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Skew domino Schensted algorithm and
sign-imbalance

Jang Soo Kim

Department of Mathematical Sciences, Korea Advancedisiof Science and Technology, Daejeon 305-701, Korea

Abstract. Using growth diagrams, we define a skew domino Schensteditaligowhich is a domino analogue of
the “Robinson-Schensted algorithm for skew tableaux” du&agan and Stanley. The color-to-spin property of
Shimozono and White is extended. As an application, we gisienale generating function for a weighted sum of
skew domino tableaux whose special case is a generalizatiStanley’s sign-imbalance formula. The generating
function gives a method to calculate the generalized sigmalance formula.

Résumre. Nous définissons, a partir de diagrammes de croissannesigarithme de Schensted pour les dominos
gauches. Cet algorithme est un analogue de I'algorithmecterted pour les tableaux gauches dil a Sagan et Stan-
ley. Nous généralisons la propriété couleur-a-sgnSthimozono et White. Comme application, nous présentons
une fonction génératrice simple pour une somme pordéectableaux de dominos gauches qui, dans un cas partic-
ulier, généralise la formule de “sign-imbalance” de $wnLa fonction génératrice donne aussi lieu & une oudh
permettant de calculer la formule de “sign-imbalance”.

Keywords: Skew tableaux, Domino tableaux, Sign-imbalance, Growalgi@dims, Schensted algorithm

1 Introduction

The domino Schensted algorithm is a bijection between edlpermutations and pairs of domino tableaux
of the same shape. It was first developed by Barbasch and apan1982. Garfinkle [6] described
this algorithm in terms of insertion. This algorithm wasd#ésed in growth diagrams and extended in the
presence of a nonempty core by van Leeuwen [23]. Shimozoah@\dmte [17] proved that this algorithm
has the color-to-spin property. Lam [10] used growth diagta prove the color-to-spin property and
identities involving colored involutions. Using these petties, Lam [10] obtained enumerative results
for domino tableaux and proved Stanley’s sign-imbalancgemtures [22].

For a standard Young tableau (SYI')the sign ofl" is defined to be sigir), wherer is the permutation

obtained by readin@’ like a book. For example, if’ = % é 4lthen signiT’) = sign(12435) = —1. The

sign-imbalanced), of a partition) is the sum of sig(il") for all SYTs of shape\.. In[22], Stanley suggested
interesting sign-imbalance formulae:

ST e NN AN = (4 g3, (1)
AFn
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> (=)W =, )
AFn
wherev(A), h(A\) andd()\) denote the maximum numbers of vertical dominoes, horizdetainoes and
2 x 2 rectangles respectively that can be placed in the Youngalagf\ without overlaps.

Sjostrand [18] proved Eq. (1) and Eq. (2) using chess tallead by relating signs of a permutation
and the corresponding tableaux in Robinson-Schenstedspmndence. Reifegerste [14] independently
obtained the sign relation and proved Eq. (2). White [24]epbad that sign-imbalance is related to
domino tableaux and proved that for a domino tabl&au

signD) = (—1)°vP), 3)

whereev(D) is the number of vertical dominoes @f in even columns. Lam [10] proved Eq. (1) and
Eq. (2) using properties obtained from growth diagrams.

In this paper, inspired by Lam’s work [10], we describe a skdmino Schensted algorithm using
growth diagrams, which is a domino analogue of “RobinsoheBsted algorithm for skew tableaux” due
to Sagan and Stanley [16]. This growth diagram approach wes vsed in Roby’s thesis [15] to describe
Sagan and Stanley’s algorithm. Fomin [4] proved the extsef this bijection in a more general context
using operators on partitions. The color-to-spin propartgt Lam'’s identities for colored involutions are
extended. As an application, we generalize Eqg. (1) and Bdo (&ew shapes.

We should note that, in the literature, there are two difiedefinitions of sigiI”") for a skew tableau
T of shape\/u. In [11, 19], the sign ofl” of shape\/u does not care about the cellsgnbut in [12], it
does . In this paper, we use the definition of $ighin [12] and prove that Eq. (3) still holds.

