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Total positivity for cominuscule
Grassmannians

Thomas Lar’ and Lauren Williams

! Department of Mathematics, Harvard University, Cambridig& 02138 USA

Abstract. In this paper we explore the combinatorics of the non-negatart(G/P)>o of a cominuscule Grass-
mannian. For each such Grassmannian we defidegrams — certain fillings of generalized Young diagrarhgctv

are in bijection with the cells ofG/P)>¢. In the classical cases, we describeliagrams explicitly in terms of
pattern avoidance. We also define a game on diagrams, by whéechan reduce an arbitrary diagram td-diagram.

We give enumerative results and relate duliagrams to other combinatorial objects. Surprisindig totally non-
negative cells in the open Schubert cell of the odd and evitlogonal Grassmannians are (essentially) in bijection
with preference functions and atomic preference functiespectively.

Résure. Dans cet article nous schtroumpfons la combinatoire derigepzon-négativé G/ P) >, d’une Grassman-
nienne cominuscule. Pour chaque Grassmannienne de cedypeadéfinissons led-diagrammes — certains rem-
plissages de diagrammes de Young généralisés en bijemtiec les cellules dg7/P)>¢. Dans les cas classiques,
nous décrivons led-diagrammes explicitement en termes d’évitement de ioasrtaotifs. Aussi nous définissons

un jeu sur les diagrammes, avec lequel on peut réduire wnadiane arbitraire a ud-diagramme. Nous donnons

les résultats énumeératifs et nous relions dediagrammes a d’'autres objets combinatoires. Etonnarriesncel-

lules non-négatives dans la cellule de Schubert ouvegeGtassmanniennes orthogonales impaires et paires sont
essentiellement en bijection avec les fonctions de peéfée et les fonctions de préférence atomiques.

Keywords: Total positivity, Grassmannian, tableaux, preferencetions

1 Introduction

The classical theory of total positivity concerns matriceshich all minors are non-negative. While this
theory was pioneered in the 1930’s, interest in this sulijastbeen renewed on account of the work of
Lusztig (6). Motivated by surprising connections he disaed between his theory of canonical bases for
quantum groups and the theory of total positivity, Lusztitpaded this subject by introducing the totally
non-negative point&'>, in an arbitrary reductive grou and the totally non-negative pai&/P) > of

tNSF DMS-0600677
1365-80500) 2008 Discrete Mathematics and Theoretical Computer Sei@dMTCS), Nancy, France



40 Thomas Lam and Lauren Williams

a real flag varietyG/P. Lusztig conjectured a cell decomposition {@¥/P)>(, which was proved by
Rietsch (11). Cells of G/ P)>( correspond to pairge, w) wherex, w € W, z < w in Bruhat order, and
w is a minimal-length coset representativelof = W/W ;. HereW,; C W is the parabolic subgroup
corresponding td°.

With a more combinatorial perspective, Postnikov (8) exgadiothe combinatorics of the totally non-
negative part of the typd Grassmannian. He described and parameterized cells wsitagrcfillings of
Young diagrams by's and+'s which he calledI-diagrams and which are defined using the avoidance
of the I-pattern The-diagrams seem to have a great deal of intrinsic interesy. were independently
discovered by Cauchon (2) in the context of primes in quaralgabras; they are in bijection with other
combinatorial objects (8); and they are linked to the asytmmexclusion process (3).

In this paper we use work of Stembridge (14) and Proctor (. @enheralizel-diagrams to cominuscule
Grassmannians. In this case the pd$et can be identified with the lattice of order ideals of another
posetQ’; moreover()’ can always be embedded into a two-dimensional squaredafachw € W/
corresponds to an order ide@l, C @7 which can be represented by a generalized Young diagram.
We identify cells of the non-negative part of a cominuscutagsmannian with certain fillings, called
JI-diagrams, o), by 0’s and+'s. Arbitrary fillings of O,, by 0's and+’s correspond to subexpressions
of a reduced expression far, the I-diagrams correspond fmositive distinguished subexpressigis

We give concise descriptions dfdiagrams for type3 and D cominuscule Grassmannians in terms of
pattern avoidance. Unfortunately there does not seem s &xioncise description for the remainifg
and E; cominuscule Grassmannians. We also define a gamel{gang that one can play on diagrams
filled with 0's and+'s, by which one can go from any such diagram té-diagram.

