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Multi-triangulations as complexes of
star polygons

Vincent Pilaud! and Francisco Santos? [f

L Ecole Normale Supérieure, Paris, France
2 Universidad de Cantabria, Santander, Spain

Abstract. A k-triangulation of a convex polygon is a maximal set of diagonals so that no k+ 1 of them mutually cross.
k-triangulations have received attention in recent literature, with motivation coming from several interpretations of
them.

We present a new way of looking at k-triangulations, where certain star polygons naturally generalize triangles for
k-triangulations. With this tool we give new, direct proofs of the fundamental properties of k-triangulations (number
of edges, definition of flip). This interpretation also opens up new avenues of research that we briefly explore in the
last section.

Résumé. Une k-triangulation d’un polygone convexe est un ensemble maximal de diagonales ne contenant pas k + 1

arétes qui se croisent deux a deux. Les k-triangulations ont été récemment étudiées sous divers aspects dans la
littérature.

On présente ici un nouveau point de vue sur les k-triangulations, en introduisant certains polygones étoilés comme
généralisation des triangles pour les k-triangulations. En utilisant ce nouvel outil, on donne des preuves directes des
propriétés fondamentales des k-triangulations (nombre d’arétes, définition du flip). Notre point de vue ouvre par
ailleurs de nouveaux horizons de recherche que I’on présente rapidement dans la derniere partie.

Keywords: generalized triangulation, crossing-free graph, star polygon

1 Introduction

A multi-triangulation of order k, or k-triangulation, of a convex n-gon is a maximal set of edges such
that no k£ + 1 of them mutually cross. Multi-triangulations generalize triangulations of a convex n-gon
(which correspond to the case k = 1).

As far as we know, multi-triangulations first appeared in the work of Capoyleas and Pach [CP92]], who
prove that a k-triangulation of a convex n-gon cannot have more than k(2n — 2k — 1) edges. Nakami-
gawa [Nak00], and independently Dress, Koolen and Moulton [DKMO02] then proved that all k-triangula-
tions actually have that number of edges (for n > 2k + 1). Both proofs use the concept of “flips”

TThis paper was written while the first author was visiting the second one through an internship agreement between the Ecole
Normale Supérieure and the University of Cantabria. Research of both authors was also funded by grant MTM2005-08618-C02-02
of the Spanish Ministry of Education and Science.
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between k-triangulations. As the name suggests, a flip creates one k-triangulation from another one, re-
moving and inserting a single edge. In fact, Nakamigawa [NakOO] shows that (almost) every edge of a
k-triangulation can be flipped. To obtain this result, he uses a “deletion/insertion operation” that trans-
forms k-triangulations of a convex (n + 1)-gon into k-triangulations of a convex n-gon and vice-versa.
More recently, Jonsson [Jon03| Jon05]] proved that the set of k-triangulations is enumerated by the same
“Catalan determinant” counting families of k£ mutually non-crossing Dyck paths.

Here we propose a new way of looking at k-triangulations, via the following generalization of triangles:

Definition 1 A k-star is a star polygon of type { L,;H } that is, a polygon formed by connecting a set V =
{s; | J € Zaky1} of 2k + 1 points cyclically ordered on the unit circle with the set E = {[s;,sj+x] | j €
Zok+1} (see Fig. .

Fig. 1: A 2-star and a 5-star.

We prove in Section ] that a k-triangulation 7" of a convex n-gon contains exactly n — 2k k-stars and
that an edge of T is adjacent to zero, one or two k-stars of 1" according to whether its length is smaller,
equal or greater than k. Thus, a k-triangulation can be seen as a complex of k-stars. Using this point of
view, we give new proofs of the basic properties of k-triangulations (number of edges in Section[d} flips in
Section [5): our proofs are direct and based on simple combinatorial properties of the mutual disposition
of k-stars in a (k + 1)-crossing-free graph, which we develop in Section Another advantage of k-stars is
that they allow for a much more explicit (and algorithmically better) way of understanding flips. Further
properties and questions about k-triangulations that are (or may hopefully be) easier to analyze using
k-stars are quickly discussed in Section[6]

After the completion of this paper we have found out that our main result (Section[d)), has independently
been discovered by Dress & al. [DGIMO7].

