would create a valley of height greater titan 3.

1

_—

%i>i<?
CNLONS

Fig. 2: The first set of rules for moving peaks.

The second set of rules is meant to avoid creating valleysifht greater that — 3. See (4, pp.
220-222) for details.
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It can be shown that the peaks we move are still not counteds;bgfter being moved and that the
construction procedure is uniquely reversible. i

Proof of Theorem 1.4:1t uses the same methods as the proof of the previous the®ertreat the case
r = 1first. Ws o(a, q) is the same a¥5 o(a, ¢) except for an additional fact@f* which inserts an East
step in front of the first peak and a factar— ¢?"+1)~1, corresponding to a partitianinto parts equal to
2n + 1, which we encode by inserting at the beginning of the path ant@in whose height is the number
of parts ofv. Heren is not the number of peaks but the number of plains (a plain is@usion-maximal
sequence of consecutive horizontal steps).

Fork = 2 andt = 1, we have an additional factgf which adds a South-East step at the beginning of
the path, from(0,1) to (1,0).

For k odd, the inductive step is based on the following lemma:

Lemma 2.3 ((4))

qn?+---+nﬁ+n1+---+nk7171+2nkﬂ+---+2nr

(q)nl—n2 T (q)nT71—nr (Q)nr (q; q2)nr+1

is the generating function for paths with no South stepstisgat (0, t), with no valleys above height
k — 3, and such that fot < j < r, there are exactly:; + 1 peaks whose relative height is at legsind
for which the difference between the height and the reldteight is at mosk — 25 — 1.

Letk! = k—-2,t' =t—-1ift <k—-2,t =k-3ift =k — 1. We consider a path with no South
steps starting af0, '), with no valleys above heiglit — 3 = k& — 5, and such that fo2 < j < r there
are exactlyn; + 1 peaks whose relative height is at least 1 and for which the difference between the
height and the relative heightisat maést-2(; — 1) - 1=k — 2j — 1.

ni+1

If ¢t < k — 2, we need to introduce the fact(}Fl/a)mamq( 2 )““/(q)m,m. We do the volcanic
uplift and move peaks as before; the only difference is thaipath we insert starts &1, ¢) and ends at
(n1 —na,t — 1): there is one NESE peak €, t) followed byn; — ny — 1 NES peaks of height one.

If t =k — 1, we need to introduce the fact@%l/a)manlq(nl;l)*"l/(q)nl,nz. In this case, the path
we insert starts &0, k — 1), passes througf2, k£ — 3) and ends afn; —n2 + 1, k£ — 3): there is now one
NESE peak at0, k — 1) followed byn; — ns — 1 NES peaks of height — 3.

For k even, the proof is very similar. ]

3 n-color overpartitions

The results om-color overpartitions are essentially reformulationstafde on lattice paths. Indeed, we
can associate to a lattice path counted/hy or W, . an(n + t)-color overpartition in the following way:
a peak(z,y) is encoded by a pait,, which is overlined if and only if the corresponding peak NEBS
peak.

The weighted differencef two partsm, andn; in ann-color overpartition, denotedm; — n;)),
is defined to ben — i — n — j. We will now show how the conditions on the lattice paths state
to weighted difference conditions on tiecolor overpartitions. Let us first consider the case of two
consecutive peak@n, i) and(n, j) with m > n separated by a valley (which is equivalent to the fact that
((m; —nj)) + x(n; overlined < 0).
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The first condition is independent bfand is illustrated by Figure 3. #f< j, we haven —n > j —i+
2—x((n,j) isaNES peak> i — j +2 — x((n, j) is a NES peak so((m; —n;)) + x(n; overlined >
—2(j — 1) and ((m; — n;)) + x(n; overlined > —2(i — 1). Altogether, we havé(m; — n;)) +
x(n; overlined > —2min(i — 1, j — 1). The casé > j is analogous. Note that it also rather easy to see,
considering the different cases< j ori > j andn; overlined or not) thaf(m; —n;)) + x(n; overlined
is always even if it is nonpositive, as required by Theorein 1.