The rest of this paper is organized as follows. In Section define skew shapes, reversed shapes,
domino tableaux and colored permutations. In Section 3,ntreduce growth diagrams and the skew
domino Schensted algorithm, and extend the color-to-sppgrty and Lam'’s identities for colored in-
volutions. We also find a generating function for the weighteam of domino tableaux which turns out
to be closely related to sign-imbalance. In Section 4, wendetfie sign of a skew tableau and gener-
alize Eq. (2) whose special case was proved by Sjostraridaji® Lam [11, 12]. We also generalize
Eq. (1) to skew shapes and give a closed formula3y s ., x°/ )y o) 20 5 where
op = (k,k—1,...,1).

2 Preliminaries
2.1 Skew shapes and domino tableaux

Let N denote the set of nonnegative integers @rdknote the set of integers. For a positive integexe
denoteln] = {1,2,...,n}. A partition A = (A1, A2,...,N\) of n € N, denoted byA + n, is a weakly
decreasing (possibly empty) sequence of positive inteljees Ao > --- > \; summing ton. Each); is
called thei-th partof A. Leti(\) denote the number of parts in

A cellis a pair of positive integers. Théung diagranY (\) of a partition) is the set of cells such that
(1,7) € Y(A) ifand only ifi < [(A) andj < X;. We can draw Young diagrali(\) by placing a square
in the i-th row and;-th columnfor each cell(s, j) € Y (). For example, the drawing of Young diagram

l
of (4,3,1)is . We will identify a partitionA with its Young diagrant”(\).
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A skew shape\/u is an ordered paif), 1) of partitions satisfying: C A. We will also considei/
as the set theoretic differen8g\) \ Y (u). Thesizeof A/, denoted by /|, is the number of cells in

l
A/p. The notatiom\ /i = n means that the size of/ i is n. For example(4,3,1)/(2,1) = is

a skew shape of size We will identify a partition\ with the skew shapg&/(.

A dominois a horizontal domino or a vertical domino wheréa@izontal(resp.vertical) dominois a
skew shape consisting of two adjacent cells j) and(s, j + 1) (resp.(i,7) and(i + 1, 5)).

A standard skew tableau (SS@)shape)\/p = n is a bijectionT : A\/u — [n] such that integers are
increasing in each row and column. For a eefl A/, we call the integeT’(c) theentryof c. A standard
Young tableau (SYT9f shape) is a SST of shape /0. A standard domino tableau (SDBf shape
A/p b 2nis a SST such that two cells with entrigs— 1 and2: make a domino for each= 1,2, ..., n.

1{2]9 1
Thus we can consider a SDT as a collection of labeled domjrﬁmfsexample,g g ; 10and g 4 ﬂ
represent the same SDT. If there is a SDT of shgfye then we say\/u is domino-tileable

Let 7(\/u) (resp. D(\/u)) denote the set of all SSTs (resp. SDTs) of shape. Let f/# =
|7 (A )| andd/# = [D(A/p)].

For a given partition\, let us take a maximal chain of partition§™ c A(m=1 < ... ¢ X0 = )\
such that\(—1 /A is a domino fori = 1,2, ..., m. Then the last partition("™ is always the same and
called the2-coreof \. We denote the 2-core df by \. Since there is no partition such thaﬁ/u is a
domino,\ must be astaircase partitiory, = (r,r—1,...,1) for somer. We refer the readerto [7, 9, 13]
for details ofp-cores.

Letv(\/p) (resp.h()/p)) denote the number of cells in even rows (resp. columns)dletu) denote
the number of cells both in even columns and even rows. ItSg tasee thak(\), v(A) andd(\) are the
maximum numbers of horizontal dominoes, vertical domiree x 2 squares respectively that can be
placed in\ without overlaps.

Fora SDTD, letoh(D), eh(D), ov(D) andev(D) denote the numbers of horizontal dominoes in odd
rows, horizontal dominoes in even rows, vertical dominoesdd columns and vertical dominoes in even
columns respectively. Thepinof a SDT is defined to be the number of vertical dominoes diviole 2,
thatis,sp(D) = 3 (ov(D) + ev(D)).

Next we prove some relations between a SDT and its shape. Wehad these can also be obtained
from Lam’s results [10].

