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Total positivity for cominuscule
Grassmannians

Thomas Lam1† and Lauren Williams1

1 Department of Mathematics, Harvard University, CambridgeMA 02138 USA

Abstract. In this paper we explore the combinatorics of the non-negative part(G/P )≥0 of a cominuscule Grass-
mannian. For each such Grassmannian we define

Γ

-diagrams – certain fillings of generalized Young diagrams which
are in bijection with the cells of(G/P )≥0. In the classical cases, we describe

Γ

-diagrams explicitly in terms of
pattern avoidance. We also define a game on diagrams, by whichone can reduce an arbitrary diagram to a

Γ

-diagram.
We give enumerative results and relate our

Γ

-diagrams to other combinatorial objects. Surprisingly, the totally non-
negative cells in the open Schubert cell of the odd and even orthogonal Grassmannians are (essentially) in bijection
with preference functions and atomic preference functionsrespectively.

Résuḿe.Dans cet article nous schtroumpfons la combinatoire de la partie non-négative(G/P )≥0 d’une Grassman-

nienne cominuscule. Pour chaque Grassmannienne de ce type nous définissons les

Γ

-diagrammes – certains rem-

plissages de diagrammes de Young généralisés en bijection avec les cellules de(G/P )≥0. Dans les cas classiques,

nous décrivons les

Γ

-diagrammes explicitement en termes d’évitement de certains motifs. Aussi nous définissons

un jeu sur les diagrammes, avec lequel on peut réduire un diagramme arbitraire à un

Γ

-diagramme. Nous donnons

les résultats énumératifs et nous relions nos

Γ

-diagrammes à d’autres objets combinatoires. Etonnamment, les cel-

lules non-négatives dans la cellule de Schubert ouverte des Grassmanniennes orthogonales impaires et paires sont

essentiellement en bijection avec les fonctions de préférence et les fonctions de préférence atomiques.

Keywords: Total positivity, Grassmannian, tableaux, preference functions

1 Introduction
The classical theory of total positivity concerns matricesin which all minors are non-negative. While this
theory was pioneered in the 1930’s, interest in this subjecthas been renewed on account of the work of
Lusztig (6). Motivated by surprising connections he discovered between his theory of canonical bases for
quantum groups and the theory of total positivity, Lusztig extended this subject by introducing the totally
non-negative pointsG≥0 in an arbitrary reductive groupG and the totally non-negative part(G/P )≥0 of
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a real flag varietyG/P . Lusztig conjectured a cell decomposition for(G/P )≥0, which was proved by
Rietsch (11). Cells of(G/P )≥0 correspond to pairs(x, w) wherex, w ∈ W , x ≤ w in Bruhat order, and
w is a minimal-length coset representative ofW J = W/WJ . HereWJ ⊂ W is the parabolic subgroup
corresponding toP .

With a more combinatorial perspective, Postnikov (8) explored the combinatorics of the totally non-
negative part of the typeA Grassmannian. He described and parameterized cells using certain fillings of
Young diagrams by0’s and+’s which he called

Γ

-diagrams, and which are defined using the avoidance
of the

Γ

-pattern. The

Γ

-diagrams seem to have a great deal of intrinsic interest: they were independently
discovered by Cauchon (2) in the context of primes in quantumalgebras; they are in bijection with other
combinatorial objects (8); and they are linked to the asymmetric exclusion process (3).

In this paper we use work of Stembridge (14) and Proctor (10) to generalize

Γ

-diagrams to cominuscule
Grassmannians. In this case the posetW J can be identified with the lattice of order ideals of another
posetQJ ; moreover,QJ can always be embedded into a two-dimensional square lattice. Eachw ∈ W J

corresponds to an order idealOw ⊂ QJ which can be represented by a generalized Young diagram.
We identify cells of the non-negative part of a cominuscule Grassmannian with certain fillings, called

Γ

-diagrams, ofOw by 0’s and+’s. Arbitrary fillings of Ow by 0’s and+’s correspond to subexpressions
of a reduced expression forw; the