2 Notation

Let k£ and n be two integers such that £k > 1 and n > 2k + 1.

Let V,, be the set of vertices of a convex n-gon, i.e. any set of points on the unit circle, labeled coun-
terclockwise by the cyclic set Z,,. For u,v,w € V,,, we will write v < v < w meaning that v, v and
w are in counterclockwise order on the circle. For any u,v € V,,, let [u,v] denote the cyclic interval
{w €V, | u < w < v}. The intervals Ju, v[, [u, v[ and Ju, v] are defined similarly.

For u # v € V,,, let [u, v] denote the edge connecting the vertices u and v. The length of the edge [u, v]
is |u — v| = min(|Ju, v[|, |[v, u[|). Let E,, = (VQ") be the set of edges of the complete graph on V,,. Two
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edges [u,v] and [u/, v'] are said to cross when the straight open segments (u, v) and (u’, v") intersect. For
¢ € N, an {-crossing is a set of £ mutually intersecting edges.

Definition 2 A k-triangulation of the n-gon is a maximal (k 4 1)-crossing-free subset of E,,.

Obviously, an edge [u, v] of F,, can appear in a (k + 1)-crossing only if |u — v| > k. We say that such
an edge is k-relevant. We say that an edge [u, v] is a k-boundary if |u —v| = k and that it is k-irrelevant if
|u — v| < k. Every k-triangulation of the n-gon consists of all the kn k-irrelevant plus k-boundary edges
and some k-relevant edges.

An angle Z(u,v,w) of a subset E of E,, is a pair {[u, v], [v,w]} of edges of F such that u < v < w
and for all ¢ €]w, u[, the edge [v, t] is not in E. We call v the vertex of the angle Z(u, v, w). If t €]w, ul,
we say that ¢ is contained in /(u,v,w), and that the edge [v, t] is a bisector of Z(u,v,w). An angle is
said to be k-relevant if both its edges are either k-relevant or k-boundary edges.

As stated in the introduction, a k-star is a set of edges of the form {[s;, ;%] | j € Zajy1}, where
S0 < 81 < ... < 89 < So are cyclically ordered. Note that there are two natural cyclic orders on the
vertices of a k-star .S: the circle order, defined as the cyclic order around the circle, and the star order,
defined as the cyclic order tracing the edges of S. More precisely, if sg,. .., So, are the vertices of S
cyclically ordered around the circle, we rename the vertices 7; = s; to obtain the star order 7, . . . , rok.

3 Mutual positions of k-stars

In this section, we study the mutual position of two k-stars R and S of a (k + 1)-crossing-free subset F
of K.

Lemma 3 (i) Any vertext not in S is contained in a unique angle /(u,v,w) of S.
(ii) Any angle of S is also an angle of F and is k-relevant.

(iii) R and S can not share any angle.

Proof: Part (i) is obvious.

Part (ii) just says differently that adding one of its bisectors to a k-star creates a (k + 1)-crossing.

Observe that it implies that the knowledge of one angle of S permits the recovery of all the k-star
S. Indeed, if Z(so,s1,s2) is an angle of S, we define recursively s; as the unique vertex such that
Z(8j—2,8j—1,5;)is an angle of F (i.e. s; is the first neighbor of s;_; after s;_» when rotating clockwise).
Then sq, . . ., Soi are the vertices of S in star order.

Part (iii) thus follows immediately.

In the following statement and the rest of the paper, a bisector of S is a bisector of an angle of S.

Theorem 4 Every pair of k-stars whose union is (k + 1)-crossing-free have a unique common bisector.

Proof: In order to prove existence, we consider the dual of a k-star: the set £ (resp. £g) of all geometric
bisectors of R (resp. S) —including the edges of R (resp. .S) as limit cases — is a pseudoline in the M&bius
strip, that is, a non-separating simple closed curve of the Mobius strip. The two pseudolines ¢ and {g
can have contact points (corresponding to common edges) and crossing points (corresponding to common
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bisectors). Since two pseudolines in the Mobius strip have at least one crossing point, the two k-stars R
and S have at least one common bisector.