Lemma2.1.If D € D(\/p

~—

then the following hold:
oh(D) — h(D) = g Mul —v(Mw,  ov(D) —ev(D) = 5|\l ~ h(\p)
(A m), v(M ) +h(Mp) = %IA/MIJr?'d(/\/u)-

Remarkl. In Lemma 2.1,(4) is not true if \/u is not domino-tileable. For example,if = (1) and
A =(2,1), then(4) does not hold.

L N

eh(D) + ev(D) =

2.2 Reversed shapes

Recall that a skew shapg/\ is a pair(u, \) of partitions withA C p. We define aeversed shapga/u
to be a pair(\, ) of partitions withA C p and denote\/p - |A| — |u]. ThusA/p is a reversed shape if
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and only if /X is a skew shape. We also see that - —n is equivalent tqu/\ F n. We extend each
statisticstat of a skew shape to a reversed shapestayt(\/u) = —stat(u/N), i.e., | A/ u| = —|u/A|,
v(A/p) = —v(p/A) and so on. As a shape of a tableau, we will tregah and \/u equally, that is,
T (A p) =T (u/X) andD(A/ ) = D(u/A).

If we write A\/p F n for n € Z, then it means\/u is a skew shape or reversed shape depending
onn. The notion of reversed shapes is not essential. Howeveitligiwe us a simple description for
a generalization of Eq. (1). In Section 4, we will define thgnsimbalancel,,,, of a reversed shape
A pE —2n.

2.3 Colored permutations and colored involutions

A colored permutationr of [n] is a permutation ofn] in which each integer can be barred or not. ket
be a colored permutation. Thetal color tc(x) of = is the number of barred integers. Thermutation
matrix of 7 is the matrixA/ such thatV/ (i, j) is equal to 1 ifr; = j; —1if m; = j and O otherwise. Let
CP,, denote the set of colored permutationg:gf

A colored permutatiomr is called arinvolutionif the permutation matrix of is symmetric. We denote
the set of involutions i€ P,, by C'I,,. We will consider the empty word as an involution, thitif = {0}.
We can represent a colored permutation in cycle notatioallsifs. Given a colored permutation write
the underlying permutation aof in cycle notation, and put a bar ovein cycle notation if and only if is
barred int. For example, ifr = 34152 thenm = (13)(245) in cycle notation.

A colored involutionr has only 1-cycles and 2-cycles. Moreover, the two integeis 2-cycle ofr
are both barred or both unbarred. legt(n), o2(7), 61(7) andas(xw) denote the numbers of unbarred
1-cycles, unbarred 2-cycles, barred 1-cycles and barmgt2s inw respectively. For example, if =
(14)(2)(36)(5)(7) thenoy(7) = 2,51 (m) = 1, o2(7) = 1 andaz(7) = 1.

We define the weight of a colored involutianby

Wty = wtr(2,y,q) = :rgl(ﬂ-)y&l(ﬂ')q%tc(ﬂ‘).

Since a colored involution can be considered as a partition[of into 1-subsets and 2-subsets with
a possible bar andtc(m) = 151(m) 4+ 52(n), by the exponential formula [20], we get the following

exponential generating function:

Z < Z Wtﬂ) %n' = exp ((m +y /Ot + (1+ q)g) . (4)

n>0 \weClI,

3 Skew Domino Schensted Algorithm

3.1 Definition of a growth diagram

In this section we introduce growth diagrams. Our definitotbased on Lam’s [10]. We can define
growth diagrams of an arbitrary skew shape. Neverthelessyill restrict our definition to rectangular
shapes for simplicity since we only need that case. The réadeferred to [5, 2, 3] for details of growth
diagrams.

For partitions\ andy, we writep <q A if A/pis adominoand: <4 A if p = A orpu <4 A. A d-chain
is a chain of partitions\(¥ <4 A <4 --- <4 A(™ and ad-multichainis a multichain of partitions
MO < 2D <4< A,
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An n x m growth arrayT is an array of partition§'(; ;) for 0 <i <n and0 < j < m such that each
two adjacent partitions are equal or differ by a domino, I'g;_; ;) <4 I'; ;) andl'(; j_1y <a I'¢; 5 for
all<i<nandl <j<m.