We then give some formulas and recurrences for the numbelsiagrams. We also show that there
are twice as many typ@3,,, n) I-diagrams in the open Schubert cellmeference functiongf lengthn,
while type(D,,, n) I-diagrams in the open Schubert cell are in bijection waitbmic preference functions
of lengthn. We can also define other related combinatorial objects) asalecorated permutations and
permutation tableaux, but for lack of space these are natetdein this abstract.

2 Total positivity for flag varieties

Let G be a semisimple linear algebraic group o@split overR, with split torusT. ldentify G (and
related spaces) with their real points and consider thei thuiir real topology. Le® C Hom (T, R*)
the set of roots and choose a system of positive rddtsDenote byB T the Borel subgroup corresponding
to ®T. Let B~ be the opposite Borel subgrodp~ such thatB* N B~ = T. LetU™ andU ™~ be the
unipotent radicals oB™ andB~.

Denote the set of simple roots By = {«; |i € I} C ®*. For eachy; € II there is an associated
homomorphismp; : SLe — G, generated byt-parameter subgroups(t) € U™, y;(t) € U™, and
a)(t) € T. Thedatum(T, B, B~ ,z;,y;;4 € I) for G is called apinning LetW = N¢(T)/T be the
Weyl group and forw € W letw € Ng(T') denote a representative for

Let J C I. The parabolic subgrouy; C W corresponds to a parabolic subgraBpin G containing
B*. Namely,P; = Uyew, BTwB™T. Letr’ : G/BT — G/P; be the natural projection.
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The totally non-negative patf_, of U~ is defined to be the semigroup @i~ generated by the;(t)
fort € R>o. The totally non-negative pafti/P;)>, of the partial flag variety7/P; is the closure of
the image of/Z, in G/ P;.

We have the Bruhat decompositions

G/B* = Upew BtwBt /Bt = Uyew B~ wB"/B*

of G/B™ into BT-orbits calledBruhat cells and B~ -orbits calledopposite Bruhat cellsForv, w € W
define
Ry = B"wB" /BTN B vB*/BT.

The intersectionR, ,, is non-empty precisely it < w, and in that case is irreducible of dimension
£(w) — £(v). Here< denotes th@ruhat order(or strong orde) of W (1). Forv, w € W with v < w, let

Rv,w;>0 = Rv,w N (G/B+>ZO'

We write W for the set of minimal length coset representative8lofiv ;. The Bruhat order ofV/
is the order inherited by restriction frofV. LetZ/ c W x W be the set of pair§r, w) with the
property thatr < w. Given(z,w) € Z7, we defineP; .. := ©/ (R w;>0). This decomposition of
(G/Pj)>o was introduced by Lusztig (6). Rietsch showed that theBgl;§:>0 are semi-algebraic cells
of dimensior¢(w) — £(z), giving a cell decomposition diG/ Py)>o (11). In fact the cell decomposition

is a CW complex (9; 12).

3 (Co)minuscule Grassmannians

We keep the notation of Section 2. We say the paraldjics maximalif J = I'\ {;} for somej € I.
We may then denote the parabolic By := P; and the partial flag variety b§#/ P; := G/ P, which we
loosely call a Grassmannian. Similarly, we use the notafigiv’7, W, and Wy, ..

For a maximal parabolic subgroupy we will call P;, the flag varietyG/P;, and the simple root;
cominusculef whenevera; occurs in the simple root expansion of a positive rgat does so with
coefficient one. Similarly, one obtains the definitionnoiihusculeby replacing roots with coroots. The
(co)minuscule Grassmannian’s have been classified anéstre below, with the corresponding Dynkin
diagrams (plus choice of simple root) shown in Figure 1.

