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Double Schubert polynomials for the classical
Lie groups

Takeshi Ikedaand Leonardo Mihalcéaand Hiroshi Naruse

! Okayama University of Science, Japan
2Duke University, U.S.A.
30Okayama University, Japan

Abstract. For each infinite series of the classical Lie groups of tip€”’ or D, we introduce a family of polynomials
parametrized by the elements of the corresponding Weylpgadtinfinite rank. These polynomials represent the
Schubert classes in the equivariant conomology of the sporeding flag variety. They satisfy a stability propertyd an
are a natural extension of the (single) Schubert polynandéBilley and Haiman, which represent non-equivariant
Schubert classes. When indexed by maximal Grassmanniaeeis of the Weyl group, these polynomials are equal
to the factorial analogues of Sch@r or P-functions defined earlier by Ivanov.

Résure Pour chaque serie infinie des groupe de Lie classiques deitypeou D, nous preséntons une famille de
polyndmes indexées par de élements de groupe de Wagspamdant de rang infini. Ces polyndmes représent des
classes de Schubert dans la cohomologie équivarianteadiétés de drapeaux. lls ont une certain proprieté de sta
hilité, et ils extendent naturellement des polyndmesuBelt (simples) de Billey et Haiman, que represent desetass
de Schubert dans la cohomologie non-équivariante. QuUarsbmt indexées par des élements Grassmanniennes de
groupes de Weyl, ces polyndmes sont equales avec des aeslagtorielles de fonctions Q et P de Schur, que été
studié en avant d’lvanov.

Keywords: Schubert polynomial, flag variety, factorial Q-function

1 Introduction

This article is an extended abstract of (IMN). Details ofgfsoand some results are omitted.

We are concerned with the problem of finding natural polyradsthat represent the cohomology
classes of Schubert varieties in generalized flag varielibg problem goes back at least to the 1970s,
when Bernstein, Gelfand, and Gelfand (BGG) and Demazuresiipyved that, for gener&/B’s, one
can construct polynomial representatives of the Schulasses by using the so-called divided difference
operators);. For the general linear group, Lascoux and Schutzenbet§@discovered a particularly im-
portant family of polynomials defined by applying the dividdifference operators to a special monomial
of top degree, which represents the point class. These paiiais are calleéchubert polynomialand
have many nice properties.

It is a natural problem to extend this theory to the othersitad Lie types. Fomin and Kirillov (FK)
listed up five important properties that characterize tHeuBert polynomials. Moreover they showed it is
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impossible to construct a theory of ‘Schubert polynomialsypesB,,, C,, and D,, satisfying the same
properties. For type3,,, they constructed several families of polynomials whictiséa all but one of
these properties. On the other hand, for each classicalypiest Billey and Haiman (BH) constructed
a family of ‘polynomials’ which are identified with elemerits an inverse system of cohomology ring
of flag variety whemn goes to infinity. Here we should be careful that the meaningalfynomial’ is

a bit different from those in (FK) (for the precise meaningg delow). These polynomials satisfy an
infinite system of divided difference equations and arelstabder inclusion into an infinite union of
Weyl groups. In (FK) they notice that the limit of a stablesien of their polynomials coincide with the
ones in (BH).

Our goal is to construct and studylaubleversion of Billey and Haiman’s polynomials. Typedouble
Schubert polynomials of Lascoux and Schiitzenberger ((L)admit at least two (related) geometric
interpretations. Firstly, a theorem of Fulton (F1) statest tadegeneracy locof morphisms between
vector bundles coincides with the double Schubert polya¢ésniSecondly one can identify the double
Schubert polynomials with the Schubert classegduivariant cohomologying of the flag variety of
type A. Such geometric interpretations for the double Schubeytqmwhials were obtained in the context
of Thom polynomialdy Fehér and Rimanyi (FR). In (B2}§) Billey noticed that specializing double
Schubert polynomials yields the equivariant localizafiooperties (cf. (2)).

The first point of view, degeneracy loci formulas, has beesdusy Fulton (F2) and also by Kresch
and Tamvakis (KT) to construct candidates for double Schiygm@ynomials in types3,,, C,, and D,,.
The main difficulty in these approaches lie in the choice op"tpolynomials, the representative for the
diagonal class of the flag bundle, that produce arbitranybio@chubert polynomials when we apply
divided difference operators successively.