An n x m partial permutation matrix (PPM)}\ is ann x m matrix whose elements ate—1 or 0, and
which contains at most one nonzero element in each row ananeol For a PPMV/, let cp(M) denote
the colored permutation whose permutation matrix is the matrix obtained framby removing rows
and columns consisting of zeroes only.

An n x m growth diagramG is a pair(T', M), wherel' = T'(G) is ann x m growth array and
M = M(G) is ann x m PPM satisfying the followindpcal rules

Letv = T'i_1 -1, # = L1y, p = T j—1) and A = 'y ;. Then it must fall into one of the
following conditions which determing:

1. If M(i,j) = 1thenvr = p = p and ) is the partition obtained from by adding a horizontal
domino to the first row.

2. If M(i,j) = —1thenv = u = p and\is the partition obtained from by adding a vertical domino
to the first column.

3. If M(4,7) = 0 then there are five cases.

(a) If v = porv = pthen)is the maximum among, 1 andp.
(b) v <qu,v<ap p#pandu/vnp/v=_0then\ = pUp.

(€ fv<qgpv<qgp p#pandu/vnp/v# 0thenp/v andp/v share only one cell, say
(p, q), and\ is the partition obtained from U p by adding the cellp + 1,¢ + 1).

(d) f v <q pu, v <q p, p = pandp/v is a horizontal domino irk-th row then is the partition
obtained fromu by adding a horizontal domino to ttig¢ + 1)-th row.

(e) fv <q p, v <ap, = pandyu/vis avertical domino irk-th column then\ is the partition
obtained fromu by adding a vertical domino to th& + 1)-th column.

The following represents&x 5 growth diagram.

o OO 0 0 O O
m n 1 |

0 0:— 0 0:-— 1
OO OO O N n T
m n 1 |

-1 o~ 0~ 0 0°-
EEE O ] ] 0

0 oO-— 0 — 0 0

==t gttt

3.2 Skew domino Schensted algorithm

LetC = 2O <4 XD <4 ... <4 A(™ be a d-multichain. We can naturally construct a SDT frém
as follows. Let(dy,ds,...,dy) be the sequence of dominoes obtained by removing empty regis f
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AD /A AR AD A0 /A=) Let CSPT pe the SDT of shapa(™ /\(©) whose domino with
entryiisd; fori =1,2,... k.
LetG = (', M) be ann. x m growth diagram. We define four special d-multichaingods follows:

Gtop = L'(0,0) <a T'0,1) <a -+ <a To,m)s Glets = L'(0,0) <a T'(1,0) <a -+ <d T(n,0),
Ghrottom = L'(n,0) Ca T'ny1) <a - <a Lm)s Ghrignt = Lom) <a Taym) <a - <a Lnym)-

If both Gpottom aNdGhight are d-chains, then we call afull growth diagram The local rules say thak
is completely determined b¥:.,, Giett and M. On the other hand, one can easily see that the local rules
are invertible in the sense thBt;_; ;1) and M (i, j) are determined by ;1 ;), I'¢; j—1) andl'(; ;.
Thus a growth diagrar@ is also completely determined I%,ottom @andGiign:. We defined* (G) to be
the pair(Gyo i, Gaony)» @ndd~ (G) to be the triple GEDT, GRRT, M).

Let o and g be partitions. Leﬁjg:ﬁl denote the set of alk x m full growth diagramsz = (I', M)
satisfyingl'(,, o) = o andl’(q ,,,) = 3. We can check that the maf$ andd~ are invertible when applied
to a full growth diagram.

Now we get a skew domino Schensted algorithm.

Theorem 3.1. Let o and 5 be fixed partitions andh and m be fixed nonnegative integers. Thén=
0% o (07)~ ! induces a bijection

o:(J| U D0 < Dlafm) x M, | U D) x D),
7=0 \ B/pu-2(m—j) A/ atF2m
a/pF2(n—j) A/BE2n

whereQt), . denotes the set of all x m PPMs withj nonzero elements.

We note that ifr corresponds t¢P, @) in the domino Schensted algorithm ahflis the permutation
matrix of = then®(@s,, 0s5,, M) = (P, Q), wherefs, is the empty SDT of shap®./4d,.. The bijection®
is a domino analogue of “Robinson-Schensted algorithmsKew tableaux”, which was first developed
using external and internal insertion by Sagan and Starlélygnd was interpreted in terms of growth
diagrams, as we did here, by Roby [15]. Fomin [4] proved thisterce of this bijection using operators
on partitions.