Suppose now that we have two different common bisectors e and f of Rand S, andlet {r; | j € Zog41}
and {s; | j € Zok41} denote the vertices of R and S in star order labeled so that e = [rg, so]. Let
a,b € Zog41 such that f = [r,, sp]. Note that certainly, a # 0, b # 0, and a and b have the same parity.
By symmetry, we can assume that ¢ = 2«, b = 23 with 1 < § < o < k. But then the set

{[r2isr2i41] | 0 < i <@ = 1} U {[s95,82+1] [ B < j < k}

forms a (k + 1 + « — 3)-crossing, and k + 1 + o — 8 > k + 1. This proves uniqueness. O

Fig. 2: The common bisector of two 2-stars (left) and a 2-crossing that crosses it (right).

In the following lemmas, {r; | j € Zoky1} and {s; | j € Zag4+1} denote the vertices of R and S, in
star order, with e = [rg, so] being the common bisector of R and S (see Fig. .

Lemma 5 Forevery1 <i <k, ro;_1 €]ro, $2:] and s2;—1 €] 80, 72i]. In particular, for every i € Zoj11
the edges [r;,ri+1] and [s;, $;1+1] do not cross.

Proof: Suppose that there exists 1 < ¢ < k such that r9;_1 €] sa;, So[ or s2;—1 €]ra;,70[. Let 7y be the
highest such integer, and assume for example that 1 _ 6]]5277 S0[[. Then the definition of ~ ensures that
80 = 82q+41 X T2y42 < T24—2 SO that the set

{[roi; r2i41] | 0 < i <y — 1} U {[s25, 82511] | 7 < jJ < k}

forms a (k + 1)-crossing. O

The previous lemma can be read as stating that corresponding edges of R and S are parallel. It is
easy to see that k of these 2k + 1 pairs of parallel edges, the ones of form ([ro;—1, r2;], [$2i—1, S2:]) with
1 < i < k, separate R from .S, meaning that the majority of the vertices of R lie in [ra;, 72;—1] while
the majority of the vertices of S lie in [s9;, $2;—1]. The next lemma says that any k-crossing that, in turn,
crosses the common bisector e = [rg, so| has one edge parallel to and between each such pair (see Fig. .
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Lemma 6 Let F be a k-crossing of E such that all its edges cross e = [rg, so|. Let f1 = [x1,y1],- .., fx =
[k, yx] denote the edges of F, withrg < 1 < ... < T < 89 < Y1 < ... < Y < 7o. Then for any
1 <i <k wehave x; € [rog—2it1, Sak—2i+2] and y; € [Sak—2i4+1, T2k—2i+2]-

Proof: Suppose that there exists 1 < ¢ < k such that rg < z; < rog_2;11 and let
l= max{l <i<k | ro < x; < r2k72i+1}-

If £ = k, then the set {e1, ..., ek, [ro,71]} is a (k + 1)-crossing of E, thus we assume that £ < k. In order
for

{e1,...,ec} U{[ro,r1), ..., [ron—20 Tor—2041]}

not to be a (k + 1)-crossing, we have ro;_2s < Yo < 7o, S0 that 795 _2¢ < ye+1 < 9. But the definition
of £ implies that Tok—20+1 < T2k—20—1 < Te+1 < Sp, so that the set

{lrok—2e, Tok—2041]s - - - s [rak—2, r2k—1]), [ror, rol } U {eey1, ..., ex}

isa (k + 1)-crossing of E.
By symmetry, the lemma is proved. a

The following lemma is at the heart of the concept of flips, that will be studied further in Section[5} As
usual, we use the symbol A for symmetric difference.

Lemma 7 Let f be a common edge of R and S. Then
(i) there exists 1 < i < k such that f = [roj_1, 72| = [S2:, S2i-1];
(ii)) EN{e, f}is a (k + 1)-crossing-free subset of Ey,;

(i) S0 .-, 82i—2,52i—1 = T2i5 7241, -+, T2k, T0 (FSP. 10, ., T2i—2,T2i—1 = $2i; 52i41, - - - s 52k S0)
are the vertices of a k-star X (resp. Y') of EA{e, [}, in star order;

(iv) X andY share the edge e and their common bisector is f.