In this paper, we adopt the equivariant conomology appraeaatonstruct three families of double
Schubert polynomialsin typds, C andD. In particular, we will make full use dbcalizationtechnique in
equivariant cohomology theory, which do not exist in the+eguiivariant case. The obtained polynomials
have desired properties that inherits from the single (@guivariant) Schubert polynomials of Billey and
Haiman. One of the main feature of our polynomials is skeility property mentioned above. This is
not the case for the previously known candidates in (F2) Kg.(

Now let us review the results of Billey and Haiman in more dekor the sake of simplicity, we mainly
consider type”' case. The main ingredient of their constructions is the ah§chur@Q-functions. For
a good reference on the theory of Schigifunctions consult (M). LefQ,(z) be Schur'sQ-functions
corresponding to a strict partition They form a distinguished-basis of the rind", a subring of the ring
of ‘'symmetric functions’. These functions first appearethia context of Schubert calculus when Pragacz
(P) identified@ (x)'s with the Schubert classes for the Lagrangian Grassmasniilley and Haiman'’s
polynomials live in the following extended ring of

ROB;H :=1Zlz1,22,...] @z T

They identifiedrRZ with a subring of the inverse limit off * (F,,) whereF,, is the flag variety of orden

in type C,,. The Billey-Haiman polynomial€,, (z; 2:) are indexed by the elementsin the infinite Weyl
groupWe = U,,>, Wn, whereW,, is the Weyl group of type&,,. By the constructior€,,(z; ) has
the stability properties. More precisedy, (z; x) is identified with the inverse limit of Schubert classes
corresponding tav € W,,. Another important feature of these polynomials is thabifs a maximal
Grassmannian elementifi,, that corresponds to a strict partitianthenc,,(z; ) coincides withQ » ()
(there are analogous results for tyg@sD). This recovers the theorem of Pragacz.



Double Schubert polynomials for the classical Lie groups 667

The first result of this paper is the existence and uniquesferg polynomials (Theorem 3.1). Consider
the ring Ro. = Z[t1,t2,...] ®z REH. We construct two commuting actions Bf., on R., which give
rise to two commuting famifies of divided difference operatf; };,{d;}; wherei = 0,1,2,... (see
§3.1 for the definition). Here we just remark tht, 6o act onI” in a nontrivial way. Our polynomials
{Cuw(z,t;2)}w, w € W4 are defined to be the unique solution of the following equetio

S| T llsw) = W
if (ws;) = £(w) 0 if £(s;w) =L(w)+1

combined with a normalization property, whetgare the simple reflections. By the construction, it is
clear that®,,(z, t; ) specialize (when = 0) to Billey and Haiman'’s polynomial€,, (z; ). Moreover,

for maximal Grassmannian elements of Weyl grodp,(z, t; z) agree with thefactorial Q-functions
introduced by Ivanov (Iv). This result is a natufdequivariant analogue of the theorem of Pragacz. Note
that the fact has been established in (I) and (IN) by a diffemeethod.

The main technical feature of this paper is the systemagcofifocalization maps Let F denotes
the set ofT-fixed points, which is naturally indexed by Weyl grolig,. By the pullback morphism
induced by the inclusiotF,! — F,,, the equivariant conomologi(F,,) is considered to be a subring
of Hx(FL) = [Loew, Hr(ev) = ,ew, Zlt1, - - -, ta], Wheree, is theT-fixed point corresponding to
v € W,,. Therefore a clasg in H}.(F,,) can be determined by giving their restrictigh, to anyT-fixed
pointe,,v € W,,. To describe the restriction we introduce ring homomorphigds2)

@%:{amlwww?m+17&%:{amlw@MAM1

(I)v : Roo — Z[fl,tg,. ]

associated withy in ... The equivariant Schubert clas$ (see§4.1) is calculated from our polynomial
as

P, (Cu(z,ti2)) = Uﬂew 2

wheres? in the right hand side can be thought as an eleme#t;itF,,) for all n such thatw, v € W,,.
In this sense, our polynomials represent the equivariamii$ert classes. Note that as Arabia (A) showed
oT|., are nothing bug-functions of Kostant and Kumar (KK).