Proposition 3.1 The maximal paraboli@’;, the flag variety7/ P;, and the simple roat; are (co)minuscule
if we are in one of the following situations:

1. W = A, andj € [1,n] is arbitrary
2. W =B, (orCy,)andj =1orn
3. W=D, (withn >4)andj =1,n—10rn

4. W =FEgandj =1o0r6
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| Rootsystem|  Dynkin Diagram | Grassmannian |
O—O0—O0—9—0—0
A, 1 2 - 4 - n the usual Grassmanni&; , 1

6—O0—O0—0—0=0

B,,n>?2 1 2 -« - n the odd dimensional quadr@?"—1!
O—O0—0—0—0==9

B,,n>2 1 2 -« .. n odd orthogonal Grassmanni@rG,, 2,,+1
e—O0—O0—O0—0=0

Cn,n>2 1 2 -« - n the projective spack?”~!
O—O0—0—0—0=<-e

Cp,n >2 1 2 - o n the Lagrangian Grassmannihfy,, 2y,

n

D,,n>4 oo © O<O the even dimensional quadf®"—2
1 2 ... ...n21
O—O—O—O—O<‘ n i

D,,n>4 o even orthogonal Grassmanni@s,,+1,2,+1
1 2 ... ...n=1

2
Eg I_'E,) 40 50 6. the real points of the Cayley plar@P?
2

O O O O O e

Eq 1 3 4 5 6 7 the (real) Freudenthal variefr

Fig. 1: The (co)minuscule parabolic quotients

5. W =FEr;andj = 1.

Besides the Bruhat (strong) order, we also havevwthak orderon a parabolic quotient (see (1) for
details). An elementy € W is fully commutativef every pair of reduced words fap are related by a
sequence of relations of the forsys; = s;s;. The following result is due to Stembridge (14) (part of the
statement is due to Proctor (10)).

Theorem 3.2 If (W, ) is (co)minuscule thehl’/ consists of fully commutative elements. Furthermore
the weak ordefW7, <) and strong ordef W/, <) of W/ coincide, and this poset is a distributive lattice.

Since (W7, <) and (W7, <) coincide, we will just refer to this partial order a87. We indicate
in Figure 2 (mostly taken from (5)) the posefs such thatiW’/ = J(Q’), whereJ(P) denotes the
distributive lattice of order ideals if?. Note that the posets are drawn in “French” notation so thiaitnal
elements are at the bottom left. The diagrams should bepirgtierd as follows: each box represents an
element of the pose&p’, and ifb, andb, are two adjacent boxes such thats immediately to the left or
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immediately belowb,, we have a cover relatiol < b, in Q7. The partial order or6)7 is the transitive
closure of<. (In particular the labeling of boxes shown in Figure 2 doatsaffect the poset structure.)

We now state some facts aba@pt which can be found in (14). Lemg € W7 denote the longest element
in WJ. The simple generators used in a reduced expression io{g can be used to labé)’ in a way
which reflects the bijection between the minimal length tosgresentatives ¢ W7 and (lower) order
idealsO,, ¢ @7. Such a labeling is shown in Figure 2; the labstands for the simple reflection. If
b € O, is a box labelled by, we denote the simple generator labelingy s, := s;; the corresponding
indexi € I is thesimple labelof b.

Given this labeling, if0,, is an order ideal )7, the set of linear extensiods : O,, — [1,¢(w)]} of
O,, are in bijection with the reduced wordw) of w: the reduced word (written down from right to left)
is obtained by reading the labels ©f, in the order specified by. We will call the linear extensions of
O,, reading orders (Alternatively, one may think of a linear extension®@f, as a standard tableau with
shape0,,.)

4 J-diagrams, I-moves and the I-game

4.1 Positive distinguished subexpressions

Consider areduced expressionif saysss2s1 s3s283 in type As. We define aubexpressioto be a word
obtained from a reduced expression by replacing some oattters withl. For examplesssa 1 s3s2 1 is

a subexpression 6§ s2s153s253. Given a reduced expression:= s;, s;, ... s;, for w, we setw, =

84, Siy - - - Sip, If k> 1 andw) = 1. The following definition was given in (7) and was implicit ().

Definition 4.1 (Positive distinguished subexpressiondletw := s;,,...,s;, be areduced expression.
We call a subexpressionof w positive distinguished if

v(j—1) < V(j-1)Si; )
forall j=1,...,n.