Since the local rules are symmetric we get the following psition immediately.

Proposition 3.2. Let®(U, V, M) = (P, Q). Then®(V,U, MT) = (Q, P).

In the above proposition, T = V andM is symmetric the® (U, U, M) = (P, P). Let®yy, (U, M) =
P. Then we get another bijection.

Corollary 3.3. Let o be a fixed partition andck be a fixed nonnegative integer. Thég,., induces a
bijection
oo |J| U Dle/mxem| - |J DO a),
720 \a/puk2(n—7j) AJakF2n

whereG9/, denotes the set of all symmetricx n PPMs with; nonzero elements.
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Shimozono and White [17] proved that the domino Schenstgatithm has the color-to-spin property,
that is, if 7 corresponds tdP, Q) thentc(n) = sp(P) + sp(Q). The next proposition generalizes this

property.
Proposition 3.4. Let®(U,V, M) = (P, Q) andw = c¢p(M). Then

te(m) = sp(P) + sp(Q) — sp(U) — sp(V).

Lam [10] proved that if a colored involutiom corresponds t¢D, D) in the domino Schensted algo-
rithm theng (7) = ov(D) — ev(D) andas () = ev(D). We can generalize Lam’s results as follows.
Proposition 3.5. Let M be ann x n symmetric PPM ana = ¢p(M). LetU and P be SDTs satisfying
Dy (U, M) = P. Then we have

o1(m) = (oh(P) — eh(P)) + (oh(U) — eh(U)), oo(m) = eh(P) — oh(U),
71(m) = (ov(P) — ev(P)) + (ov(U) — ev(U)), Fo(m) = ev(P) — ov(U).

As an application of the skew domino Schensted algorithngeteome enumerative results. Following

Lam’s notation [10], let
ORI e

DeD (/)

By Theorem 3.1, Proposition 3.4 and the iden@recpj q"“™) = (1 4 ¢)75!, we get the following
corollary.

Corollary 3.6. Leta andg be fixed partitions and andm be fixed nonnegative integers. Then,

S os0R @w=>Y <n> <m)(1+q)jj! S B ).

AJakF2m j>0 J J B/pF2(m—j)
A/ BH2n a/pF2(n—j)

There are three interesting specializations of Corollay 3Ve can consider a SYT of shapeas
a SDT of shape), the partition obtained by multiplying each part bfoy 2, consisting of horizontal
dominoes by identifying a cell with a horizontal domino. Tigy lettingg = 0 in Corollary 3.6, we get
the following corollary due to Sagan and Stanley [16]. Weerthat Roby [15] also proved the following
corollary using growth diagrams and our proof is essegtialk same as Roby'’s.

Corollary 3.7. [16, Sagan and Stanley] Letand3 be fixed partitions and andm be fixed nonnegative

integers. Then,
Z M pAB Z (n) (m)j' Z f8/ngaln,

A akFm j>0 J J B/pEm—j
A/ BFn a/utFn—j

When we set; = 1 in Corollary 3.6, we get a domino analogue.
Corollary 3.8. Let« and 3 be fixed partitions and andm be fixed nonnegative integers. Then,
dMeghB — (n) (m) 27 41 dB/rgel,
> SN 2

Aa2m j=>0 B/pF2(m—j)
A\/BF2n a/pk2(n—j)

If ¢ = —1 then, as we will see in the next section, Corollary 3.6 ingusign-imbalance formula.
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3.3 A weighted sum of domino tableaux

For a SDTD, we define a weighttp of D by

wtp = WtD($,y, q) _ xoh(D)feh(D)yov(D)fev(D)qsp(D)'

Note that if a colored involution corresponds téD, D) in the domino Schensted algorithm, thety, =
Wt
Recall that a reversed shapgu - —n is the one obtained from reversing a skew shapg - n and

D\ p) = D(u/N). Thusfy " (q) = 57 (q).
For a fixed partitiony andn € Z, we define