Our method to prove the existence of the double Schubertpatyjals relies on the Goresky-Kottwitz-
MacPherson description of the equivariant cohomology (GKMie main idea is to consider a ririg.,
as a subring of [, ¢y, Z[t1,t2, . . .] Which consists of elements satisfying the GKM conditiong Weve

a naturalZty, to, . . .]—basiScrgj”) indexed by the elements &V.,. These element behave in the similar
way as¢€, (z, t; z) do under the naturally defined operatérss; on H, (cf. (1)). We will show that the
localization map® = (®,,),cw., gives the isomorphism of rings frof, onto H,. The injectivity and
the fact thaim(R.,) C H., are rather easy to prove. To prove the surjectivity we firstasthat the
image of@ (z|t) under® is afff), wherew, is the maximal Grassmannian element corresponding to
This can be shown by usingvanishingproperty that characterizes the factorial Schur functemgalso
the equivariant Schubert classes. Then we solve a rectdissivella, the equivariant version gfnsition
equationof Billey (B1), to get@‘l(a§?°)) in R, for arbitraryw € W,. Set&, (z,t;x) = @‘1(055"’)).
Then the defining equation fd, (z, t; z) is satisfied thanks to a commutativity property of the didide
differences an@.
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The main combinatorial upshot is the following explicit fiaula. Letw(()") be the longest element in

the Weyl group¥,, of typeC,,. Then the double Schubert polynomial corresponding((fa is given by
Qwém(z, tx) = Qan—1,2n-3,...31(x| — 21,1, —22,t2, ..., —Zn—1,tn—1). 3
For typeD case, we have
@wén) (2,t;0) = Pap—29n—a,.. a2(x| — 21,t1, —22,t2, ..., —2Zn—1,tn-1),
Wherew(()") denotes the longest elementliri(D,,) and we use the same convention of the factafial
function Py (z|t) as in (IN). We prove these formulas using the behavidpgfx|t) or P\(x|t) under the
action ofg;. In fact if we denote the function in right hand side of (3) &y, = A, (z,¢; x), then we can

show
Op—1-+-010001 - 018y = Ap_q.

Moreover we can directly verifp,,(A,,) = O’T(n) |, for v € W,,. Combined with these two facts we can
’LUU

prove thatifw € W,, thenF,, = aw,lwm)An does not depend onand{ F, } ,cw._ satisfies the divided

difference equations. Then by the uniqueness of solutiohaveF,, = ¢, (z,t;z) forall w € W. In
particular we have, ) = A,,.
0

One motivation of the present paper was to give a geometiécgretation to the factorial Schay-
function by means of degeneracy loci formulas. For typease this problem was treated in (Mi), where
Kempf-Laksov formula for degeneracy loci is identified witte Jacobi-Trudi type formula for the fac-
torial (ordinary) Schur function. We also have a formula mepress the factorig)-function as a multi
Schur Pfaffian. This comes from a Lagrangian degeneracydoniula of Kazarian (Ka) as an analogy of
Kempf-Laksov formula. This matter will be discussed in thi paper.

While our results generalize to all classical Lie types, it n@strict ourselves mainly to typ€ for
the remainder of this article.

2 Preliminaries

2.1 Infinite hyperoctahedral groups
Theinfinite hyperoctahedral groupV,,, consists of all permutations of the set{1,2,...} U {1,2,...}

such thatw(i) # i for only finitely manyi, andw(i) = w(i) for all i. Eachw € W, is considered to
be a signed (barred) permutation{df, 2, . . .}. We often use one-line notatian = (w(1),w(2),...) to

denote an element € W,,. The transpositions

so=(1,1), si=(i+1,4) (i>0)

are standard generators satisfying the relations:

Sf =e¢ forall i, 80515081 = S1505150, SiSi+1Si = Si+1SiSi+1 for ¢>0.

By this set of generators we can think(®¥ ., S) as a Coxeter system, whefe= {0, 1,2, .. .}. In partic-
ular we have the Bruhat-Chevalley order@f,,. The subgroupV,, = (so, s1, ..., Sn—1) IS isomorphic
to the Weyl group of typ€,,. We haveW, = J,,~, W. The Bruhat-Chevalley order ¢¥,, makes it a
sub-poset ofV. B
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2.2 The ring of Q-functions

Our main reference for symmetric function is (M). L&tdenote the ring of symmetric functions in
infinitely many indeterminates = (z1,z2,...). The Schur'sQ-function @, (x) is an element ofA
indexed by a strict partitiod = (A\; > --- > X\, > 0). DefineQ;(z) as the coefficient ofi’ in the
generating function