Note that (1) is equivalent to(;_;) < v < v_1ysi;- We will refer to a positive distinguished
subexpression as a PDS for short. The following lemma is ffom

Lemma 4.2 Givenv < w in W and a reduced expression for w, there is a unique PD$, for v in w.

4.2 @-diagrams and JI-diagrams

The goal of this section is to identify the PDS’s with certhliings of the boxes of order ideals @j7.
Let O,, be an order ideal af)?, wherew € WJ.

Definition 4.3 An @-diagram (“o-plus diagram”) of shap&,, is a filling of the boxes oD, with the
symbolg) and+.
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Clearly there ar@‘() @-diagrams of shap®,,. The value of anp-diagramD at a boxz is denoted
D(z). Lete be areading order fo®,,; this gives rise to a reduced expressiwon= w, for w. The
@-diagramsD of shapeD,, are in bijection with subexpressionsD) of w: we will make the seemingly
unnatural specification that if a béxe O,, is filled with a0 then the corresponding simple generaipis
present in the subexpression, whilé i filled with a+ then we omit the corresponding simple generator.
The subexpression(D) in turn defines a Weyl group element= v(D) € W.

Example 4.4 Consider the order ideaD,, which isQ’ itself for typeA, with j = 2. Then@’ is the
following poset

1(2]3
2134

Let us choose the reading order (linear extension) indiddtg the labeling below:

415|6
112]3

Then thep-diagrams

0]0{0] |[0]+]0]|0]0]0
0]10{0] [0]0]+] |F+]10]+

correspond to the expressionsss s1545382, s315118382 andssses11s3l. The first and the last are PDS's
while the second one is not, since it is not reduced.

Proposition 4.5 Let D be an®-diagram. Then
1. the element := v(D) is independent of the choice of reading werd
2. whethew (D) is a PDS depends only db (and note).
Proposition 4.5 allows us to make the following definition.

Definition 4.6 A JI-diagram of shap®,, is an@®-diagramD of shapeD,, such thatv(D) is a PDS.

Theorem 4.7 The cells of G/ P;)>( are in bijection with pairsD, O,,) whereO,, is an order ideal in
@7 and D is a I-diagram of shap®,,. Furthermore, the cell labeled lyD, O,,) is isomorphic tq R*)*
wheres is the number of-’s in D.

Problem 4.8 Give a compact description dFdiagrams.

4.3 The I-game

Let D be an@-diagram of shap®,, corresponding to an elementD) € W. By Lemma 4.2 and
Proposition 4.5 there is a uniguediagramD . with v(D;.) = v(D). We call D the I-ification of D.

Problem 4.9 Describe how to produc® from D.
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Our solution to Problem 4.9 will be algorithmic, involvingsaries of game-like moves. Suppose
C C O, is a convex subset: that is,ifandy are inC then anyz such thatr < z < y must also be ir.
We may extend the definition @f-diagrams ta”'. In addition Proposition 4.5 still holds fap-diagrams
of shapeC. If D is an®-diagram of shap€' we again denote by(D) € W the corresponding Wey!
group element. IfS : C — {0,+,7} is a filling of C with the symbold, + and?, we say that an
@-diagramD is compatible withS if for everyx € C

1. D(z) =0 = S(x) €{0,7},and
2. D(z) =4+ = S(z) € {+,7}.

If z,y € O, are two boxes we lgtr, y) = {z € O, | < z < y} be the open interval betweerand
y. Similarly, define the half open intervals, y] and[z, y).

Definition 4.10 A I-moveM is atriple(zx,y, S) consisting of a pair < y € O,, of comparable, distinct
boxes together with a filling of the open intenfal (z,y) — {0, +, ?} such that

v(DUz)=v(DUy) (2)

for every®-diagramD of shapgz, y) compatible withS. Here D Uz (D Uy) is the®-diagram of shape
[,y) ((z,y]) obtained fromD by placing a0 in x (y). We say thatz, y, S) is a I-move fromy to z via
S.

