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Cyclic Sieving, Promotion, and
Representation Theory

Brendon Rhoades

Department of Mathematics, University of Minnesota, Minneapolis, MN, 55455

Abstract. We prove a collection of conjectures due to Abuzzahab-Korson-Li-Meyer, Reiner, and White regarding
the cyclic sieving phenomenon as it applies to jeu-de-taquin promotion on rectangular tableaux. To do this, we use
Kazhdan-Lusztig theory and a characterization of the dual canonical basis ofC[x11, . . . , xnn] due to Skandera. Af-
terwards, we extend our results to analyzing the fixed pointsof a dihedral action on rectangular tableaux generated
by promotion and evacuation, suggesting a possible sievingphenomenon for dihedral groups. Finally, we give appli-
cations of this theory to cyclic sieving phenomena involving reduced words for the long elements of hyperoctohedral
groups, handshake patterns, and noncrossing partitions.

Keywords: Kazhdan-Lusztig theory, combinatorial actions, tableaux

1 Introduction

Let X be a finite set,C = 〈c〉 be a cyclic group acting onX , andX(q) be a polynomial inZ[q]. Let
ζ ∈ C be a primitive|C|th root of unity. Following Reiner, Stanton, and White (15), wesay that the triple
(X, C, X(q)) exhibits thecyclic sieving phenomenon(CSP) if for alld ∈ N, |Xcd

| = X(ζd). That is,
the cardinality of the fixed setXcd

is given by the polynomialX(q) evaluated atq = ζd. In particular,
X(1) = |X |.

In their paper, Reiner et. al. give several examples of cyclic actions and polynomials which exhibit
the CSP. For example, if we letX be the set ofk-subsets of[n] andC = Z/nZ act onX by the long
cycle (1, 2, . . . , n) ∈ Sn, then the triple(X, C,

[

n
k

]

q
) exhibits the CSP, where

[

n
k

]

q
is theq-analogue of

the binomial coefficient
(

n
k

)

. That is,
[

n
k

]

q
=

[n!]q
[k!]q [(n−k)!]q

, where[m!]q := [m]q[m − 1]q · · · [1]q and

[j]q := 1−qj

1−q
. The same authors exhibit another CSP by lettingX be the set of all triangulations of the

n-gon andC = Z/nZ act onX by rotation. Again in this caseX(q) is equal to theq-analogue of|X |.

Given a partitionλ ⊢ n, let SY T (λ) denote the set of all standard Young tableaux of shapeλ. It is
known that jeu-de-taquin promotion defines a cyclic action on the setSY T (λ). Moreover, the hook length
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formula is a well-known way to computefλ := |SY T (λ)| given by

fλ =
n!

Π(i,j)∈λhij

, (1.1)

wherehij is the hook length inλ corresponding to the position(i, j). In the pattern of the above examples,
one might suspect that there is another instance of a CSP withX = SY T (λ), the cyclic group being the
action of jeu-de-taquin, andX(q) theq-analogue of the hook length formula,

X(q) =
[n!]q

Π(i,j)∈λ[hij ]q
. (1.2)

Unfortunately, this conjecture is false in general. It is possible to show that it holds for hook shaped
λ, and in this case reduces to the aforementioned CSP fork-subsets of[n]. However, even for the shape
λ = (3, 2) the aforementioned conjecture does not hold. The first main theorem of this paper proves a
conjecture of Reiner et. al. this this holds whenλ is a rectangle. We also prove a related conjecture
of the same authors which predicted a CSP given by lettingX := CST (λ, k), the set of column strict
tableaux of a rectangular shapeλ with entries bound by some numberk ≥ ℓ(λ′), letting jeu-de-taquin
promotion act onX , and lettingX(q) be (up to a power ofq) the principal specialization of the Schur
functionsλ given bysλ(1, q, . . . , qk−1). (It should be noted that, for us, the entries in a column strict
tableaux will increase weakly across rows and strictly downcolumns. A tableauT is row strict if and only
if the conjugateT ′ is column strict and the set of row strict tableaux of shapeλ and entries bounded byk
is RST (λ, k).)

While CSPs are combinatorially interesting phenomena in and of themselves, they often allude to
deeper algebraic structure. Often, while the initial proofof a CSP is a brute force counting argument,
further analysis reveals that a more elegant and revealing algebraic approach exists. One tool used in the
proof of the CSP on

(

[n]
k

)

was Springer’s results (21) on regular elements, and this shall be used again in
our work. Our main strategy throughout will be to model the action of promotion via representations.

More specifically, letX be either the setSY T (λ) or theCST (λ, k). In either case, we shall form a
representation of degree|X | with basis vectorsfx indexed by elementsx ∈ X . We will also give an
operatorT in the image of this representation such that, up to a predictable sign, we have thatT (fx) =
fj(x) always, wherej(x) is the image ofx under jeu-de-taquin promotion. With this set-up, countingthe
number of fixed points of various powers of the operatorj is equivalent to evaluating the trace of various
powers ofT and this latter problem can be attacked with the techniques of representation theory.

A hint at how to do this for the caseX = SY T (λ) is provided by the work of Berenstein and Zelevinsky
(3) and Stembridge (24) regarding Stembridge’sq = −1 phenomenon. Theq = −1 phenomenon is the
special case of a CSP where the cyclic group has order 2. In this case, the specification of the cyclic
action is equivalent to specifying an involution on the set which is acted upon. Evacuation on either
standard or column strict tableaux was one such involution considered by Stembridge. Givenλ ⊢ n an
arbitrary partition, we have the Kazhdan-Lusztig (left) cellular representation corresponding toλ which
has basis vectors identified withSY T (λ) and is isomorphic as anSn-module to the Specht moduleSλ

corresponding toλ.
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Theorem 1.1 (Berenstein, Zelevinsky (3), Stembridge (24)) Denote theλ-KL cellular representation by
ρ. Letwo ∈ Sn be the long element.