Wi = Wi (z,y,q) = Y an Nyt pie(g),
A/ akF2n
Then, by definition, for. > 0, we haveV®, = 3= 1, ,, g nHv(e/ ) y=nbh(a/X) f&A () Thusiwe, =

0if a/a+ 2k andn > k.
By Lemma 2.1, ifn > 0 thenW; is a weighted sum of SDTSVY = 3°, 5, >~ pep(n/a) WiD-

Theorem 3.9. Let« be a fixed partition withvy/a = 2k andn > 0. Then

we = zk: (n) We Y whe

=0 M 7€CT,—;
Using Theorem 3.9 and Eq. (4), we get a simple generatingiimfor the weighted sum.
Corollary 3.10. Let« be a fixed partition. Then

Zn>0 Wet™ /n! t2
20 'n” F t+ (1 — .
NNy exp <(x+y\/§) +(1+4q) 2>

By the argument following Corollary 3.6, if we set= 1 andy = ¢ = 0 in Theorem 3.9, then we
obtain Sagan and Stanley’s theorem [16] which was reproyérbby [15], Stanley [21] and Jaggard [8].

Corollary 3.11. [16, Sagan and Stanley] Let - &k be a fixed partition. Then

k
=2 (e 2

Aakn a/pkj
wheret,,, denotes the number of involutions|of].
If we setz = y = ¢ = 1 in Theorem 3.9, we get the following domino analogue.
Corollary 3.12. Leta be a fixed partition withw /& F 2k. Then

k
Z dk/a :Z (?)gn—j Z da/ﬂ,

A/ ab2n j=0 a/p2j
where¢,,, denotes the number of colored involutiongrof.

The skew Cauchy identities corresponding to Corollary &d@orollary 3.11 were obtained by Zelvin-
sky in the 1985 translation of [13]. The skew domino Cauclaniity corresponding to Corollary 3.6 was
introduced by Lam [11].
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4 A generalized sign-imbalance formula

4.1 Definition of the sign of a skew tableau

For two cellsa = (i, j) andb = (¢, j'), we writea < b if ¢ < ¢’ or (i = ¢’ andj < j'). For a SSTI" of
shape\/u, we denotdnv(T') = {(a,b) : a < b, T(a) > T(b)} andinv(T") = |Inv(T")|.
The sign of a SYTT is defined by sigfi’) = (—1)"™(T). Thesign-imbalancd of a partition) is
defined by
Iv= Y signT).

TET(N)

The purpose of this section is to defiig,, and generalize Eq. (1) and Eq. (2). In the literature,
there are two different definitions of a sign of a ST We will write them as signT") and sign(7")
temporarily. Sjostrand [19] and Lam [11] used sigh) defined by

sign, (T) = (~1)™.
Lam [12] used sigs(T'), which we will use in this paper. To define sidff’), we introduce an operation
on two SSTs.

Assumeu C v C Aandv/u b k. LetT; andT» be SSTs of shape/ . and\ /v respectively. Then we
defineT; ¢ Ts to be the SST" € 7 (A\/u) such thatl'(¢) = Ti(c) if ¢ € v/, andTs(c) + k if ¢ € A/v.

1 [4] 1[7]
For example, ifl; =[2[3] andTy = 2] thenTyoT, =[2[3]5] .
[1]3] 416
Now we define sign(T") for a SSTT € 7 (A/u) by

signy(T") = sign(To)sign(Ty o T),
whereTj is an arbitrary SYT of shape. It is straightforward to show the next proposition whictpines
that sign is well-defined.

Proposition 4.1. LetT be a SST of shape/ . Thensign(Ty)sign(T, < T') is independent on the choice of
To € T (n). Moreoversign(1o)sign(Ty o T') = (—1)"sign, (T), wherem = 37, (A — pi) - D5, 1y
We take sigp(7T") for the sign of a SST'. From now on, we will write sig(i") instead of sign(7T").
The sigr{T’) has the following product property.

Proposition4.2. Lety C v C A\, 11 € T (v/u) andTy € T (M\/v). Thensign(T10T3) = sign(T1)sign(Ts).

The following proposition was proved by White [24] and LamOJfor u = ® andu = (1). In our
definition of sigr{ D), it holds for anyp.