OO1+xiu

=TT - S oo

i=1 k>0
Note thatQ, = 1. The identityf (u) f(—u) = 1 yields

Qi()” +2) (1) Qiy;(2)Qi—j(x) =0 for i>0.
j=1

It is known that the ideal of relations among the functighg«x) is generated by the previous relations.
Fori > j > 0, define elements

Qi j(z) == Qi(r)Q;(z) + 22(—1)in+k($)Qj—k(l’)-

k=1

Note thatQ; o(z) = Q:(x) andQ;;(z) (i > 0) is identically zero. LetSP denote the set of all strict
partitions. For\ in SP we writeA = (A\; > A2 > --- > A, > 0) with r even. Then the corresponding
Schur's@Q-function@, = Q. () is defined by

Qx(x) = PHQx, »; () 1<i<ji<r,

wherePf denote the Pfaffian.
SetI to be the subring oA defined byl" := Z[Q1(z), Q2(z), .. .]. Itis known then that the functions
Q(z) for A € SP form aZ-basis ofT".

3 Double Schubert polynomials of type C

3.1 Divided difference operators

Set
ROO = Z[t17ﬁ27 . ] ®Z Z[Zla 22y ] ®Z F

We makelV,, act onR, by lettings7 interchange; andz; 1, for < > 0, and lettings replacez; and
—2z1, and also

k
s55Qk(x) = Qr(z) +2> 2 Qi (x).
j=1

We use another action &, given by lettings! interchange; andt; 1, for i > 0, and lettings{, replace
t; and—tq, and also

k
s6Qk(x) = Qr(z) +2 (1) Qr—; (v).

j=1
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We definedivided difference operatoen R,

f—s3f e st _[=sof
7221 ) 8Zf - 7(21'4»1 721_)7 60f -

_ gt
sif =225 gor s
2t1 tiJrl*ti

of =

Define also

&f:ﬂ 5 :f—s’%f
V(e a) Y bty

wheres? = s§sisj ands} = s{s]sf.

RemarkWe introducedr = (z1, 2, . ..) as algebraically independent variables from (21, 22, .. .)
andt = (t1,t2,...). However it is natural to impose the following relation (cHR:

1 1
pi(x) = §pi(t) - apl(z) forodd i >0,

wherep, denote the powersum symmetric function. Recall that thg @nez I" is generated by al-
gebraically independent elementsz), p3 (), . ... Our formulas of the action off and s, above are
consistent with these relations.

3.2 Definition and first properties
We state the existence and uniqueness for the double S¢imabhamomials of type”.
Theorem 3.1 There exist a unique family of elemek®s, }.,, C R, w € W, satisfying the equations

5e. — Cus, If L(ws;) < L(w) SE — Cow If L(s;w) < L(w)
Y10 otherwise T 10 0 otherwise

for all 7 > 0, together with the condition that the constant tern€gfis zero except fow = ¢, and that
¢, =1.

Example. The double Schubert polynomials, for w € W5 are
Qe:la €So :Ql(‘r)a Q:sl :Ql(x)'i_zl_ﬁl;
€S1SO = QQ(w) - tlQl(‘r)) CS()Sl = QQ(‘T) + ZlQl(‘r))
Qsoslso = Q2,1($); (1:518081 = Q3($) + (21 - tl)QQ(x) - tllel(‘r)?
Q:S()Slsosl = Qg,l(x) + (Zl - tl)Q2-,1(:r)'
We collect here some basic propertie®of = €, (z, t; z).
Theorem 3.2 1. The double Schubert polynomidts,, },, form aZt]-basis ofR .

2. Forallw € W, we have
Cu(z,0;2) = Cyp(z; 2),

where¢,, (z; ) denotes Billey-Haiman’s polynomial.
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3. (Symmetry) We hawg, (—t, —z;x) = €,—1 (2, t; x).
4. (Positivity) When we write
Culztix) = > furlz)Qa(2),
AESP

we havefu,7,\(2, t) € N[—tl, ey —tp—1,21, ..., Zn—l] if we W,.

SetPy(z) = $Qk(z) (k > 1). Definel” = Z[Py(z), Py(z),...] andR.,, = Z[t1,t2,..] @z @z
Zlz1, 72, .. ). Let W/ = (s1, s1, S2, .. .) be the infinite Weyl group of typ®, wheres; = s¢s1 5.

