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The cluster basis Z[x1 1, . . . , x3 3]

Mark Skanderal

Lehigh University, Bethlehem, PA, USA

Abstract. We show that the set of cluster monomials for the cluster algebra of type D4 contains a basis of the Z-
module Z[z1,1,. .., x3,3]. We also show that the transition matrices relating this cluster basis to the natural and the
dual canonical bases are unitriangular and nonnegative. These results support a conjecture of Fomin and Zelevinsky
on the equality of the cluster and dual canonical bases. In the event that this conjectured equality is true, our results
also imply an explicit factorization of each dual canonical basis element as a product of cluster variables.

Résumé. Nous montrons que ’ensemble des mondmes de 1’algebre “cluster” D4 contient une base-Z pour le module
Zlz1,, ..., x3,3). Nous montrons aussi que les matrices transitoires qui relient cette base 4 la base canonique duale
sont unitriangulaires. Ces résultats renforcent une conjecture de Fomin et de Zelevinsky sur 1’égalité de ces deux
bases. Si cette égalité s’avérait étre vraie, notre résultat donnerait aussi une factorisation des élements de la base
canonique duale.
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1 Introduction

The coordinate ring O(SL(n, C)) of polynomial functions in the entries of matrices in SL(n, C) may be
realized as a quotient,
O(SL(n,C)) =Clx1.1,-- -, ZTn,n)/(det(z) — 1),

where = (21,1, ..., Zn,n) is a matrix of n? commuting variables. We will call i the row index and j the
column index of the variable z; ;.

Viewing the rings O(SL(n,C)) and C[z1 1, . . ., Ty ] as vector spaces, one often applies the canonical
homomorphism to a particular basis of C[x1 1, . . ., Zy ] in order to obtain a basis of O(SL(n,C)). Some
bases of C[x1,1, ..., Zy,,] Which appear in the literature are the natural basis of monomials, the bitableau
basis of Désarménien, Kung and Rota [6], and the dual canonical (crystal) basis of Lusztig [23]] and
Kashiwara [20]. Since the transition matrices relating these bases have integer entries and determinant
1, each is also a basis of the Z-module Z[x1 1, ..., Ty ). In the case n = 3, work of Berenstein, Fomin
and Zelevinsky [2} 12} |14} [16] suggests that certain polynomials which arise as cluster monomials in the
study of cluster algebras may form a basis of Z[z1 1, . . . , 23 3] and that this basis may be equal to the dual
canonical basis. (In fact, unpublished work of these authors [[15]] implies that these cluster monomials do
form a basis of Z[x1 1, . .., x3,3].) The analogous statement for n > 4 is known to be false.
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After recalling the definition of cluster monomials in Section [2] we will perform rather elementary
computations in Section [3| to observe a bijective correspondence between an appropriate set of cluster
monomials and 3 x 3 nonnegative integer matrices. This correspondence will lead to our main theorems
in Section E] which show our set of cluster monomials to form a basis of Z[z11,...,233]. Using the
correspondence we also relate the cluster basis by unitriangular transition matrices to the natural and dual
canonical bases, and give conjectured formulae for the irreducible factorization of dual canonical basis
elements.

2 Cluster monomials of type D,

Fomin and Zelevinsky defined a class of commutative rings called cluster algebras [12]] in order to study
total positivity and dual canonical bases in semisimple algebraic groups. (See also [2], [14], [16]].) This
definition continued earlier work of the authors with Berenstein [[L], [3], [L1] and of Lusztig [24]. Further
work has revealed connections between cluster algebras and other topics such as Laurent phenomena [[13]],
Teichmiiller spaces [8l], Poisson geometry [[17] and algebraic combinatorics [[10].

Each cluster algebra has a distinguished set of generators called cluster variables which are grouped
into overlapping subsets called clusters. Those cluster algebras generated by a finite set of cluster variables
enjoy a classification similar to the Cartan-Killing classification of semisimple Lie algebras [14]]. We shall
consider clusters of the cluster algebra of type D4, which arises in the study of total nonnegativity within
SL(3,C) and GL(3,C). In particular, one may decompose G = SL(3,C) or GL(3,C) as in [11]], [24]
into a union of intersections of double cosets called double Bruhat cells {G"" |u,v € S3}. Letting u
and v be the longest element wy of S3, we obtain the double Bruhat cell G*°-**°, whose coordinate ring
O(G™0-"0) contains Z[x1 1, ..., 23,3] as a subring and which has a cluster algebra structure of type D.
More precisely, for G = GL(3, C), the coordinate ring O(G™**?) is the localization of Z[z1 1, . . ., Z3 3]
atry 3, 3,1, 1,272,3 — T1,372,2, T2,1T3,2 — T2,223,1 and det(a?). Taking the quotient of this ring modulo
(det(x) — 1), we obtain the analogous coordinate ring corresponding to SL(3, C).