Now if D is an@-diagram whose shape contaips y], we say that al-moveM = (z,y,.S) can be
performed onD if D(y) = 0 and D|,_,, is compatible withS. The result ofA/ on D is then the®-
diagramD’ obtained fromD by settingD(y) = + and switching the entry dP(z) (thatis,D’(z) = 0 if
D(z) =+ andD’'(x) = + if D(z) =0).

For two {0, +, ?}-fillings S, S” of the same shape let us say tl#dtis a specialization of (and S a
generalization ob’) if S’ is obtained fromS by changing som@'s to 0's or +’s. It is then clear from the
definition that ifS” is a specialization of and(z, y, S) is al-move then so i$z, y, S").

Performing al-move on arb-diagramD either reduces the number@$ or moves & to a box which
is smaller in the partial order (and theto a bigger box). Thus any sequencelaefnoves must eventually
terminate.

Proposition 4.11 No I-moves can be performed onladiagram. Everyb-diagram D can bel-ified by
a finite sequence af-moves.

We say a sef of I-moves iscompletdf every ¢-diagramD can bel-ified using.I-moves inS.

Problem 4.12 Describe a complete set dfmoves.

5 Description of I-diagrams

In this section we will give compact descriptions.bdiagrams in typesl, B, andD. In each case we
have complete sets dFmoves, but for lack of space we will only include them in type
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Firstlet(W, j) = (A,—1,7) so thatany),, can be identified with a Young diagram withig & (n— j)
rectangle.

The following theorem shows that our (more general) definitif I-diagram agrees with Postnikov’s
definition of I-diagram when one is working in type A.

Theorem 5.1 An @-diagram of shap®,, in type A,,_1 is a I-diagram if and only if there is n6 which
has a+ below it and a+ to its left.

In Theorem 5.1, “below” means below and in the same columiigto its left” means to the left and
in the same row. If arb-diagram satisfies these condition, we say that it posséssdscondition.

Letz < y be two distinct, comparable boxeséh,. Then[z, y] is a rectangle (or as a poset, a product
of chains). Giverx < y, let.Sy denote the followind 0, +, 7} filling of (z, y):

+/0/0|0|¥
0]0]0]0]0
0]0]0]0]0
|0/0]0|+ ©)

That is, S is filled with 0's except for the top left and bottom right corners, whers filled with +’s.
Proposition 5.2 The triples(z, y, Sy) defined above form a complete systeni-ofioves.

In (8), Postnikov studied the totally non-negative partlu type A GrassmanniafGry,,)>o, and
showed that it has a cell decomposition where cells are @ctign with certain combinatorial objects he
calledI-diagrams. Postnikov:§-diagrams are obtained from ours by reflecting in a horizentia. Since
Postnikov was using the English convention for Young diagravhereas we are using French, Theorem
5.1 shows that our definition df-diagrams is consistent with Postnikov’s definition.

Now let (W, j) = (Bn,n) so thatO,, C @’ can be identified with a shape (a lower order ideal) within
a staircase of size. We refer to the: boxes along the diagonal 6f/ as the diagonal boxes.

Theorem 5.3 A type(B,,, n) I-diagram is an®-diagramD of shapeD,, such that

1. if there is &) above (and in the same column as}-ahen all boxes to the left and in the same row
as that0 must also b@'’s.

2. any diagonal box containing@must have onlg’s to the left of it.

Now let (W, j) = (B,, 1) so thatO,, C @ can be identified with a single row. We call the box labeled
n (if contained inO,,) the middlebox, and any two boxes with the same simple latmijugate The
conjugate of the middle box is itself.

Theorem 5.4 A type(B,,, 1) I-diagram is and-diagram D of shapeO,, such that if there is @ to the
right of the middle box, then the bdxmmediately to the left of thig and the conjugaté’ to b cannot
both containt’s.
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Now let (W, j) = (D, n) so thatO,, C @ can be identified with a shape contained inside a staircase.
We refer to then boxes along the diagonal ¢ as the diagonal boxes. The distance of a bfnom the
diagonal is the number of boxes tlbas on top of, so that a diagonal box has distahé®m the diagonal.

In the following we will say that a bok is to the left or right (above or below) anothiérif and only
if they are also in the same row (column). We will use compagstions when the same row or column
condition is not intended.