Theorem 3.3 There exist a unique family of elemef®,, }.,, C R, , w € W/, satisfying the equations

o)

0,0, = Dys; f -f(wsi)<€(w) 6D, = Do iF .f(siw)<€(w)
0 otherwise 0 otherwise

foralli > 1andi =1, together with the condition that the constant tern®gf is zero except fow = e,
and thatD, = 1.

Type B polynomials®,, (w € W,,) are defined to be—*(*)¢,,, wheres(w) denotes the number of
sign changes iw. There are also elements Rl .
3.3 Maximal Grassmannian elements

An elementw € W, is amaximal Grassmannian eleméftw(l) < w(2) < --- < w(i) < --- inthe
order--- <3<2<1<1<2<3<--.LetWme denote the set of all maximal Grassmannian
elements iV . Forw € W22* letr be such that

wl)<--<wr)<l and 1<wlr+1)<w(r+2)<---.
Set

Ai=w(i) for 1<i<r.

ThenA = (\q,...,\,) is astrict partitioni.e., Ay > --- > A\, > 0. Let SP denote the set of all strict
partitions. The correspondence gives a bijection

Wwmer __, SP.

Note that this bijection preserves the partial order wiséhis considered to be a partially ordered set
given by the inclusior\ C p of strict partitions. Moreover it € W22** corresponds ta € SP we have
t(w) = [A].

Theorem 3.4 If w € W, is a maximal Grassmannian element corresponding ito SP then
Q:w(Z,t; :L') = QA(‘TH)a
where@, (zt) is the factorial@-function defined by Ivanov.

Remark We have analogous result for typBs D in terms of factorialP-functions (cf. (IN)).

Remark.The fact that factoriad)-function represents the equivariant Schubert class dfdigeangian
GrassmanniallG,, was established in (I). Note that the subrii§f] @z I' of R, has aZ[t]-basis
consisting ofQ (z|t), A € SP.
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3.4 Longest elements of W,
Let \, u be partitions of length less than or equattéor sequences?) = (cgi), c@, L) (A<i<r)of
commutative elements, tmaulti-Schur determinaris defined by

sa /(e ) = det (C(A?wﬂ*i) i

Wherecg) = 0 for £ < 0. Let hy denote the complete symmetric function of degkeeSet p,, =
(k,k—1,...,1).
Theorem 3.5 Let wé") denote the longest elementlii,. We have
Cy) = 1) (n—1)
Q:w[()")(zvtaz) - Z Qpn+)\($)5pn71//\/(c 9’ "7C )a

ACpn—1

wherecgf) = hg(z1,...,2i,—t1,...,—t;) and .\ is the conjugate partition of.
We have an alternative expression ®@r., (z, t; «) in terms of a factoriaf)-function, i.e.
’LUU

Qwém(Z, t2) = Qputpn 1 (7| — 21,11, —22,t2, o, —2n—1,tn-1). 4)

4 Geometric interpretation

In this section we explain the geometric meaning of our polyials.

4.1 Flag variety of type C'

Let GG,, denote the (complex) symplectic group of rankend?,, C B, be a maximal torus and a Borel
subgroup. The flag variety is defined By, = G,,/B,,. The Weyl group of(G,,, T;,) is identified with
W, . Foreachw € W, lete,, € F,, denote the correspondifig -fixed point. LetB,; denote the opposite
Borel subgroup of3,,. Define(2,, = B, e,,. The Schubert variety is defined to be the closuge Since

Q, is aT,-stable closed subvariety we have the clags = [Q.,]r, € H;i(w)(]-‘n), the equivariant
Schubert classvherel(w) is the length ofw € W.

4.2 Localization maps

Letv € W,. We makeW,, act onZ[tq, t2,...] as signed permutations of the variablests, . ... We
define a ring homomorphisf, from R, to Z[t1,to,...] by

q)v(f(za t;x)) = f(v(t)vt; tv)a
wherev(t) = (v(t1),v(t2),...) andt, is defined by

(mi{tm it (i) <1

0 otherwise

TheringH7 (pt) is identified withZ[ty, . .., t,] where{t,, ..., t, } is a basis of the character group of
T,.Letw, : e, — F, denote the embedding. This induegs H; (F,.) — Hf (ey) = Z[t1,. .., tn].
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Theorem 4.1 Letw € W,,. Take the smallest such thatw € W,,. Then for allm > n andv € W,,, we
have

D, (C,) = Li(agm).
Moreover we hav®, (€,,) = 0if v € W,,.