Γ

-diagrams correspond topositive distinguished subexpressions(7).
We give concise descriptions of

Γ

-diagrams for typeB andD cominuscule Grassmannians in terms of
pattern avoidance. Unfortunately there does not seem to exist a concise description for the remainingE6

andE7 cominuscule Grassmannians. We also define a game (the

Γ

-game) that one can play on diagrams
filled with 0’s and+’s, by which one can go from any such diagram to a

Γ

-diagram.
We then give some formulas and recurrences for the numbers of

Γ

-diagrams. We also show that there
are twice as many type(Bn, n)

Γ

-diagrams in the open Schubert cell aspreference functionsof lengthn,
while type(Dn, n)

Γ
-diagrams in the open Schubert cell are in bijection withatomic preference functions

of lengthn. We can also define other related combinatorial objects, such as decorated permutations and
permutation tableaux, but for lack of space these are not treated in this abstract.

2 Total positivity for flag varieties
Let G be a semisimple linear algebraic group overC split overR, with split torusT . Identify G (and
related spaces) with their real points and consider them with their real topology. LetΦ ⊂ Hom(T, R∗)

the set of roots and choose a system of positive rootsΦ+. Denote byB+ the Borel subgroup corresponding
to Φ+. Let B− be the opposite Borel subgroupB− such thatB+ ∩ B− = T . Let U+ andU− be the
unipotent radicals ofB+ andB−.

Denote the set of simple roots byΠ = {αi i ∈ I} ⊂ Φ+. For eachαi ∈ Π there is an associated
homomorphismφi : SL2 → G, generated by1-parameter subgroupsxi(t) ∈ U+, yi(t) ∈ U−, and
α∨

i (t) ∈ T . The datum(T, B+, B−, xi, yi; i ∈ I) for G is called apinning. Let W = NG(T )/T be the
Weyl group and forw ∈ W let ẇ ∈ NG(T ) denote a representative forw.

Let J ⊂ I. The parabolic subgroupWJ ⊂ W corresponds to a parabolic subgroupPJ in G containing
B+. Namely,PJ = ⊔w∈WJ

B+ẇB+. Let πJ : G/B+ → G/PJ be the natural projection.
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The totally non-negative partU−
≥0 of U− is defined to be the semigroup inU− generated by theyi(t)

for t ∈ R≥0. The totally non-negative part(G/PJ )≥0 of the partial flag varietyG/PJ is the closure of
the image ofU−

≥0 in G/PJ .
We have the Bruhat decompositions

G/B+ = ⊔w∈W B+ẇB+/B+ = ⊔w∈W B−ẇB+/B+

of G/B+ into B+-orbits calledBruhat cells, andB−-orbits calledopposite Bruhat cells. Forv, w ∈ W

define
Rv,w := B+ẇB+/B+ ∩ B−v̇B+/B+.

The intersectionRv,w is non-empty precisely ifv ≤ w, and in that case is irreducible of dimension
ℓ(w) − ℓ(v). Here≤ denotes theBruhat order(or strong order) of W (1). Forv, w ∈ W with v ≤ w, let

Rv,w;>0 := Rv,w ∩ (G/B+)≥0.

We writeW J for the set of minimal length coset representatives ofW/WJ . The Bruhat order ofW J

is the order inherited by restriction fromW . Let IJ ⊂ W × W J be the set of pairs(x, w) with the
property thatx ≤ w. Given(x, w) ∈ IJ , we defineP J

x,w;>0 := πJ (Rx,w;>0). This decomposition of
(G/PJ )≥0 was introduced by Lusztig (6). Rietsch showed that the setsP J

x,w;>0 are semi-algebraic cells
of dimensionℓ(w) − ℓ(x), giving a cell decomposition of(G/PJ )≥0 (11). In fact the cell decomposition
is a CW complex (9; 12).