Then, up to a plus or minus sign, we have thatρ(wo) is the linear operator which sendsP to e(P ),
wheree is evacuation.

We prove an analogous result (Proposition 3.5) which requiresλ to be rectangular, replacese with j,
and replaces the long elementwo ∈ Sn with the longcyclecn = (1, 2, . . . , n) ∈ Sn. The rectangularity
of λ is essential in the proof of Proposition 3.5 for reasons related to a symmetry of the KLµ-function
(Proposition 3.2), a cyclic action on a new combinatorial object called the ‘extended descent set’ related
to rectangular tableaux (Lemma 3.3), and the preservation of irreducibility of Sn-modules corresponding
to rectangular shapes upon restriction toSn−1.

The proof of the column strict conjecture builds from the case of standard tableaux. We first consider a
basis of anSn-module dual to the KL cellular basis which can be interpreted in terms of images of certain
polynomials called ‘immanants’ under a certain projectionmap. This leads to a basis indexed by column
strict tableaux for a module over the general linear group which turns out to be irreducible of highest
weightλ. This uses a characterization of Lusztig’s dual canonical basis due to Skandera (20).

There exist fancier versions of the CSP in which the group acting is not cyclic. Barcelo, Reiner, and
Stanton (2) consider an action of a product of two cyclic groups on complex reflection groups and prove
a ‘bicyclic sieving phenomenon’. In our situation, it follows that for rectangular shapesλ, we have a
dihedral action on any ofSY T (λ), column strict tableaux with uniformly bounded entries, orrow strict
tableaux with uniformly bounded entries given by the group generated by the actions ofj ande. We
determine the size of the fixed point set corresponding to anyconjugacy class of this dihedral group,
interpreting this as a step towards an occurrence of a ‘dihedral sieving phenomenon’. This result proves
a conjecture of Abuzzahab, Korson, Li, and Meyer (1) and re-proves one of their theorems, as well as a
theorem of Stembridge (24).

The organization of this paper is as follows. In Section 2 we review some background regarding com-
positions, partitions, tableaux, and Kazhdan-Lusztig theory. In Section 3 we prove our CSP for the case
of standard tableaux. In Section 4 we prove our CSPs for column strict tableaux. In Section 5 we prove
results concerning the dihedral action of promotion and evacuation. In Section 6 we apply our results to
obtain a CSP for a cyclic action on the set of reduced words forthe long element of the Coxeter groupBn

of signed permutations of[n]. In Section 6 we also use our results to get a CSP for noncrossing partitions
and handshake patterns. Most proofs are omitted for this extended abstract; for more details, see (17).

2 Background

A more detailed exposition of the material in this section can be found in, for example, (22), (23), (19),
and (9). Givenn ∈ N, by a compositionα of n we mean a finite sequence of nonnegative integers
(α1, . . . , αk) such thatα1 + · · · + αk = n (some of theαi are allowed to be zero). Define thelength
of α to be ℓ(α) := k. Write α |= n to denote thatα is a composition ofn. Also write ck.α for
the composition(αk, α1, . . . , αk−1) of n andwoα̇ for the composition(αk, αk−1, . . . , α1) of n. Any
compositionα |= n of lengthk defines a function[n] → [k], also denoted byα, given byα(i) = j if
i ∈ (α1 + · · · + αi−1, α1 + · · · + αi]. For example, ifn = 6 andk = 7 andµ is the composition of6
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given by(0, 2, 0, 0, 1, 3, 0), we have that the associated function[6] → [7] is given byα(1) = α(2) = 2,
α(3) = 5, andα(4) = α(5) = α(6) = 6. A partition of n is a weakly decreasing composition ofn
with no entries equal to zero. Define a statisticκ on partitions byκ(λ) = 0λ1 + 1λ2 + 2λ3 + · · · , where
λ = (λ1, . . . , λk) ⊢ n.

For any compositionα |= n with ℓ(α) = k, defineCST (λ, k, α) (resp. RST (λ, k, α)) to be the set
of column strict (resp. row strict) tableaux of shapeλ and contentα. If λ ⊢ n is a non-skew shape and
T ∈ SY T (λ), write D(T ) for the descent set ofT .

For eachi ∈ [n − 1] we denote bysi the adjacent transposition(i, i + 1) in the symmetric groupSn.
In this paper, writingu ≤ w for permutationsu andw will always mean thatu andw are comparable in
Bruhat order. Given permutationsu andw, defineℓ(u, w) = ℓ(w) − ℓ(u) to be the difference in lengths
betweenu andw. We will sometimes identify permutations with their one-line notationw = w1w2 . . . wn,
meaning thatw sends1 to w1, 2 to w2, and so on. We letsi act onSn on the left by swapping the letters
in positionsi andi + 1, whatever those letters may be. For example,s2 · 142563 = 124563. Define the
long elementwo ∈ Sn to be the permutation whose one-line notation isn(n − 1) . . . 1. For two standard
tableauxP andQ of shapeλ, we will always writew 7→ (P, Q) to denote that the permutationw maps to
(P, Q) under RSKrow insertion.

Given a tableauT ∈ CST (λ, k, α), define the imagej(T ) of T under jeu-de-taquin promotionj to be
the element ofCST (λ, k, ck.α) obtained by replacing everyk in T by a dot, playing jeu-de-taquin onT
to move all of the dots into the upper left hand corner, increasing every entry of the resulting tableau by
1, and replacing every dot with a1. Observe thatj(T ) is in particular well defined forT ∈ SY T (λ)(=
CST (λ, n, 1n)) and mapsSY T (λ) to itself. If T ∈ RST (λ, k, α), we have thatT ′ ∈ CST (λ′, k, α) and
j(T ) := j(T ′)′. Also denote bye the operation of Schützenberger evacuation on either column strict or
standard tableaux.