Fig. 3: lllustration of the first weighted difference condition foK j, in the case whergn, ) is a NES peak.

The second condition is illustrated by Figure 4. Since tHeeydetween our two peaks has height at
mostk — 3, we haven —n > i+ j — 2k + 6 — x((n, j) is a NES peak so for then-color overpartition,
we have((m; — n;)) + x(n, overlined > —2(k — 3). Putting together the two conditions, we get
((m; —nj)) + x(n; overlined > —2min(i — 1,5 — 1,k — 3).

>7—k+3 >i—k+3
Fig. 4: lllustration of the second weighted difference conditinriie case wherg, j) is not a NES peak.

For non-consecutive peaks, we remark that if the South stefpeeen our two peaks were changed into
South-East steps, we would come down to the caseaxflor partitions, where we have that{fn; —n;))
is nonpositive, then it is even and greater than or equalZmin(: — 1,5 — 1,k — 3). Such a change
would increasen by the number of South steps between our two peaks, whickeisimber of NES
peaks betweefn, j) included andm, i) excluded, or, in the correspondimgcolor overpartition, the

number of overlined parts whose size lies in the intefwain). This explains condition (i) of Theorem
1.1.
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Moreover, ift > 1, the condition on the starting height translates to the ttmmdthat there is a part
of the formz,.: if the path begins with a South-East step (resp. with a Ssigp), it will be a pard,
(resp0,), and if the path begins with a North-East step, it will be & pa. ; with 2 > 1. There is no such
condition ift = 0 since the path can start with a North-East step or with an$ept The extra condition
of Theorem 1.4 also clearly accounts for that of Theoremtb.2he NES peakz, = + t), we associate a
non-overlined park, ;.

4 Infinite products

To prove Theorem 1.5, we will use the Bailey lattice struetirom (3). Recall that a pair of sequences
(an, Brn) form a Bailey pair with respect toif for all n > 0 we have

n

671:2 cr

—0 (@n—r(a@)pntr
We need the following lemma which is a special case of The@&édnof (3):

Lemma 4.1 If («,, 8,) is a Bailey pair with respect to, then we have

1 > (—1/a)n,a™ (") Hnattnl

I — ﬁ .
(¢, —aq)co S>>0 (Dny—ns - (Dnp_y—n, "

1 1 nam rn+(rfl)(n27n)+(g)
_ G0 2Z(/a)aq _ o,
(@5  (@% & (—aq)n(l —¢*")
(—=1/a)p_1a"'q (n=1)+(r—1)((n—1)>—(n—1)+("5 ') +2n—2
_ Oy .
(—aq)n—1(1 - ¢>*~2) '
Proof: We seti = 0,a = 1, py = —1/a, and letn as well as all remaining; ando; tend to infinity in
Theorem 3.1 of (3) to get this result. i

We first prove (1.5) fok odd. Setting: = 1 in Lemma 4.1 and using the Bailey pair with respect to 1
(3, equation (5.7), corrected)

 an?_om _ and f,= ————,
(-1)2¢ "7 "(1+¢") otherwise (@)n(a;4*)n

B {o if n odd 1
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we obtain

(=1/a)n,am g™ ) Hnattnl

msim w0 @ni—nz = (@npmy—n, (@, (65 6,

—_ly,24 r—1y(n—1)24+2=1
:(_q)oo 1+Z 2 q(T 2) +5 o 2 q( 2)( 1)“+ 5 N )
(@)oo = 14+qg® 1—¢g2n L g1 1—¢2(n—1) n—
(_q)oo 2 q(4r_2)"2+"(1 - q4n) 32— 9
(@)oo 7; 1+ ¢2n D (1) ( )
— (_Q)oo 1+2 Z (47'+1)n2(_1)n
= ) q
q)c 1
7(7(])00 S 4r+41 n? ~1 n
= X @
= (—9)e (q8T+2; q8r+2)oo(q4r+1; q8r+2)oo(q4r+1; q8r+2)oc
(9)

by Jacobi’s triple product identityy", g = (—2q, —q/ 7, % ) oo

(@)oo (@)