3 (Co)minuscule Grassmannians
We keep the notation of Section 2. We say the parabolicPJ is maximalif J = I \ {j} for somej ∈ I.
We may then denote the parabolic byPj := PJ and the partial flag variety byG/Pj := G/PJ , which we
loosely call a Grassmannian. Similarly, we use the notationIj , W j , Wj andW j

max.
For a maximal parabolic subgroupPj we will call Pj , the flag varietyG/Pj , and the simple rootαj

cominusculeif wheneverαj occurs in the simple root expansion of a positive rootγ it does so with
coefficient one. Similarly, one obtains the definition ofminusculeby replacing roots with coroots. The
(co)minuscule Grassmannian’s have been classified and are listed below, with the corresponding Dynkin
diagrams (plus choice of simple root) shown in Figure 1.

Proposition 3.1 The maximal parabolicPj , the flag varietyG/Pj , and the simple rootαj are (co)minuscule
if we are in one of the following situations:

1. W = An andj ∈ [1, n] is arbitrary

2. W = Bn (or Cn) andj = 1 or n

3. W = Dn (with n ≥ 4) andj = 1, n− 1 or n

4. W = E6 andj = 1 or 6
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Root system Dynkin Diagram Grassmannian

An

◦ ◦ ◦ ◦ ◦ ◦•

1 2 · · · j · · · n the usual GrassmannianGrj,n+1

Bn, n ≥ 2

◦ ◦ ◦ ◦ ◦>• ◦

1 2 · · · · · · n the odd dimensional quadricQ2n−1

Bn, n ≥ 2

◦ ◦ ◦ ◦ ◦>◦ •

1 2 · · · · · · n odd orthogonal GrassmannianOGn,2n+1

Cn, n ≥ 2

◦ ◦ ◦ ◦ ◦<• ◦

1 2 · · · · · · n the projective spaceP2n−1

Cn, n ≥ 2

◦ ◦ ◦ ◦ ◦<◦ •

1 2 · · · · · · n the Lagrangian GrassmannianLGn,2n

Dn, n ≥ 4 ◦ ◦ ◦ ◦ ◦HH
��

◦

◦
1 2 · · · · · · n−1

n◦
•

◦ the even dimensional quadricQ2n−2

Dn, n ≥ 4 ◦ ◦ ◦ ◦ ◦HH
��

◦

◦
1 2 · · · · · · n−1

n•

• even orthogonal GrassmannianOGn+1,2n+1

E6
◦ ◦ ◦ ◦ ◦• •◦

◦

1 3 4 5

2

6
the real points of the Cayley planeOP

2

E7

◦ ◦ ◦ ◦ ◦ •◦

◦

1 3 4 5

2

6 7 the (real) Freudenthal varietyFr

Fig. 1: The (co)minuscule parabolic quotients

5. W = E7 andj = 1.

Besides the Bruhat (strong) order, we also have theweak orderon a parabolic quotient (see (1) for
details). An elementw ∈ W is fully commutativeif every pair of reduced words forw are related by a
sequence of relations of the formsisj = sjsi. The following result is due to Stembridge (14) (part of the
statement is due to Proctor (10)).

Theorem 3.2 If (W, j) is (co)minuscule thenW j consists of fully commutative elements. Furthermore
the weak order(W j ,≺) and strong order(W j , <) of W j coincide, and this poset is a distributive lattice.

Since(W j ,≺) and (W j , <) coincide, we will just refer to this partial order asW j . We indicate
in Figure 2 (mostly taken from (5)) the posetsQj such thatW j = J(Qj), whereJ(P ) denotes the
distributive lattice of order ideals inP . Note that the posets are drawn in “French” notation so that minimal
elements are at the bottom left. The diagrams should be interpreted as follows: each box represents an
element of the posetQj , and ifb1 andb2 are two adjacent boxes such thatb1 is immediately to the left or
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immediately belowb2, we have a cover relationb1 ⋖ b2 in Qj . The partial order onQj is the transitive
closure of⋖. (In particular the labeling of boxes shown in Figure 2 does not affect the poset structure.)