Kazhdan and Lusztig studied representations of Hecke algebras in (12) and introduced a basis for
the Hecke algebraHn(q) which specializes atq = 1 to a basis for the classical group algebraC[Sn].
The definitions of these bases involve certain polynomialsPu,v(q) ∈ N[q] defined for ordered pairs of
permutations(u, v) called theKL polynomials. These polynomials have been studied extensively ((5),
(7), (8)) and we record a couple of their basic properties here.

Lemma 2.1 Let u, w be permutations inSn. We have thatPu,w(q) 6= 0 if and only if u ≤ w and the

degree ofPu,w(q) is at mostℓ(w)−ℓ(u)−1
2 .

In light of the above result, defineµ(u, w) to be the coefficient ofq
ℓ(w)−ℓ(u)−1

2 in Pu,w(q). That is,
µ(u, w) is the coefficient of the maximum possible power ofq in Pu,w(q), if it appears. We shall also use
a symmetrized versionµ[u, w] of µ defined byµ[u, v] := max(µ(u, v), µ(v, u)).

We have the following change-of-label result which relatestheµ function to the RSK algorithm. (9)

Lemma 2.2 Let λ ⊢ n and letP , Q, S, andT be standard tableaux of shapeλ. Identify permutations
with their images under RSK.
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We have that

µ[(P, S), (Q, S)] = µ[(P, T ), (Q, T )], (2.1)

µ[(P, S), (P, T )] = µ[(Q, S), (Q, T )]. (2.2)

In light of the above lemma, we defineµ[P, Q] for two standard tableauxP andQ of the same shape
to be the numberµ[(P, T ), (Q, T )], where we identify permutations with their images under RSKandT
is an arbitrary standard tableau of the same shape asP andQ.

Kazhdan-Lusztig theory leads to an important avatar of the irreducible representations of the symmetric
group. Fix a partitionλ ⊢ n and define an action of the adjacent transpositionsi on the vector space
C[SY T (λ)] by:

siP =

{

−P if i ∈ D(P )

P +
∑

i∈D(Q) µ[P, Q]Q if i /∈ D(P )
(2.3)

for i ∈ [n − 1] andP ∈ SY T (λ).

Remarkably, this action of the adjacent transpositionssi respects the Coxeter relations for the symmet-
ric groupSn and so makesC[SY T (λ)] into anSn-module. Again remarkably, this module is isomorphic
to the irreducible representation ofSn indexed byλ and called the(left cellular) KL representation cor-
responding toλ.

3 Promotion on Standard Tableaux

Given a rectangular shapeλ = ba with ab = n, we want to determine how the operation of jeu-de-taquin
promotion onSY T (λ) interacts with the left KL cellular representationSλ of shapeλ. Our first goal
is to show that the promotion operatorj interacts nicely with theµ function. Define a deletion operator
d : SY T (ba) → SY T (ba−1(b − 1)) by lettingd(U) be the (standard) tableau obtained by deleting then
in the lower right hand corner ofU .

Lemma 3.1 For anyU, T ∈ SY T (ba), we have thatµ[U, T ] = µ[d(U), d(T )].

It is well known (see (6)) thatµ[e(P ), e(Q)] = µ[P, Q] for any standard tableauxP andQ having the
samearbitrary shape. We use this fact and the above result to get the desiredfact about the action ofj.

Proposition 3.2 LetP, Q be standard tableaux which are either both inSY T (ba) or SY T (ba−1(b−1)).
We have thatµ[P, Q] = µ[j(P ), j(Q)].

This lemma says that, in the special case that our shape is a rectangle or a rectangle missing its outer
corner, the action of promotion preserves theµ function. This does not hold in general for other shapes
(λ = (3, 1) is a counterexample).

To better understand the action of promotion, we introduce anew combinatorial set related to rectan-
gular tableaux. Given a standard tableauP of rectangular shapeba, define theextended descent set of P
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De(P ) ⊆ [n], as follows. For1 ≤ i ≤ n − 1, say thati ∈ De(P ) if and only if i is in the ordinary
descent setD(P ). Let U be the tableau with entries{2, 3, . . . , n} obtained by deleting the1 in P and
playing jeu-de-taquin to move the resulting hole to the lower right hand corner. The entryn is either
immediately above or immediately to the left of the hole in the lower right hand corner ofU . Say thatn is
contained inDe(P ) if and only if n appears above this hole inU . De(P ) is therefore the ordinary descent
setD(P ) ⊆ [n − 1], with the possible addition of the lettern.

Lemma 3.3 LetP ∈ SY T (ba). For anyi, i ∈ De(P ) (modn) if and only ifi + 1 ∈ De(j(P )) (modn).

We record a technical lemma about the image of the long cycle under the KL representation. Its proof is
straightforward, albeit somewhat tedious. For the relevant definitions, see (17).

Lemma 3.4 Let cn = (1, 2, . . . , n) ∈ Sn be the long cycle. Letλ = ba be a rectangle. Identify permuta-
tions with their images under RSK. The coefficient of the KL basis elementC′

(j(CSS(λ)),CSS(λ))(1) in the

expansion ofcnC′
(CSS(λ),CSS(λ))(1) in the KL basis ofC[Sn] is (−1)a−1.

We now have all of the ingredients necessary to analyze the relationship betweenj and the KL represen-
tation. Specifically, we show that up to a predictable scalar, j acts like the long cycle(1, 2, . . . , n) ∈ Sn.

Proposition 3.5 Let λ = ba be a rectangular shape withab = n and letρ : Sn → GL(Sλ) be the
associated KL cellular representation, with basis identified withSY T (λ). Let cn denote the long cycle
(1, 2, . . . n) ∈ Sn. Define aC-linear mapJ : Sλ → Sλ by extendingJ(P ) = j(P ).

We have thatρ(cn) = (−1)a−1J .

Proof: We show that fori = 1, 2, . . . , n − 2 we have

J−1ρ(cn)ρ(si) = ρ(si)J
−1ρ(cn).