Proof: Let u and v denote the vertices of f. Lemma|[3|ensures that {rg, so} N {u,v} = 0 so that we can
assume 79 < u < sop < v < 19. Consequently, there exists 1 < 4, j < k such that u = 7;_1 = s2; and
v = r2; = S9j_1. Suppose that s > j. Then according to LemmaE], we have rg < 19,1 <X 825 < S5 =
r9;—1 which is impossible. We obtain that i = j and f = [ro;_1,72;] = [$2;, S2i-1]-

Lemma [6] then proves that any k-crossing of 7' that prevents e from being in T" contains f, so that
TA{e, f}is (k + 1)-crossing-free.

Let L be the list of vertices (so, . .., S2i—2, 72, .., T2k, 70). Between two consecutive elements of L
lie exactly £ — 1 other points of L (for the circle order). This implies that L is in star order. Part (iii) thus
follows from the fact that any edge connecting two consecutive points of L is in EA{e, f}.

The edge e is clearly common to X and Y. The edge f is a bisector of both angles £(72; 2, 72;—1, $2i+1)
and Z(s2;—2, S2i—1,T2i+1), so that it is the common bisector of X and Y. O
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4 k-triangulations as complexes of k-stars

In this section, T" is a k-triangulation of the n-gon, i.e. a maximal (k + 1)-crossing-free subset of E,,.
Remember that any angle of a k-star contained in 7 is a k-relevant angle of 7' (Lemma @2)). Results of
this paper are based on the converse of this statement:

Theorem 8 Any k-relevant angle of T belongs to a unique k-star contained in T.

Proof: In this proof, we need the following definition (see Fig. : let Z(u,v,w) be a k-relevant angle
of T' and let e and f be two edges of T that intersect Z(u,v,w) (i.e. that intersect both [u, v] and [v, w)).
If a,b, c and d denote their vertices suchthatu < a < v < b < wandu < ¢ < v < d < w, then
we say that e = [a,b] is v-farther than f = [¢,d] if u < a X ¢ < v <d < b < w. Let F and
F be two (k — 1)-crossings that intersect Z(u,v,w). Let their edges be labeled e; = [a1,b1],e2 =
[CLQ, bg], e, = [ak_l, bk—l] and f; = [Cl, dl], fo = [02, dg], vy o1 = [Ck—17 dk—l] such that
U<ay <a3 <...<ap_1<v<0by <by<...<bp_1 <wandu <c; <cp <...<¢cp_1 <0<
dy < dy < ... <dr—1 < w. Then we say that E' is v-farther than F if e; is v-farther than f; for every
1 < i <k —1. We say that E is v-maximal if there is no (k — 1)-crossing intersecting Z(u,v,w) and
v-farther than E.

d d, a,
\ c ¢
bh—J/ ], b, q,
b,=d,
w U w U

Fig. 3: [a, b] is v-farther than [c, d] (left) and {[a;, b;]} is v-farther than {[c;, d;]} (right).

We can now give the proof of Theorem Let Z(u, v, w) be a k-relevant angle of T'. It is easy to check
that we can assume that the edge [u, v+1] is not in 7. This implies that we have a k-crossing E of the form
e1 = [a1,b1],...,ex = [ag,bx] Withu < a3 < ... <ar <v+landv+1<b <... <bg < u. This
provides a (k — 1)-crossing {e1, ..., e,_1} intersecting Z(u, v, w) (see Fig.[A(a)). We prove that if we
choose this (k — 1)-crossing to be v-maximal, then the edges [u, b1], [a1, b2], . .., [ak—2,bk—1], [ar—1, W]
are in 7" such that the points u, a1, ..., ax—_1, v, b1, ..., bx_1, w are the vertices of a k-star of 7" containing
the angle Z(u, v, w). To get this result, we use two steps: first we prove that Z(a1,b;,w) is an angle of
T, and then we prove that the edges ea, ..., ex_1, [v, w] form a (k — 1)-crossing intersecting Z(ay, b1, u)
and b;-maximal (so that we can reiterate the argument).