(@) (—g Tt o
(_q)oo (q2k_1'q2k_1)oo

(@) (g2 L2 )

If k is even, the proofis identical except that we use the folhguBailey pair (3, equation (5.8), corrected):

n n272n . and /B'n/ = 7N 7 o\ -
(-1)3¢" 7 “(1+q") otherwise (Dn(a:¢%)n

{o if n odd q3)
a, =

Equation (1.6) is proved using the same Bailey pairs, sptting) = (¢!, ¢?) in Lemma 4.1.
For (1.7), we use the following lemma:
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Lemma 4.2 If (a,, 3,) is a Bailey pair with respect tg?, then for allk —r — 1 <t < k — 1, we have
1 Z (71/0/),’11&”1q(7112+1)+n§+"'+nz+n1+"'+nr+nk—t+“'+’nr

(¢, —aq%) o > >0 (Dn—ns (D —n,

o 1 —t—2)(n?—n)+(7 —t—1)n
_ 0 n Zq(k t—2)( )+(2)+2(k t—1) (1—q2)<

Bn,.

q(t+1)n +2(t+1)n

Qn

(Q)oo(qz)oo (q)oo(q2)oo n>1 1- q2n+2
q(t+1)(n—1)2+2(t+1)(n—1)+2n )
- Qp—1
1— q2n
Proof: We sett = k —i — 1, a = ¢%, p1 = —1/a, and letn as well as all remaining; ando; tend to
infinity in Theorem 3.1 of (3) to get this result. a
We also use the following Bailey pairs with respectq(3, equations (5.5) and (5.6), corrected):
0 if n odd d s 1
o = n 3n2t2n n : an n = o
(—1)5g™=" 1_(‘1:);2 otherwise (@n (2 ¢*)nt1
for k£ odd, and
0 if n odd 0 s ¢
ay = n nZ—2n n . an n = T~ 5.
(—1)8¢" 5 % otherwise (0)n(¢5¢%)nt1

for k even.

5 Conclusion

We showed here how .(a, ¢) andW}, .(a, ¢) can be given combinatorial interpretations usingolor
overpartitions and lattice paths related to overpartgtjgast as the series from (3) (the case~ 0 of
our series) were interpreted usingcolor partitions and lattice paths related to partitioBpecializing
our series, we get some identities of the Rogers-Ramanygaforn-color overpartitions. We note that
the infinite product in (1.5), which is reminiscent of the ffi@&ordon’s theorem for overpartitions (16),
appeared in Theorem 1.2 of (17), and that the infinite proiugt.6) is very similar to that in Andrews’
generalization of the GolInitz-Gordon identities (7).

We have obtained more results on these multiple series &ed i@ated series, which will be presented
in a forthcoming long version of this paper. First, for— 0, there exists another combinatorial interpre-
tation of V., andW}, ; which uses Frobenius partitions with hook difference cbods (2). Our series
can be interpreted in the same way using the Frobenius eagegion of an overpartition (13; 18).

Next, if we replace(q),,. by (¢ ¢*)n, in Vi.: andW;, ;, we get two other classes of multiple series
which are certainly worth investigating. Fer— 0 andr = 1, some instances have been studied in (1).

In fact, all those functions can be viewed as a particulae césnore general classes of multiple series
which should be interpreted in terms wfcolor overpartition pairs and a more general family ofi¢zit
paths introduced in (20) to interpret an extension of ther&nd-Gordon identities to overpartition pairs.

Finally, a question can be raised: is it possible to embedseties in a family of functions with
recurrence relations like Andrews} ; (a; x; ¢), which are associated to the multiple series from (8)?
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