Proposition 4.3. Let D be a SDT of shap®/u. Thensign(D) = (—1)¢v(P),

4.2 Sign-imbalance of skew shapes
Thesign-imbalancd ,,, of a skew shapa/ . is defined by

Iy, = Z sign(7T).

TeT (M w)
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LetA/pF 2nandT € T(A\/p). If 2k — 1 and2k are neither in the same row nor same colum@ éér
somek, let 7’ be the SST obtained froffi by switching the entrie8k — 1 and2k for the smallest such
k. ThenT — T is a sign reversing involution oA (\/x). Thus we only need to consider SDTs. Then,

using Proposition 4.3, we 98/, = > (/) SIOND) = 3 pepa (1P

The idea of the following lemma is found in the proof of Coanit 24 in Lam’s paper [10].
Lemma 4.4. Letn € Nand/u - 2n. Thenl,,, = (—1)=3GIMul=hO/m) M1 (1),

Now we get a generalization of Eq. (2).

Theorem 4.5. Let« and 5 be fixed partitions and andm be fixed nonnegative integers. Then

Y D)Wyl = ()@ N (1) Wy,
A/ akF2m B/puF2m
A/BE2n a/p-2n

If we seta = 3 in the above theorem then we get Sjostrand’s identity [@jch was also proved by
Lam[11, 12].
Remark2. Sjostrand defined,,, = ZTGT(A/#) sign, (T') which is different from ours. Despite the
difference, by Proposition 4.1, both are the same when sduar

4.3 Definition of a generalized sign-imbalance formula

For a fixed partitiony andn € N, let

FY = F%(x,y,2) = Z xv(k/a)yh(k/a)Zd(A/a)[A/a.
A abn

Then Eq. (1) can be written & (z, y, 2) = (z + y) L]

For a partitiony, let ut = {v : |v| = |p| + 1,u C v}. Forp andv € p*, letu(v, 1) denote the
number of cells: € p such thab < « for the unique celb € v/u. For example, ifu = (7,5,5,2) and
v=(7,6,5,2) thenu(v,u) = 7.

Proposition 4.6. For a partition« and a positive integet, we havel, | = > ¢ (*1)“(”’0‘)1/),//aF,§’,
Whereq/),,/a _ zv(v/a)yh(v/a)zd(v/a)_

Using Proposition 4.6, we can calculdig for all n € N if we haveF> for evenn. We will focus on
skew shape(or reversed shapé) - 2n.

We extend the definition of the sign-imbalarigg,, as follows. For a skew(or reversed) shagg + 2n

with n € Z, define
I/\/u = (_1)_7(7‘/\/“l_h(/\/“))fé\/“(—l),

Then, by Lemma 4.4, the above definition is compatible withdld one. We have a relation between
I/\/# andI#/A.
Proposition 4.7. Letn > 0 and/u - —2n be a reversed shape. Thégy,, = (—1)*W/N1, .

Now, the definition offy, can be extended to all even integ2rs Then, by Proposition 4.7, for > 0,
we haveF?,, = Za/mzn(_55)_U(a//\)y_h(a/k)z_d(a//\)lah-
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4.4 A method to obtain a generalized sign-imbalance formula
Now we get a generating function féi, .
Theorem 4.8. Let« be a fixed partition. Then

o "
ano FQnH

o @yPzD)"
ano F—2n n!

— exp (& + y)t).

Proof: We can check thaky!, = W ((zv/2) ', (yv/zv/—1)"1, —1) - (#y\/2)™. Then by Theorem 3.9,
the theorem is proved. O

Corollary 4.9. Leta be a fixed partition withw/& F 2k. Then

k
=3 (j) (& + )" (PP ) F,.

J=0

Using Corollary 4.9 and Proposition 4.6 with some calcolagi we get a closed formula fé1’=. This
is a generalization of the original sign-imbalance fornitip (1).

Theorem 4.10. For any integers: > 0 andn > 0, we have

(x+y)", if k=0 mod 4,
Sk _ n Sk (x+y)"tt,  ifk=1 mod 4,
F2n —(JU-HJ) ) F2n+1 - xyz(ery)”, if k=2 mod 47
0, if k=3 mod 4.
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