FIRST STEP. (see Fig. A(D))
Suppose that [u, by] is not in T'. Thus we have a k-crossing F' that prevents the edge [u, b1]. Let f; =
[c1,d1], ..., fx = [ck,di] denote its edges withu < ¢; < ... < ¢ <bjand by <d; < ... <dp < u.
Note first that v < dj, < w. Indeed, if it is not the case, then dj, €]w, u[ and ¢;, # v, because £(u, v, w)
is an angle. Thus either ¢ €]u,v[ and then F' U {[u,v]} forms a (k + 1)-crossing, or ¢, €]Jv, b1[ and
then E U {[c, di|} forms a (k + 1)-crossing. Consequently, we have by < dy < ... < dp_1 < w.
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(a) k-crossing E. (b) First step. (c) Second step.

Fig. 4: Illustration of proof of Theorem 8]

Let{ =max{l <j<k—1]|b; <d; <wforany ¢ with 1 <4 < j}. Then forany 1 < i < ¢, since
{e1,...,ei}U{fi,..., fr} does not form a (k+1)-crossing, we have u < ¢; < a;. Thus forany 1 < i < ¢,
u=<c a; <v=<b <d; <w,sothat f; is v-farther than e;. Furthermore, we have u < ¢; < ... <
o =< Qpp1 = ... R ap—1 <= v <d; <...<dp <bpy1 < ... < br_1 < w. Consequently, we get
a (k — 1)-crossing { f1,..., fe, €41, ..., ek—1} which is v-farther than {eq, ..., ex_1}; this contradicts
our supposition of {e1, ..., e,_1}. Thus we obtain [u,b;] € T

Suppose now that Z (a1, by, u) is not an angle of T'. Then there exists ag €]u, a1 [ such that [b1, ag] € T
But then the (k — 1)-crossing {[ag, b1], €2, ..., ex—1} is v-farther than {eq, ..., ex_1}. This implies that
Z(ay,by,u) is an angle of T'.

SECOND STEP. (see Fig.[4(c))

Let F be a (k — 1)-crossing intersecting Z(aq,b1,u) and b;-farther than {es,...,ex_1,[v,w]}. Let
fa =lea,dsa), ..., fx = [ck,dx] denote its edges, withay < co < ... <cp <b; <dy < ... <dg < u.

Note first that by < dr < w. Indeed, if it is not the case, then dy €]w,u[ and ¢; # v, because
Z(u,v,w) is an angle. Thus either ¢, €]az,v[ and then F' U {[u,v],e1} forms a (k + 1)-crossing, or
¢k €]v,b1[ and then E U {[cg, di]} forms a (k + 1)-crossing. Consequently, we have by < dy < ... <
drp_1 < w.

Furthermore, for any 2 < i < k — 1, f; is Z(a1, by, u)-farther than e;, so that a1 < ¢; < a; < by <

b; < d; < w. In particular, a; < cx—1 < ax—1 <vandwegetu <a; <cy < ... < Cp—1 <V <
by < dy < ... < dr_1 < w. Consequently, the (k — 1)-crossing {ey, fa,..., fr—1} is v-farther than
{e1,...,ex—1}, which is a contradiction. O

The following easy consequence of Theorem [8]justifies the title of this paper.
Corollary 9 Let e be an edge of T.
(i) If e is a k-relevant edge, then it belongs to exactly two k-stars of T (one on each side);
(ii) If e is a k-boundary edge, then it belongs to exactly one k-star of T (on its “inner” side);
(iii) If e is a k-irrelevant edge, then it does not belong to any k-star of T'.

Corollary 10 (i) For any k-star S in T and for any vertex r not in S there is a unique k-star R in T
such that r is a vertex of the common bisector of R and S.
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(ii) Any k-relevant edge which is not in T is the common bisector of a unique pair of k-stars of T..

Proof: Let Z(u, s,v) be the unique angle of S which contains 7. Let Z(z, r, y) be the unique angle of T'
of vertex r which contains s. According to Theorem the angle Z(x,r,y) belongs to a unique k-star R.
The common bisector of R and S is [r, s] and R is the only such k-star of T'.