This result says that the right hand side have a good stapilitperty and the elemedt, represents the
local datum simultaneously for all

Remark Here we give just a very brief account of the proof of existeaf{¢,, }.,. At the heart of the
construction there is a ring homomorphism

O = (Dy)y: Roo — [] Zltr.ta,.. ],
veEWs

which is proved to be injective. We can describe the imAge of the map®. The characterization con-
ditions for the subring?., are a certain finiteness and a Goresky-Kottwitz-MacPhesgmnconditions.

H,, inherits a basi:{affo)} parametrized by the elements in the infinite Weyl grélip,. The element

o) is a natural stable limit of-functions of Kostant and Kumar (KK) fol 7, (F,). We have natural

actions of left and right divided operators éfi, which are compatible under the localization map
Then we can prove that the elememtsl(o&w)) € R solves the defining divided difference equations.
4.3 Homomorphism 7, and the classes j;

We introduce here a natural projection from the rig, to equivariant conomology of,,.

Proposition 4.2 The equivariant conomology;, () is canonically isomorphic to the ring

Rn = Z[ﬁh.. .,tn7zlj' --7'271]/[”’

wherel,, is the ideal generated by the homogeneous parts of thewalati

n n

[T +2)0—2) =] +t)@—t:).

i=1 i=1
Define the classes; € H' (F,) by

1+61+62+~~~:H1:?:H1+ti

142
i=1 i=1 + Zi

It is easy to see that the classgssatisfy the same relations &f;(z)’s. Thus we have the next propo-
sition.

Proposition 4.3 There is a surjective ring homomorphism : R., — Hy, (F,) such that

0 if ¢1>n 0 if i>n

Qi) = i, m(zz-):{zi Tisn wi):{
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Remark. By the forgetful homomorphisntl}, (F,) — H*(F,) the classeg); (1 < i < n) are
mapped to the special Schubert classeHMLG ) C H*(F,) while 8; (i > n) are mapped to zero.
Note thatg; (1 <i < n)in H, (F,) are notequal to the special (equivariant) Schubert classes

By a direct calculation we have the following result.

Proposition 4.4 Letv € W,,. The compaosition

Roo ™ Ry —% HE (e0) = Zlt1, . .. ta] < Zlt1, b2, .. ]

is equal tod,,.
Combined with this proposition and Theorem 4.1 we have tHevfing.
Corollary 4.5 We have

() oln if weW,
Tn \Cw) = .
0 otherwise

5 Appendix

For reader’s convenience we present some basic resultanouis@-functions. We use slightly different
notation from that of (Iv). Let = (¢1,to,...) be indeterminates. Note that the parametgrsised
in (Iv) are related to our convention by, = t; with a; = 0. Consider the rindZ[t] ®z I' where
Z[t] = Z[t1,ta,...]. Let A = (A; > --- > X\, > 0) be a strict partition. Define

tx = (tay,---5tx,,0,0,...).

Letv € W4, be the maximal Grassmannian element correspondingd&P. Define

1) = [ e+t

(,7)€A

Proposition 5.1 ((Iv)) For any strict partition), the factorial@-function@ (x|t) is a unique element of
Z[t] ®z T that satisfies following conditions:

1. Qx(z|t) is homogeneous of degred = >~'_ | A
2. Qx(x|t) = Qx(x) + lower order terms inz,
3. Qx(tult) = O unlessi C p,

4. Qa(tA]t) = HA(1).

Remark.In (IN) a combinatorial expression in terms of ‘excited Ygutiagrams’ forQ(¢,|t) was
obtained.

Proposition 5.2 ((Iv)) The factorial@-functions@ (z|t) (A € SP) form aZ|t]-basis ofZ[t] @z T
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Proposition 5.3 ((Iv)) For any strict partition\ = (A; > --- > A\, > 0) with r even, we have

Q,\(.Thf) = Pf (Q/\i,/\j (x|t))1§i<j§7~ :

Note. After the present work was completed we were informed thaKi#illov (K) had introduced
double Schubert polynomials of typge (and C) in 1994 by using Yang-Baxter operators (cf. (FK)),
independently to us, although the geometric interprata®in the present article had not been known.
The approach is quite different from ours, neverthelesptignomials seem to be essentially the same
as ours; after a suitable identification of variables (se®ar& in 3.1).
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