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On Plucker coordinates of a perfectly oriented
planar network

Kelli Talaska

Department of Mathematics, University of Michigan, AnndariMi 48109, USA

Abstract. Let G be a perfectly oriented planar graph. Postnikov's bounda@asurement construction provides a
rational map from the set of positive weight functions on #uges ofG onto the appropriate totally nonnegative

Grassmann cell. We establish an explicit combinatoriainfda for Postnikov’s map by expressing each Plicker
coordinate of the image as a ratio of two polynomials in thgeedeights, with positive integer coefficients. These
polynomials are weight generating functions for certainsats of edges i6r.

Keywords: boundary measurements, total positivity, totally nontiggaGrassmannian, perfectly oriented network

Totally nonnegative Grassmannians are a subclass ofytom@tinegative homogeneous spaces, first in-
troduced and studied by G. Lusztig and K. Rietsch (see,[6,8, 9]). Informally speaking, one takes the
part of a real Grassmann manifold where all Plicker coatgimare nonnegative. A. Postnikov’s ground-
breaking paper [7] established combinatorial foundatfonghe study of totally nonnegative Grassman-
nians, in particular providing the tools required for theasuction of cluster algebra structures in (or-
dinary) Grassmannians by J. Scott [10], and for the exgtomaif tropical analogues by D. Speyer and
L. Williams [11].

In this extended abstract, we describe an explicit combiraformula for the main constructionin [7]:
the boundary measurement magsigning a point in the totally nonnegative Grassmanroaa planar
directed network with positive edge weights. For the corgplersion of this work, including rigorous
statements of the theorems, full proofs, and several gkreians, see [12]. To describe our formula, we
will need to quickly recall the main features of Postnikostmstruction. To illustrate the concepts, we
will refer to our running example, given in Figure 1.

The construction begins with a planar directed grépproperly embedded in a disk. #etwork NV is
formed by assigning a formal variable weight to each edg&.dfet {61, ..., b, } be the set of boundary
vertices ofG, i.e., those lying on the boundary of the disk, labeled ickWise order around the boundary
of the disk. Assume that each boundary vertex is either aearra sink. Postnikov defines theundary
measurement/;; as a weight generating function for directed walks from thardary vertex; to the
boundary vertex;, with each walk counted with a sign reflecting the parity sftitpologicalwinding
index

Theboundary measurement matuikis defined in term of these boundary measurements. Its cadumn
are labeled by the, boundary vertices, and its rows are labeled by the boundauyces. Suppose
I c {1,...,n} indexes the set of boundary sources, andNgt A) denote the maximal minor of
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Fig. 1: A perfectly oriented planar directed netwalkwith boundary vertice$b, b2, bs, bs, bs }. Edges are labeled
with their weights.

indexed by the column setwhenevel /| = |.J| . Then the entries ofl are the corresponding boundary
measurementsM;;, taken with signs so that the submatrix indexed by the coleeti is the identity
matrix andM;; = Ap iyugy (A) whenevem; is a sink. (These requirements uniquely determine the
signs.)

Example1 Suppose thad is the directed network in Figure 1. Then the boundary sosatés indexed
by I = {1, 4}, and we have the boundary measurement matrix

A 1 My Mz 0 —DM;is
0 My My 1 Mys '

We see thal\lyy = Myy = 1, My = My = 0, Mia = Ago 4y, M1z = Az ay, Mis = Az,
Mayz = Ap1 2y, Mz = Ay 3y, andMys = Ay 5.

The maximal minorsA ;(A) of the boundary measurement matrxare then interpreted as Plucker
coordinates of a point in a Grassmannian. The fact that thnésers are nonnegative (so that we get a
point in a totally nonnegative Grassmannian) follows frdva &ssertion in [7] that each ;(A) can be
written as asubtraction-freeational expression in the edge weights.
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Postnikov’s proof of this fact is recursive. We provide aedirproof via an explicit combinatorial
formula for the minorsA ;(A), writing each of them as a ratio of two polynomials in the edgights,
with positive integer coefficients.