Let e = [r, s] be a k-relevant edge, not in T'. Let Z(x,r,y) (resp. Z(u, s,v)) denote the unique angle
of T of vertex r (resp. s) which contains s (resp. r). According to Theorem the angle Z(x,r,y) (resp.
Z(u,s,v)) belongs to a unique k-star R (resp. S). The common bisector of R and S is [r, s] and (R, S)
is the only such couple of k-stars of 7. O

Observe that parts (i) and (ii) of this corollary give bijections between
(i) “vertices not used in the k-star S of 1" and “k-stars of T" different from S”;
(ii) “k-relevant edges not used in 7™ and “pairs of k-stars of 17

From any of these two bijections, and using Corollary [J] for double counting, it is easy to derive the
number of k-stars and of k-relevant edges in 7":

Corollary 11 (i) Any k-triangulation of the n-gon contains exactly n — 2k k-stars, k(n — 2k — 1)
k-relevant edges and k(2n — 2k — 1) edges.

(ii) The k-triangulations are exactly the (k+1)-crossing-free subsets of E,, of cardinality k(2n—2k—1).

Even if Part (ii) of this corollary was already known in [Nak0O, DKMO?2]], the study of k-triangulations
as complexes of k-stars gives a much more direct proof of this result (all previous proofs were based on
flips).

5 The graph of flips

Let T be a k-triangulation of the n-gon, let f be a k-relevant edge of T, let R and S be the two k-stars of
T containing f (Corollary [9), and let e be the common bisector of R and S. Remember that we proved
(Lemmal[7) that TA{e, f} is a (k + 1)-crossing-free subset of E,,. Observe moreover that Corollary
ensures that TA{e, f} is maximal. Thus, TA{e, f} is a k-triangulation of the n-gon.

Lemma 12 T and T/\{e, f} are the only two k-triangulations of the n-gon containing T \ {f}.

Proof: Let ¢’ be any edge of E,, \ T distinct from e. Let R’ and S’ be the two k-stars with common
bisector €’ (Corollary ii)). We can assume that R’ does not contain f and then R’ U {e’} is contained
in TA{e, f} and forms a (k + 1)-crossing. O

We say that we obtain the k-triangulation T'A{e, f} from the k-triangulation T by flipping the edge f.
Again, the notion of flip in k-triangulations was already known and used in [Nak00, DKMO2]}, but k-stars
allows a local (thus, better) comprehension of flips.

Let Gy, i, be the graph of flips on the set of k-triangulations of the n-gon, i.e. the graph whose vertices
are the k-triangulations of the n-gon and whose edges are the pairs of k-triangulations related by a flip. It
follows from Corollary [11|and Lemma|12|that G, ;, is regular of degree k(n — 2k — 1): every k-relevant
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edge of T' can be flipped, in a unique way. In this section, we prove the connectivity of this graph and
bound its diameter.

Note that e and f necessarily cross. In particular, if e = [, 8] and f = [7,0], with0 g a < B n—1
and0 v <6 xn—1,theneither 0 x a < v < 8 <6 < n— 1 (and the flip is said to be slope-
decreasing), or 0 X v < o« < 0 < § < n — 1 (and the flip is said to be slope-increasing). We define
a partial order on the set of k-triangulations of the n-gon as follows: for two k-triangulations 7" and 7",
we say 7' < T if and only if there exists a sequence of slope-increasing flips from 7" to 7”. That this is
indeed a partial order follows from the fact that each slope-increasing flip increases the total slope of a
k-triangulation, where the slope of an edge [u, v] is defined as u 4 v (with the sum taken in N, not in Z,,)
and the total slope of a k-triangulation is the sum of the slopes of its edges.

Let T}f}g‘ be the k-triangulation of the n-gon whose set of k-relevant edges is

{li,j]li€0,k—1]andj€[i+k+1,i—k] - 1}.

Fig. 5: Triangulation Tﬁ“g‘

Lemma 13 For any k-triangulation of the n-gon T' # Tr?},icn, there exists a k-relevant edge f € T \ T;I}Cn
such that the edge added by the flip of f is in T;Z?,icn.