Given a standard tableauP , let j−1(P ) be the unique tableau which maps toP under promotion. From
the corresponding conjugation relation in the symmetric group it follows that

ρ(cn)ρ(si) = ρ(si+1)ρ(cn). (3.1)

On the other hand, because1 ≤ i ≤ n − 2, we have that for anyP ∈ SY T (λ),

J−1ρ(si+1)(P ) =

{

−J−1(P ) if i + 1 ∈ De(P )

J−1(P ) +
∑

i+1∈De(Q) µ[P, Q]J−1(Q) if i + 1 /∈ De(P )
(3.2)

=

{

−j−1(P ) if i ∈ De(j
−1(P ))

j−1(P ) +
∑

i∈De(j−1(Q)) µ[P, Q]j−1(Q) if i /∈ De(j
−1(P ))

(3.3)

=

{

−j−1(P ) if i ∈ De(j
−1(P ))

j−1(P ) +
∑

i∈De(j−1(Q)) µ[j−1(P ), j−1(Q)] if i /∈ De(j
−1(P ))

(3.4)

= ρ(si)J
−1(P ). (3.5)
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The first equality is the definition of the KL representation,the second is Proposition 3.2, the third is
Lemma 3.3, and the fourth is again the definition of the KL representation.

The above discussion implies that the operatorJ−1ρ(cn) commutes with the action of the parabolic
subgroupSn−1 of Sn on the irreducibleSn-moduleSλ. Sinceλ is a rectangle,λ has a unique outer
corner and by the branching rule for symmetric groups, the restrictionSλ ↓Sn

Sn−1
remains an irreducible

Sn−1-module. Therefore, by Schur’s Lemma, we conclude that there is a numberγ ∈ C so that

J = γρ(cn).

We want to show thatγ = (−1)a−1. This follows from Lemma 3.4. 2

The above result states that for Specht modules of rectangular shape the image of the long cyclecn

under the KL representation is plus or minus the permutationmatrix which encodes jeu-de-taquin pro-
motion. It is not true that any conjugate ofcn in Sn enjoys this property - indeed, many are not even
permutation matrices. Observe the analogy to Theorem 1.1 which states that the image of the longele-
mentwo under the KL representation for an arbitrary shape is plus orminus a permutation matrix which
encodes evacuation.

Also notice that ifλ is a partition of any nonrectangular shape, thenλ has more than one outer corner.
This implies that the restricted moduleSλ ↓Sn

Sn−1
is not irreducible and the above proof breaks down.

As a corollary to this we get a result due to Haiman (10) on the order of promotion.

Corollary 3.6 For λ ⊢ n rectangular, every element ofSY T (λ) is fixed byjn.

The order of promotion onSY T (λ) for arbitrary shapesλ is unknown. Haiman proved the converse of
the above result, as well.

Let sn denote the “affine” transposition(1, n) in Sn. As another corollary, we get a formula for the
image ofsn under the KL representation in terms of the extended descentset.

Corollary 3.7 Let λ = ba be a rectangular shape and identify the basis of the corresponding left KL
cellular representation withSY T (λ).

We have that

snP =

{

−P if n ∈ De(P )

P +
∑

n∈De(Q) µ[P, Q]Q if n /∈ De(P ).
(3.6)

Proof: Using the notation of the proof of the above proposition, we have thatsn−1 commutes with the
action ofJ−1ρ(cn). It follows thatJ−1sn(P ) = sn−1J

−1(P ). The desired formula follows. 2

Finally, the above analysis leads to many equalities ofµ coefficients.

Corollary 3.8 Letλ ⊢ n be a rectangle and letY andY ′ be two orbits ofSY T (λ) under the action ofj
which have relatively prime orders. GivenP, Q ∈ Y andP ′, Q′ ∈ Y ′ we have thatµ[P, P ′] = µ[Q, Q′].
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For example, whenn = 6 andλ = (2, 2, 2), we have that|SY T (λ)| = 5 and the cyclic action ofj on
SY T (λ) breaksSY T (λ) into one cycle of size2 and one cycle of size3. Explicitly, the operatorj acts
onSY T ((2, 2, 2)) via:





1 4 1 2 1 3
2 5 3 5 2 4
3 6 , 4 6 , 5 6









1 3 1 2
2 5 3 4
4 6 , 5 6



 (3.7)

Mapping the elements of these orbits to their column readingwords inS6, the above Corollary implies
that whenv is any element of the set{321654, 521643, 431652} ⊂ S6 andw is any element of the set
{421653, 531642} we have thatµ[v, w] is a constant. Since421653 covers321654 in Bruhat order, we
see that this common value ofµ is equal to1.

An application of the above proposition yields our desired result on cyclic sieving in the action of
jeu-de-taquin on standard tableaux.

Theorem 3.9 Let λ = ba be a rectangular shape,C = Z/nZ act onX = SY T (λ) by jeu-de-taquin
promotion, andX(q) = fλ(q) be the q-hook length formula.

The triple(X, C, X(q)) exhibits the cyclic sieving phenomenon.

In the above example of the action of promotion onSY T ((2, 2, 2)), we have that

f (2,2,2)(q) =
[6!]q

[4]q[3]q[2]q[3]q[2]q[1]q
= (1 − q + q2)(1 + q + q2 + q3 + q4). (3.8)

Letting ζ = e
πi
3 , we compute directly that

f (2,2,2)(1) = 5 f (2,2,2)(ζ) = 0 f (2,2,2)(ζ2) = 2

f (2,2,2)(ζ3) = 3 f (2,2,2)(ζ4) = 2 f (2,2,2)(ζ5) = 0.
(3.9)

This is in agreement with the fixed point set sizes:

|SY T ((2, 2, 2))1| = 5 |SY T ((2, 2, 2))j| = 0 |SY T ((2, 2, 2))j2

| = 2

|SY T ((2, 2, 2))j3

| = 3 |SY T ((2, 2, 2))j4

| = 2 |SY T ((2, 2, 2))j5

| = 0,
(3.10)

as predicted by Theorem 3.9.