We now state some facts aboutQj which can be found in (14). Letwj
0 ∈ W j denote the longest element

in W j . The simple generatorssi used in a reduced expression forwj
0 can be used to labelQj in a way

which reflects the bijection between the minimal length coset representativesw ∈ W j and (lower) order
idealsOw ⊂ Qj. Such a labeling is shown in Figure 2; the labeli stands for the simple reflectionsi. If
b ∈ Ow is a box labelled byi, we denote the simple generator labelingb by sb := si; the corresponding
indexi ∈ I is thesimple labelof b.

Given this labeling, ifOw is an order ideal inQj , the set of linear extensions{e : Ow → [1, ℓ(w)]} of
Ow are in bijection with the reduced wordsR(w) of w: the reduced word (written down from right to left)
is obtained by reading the labels ofOw in the order specified bye. We will call the linear extensions of
Ow reading orders. (Alternatively, one may think of a linear extension ofOw as a standard tableau with
shapeOw.)

4

Γ

-diagrams,

Γ

-moves and the

Γ

-game

4.1 Positive distinguished subexpressions

Consider a reduced expression inW , says3s2s1s3s2s3 in typeA3. We define asubexpressionto be a word
obtained from a reduced expression by replacing some of the factors with1. For example,s3s2 1 s3s2 1 is
a subexpression ofs3s2s1s3s2s3. Given a reduced expressionw := si1si2 . . . sin

for w, we setw(k) :=

si1si2 . . . sik
if k ≥ 1 andw(0) = 1. The following definition was given in (7) and was implicit in(4).

Definition 4.1 (Positive distinguished subexpressions)Letw := si1 , . . . , sin
be a reduced expression.

We call a subexpressionv of w positive distinguished if

v(j−1) < v(j−1)sij
(1)

for all j = 1, . . . , n.

Note that (1) is equivalent tov(j−1) ≤ v(j) ≤ v(j−1)sij
. We will refer to a positive distinguished

subexpression as a PDS for short. The following lemma is from(7).

Lemma 4.2 Givenv ≤ w in W and a reduced expressionw for w, there is a unique PDSv+ for v in w.

4.2 ⊕-diagrams and

Γ

-diagrams

The goal of this section is to identify the PDS’s with certainfillings of the boxes of order ideals ofQj .
Let Ow be an order ideal ofQj, wherew ∈ W j .

Definition 4.3 An ⊕-diagram (“o-plus diagram”) of shapeOw is a filling of the boxes ofOw with the
symbols0 and+.
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Clearly there are2ℓ(w) ⊕-diagrams of shapeOw. The value of an⊕-diagramD at a boxx is denoted
D(x). Let e be a reading order forOw; this gives rise to a reduced expressionw = we for w. The
⊕-diagramsD of shapeOw are in bijection with subexpressionsv(D) of w: we will make the seemingly
unnatural specification that if a boxb ∈ Ow is filled with a0 then the corresponding simple generatorsb is
present in the subexpression, while ifb is filled with a+ then we omit the corresponding simple generator.
The subexpressionv(D) in turn defines a Weyl group elementv := v(D) ∈ W .

Example 4.4 Consider the order idealOw which isQj itself for typeA4 with j = 2. ThenQj is the
following poset

1 2 3
2 3 4 .

Let us choose the reading order (linear extension) indicated by the labeling below:

4 5 6
1 2 3 .

Then the⊕-diagrams
0 0 0
0 0 0

0 + 0
0 0 +

0 0 0
+ 0 +

correspond to the expressionss3s2s1s4s3s2, s31s11s3s2 ands3s2s11s31. The first and the last are PDS’s
while the second one is not, since it is not reduced.

Proposition 4.5 LetD be an⊕-diagram. Then

1. the elementv := v(D) is independent of the choice of reading worde.

2. whetherv(D) is a PDS depends only onD (and note).

Proposition 4.5 allows us to make the following definition.

Definition 4.6 A

Γ

-diagram of shapeOw is an⊕-diagramD of shapeOw such thatv(D) is a PDS.