In particular, the k-triangulation T,‘L"‘,icn is the unique least element of the set of k-triangulations of the
n-gon, partially ordered by <.

Proof: Since the second part is an immediate corollary of the first one, we only have to prove the first
part.
Let T" be a k-triangulation of the n-gon distinct from 77", Let

C=max{k+1<i<n—k—1[{0,d,[1i+1],....[k—1,i+k—1]} Z T},

which exists because T # T,"\".
Let 0 < j < k — 1 such that the edge [j,¢ + j] is not in T". Let {[x1,v1],..., [Tk, yr]} denote a
k-crossing that prevents [j, £ + j] from being in T, with the convention that
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) x1<... <2 <y1 < ... <Yk,

(i) if j > 0, then j €]z, z;11[ and £+ § €]y, yj41l,

(i) if j = 0, then 0 €]yg, x1[ and £ €]z, y1[.

With this convention, we are sure that z, € [k,¢ — 1] and y;, € [¢ + k,n — 1]. If yp €]€ + k,n — 1],
then the set
{00, +1],...,[k — 1,0+ K], [xr, yr]}

is a (k + 1)-crossing of T. Thus y, = ¢ + k, and there exists an edge [z, ¢ + k] with . € [k, ¢ — 1].

Now let m = min{k <i <€ —1|[i,{+ k] € T}. Let f be the edge [m, £ + k], let S be the k-star
containing the angle Z(m, ¢+k, k—1) and let R be the other k-star containing f. Let s, ..., Sk—2, Sg—1 =
k—1,sp = m,Sgy1,-..,52%—1, 52k = £+ k denote the vertices of the k-star S in circle order. Then
So € [¢+ k + 1,0], and the only way not to get a (k 4 1)-crossing is to have sy = 0. This implies that
sj=jforall0 <j<k-1

Let e be the common bisector of R and S and s denote its vertex in S. Since f = [m, {+ k] = [s, S2k]
is a common edge of R and S, it is obvious that s ¢ {sg, sox }. Moreover, since forany 0 < j < k —1
the interval [s;, s;41[ is empty, s & {spi1,Skt2,...,526—1}. Consequently, s € {sg,...,5p-1} =
[0,k — 1] and e € T\ T. 0

Obviously, we get symmetric results with the k-triangulation 7,2 whose set of k-relevant edges is
{l[;,j]li€n—kn—1]and j € i + k+ 1,i — k] — 1}.

Corollary 14 The graph G,, j, is connected, regular of degree k(n — 2k — 1), and its diameter is at most
2k(n — 2k — 1).

Proof: Let T be a k-triangulation of the n-gon. The regularity follows from the fact that any of the
k(n — 2k — 1) k-relevant edges of T can be flipped. Moreover, the previous lemma ensures that there
exists a sequence of at most k(n — 2k — 1) slope-decreasing flips from T to T;l‘j,ign. Thus any pair of

k-triangulations is linked by a path of length at most 2k(n — 2k — 1) passing through T:;j,‘;“. a

Obviously we would obtain the same result with any rotation of the labeling of V,,. In particular, for
any pair {7, T’} of k-triangulations, we can choose the intermediate k-triangulation 7" for our path
among any rotation of Tf;‘}j‘. Consequently, there exists a path linking T and 7" of length smaller than
the average of [TAT"| + [T" AT'| (for T" among the rotations of T)}"). As proved in [Nak(00], this
argument improves the upper bound for the diameter to be 2k(n — 4k — 1) when n > 8k3 + 4k2.

Note that even if the improvement is asymptotically not relevant, for the case £ = 1, the improved
bound of 2n — 10 is actually the exact diameter of the associahedron for large values of n [STT8S|]. For
k > 1, we only have the following lower bound:

Lemma 15 Ifn > 4k, then the diameter of G, i, is at least k(n — 2k — 1).

Proof: It is easy to construct two k-triangulations of the n-gon without any edge in common. a

We want to observe that Lemma is the way in which [Nak00] and [DKMO02] prove that the number
of edges in all k-triangulations of the n-gon is the same. Compare it to our direct proof in Corollary
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6 Further topics and open questions

In this section, we discuss further topics and open questions related to multi-triangulations. Let us begin
with sketching two results that we do not develop in this paper for reasons of space (we refer to the full
version of this paper [PSO7|] for more details):

k-ears and k-colorable k-triangulations. Let us assume that n > 2k + 3. We call a k-ear any edge
of length k + 1 in a k-triangulation. We say that a k-star is external if it contains at least one k-boundary
edge (and internal otherwise).