Proof: (Sketch) By Corollary 3.6, C does indeed act on X by promotion. Let ζ = e
2πi
n . Viewing c =

(1, 2, . . . , n) as a permutation matrix inSn ⊂ GLn(C), we get thatc is conjugate to diag(1, ζ, ζ2, . . . , ζn−1).
This means that for anyd ≥ 0, cd is conjugate to diag(1, ζd, ζ2d, . . . , ζd(n−1)).

Let χλ denote the character of the irreducible representation ofSn corresponding ofλ A result of
Springer (21) on the fake degree polynomial for the coinvariant algebra of typeAn−1 implies that, for
anyd ≥ 0, we have the formulaχλ(cd) = ζdκ(λ)fλ(ζd), whereκ(λ) = 0λ1 + 1λ2 + 2λ3 + · · · . Since
λ = ba, we can compute thatκ(λ) = ba(a−1)

2 , which implies thatζdκ(λ) = (−1)d(a−1).

On the other hand by Proposition 3.5,χλ(cd) is equal to the trace of(−1)d(a−1)Jd, whereJ is the
permutation matrix which records promotion. This trace is(−1)d(a−1) times the number of fixed points
|Xjd

| of the action ofjd onX . The desired CSP follows. 2
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4 Promotion on Column Strict Tableaux

The goal in this section is to extend the results of the last section concerning rectangular standard tableaux
to the more general setting of rectangular column strict tableaux. To do this, we will use Skandera’s (20)
characterization of the dual canonical basis ofC[x11, . . . , xnn]. In order to present this characterization,
we introduce the notion of immanants.

For a positive integern ∈ N, let x = (xij)1≤i,j≤n be ann × n matrix of commuting variables and
let C[x11, . . . , xnn] be the complex polynomial ring in these variables. We will sometimes abbreviate
the latter ring asC[xij ]1≤i,j≤n. Call a polynomial inC[xij ]1≤i,j≤n an immanantif it belongs to the
C-linear span of the permutation monomials{x1,w(1) · · ·xn,w(n) |w ∈ Sn}. Thus, immanants form an
n!-dimensional complex vector space. Given any polynomialf(x11, . . . , xnn) ∈ C[xij ]1≤i,j≤n and an
n × n matrix A = (aij) with entries in any commutativeC−algebraR, definef(A) to be the element
f(a11, . . . , ann) of R obtained by applyingf to A.

Following (18), define for anyw ∈ Sn thew-Kazhdan-Lusztig immanantImmw(x) by the equation

Immw(x) =
∑

v≥w

(−1)ℓ(w,v)Pwov,wow(1)x1,v(1) · · ·xn,v(n).

Specializing to the identity permutation, we have thatImm1(x) = det(x).

More generally, given any pair of compositionsα, β |= n with, we define the matrixxα,β to be
(xα(i),β(j))1≤i,j≤n. Note that either or both ofℓ(α) or ℓ(β) may exceedn. We also construct the corre-
sponding polynomial ringC[xα(i),β(j)]1≤i,j≤n. For a permutationw ∈ Sn, denote byImmw(xα,β) the
element ofC[xα(i),β(j)]1≤i,j≤n which results in applying thew-Kazhdan-Lusztig immanant to the matrix
xα,β . So, for example, we have thatImmw(x) = Immw(x1n,1n). In this paper we will mostly be inter-
ested in the case whereβ = 1n. Skandera showed that Lusztig’s dual canonical basis can beconstructed
from polynomials of the formImmw(xα,β), and we will use these polynomials in our results, as well.

Theorem 4.1 (Skandera (20)) Let k ≥ 0. The nonzero elements of the set{Immw(xα,β)}, wherew
ranges overSn andα andβ range over all possible compositions ofn having lengthk, are linearly inde-
pendent and a subset of the dual canonical basis of the polynomial ring C[x11, . . . xkk] in k2 variables.

Let Y = Ck andZ = Cn be two complex vector spaces of dimensionsk andn, respectively. LetY ∗

andZ∗ denote their dual spaces with standard bases{y1, . . . , yk} and{z1, . . . , zn}, respectively. Now the
tensor productY ∗ ⊗ Z∗ has basisxij := yi ⊗ zj, for 1 ≤ i ≤ k and1 ≤ j ≤ n. In this way, we identify
the symmetric algebra Sym(Y ∗ ⊗ Z∗) with the polynomial ringC[xij ]1≤i≤k,1≤j≤n. This space carries
an action of the general linear groupGL(Y ) = GL(Ck), where matrices act on the first component of
simple tensors byg · (f ⊗ h) := (fg−1) ⊗ h. Takingn = k and i ∈ [n − 1], viewing the adjacent
transpositionsi as an element ofSn ⊂ GL(Cn), we quote a result from (18) about this action.

Lemma 4.2 Letw ∈ Sn. We have that

siImmw(x) =

{

−Immw(x) siw > w,

Immw(x) + Immsiw(x) +
∑

siz>z µ(w, z)Immz(x) siw < w.
(4.1)
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One can show that the Kazhdan-Lusztig immanants form a basisfor the vector space of immanants. In
fact, identifying permutations with their images under RSK, for anyλ ⊢ n andT ∈ SY T (λ), we have
that the space

WT,n,1n := C{Imm(T,P )(x) |P ∈ SY T (λ)} ⊕
⊕

ν>domλ

C{Imm(U,S)(x) |U, S ∈ SY T (ν)} (4.2)

is closed under the left action ofSn. Moreover, the quotient space

VT,n,1n := WT,n,1n/(
⊕

ν>domλ

C{Imm(U,S)(x) |U, S ∈ SY T (ν)}) (4.3)

carries the irreducibleSn-representation corresponding to the shapeλ. A basis forVT,n,1n is given by the
image of the set{Imm(T,P )(x) |P ∈ SY T (λ)} under the canonical projection map. LettingI1n(P ) de-
note the image ofImm(T,P )(x) under this projection, we can write this basis as{I1n(P ) |P ∈ SY T (λ)}.
By a change of label argument, the representation ofSn on the quotient spaceVT,n,1n does not depend on
the choice of the tableauT , and is given by

siI1n(P ) =

{

−I1n(P ) if i ∈ D(P )

I1n(P ) +
∑

i∈D(Q) µ[P, Q]I1n(Q) if ı /∈ D(P ).
(4.4)

The next lemma computes the effect of multiplication by the long cycle inSn on I1n(P ) for rectangular
shapes.