Theorem 4.7 The cells of(G/Pj)≥0 are in bijection with pairs(D, Ow) whereOw is an order ideal in
Qj andD is a

Γ

-diagram of shapeOw. Furthermore, the cell labeled by(D, Ow) is isomorphic to(R+)s

wheres is the number of+’s in D.

Problem 4.8 Give a compact description of

Γ

-diagrams.

4.3 The

Γ

-game

Let D be an⊕-diagram of shapeOw corresponding to an elementv(D) ∈ W . By Lemma 4.2 and
Proposition 4.5 there is a unique

Γ

-diagramD+ with v(D+) = v(D). We callD+ the

Γ

-ification ofD.

Problem 4.9 Describe how to produceD+ fromD.
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Our solution to Problem 4.9 will be algorithmic, involving aseries of game-like moves. Suppose
C ⊂ Ow is a convex subset: that is, ifx andy are inC then anyz such thatx < z < y must also be inC.
We may extend the definition of⊕-diagrams toC. In addition Proposition 4.5 still holds for⊕-diagrams
of shapeC. If D is an⊕-diagram of shapeC we again denote byv(D) ∈ W the corresponding Weyl
group element. IfS : C → {0, +, ?} is a filling of C with the symbols0, + and?, we say that an
⊕-diagramD is compatible withS if for everyx ∈ C

1. D(x) = 0 =⇒ S(x) ∈ {0, ?}, and

2. D(x) = + =⇒ S(x) ∈ {+, ?}.

If x, y ∈ Ow are two boxes we let(x, y) = {z ∈ Ow | x < z < y} be the open interval betweenx and
y. Similarly, define the half open intervals(x, y] and[x, y).

Definition 4.10 A

Γ

-moveM is a triple(x, y, S) consisting of a pairx < y ∈ Ow of comparable, distinct
boxes together with a filling of the open intervalS : (x, y) → {0, +, ?} such that

v(D ∪ x) = v(D ∪ y) (2)

for every⊕-diagramD of shape(x, y) compatible withS. HereD∪x (D∪y) is the⊕-diagram of shape
[x, y) ((x, y]) obtained fromD by placing a0 in x (y). We say that(x, y, S) is a

Γ

-move fromy to x via
S.

Now if D is an⊕-diagram whose shape contains[x, y], we say that a

Γ

-moveM = (x, y, S) can be
performed onD if D(y) = 0 andD|(x,y) is compatible withS. The result ofM on D is then the⊕-
diagramD′ obtained fromD by settingD(y) = + and switching the entry ofD(x) (that is,D′(x) = 0 if
D(x) = + andD′(x) = + if D(x) = 0).

For two {0, +, ?}-fillings S, S′ of the same shape let us say thatS′ is a specialization ofS (andS a
generalization ofS′) if S′ is obtained fromS by changing some?’s to 0’s or +’s. It is then clear from the
definition that ifS′ is a specialization ofS and(x, y, S) is a

Γ

-move then so is(x, y, S′).
Performing a

Γ

-move on an⊕-diagramD either reduces the number of0’s or moves a0 to a box which
is smaller in the partial order (and the+ to a bigger box). Thus any sequence of

Γ

-moves must eventually
terminate.

Proposition 4.11 No

Γ

-moves can be performed on a

Γ

-diagram. Every⊕-diagramD can be

Γ

-ified by
a finite sequence of

Γ

-moves.

We say a setS of

Γ

-moves iscompleteif every⊕-diagramD can be

Γ

-ified using

Γ

-moves inS.

Problem 4.12 Describe a complete set of

Γ

-moves.

5 Description of

Γ

-diagrams
In this section we will give compact descriptions of

Γ

-diagrams in typesA, B, andD. In each case we
have complete sets of

Γ

-moves, but for lack of space we will only include them in typeA.
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First let(W, j) = (An−1, j) so that anyOw can be identified with a Young diagram within aj×(n−j)

rectangle.
The following theorem shows that our (more general) definition of

Γ

-diagram agrees with Postnikov’s
definition of

Γ

-diagram when one is working in type A.