It is well known and easy to prove that the number of ears in any triangulation equals its number of
internal triangles plus 2. We obtain similarly that the number of k-ears in a k-triangulation 7" equals the
number of internal k-stars plus 2k. In particular, 7" contains at least 2k k-ears.

We also have a characterization of k-triangulations with exactly 2k k-ears: they are exactly the k-
triangulations whose k-relevant edges can be colored with & colors without any monochromatic 2-crossing.

Flattening an external k-star; inflating a k-crossing. As mentioned in Section (1| there is a “dele-
tion/insertion operation” that transforms a k-triangulation of the (n + 1)-gon into a k-triangulation of
the n-gon, and vice-versa. This operation, which is useful for recursive arguments and was a step in
all previous proofs of the flipability of k-relevant edges (Corollary [T4), can be explained in terms of k-
stars. Indeed, given an external k-star of a k-triangulation of the (n + 1)-gon, one can flatten it into a
k-crossing and obtain a k-triangulation of the n-gon. Reciprocally, given a k-crossing using k consecutive
vertices of a k-triangulation of the n-gon, one can inflate it into a k-star and obtain a k-triangulation of
the (n + 1)-gon.

Let us now present three open questions that may hopefully be easier to prove and understand looking
at k-triangulations as “complexes of k-stars™:

The number of k-triangulations. Remember that Jonsson proved in [Jon03] that the number of k-

triangulations of the n-gon is equal to the determinant det(Cy—;—;)1<; j<k. Where Cp, = —2= (™)

denotes the m-th Catalan number. This determinant is also known [DCV86| to enumerate themﬁ}llck k-
paths of semi-length n — 2k, that is, the k-tuples (d1, . .., dy) of Dyck paths of semi-length n — 2k such
that each d; never goes above d;_1, for 2 < ¢ < k. But we know an explicit bijection only when k = 1
and k = 2 [ELOQ7].

Our hope would be that looking at k-triangulations as complexes of k-stars might perhaps be used to
give a general explicit bijection between k-triangulations and Dyck k-paths. Observe that the number
n — 2k of k-stars equals the semi-length of the Dyck k-paths we need to construct. Hence, the idea would

be to use each k-star to represent one pair of steps in each path.

Multi-associahedron. Let A, ; be the simplicial complex of all subsets of k-relevant edges of E,, that
do not contain any (k + 1)-crossing. Facets and ridges in A,, ;, are k-triangulations of the n-gon and
flips between them. Corollary [IT| proves that A,, ;. is pure, and Corollary [T4] suggests that it could be a
sphere; this was proved in [Jon03| JonO5]]. But it remains a main open question to know whether A,, ;, is
polytopal. That is, whether it is the boundary complex of a polytope.

In our opinion, k-stars are a promising tool to answer this question: first because they give a better
understanding of flips in k-triangulations and some constructions of the associahedron are based on un-
derstanding flips; but moreover because one of the most natural ways of constructing the associahedron is
as a secondary polytope, which obviously uses triangles [BES90].
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Rigidity. A triangulation of a convex n-gon is a minimally rigid graph in the plane. That is to say, any
continuous movement of its vertices that preserves all edge lengths extends to an isometry of the plane,
and the triangulation is a minimal graph for this property. Moreover, it is generically so, meaning that
the same is true for all embeddings of the same graph with sufficiently generic choice of positions for the
vertices (see [[GraOl|| for an introduction to rigidity theory).

Note that Corollary 11| implies that k-triangulations have the 2k-Laman property: |E| = 2k|V| —
(**1), and for any subgraph, |E'| < 2k|V’| — (**]"). This property is a necessary condition for generic
minimal rigidity, which puts forward the conjecture that every k-triangulation is generically minimally
rigid in dimension 2k. We have proved this conjecture for k = 2.
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