Lemma 4.3 Let λ = ba be a rectangle and letP ∈ SY T (λ). Let cn = (1, 2, . . . n) ∈ Sn be the long
cycle. We have thatcnI(P ) = (−1)b−1I1n(j(P )).

Working towards our goal of understanding the action of promotion on semistandard tableaux, we
define the operations of standardization andα-semistandardization on tableaux. These operations give us
a means to transform row strict tableaux into standard tableaux and vice versa, when possible.

It is always possible to transform a row strict tableau into astandard tableau. Given a partitionλ ⊢ n
and a row strict tableauP ∈ RST (λ, k, α) for someα |= n, define thestandardizationstd(P ) of P to
be the element ofSY T (λ) given by replacing theα1 1s in P with the numbers[1, α1] increasing down
columns, replacing theα2 2s in P with the numbers[α1 + 1, α1 + α2] increasing down columns, and so
on.

Given λ ⊢ n and a standard tableauT ∈ SY T (λ) along with a compositionα |= n, say thatT is
α-semistandardizableif D(T ) contains the union of the intervals[1, α1), [α1 + 1, α2), . . . . Define the
α-semistandardizationrstα(T ) of T α-semistandardizable to be the element ofRST (λ, k, α) formed by
replacing the numbers in[1, α1] in T by 1s, the numbers in[α1 + 1, α1 + α2] in T by 2s, and so on.

Lemma 4.4 Let T ∈ SY T (λ) beα-semistandardizable. We have thatstd(rstα(T )) = T . Moreover, if
U ∈ RST (λ, k, α), thenstd(U) is α-standardizable.

Therefore, for any compositionα |= n, standardization injectsRST (λ, k, α) into SY T (λ) andα-
semistandardization gives a bijection between theα-semistandardizable elements ofSY T (λ) andRST (λ, k, α).
These operations relate to promotion in the following way.
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Lemma 4.5 Let λ ⊢ n be a rectangle andα = (α1, . . . , αk) |= n. We have the following equality of
operators onSY T (λ):

j ◦ rstα = rstckα̇ ◦ jαk , (4.5)

where the right hand side is defined if and only if the left handside is defined.

KL immanants are related to the above operations in the following way.

Lemma 4.6 Let U, T ∈ SY T (λ) and letk ∈ N. We have thatImm(U,T )(xα,1n) = 0 if and only ifU
is notα-semistandardizable. Moreover, the set{Imm(U ′,T ′)(xα′,1n)} ranging over all possibleα′ |= n
with ℓ(α′) ≤ k, U ′, T ′ ∈ SY T (λ), andU ′ that areα′-semistandardizable, is linearly independent.

For rectangular shapes, the polynomialsImm(U,T )(xα,1n) for standard tableauxU which areα-semistandardizable
will project onto elements of a basis of a certain quotient space which will carry anSk action under which
the long element(1, 2, . . . , k) will act as (essentially) jeu-de-taquin promotion. To further work toward
this result, givenα |= n, we define an epimorphismC-algebrasπα : C[xij ]1≤i,j≤n → C[xα(i)j ]1≤i,j≤n

by the formulaπµ(xij) = xα(i)j .

Lemma 4.7 Let U, T ∈ SY T (λ). We have thatπα(Imm(U,T )(x)) is nonzero if and only ifU is α-
semistandardizable, in which caseπα(Imm(U,T )(x)) = Imm(U,T )(xα,1n).

One of the main advantages of the epimorphismsπα is that they relate the action ofSn onC[xij ]1≤i,j≤n

and the action ofSk onC[xα(i)j ]1≤i≤k,1≤j≤n. This is made precise in the following lemma.

Lemma 4.8 Letcn = (1, 2, . . . , n) be the long cycle inSn and letck = (1, 2, . . . , k) be the long cycle in
Sk. For α = (α1, . . . , αk) |= n we have a left action ofcn onC[xij ]1≤i,j≤n andck mapsC[xα(i)j ]1≤i,j≤n

into C[xckα̇(i)j ]1≤i,j≤n. We have the following commutative square.

cαk
n

C[xij ]1≤i,j≤n −→ C[xij ]1≤i,j≤n

πα ↓ ↓ πck.α

C[xα(i)j ]1≤i,j≤n −→ C[xck.α(i)j ]1≤i,j≤n

ck

(4.6)

We are now in a position to define theSk-modules which will yield our desired result. For anyT ∈
SY T (λ), defineW ′

T,k to be the space

C{Imm(T,U)(xα,1n)} ⊕
⊕

ν<domλ

C{Imm(P,Q)(xα′,1n)}, (4.7)

where the first set ranges over all compositionsα |= n such thatℓ(α) ≤ k and allU ∈ SY T (λ) which
areα-semistandardizable and the second set ranges over all compositionsα′ |= n with ℓ(α′) ≤ k and all
pairs of tableauxP, Q ∈ SY T (ν).

Lemma 4.9 W ′
T,k is a leftGL(Ck)-module.
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We defineVT,k to be the quotientSk-module given by

W ′
T,k/

⊕

ν>domλ

C{Imm(P,Q)(xα′,1n)}.