Theorem 5.1 An⊕-diagram of shapeOw in typeAn−1 is a

Γ

-diagram if and only if there is no0 which
has a+ below it and a+ to its left.

In Theorem 5.1, “below” means below and in the same column, while “to its left” means to the left and
in the same row. If an⊕-diagram satisfies these condition, we say that it possessesthe

Γ

-condition.
Let x < y be two distinct, comparable boxes inOw. Then[x, y] is a rectangle (or as a poset, a product

of chains). Givenx < y, let S0 denote the following{0, +, ?} filling of (x, y):

+ 0 0 0 y

0 0 0 0 0
0 0 0 0 0
x 0 0 0 + (3)

That is,S0 is filled with 0’s except for the top left and bottom right corners, where it is filled with+’s.

Proposition 5.2 The triples(x, y, S0) defined above form a complete system of

Γ

-moves.

In (8), Postnikov studied the totally non-negative part of the type A Grassmannian(Grk,n)≥0, and
showed that it has a cell decomposition where cells are in bijection with certain combinatorial objects he
called

Γ

-diagrams. Postnikov’s

Γ

-diagrams are obtained from ours by reflecting in a horizontal axis. Since
Postnikov was using the English convention for Young diagrams whereas we are using French, Theorem
5.1 shows that our definition of

Γ

-diagrams is consistent with Postnikov’s definition.
Now let (W, j) = (Bn, n) so thatOw ⊂ Qj can be identified with a shape (a lower order ideal) within

a staircase of sizen. We refer to then boxes along the diagonal ofQj as the diagonal boxes.

Theorem 5.3 A type(Bn, n)

Γ

-diagram is an⊕-diagramD of shapeOw such that

1. if there is a0 above (and in the same column as) a+ then all boxes to the left and in the same row
as that0 must also be0’s.

2. any diagonal box containing a0 must have only0’s to the left of it.

Now let(W, j) = (Bn, 1) so thatOw ⊂ Qj can be identified with a single row. We call the box labeled
n (if contained inOw) the middlebox, and any two boxes with the same simple labelconjugate. The
conjugate of the middle box is itself.

Theorem 5.4 A type(Bn, 1)

Γ

-diagram is an⊕-diagramD of shapeOw such that if there is a0 to the
right of the middle box, then the boxb immediately to the left of this0 and the conjugateb′ to b cannot
both contain+’s.
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Now let (W, j) = (Dn, n) so thatOw ⊂ Qj can be identified with a shape contained inside a staircase.
We refer to then boxes along the diagonal ofQj as the diagonal boxes. The distance of a boxb from the
diagonal is the number of boxes thatb is on top of, so that a diagonal box has distance0 from the diagonal.

In the following we will say that a boxb is to the left or right (above or below) anotherb′ if and only
if they are also in the same row (column). We will use compass directions when the same row or column
condition is not intended.

Theorem 5.5 A type(Dn, n)

Γ

-diagram is an⊕-diagramD of shapeOw such that

1. if there is a0 above a+ then all boxes to the left of that0 must also be0’s.

2. if there is a0 with distanced from the diagonal to the right of a+ in boxb then there is no+ strictly
southwest ofb andd + 1 rows south of the0.

3. one cannot find a boxc containing a0 and three distinct boxesb1, b2, b3 containing+’s so thatc
has distanced from the diagonal and is to the right ofb1, the boxb2 is the boxd + 1 rows belowb1,
and finallyb3 is strictly northwest ofb2 and strictly south ofb1.

Now let(W, j) = (Dn, 1) so thatOw ⊂ Qj can be identified with a shape contained inside the doubled
tail diamond of sizen. We call the boxes labeledn − 1 andn (if contained inOw) themiddleboxes, and
any two boxes with the same simple labelconjugate. If b is a middle box then the conjugate ofb is the
other middle box.

Theorem 5.6 A type(Dn, 1)

Γ

-diagram is an⊕-diagramD of shapeOw such that if there is a0 in a box
c greater than the middle boxes, then for any boxb ⋖ c covered byc the conjugateb′ and the boxb itself
cannot both contain+’s.