Theorem 5.5 A type(D,,, n) I-diagram is an®-diagram D of shapeD,, such that
1. if there is a above a+ then all boxes to the left of th@tmust also b&'s.

2. ifthere is & with distancel from the diagonal to the right of & in boxb then there is ne- strictly
southwest ob andd + 1 rows south of th@.

3. one cannot find a boxcontaining a0 and three distinct boxes , b2, b3 containing+’s so thatc
has distancel from the diagonal and is to the right éf, the box,, is the boxd + 1 rows belowb,,
and finallybs is strictly northwest ob, and strictly south ob; .

Now let (W, j) = (D, 1) so thatO,, C @’ can be identified with a shape contained inside the doubled
tail diamond of sizex. We call the boxes labeled— 1 andn (if contained inO,,) themiddleboxes, and
any two boxes with the same simple lalsehjugate If b is a middle box then the conjugate iofs the
other middle box.

Theorem 5.6 A type(D,,, 1) I-diagram is an®-diagramD of shapeD,, such that if there is @ in a box
c greater than the middle boxes, then for any bax ¢ covered by the conjugaté’ and the box itself
cannot both contain-'s.

6 Enumeration of cells

The cells in the totally non-negative Grassmannian for tfpeere enumerated in (15; 8). In this section
we will give some formulae and recurrences for the numbestafly non-negative cells in Grassmannians
of types(By,, 1), (D,, 1), (B,,n), and(D,,,n). We will often count the cells which lie inside the open
Schubert cell, or in other words, we will coufitdiagrams of maximal shape.

Let b, be the number of typéB,,, 1) I-diagrams of maximal shape, and lg{q) be theq-generating
function of(B,,, 1) I-diagrams of maximal shape, where we weidfdiagrams according to the number
of +'s. Similarly defined,, andd,,(q). Below,[i] := 1+ ¢+ ¢*> +- - - + ¢" ! denotes thg-analogue of.

Proposition 6.1 b, (¢) is the coefficient af™ in

1—(g+¢*)z+ (1 —q¢*)a?
1— 2% + 222

In particular, the numbers,, are equal to sequence A006012 in Sloane (13).
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Proposition 6.2 d,,(q) is the coefficient af™ in

1—(g+ @)z +(1—2¢>—¢*)a? + (1+2¢ — ¢*)2®
1 — [2]2z + [2]z2 '

In particular, the numbers,, (for n > 3) are given by sequence A007070 in Sloane (13).
Let B(n) be the number of typé€B,,, n) I-diagrams.

Proposition 6.3 The sequence of numbeln) is sequence A010844 from Sloane (13). The numbers
are given by the recurrencB(0) = 1andB(n+ 1) = 2(n+ 1)B(n) + 1.

Letb(n) be the number of typeB,,, n) I-diagrams of maximal (staircase) shape. ligt) denote the
j-th derivative (with respect tg) of the g-analogué:].

Proposition 6.4 We have)(0) = 1 and
n—2 ;
n—1]® .
b(n) = [n+1]b(n —1) +¢* Z %b(n —i—1).
=1
Let ,, denote the set dfB,,, n) I-diagrams of maximal (staircase) shape such that the baitprare

contains at+. The set of B,,, n) I-diagrams of maximal shape has twice the cardinalitipfsince the
bottom square of d-diagram imposes no restrictions on any other square.

Definition 6.5 A preference function of is a word of length such that there exists/a < n such that
all the numbers throughk occur at least once.

Theorem 6.6 The setB3,, is in bijection with the set of preference functions of léngt Therefore the
number of maximal typéB,,,n) I-diagrams has twice the cardinality of the preference fiomst of
lengthn. This is sequence A0O00670 in the Sloane Encyclopedia gfdn&equences (13).

A preference function istomicif no strict leading subword consists of the only occurrenicethe
word of the letterd throughj < k.

Theorem 6.7 Atomic preference functions of lengthare in bijection with maximal typéD,,,n) I-
diagrams. These numbers are sequence A095989 in Sloane (13)
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Parabolic quotient Q7
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Fig. 2: Underlying posets of parabolic quotients
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