Basis elements ofVT,k are given by the images of the polynomialsImm(U,T )(xα,1n) for compositions
α = (α1, . . . , αk) |= n andα-semistandardizableU . The image of the above polynomial inVT,k shall be
abbreviatedIα(U ′), whereU ′ is the unique element ofRST (λ, k, α) such thatstd(U ′) = U . Forα fixed,
define the spaceVT,k,α to be the span of all theIα(U ′) for α-semistandardizableU . The commutative
square in Lemma 4.8 induces the following commutative square, where the maps induced byπα are also
calledπα.

cαk
n

Vλ,n,1n −→ Vλ,n,1n

πα ↓ ↓ πck.α

VT,k,α −→ VT,k,ck.α

ck

. (4.8)

Using this square, we can relate the action ofck onVT,k to promotion.

Proposition 4.10 GivenU ∈ RST (λ, k, α) for λ = ba rectangular andα = (α1, . . . , αk) |= n, we have
thatckIα(U) = (−1)αk(b−1)Ick.α(j(U)).

Corollary 4.11 For λ rectangular, the order ofj on RST (λ, k) (or CST (λ, k)) is equal tok unlessλ
consists of a single column andk = |λ|.

For example, ifλ = (2, 2) andk = 3, the setCST ((2, 2), 3) contains6 elements and promotion acts
as the following permutation:

(

1 1 2 2 1 1
2 2 , 3 3 , 3 3

) (

1 2 1 2 1 1
2 3 , 3 3 , 2 3

)

, (4.9)

which does indeed have orderk = 3.

Theorem 4.12 Letλ = ba be a rectangular partition ofn, k ∈ N, andX = CST (λ, k). LetC = Z/kZ

act onX by jeu-de-taquin promotion. LetX(q) = q−κ(λ)sλ(1, q, q2, . . . , qk−1).

The triple(X, C, X(q)) exhibits the cyclic sieving phenomenon.

The proof of this CSP uses the representationsVT,k and is similar in spirit to the proof of Theorem
3.9. Keeping with the earlier example ofλ = (2, 2) andk = 3, we compute thatκ((2, 2)) = 2 and
s(2,2)(x1, x2, x3) = x2

1x
2
2 + x2

2x
2
3 + x2

1x
2
3 + x1x

2
2x3 + x1x2x

2
3 + x2

1x2x3. Maintaining the notation of

Theorem 4.12, we therefore have thatX(q) = 1 + q + 2q2 + q3 + q4. Lettingζ = e
2πi
3 , we see that

X(1) = 6 X(ζ) = 0 X(ζ2) = 0.

These numbers agree with the fixed point set sizes:

|CST ((2, 2), 3)1| = 6 |CST ((2, 2), 3)j| = 0 |CST ((2, 2), 3)j2

| = 0,
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as predicted by Theorem 4.12.

As a pair of corollaries, we get CSPs which were originally proven by Reiner, Stanton, and White in
(15).

Corollary 4.13 Let 1 ≤ k ≤ n and letX be the set ofk-subsets of[n]. Let the cyclic groupC = Z/nZ

act onX by the long cycle(1, 2, . . . , n) ∈ Sn. Let X(q) =
[

n
k

]

q
be theq-analogue of the binomial

coefficient
(

n
k

)

.

Then, the triple(X, C, X(q)) exhibits the cyclic sieving phenomenon.

Corollary 4.14 Letk andn be positive integers and letX be the set of all multisets of sizek with elements
in [n]. Let the cyclic groupC = Z/nZ act onX by the long cycle(1, 2, . . . , n) ∈ Sn. LetX(q) =

[

n+k
n

]

q

be theq-analogue of the binomial coefficient
(

n+k
k

)

.

Then, the triple(X, C, X(q)) exhibits the cyclic sieving phenomenon.

Fix a rectangular partitionλ = ba with ab = n, a positive integerk and a compositionα |= n with
ℓ(α) = k such thatα has some cyclic symmetry. That is, there is an integerd|k such thatαi = αj

wheneveri ≡ j (mod d). We have a fixed point enumeration involving the action of certain powers
of promotion on the setCST (λ, k, α) and the Kostka-Foulkes polynomials. In representation theoretic
terms, this corresponds to a weight space refinement of Theorem 4.12. Sincej maps the setCST (λ, k, α)
into the setCST (λ, k, ck.α), we have that thedth powerjd of j maps the setCST (λ, k, α) into itself.
Note that for the special cased = 1, k = n, andα = 1n this is the statement thatj acts on the set
SY T (λ) of standard tableaux of shapeλ. Sincej acts with orderk on the setCST (λ, k), we have that
jd generates an action of the cyclic groupZ/(k

d
Z) onCST (λ, k, α).

For a partitionλ ⊢ n and a compositionα |= n, let Kλ,α(q) ∈ N[q] be the associated Kostka-Foulkes
polynomial. The Kostka-Foulkes polynomials areq-analogues of the Kostka numbersKλ,α which enu-
merate the number of column strict tableaux with shapeλ and contentα. In particularKλ,α(1) = Kλ,α

always. The Kostka-Foulkes polynomials are the generatingfunction for the charge statistic on tableaux
and are also the coefficients of the change of basis matrix from Schur functions to Hall-Littlewood sym-
metric functions. For more details on these polynomials, see (14). The proof of this next theorem uses
results on ribbon tableaux from (14).

Theorem 4.15 Let λ = ba be a rectangular partition ofn = ab, k be a positive integer, andα =
(α1, . . . , αk) be a composition ofn of lengthk. Assume that there is some numberd|k so thatαi = αj

wheneveri ≡ j (modk). Letζ ∈ C be a root of unity of orderk
d
.

Then, for anym ≥ 0, the number of fixed points|CST (λ, k, α)jdm

| is equal to|Kλ,α(ζm)|.