6 Enumeration of cells
The cells in the totally non-negative Grassmannian for typeA were enumerated in (15; 8). In this section
we will give some formulae and recurrences for the number of totally non-negative cells in Grassmannians
of types(Bn, 1), (Dn, 1), (Bn, n), and(Dn, n). We will often count the cells which lie inside the open
Schubert cell, or in other words, we will count

Γ

-diagrams of maximal shape.
Let b̂n be the number of type(Bn, 1)

Γ

-diagrams of maximal shape, and letb̂n(q) be theq-generating
function of(Bn, 1)

Γ

-diagrams of maximal shape, where we weight

Γ

-diagrams according to the number
of +’s. Similarly defined̂n andd̂n(q). Below,[i] := 1 + q + q2 + · · ·+ qi−1 denotes theq-analogue ofi.

Proposition 6.1 b̂n(q) is the coefficient ofxn in

1 − (q + q2)x + (1 − q2)x2

1 − [2]2x + [2]x2
.

In particular, the numberŝbn are equal to sequence A006012 in Sloane (13).
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Proposition 6.2 d̂n(q) is the coefficient ofxn in

1 − (q + q2)x + (1 − 2q2 − q3)x2 + (1 + 2q − q3)x3

1 − [2]2x + [2]x2
.

In particular, the numberŝdn (for n ≥ 3) are given by sequence A007070 in Sloane (13).

Let B(n) be the number of type(Bn, n)

Γ

-diagrams.

Proposition 6.3 The sequence of numbersB(n) is sequence A010844 from Sloane (13). The numbers
are given by the recurrenceB(0) = 1 andB(n + 1) = 2(n + 1)B(n) + 1.

Let b(n) be the number of type(Bn, n)

Γ

-diagrams of maximal (staircase) shape. Let[i](j) denote the
j-th derivative (with respect toq) of theq-analogue[i].

Proposition 6.4 We haveb(0) = 1 and

b(n) = [n + 1]b(n − 1) + q2
n−2∑

i=1

[n − 1](i)

i!
b(n − i − 1).

Let Bn denote the set of(Bn, n)

Γ

-diagrams of maximal (staircase) shape such that the bottomsquare
contains a+. The set of(Bn, n)

Γ

-diagrams of maximal shape has twice the cardinality ofBn, since the
bottom square of a

Γ

-diagram imposes no restrictions on any other square.

Definition 6.5 A preference function ofn is a word of lengthn such that there exists ak ≤ n such that
all the numbers1 throughk occur at least once.

Theorem 6.6 The setBn is in bijection with the set of preference functions of length n. Therefore the
number of maximal type(Bn, n)

Γ

-diagrams has twice the cardinality of the preference functions of
lengthn. This is sequence A000670 in the Sloane Encyclopedia of Integer Sequences (13).

A preference function isatomic if no strict leading subword consists of the only occurrences in the
word of the letters1 throughj < k.

Theorem 6.7 Atomic preference functions of lengthn are in bijection with maximal type(Dn, n)

Γ

-
diagrams. These numbers are sequence A095989 in Sloane (13).
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Parabolic quotient Qj

W = An−1
1 2 3 4 5
2 3 4 5 6
3 4 5 6 7

(n = 8 andj = 3)

W = Bn andj = 1 1 2 3 4 3 2 1 (n = 4)

W = Bn andj = n
1 2 3 4
2 3 4
3 4
4

(n = 4)

W = Dn andj = 1 5 3 2 1
1 2 3 4 (n = 5)

W = Dn andj = n
1 2 3 4
2 3 5
3 4
5

(n = 5)

W = E6 andj = 1
1 3 4 5 6
3 4 2

2 4 5
1 3 4 5 6

W = E7 andj = 1

7
6
5

2 4
7 6 5 4 3
6 5 4 3 1
5 4 2

2 4 3
7 6 5 4 3 1

Fig. 2: Underlying posets of parabolic quotients



Total positivity for cominuscule Grassmannians 51