We assume thdt is perfectly orientedi.e., every vertex ofs has exactly one incoming edge or exactly
one outgoing edge (or both). There is no loss of generalithping so, as Postnikov gives in [7] a method
for transforming an arbitrary planar network into a petfectriented one, while preserving boundary
measurements.

A simple walkis a directed walk inG which does not visit any vertex more than once, except tleat th
initial and terminal vertices may coincide. If they do, thalkvis called asimple cycle The weight of a
simple walk is defined to be the product of its edge weights.atkrom a vertex to itself which has no
edges is called #ivial walk and is not considered a cycle; a trivial walk has weight 1. Weeht of a
collection of walks is the product of the weights of its compats. (An empty collection has weight 1.)

Theorem 1 The Plicker coordinate\ ;(A) is given byA ; = 5, wheref andg are nonnegative polyno-
mials in the edge weights, defined as follows:

e fisthe weight generating function for collections consigtdf several simple cycles ahf simple
or trivial walks, all of them pairwise vertex-disjoint, duthat the walks connect the sourcedito
the boundary vertices id;

e g is the weight generating function for collections of vertisjoint simple cycles.

Each edge set in the formula above is calldtbe. Each term in the numerator is the weight dfew
from I to J, and each term in the denominator is the weight obaservative flow

Example2 Consider the Ricker coordinate\ 5, with J = {1, 5} for the networkX in Figure 1. The
boundary vertex; must be connected to itself by the corresponding triviakw#here is only one simple
walk P connecting the boundary verticesandbs, but there are two flows frofil, 4} to {1, 5}. The first
flow consists o (and a trivial walk) and the second consists of the unio®a&nd the cycle of weight
Z = z1292324 (and a trivial walk). Thus, the numeratorigws fy2a5(1 + Z2).

The only cycles inV are those of weight®/, Y, Z, andT'. Flows inG consist of unions of disjoint
cycles, so we see that the denominataris W +Y + Z+ T+ WZ+ WY +YZ+WYZ + ZT =
1+ 21 +W)(1+Y)+T].

Finally, we have

A= aswa fy2as(1 + Z) B aqwo fyoas
T AT+ ) +T] A+ WA+ Y)+ T

If the underlying grapld is acyclic (i.e., has no oriented cycles), then the denotoigan Theorem 1 is
equal to 1, and the theorem reduces to the well-known resLihdstrom [5] that expresses a determinant
of a matrix associated with a planar acyclic network in teafison-intersecting paths; see, e.g., [2] and
references therein. Thus, Theorem 1 can be viewed as a tjeatoa of Lindstrom’s Lemma to non-
acyclic planar networks. Another such generalization wasrgby S. Fomin [1], whose setup for total
positivity differed from Postnikov’s in that the analoguddoundary measurements did not involve any
signs. In Fomin’s approach, total nonnegativity is achibve expressing the minors in question as formal
power series with nonnegative coefficients in the edge weighn contrast, Postnikov’'s map produces



586 Kelli Talaska

subtraction-free expressions which are rational (thahiglve division) but finite (that is, do not require
infinite summation).

Our proof of this result is based on a sign-reversing invotutn the spirit of the well-known proof
of Lindstrom’s result. Each term i\ ; corresponds to a collection of walks, each taking an elemgnt
I to a distinct element of . By constructing an involution on pai(&”, P) whereC is a collection of
vertex-disjoint cycles, an® is such a collection of walks (which may intersect themsetweeach other),
we show, using the notation above, tifat gA ;. The producyA ; will be a weight generating function
for all pairs(C, P). All terms corresponding to pairs in whidhintersects” or itself will cancel, leaving
the weight generating function for pairs where the patheotibn” has no intersections with either itself
or with the cycle collectior”, which is preciselyf.
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