5 Dihedral Actions

Let λ = ba be a rectangular partition withab = n and letk ≥ 0. It is possible to show that we have
eje = j−1 as operators onCST (λ, k). Moreover, we know that the order of the operatorj is equal to
k while the order of the operatore is equal to2. This implies that the group〈e, j〉 generated bye and
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j, considered as a subgroup of the symmetric groupSCST (λ,k), is dihedral of order2k. Similar remarks
hold for the action ofe andj onRST (λ, k) andSY T (λ).

We have already determined that the action ofj on the above sets of tableaux is modeled by the action of
the long cycle of an appropriate symmetric group on an appropriate module. By Stembridge-Berenstein-
Zelevinsky, the action ofe can be modeled by the action of the long elementwo. So, corresponding to
the dihedral group acting on the setsCST (λ, k), RST (λ, k), andSY T (λ), we get an associated dihedral
group generated by the long cycle andwo sitting insideSk, Sk, andSn, respectively, equipped with an
epimorphism onto our group of combinatorial operators. Together with our previous results, this gives us
the number of fixed points of the operatorse andej on standard tableaux as a character evaluation.

Proposition 5.1 Let λ = ba be a rectangular partition ofn, let cn be the long cycle inSn, and let
χλ : Sn → C be the irreducible character ofSn corresponding toλ.

We have that

|SY T (λ)e| = |χλ(wo)|

|SY T (λ)ej | = |χλ(wocn)|

Extending the Stembridge-Berenstein-Zelevinsky result on evacuation to the dual canonical basis and
a statement about modules over the general linear group, we get the following statement about column
strict tableaux. Details about its proof can be found in (17), but are omitted for this extended abstract.

Theorem 5.2 Letλ = ba be a rectangular partition ofn and letk ≥ 0. Assume that atk is odd. We have
that

|CST (λ, k)e| = |sλ(1,−1, 1, . . . , (−1)k−1)|

= |CST (λ, k)ej |.

On the other hand, ifk is even, we have that

|CST (λ, k)e| = |sλ(1,−1, 1, . . . , (−1)k−1)|

|CST (λ, k)ej | =

{

|sλ(1,−1, . . . , (−1)k−3, (−1)k−2, (−1)k−2)| if a andb are both even or odd

|sλ(1,−1, . . . , (−1)k−1)| otherwise

Proof: Omitted. The claims about the operatore are Theorem 3.1 of (24). 2

6 Square Shapes and Type B, 2×n Shapes and Handshake Pat-
terns and Noncrossing Partitions

In this section we apply our results on tableaux to get CSPs for other combinatorial objects. For a positive
integern, let Bn denote the Coxeter group of signed permutations of[n] having order2nn!. It is possible
to show that reduced words for the long element ofBn are mapped to other reduced words to the long
element under cyclic rotation.
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Theorem 6.1 Let X be the set of reduced words for the long element inBn. LetC = Z/n2Z act onX
by cyclically rotating words. LetX(q) = fnn

(q) be theq−hook length formula. We have that the triple
(X, C, X(q)) exhibits the cyclic sieving phenomenon.

Proof: (Sketch) By (10), there is a bijection between standard tableaux of shapen × n and reduced
expressions for the long element ofBn under which jeu-de-taquin promotion maps to cyclic rotation. The
desired CSP follows. 2 We now apply our

results for2×n standard tableaux to prove CSPs for handshake patterns and noncrossing partitions. This
gives a new proof of a result of White (25) which is alluded to in (4), as well as a new proof of results of
Heitsch (11) which have biological applications related toRNA secondary structure.

Givenn ∈ N, ahandshake pattern of size 2nconsists of a circle around which the points1, 2, . . . , 2n are
written clockwise and a perfect matching on the set[2n] such that, when drawn on the circle, none of the
arcs in this matching intersect. This can be thought of as a way in which the people labelled1, 2, . . . , 2n
can all shake hands so that no one crosses arms. LetHn denote the set of all handshake patterns of size
2n.

For n ∈ N, a noncrossing partition of[n] is a set partition(P1|P2| . . . |Pk) of [n] so that whenever
there are integersa, b, c, d, i, andj with 1 ≤ a < b < c < d ≤ n anda, c ∈ Pi andb, d ∈ Pj , we must
necessarily have thati = j. Drawing the numbers1, 2, . . . , n clockwise around a circle, a partitionı of [n]
is noncrossing if and only if when the blocks ofπ are drawn on the circle, none of the regions intersect.

The setNC(n) of all noncrossing partitions of[n] is a lattice with respect to the partial order given by
refinement. The latticeNC(n) is complemented, and given a noncrossing partitionπ of [n], Kreweras
complementation (see (13) for its definition) gives a way to produce a complement ofπ in NC(n).

Both of the setsHn andNC(n) have cardinality given by the Catalan numberCn = 1
n+1

(

2n
n

)

. More-
over, these sets both carry an action of the cyclic group of order2n - in the case ofHn given by the action
of rotating the table clockwise by one position and in the case ofNC(n) given by Kreweras complemen-
tation. As a corollary of our tableaux results, we get results of White (25) and Heitsch (11).

Theorem 6.2 Letn ∈ N and letC = Z/(2nZ). LetX(q) be theq-Catalan number

X(q) =
1

[n + 1]q

[

2n

n

]

q

.

Let X be eitherHn equipped with theC-action of rotation orNC(n) equipped with theC-action of
Kreweras complementation.

Then, the triple(X, C, X(q)) exhibits the cyclic sieving phenomenon.

We also have a result concerning dihedral actions and character evaluations.

Proposition 6.3 LetX be either the setHn or the setNC(n). X carries an action ofD4n, wherer ands
have the action described above in the case ofHn and act by reflection about the line through1 bisecting
the circle and Kreweras complementation in the case ofNC(n). Letwo denote the long element ofS2n

and letc2n denote the long cycle(1, 2, . . . , 2n) in S2n.



408 Brendon Rhoades

Then, the number of fixed points of the operatorsr andrs onX are given by the formulae:

|Xr| = |χ(n,n)(wo)|

|Xrs| = |χ(n,n)(woc2n)|
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