A thorough treatment of the theory of cluster algebras will not be necessary for our purposes. (See
[2, Sec. 1] for an introduction to cluster algebras and [2, Sec.2.4] for more specific information about
the the coordinate rings above.) Instead we will merely define certain polynomials in Z[z1 1,. .., 23 3] to
be cluster variables and frozen variables, and will follow [14} Sec. 12.4] in describing sets and products
of these polynomials, called clusters and cluster monomials, in terms of centrally symmetric modified
triangulations of an octogon.

Let I and J be subsets of {1, 2,3} with |I| = |.J|. We define the I, J submatrix of z and I, J minor of
x by

xr,g = (%ij)ierjes, Arg=det(zr ).

When writing Z (i, i3, {Giseded A0 Agiy i) ns.0k ) > We Will tacitly assume set elements to satisfy
17 < --- <ipand j; < .-+ < jg. To economize notation, we also may denote the submatrix and minor
by Liyovige,j1Ju and Ail“"ik»jl"‘jk'
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In terms of this notation, our cluster variables are the sixteen polynomials

r1,1,21,2,22,1,22,2,%2 3,132,133,
A12,127 A12,13, A13,12, A13,13, A13,23, A23,13, A23,237

Immy;3 i:f T1,202,1%3,3 — £1,2T2,3T3,1 — T1,302,1%3,2 + £1,3T2,2T3 1,
ae

Immy 3z d:f T1,1%2,3%3,2 — £1,2T23%31 — 1,322,132 + 1,372,273 1.
€

To each cluster variable we associate a colored diameter of a fixed octogon or a pair of non-diameter
diagonals of the octogon by

B (’//\M/
) ’ ’ )
x

Z11 1,2 A3 93 A3 13
b
Imma;3
9 b 9 b 9 b
2,1 Z2,2 Z2,3 Aq3,23 Aq3,13 ANERT:
b
Imm132
b) b) b *
3.2 33 ANERT:! ASERD

(1)

We define a centrally symmetric modified triangulation of the octogon to be a maximal subset of the
above diagonals and pairs of diagonals with the property that no two diagonals in the collection cross,
unless those diagonals are different diameters of the same color or are different colorings of the same
diameter. Three examples and the corresponding sets of cluster variables are

NS

{11, A1323, A13,13, Aigi2} {221,223, Aoz 13, Ai213}  {@1,1, 21,2, 22,1, Immy; 3}

&

Our clusters are the fifty subsets of cluster variables corresponding to centrally symmetric modified
triangulations of the octogon. In other words, clusters are the facets of the simplicial complex in which
vertices are cluster variables and faces are sets of cluster variables whose geometric realizations satisfy the
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noncrossing conditions above. These are shown in the following table, where we have named the clusters
in a manner consistent with the naming of the thirty-four clusters shown in [[11, Fig. 8]. In the table, we
have partitioned the clusters into twelve blocks whose significance will become clear in Observations

-B2

Cluster Cluster Cluster Cluster
name variables name variables
defA %2.2,%2,3, 3,2, N23 23 bedG T1,2,%2,1,%2,2, N12,12
efgA 223,732,233, A2z 23 abcG 11,%1,2,%2,1, A12.12
cdeA T2,1,%2,2, 22,3, A23.23 bdfG T1,2,T2,2,%32, A12,12
ceAB T,1,T2,3, A23 23, Aoz 13 bfEG T1,2,73,2, A13,12, A12,12
egAB 22,3, 3,3, No3 23, Ao3 13 abEG 1,1,%1,2, 13,12, A12,12
bdfA T12,%22, %32, Aa3 23 cdeG T2.1,%2.2, %23, A1212
bfAC %12,%32, No3 23, A13 23 ceFG Z2.1,%2,3, A12,13, A12,12
fgAC %32, %33, No3 23, A13.23 acFG 1,1, %2,1, 12,13, A12,12
ceBF Z21,%23, 23,13, A12.13 bfCE Z1.2,%3.2, A13 23, A13,12
acBF T11,%2.1, 00313, A12.13 fgCE %32, %33, A13,23, A13,12
egBF T,3,T3,3, A23,13, A12,13 abCE T1,1,71,2, A13,23, A13,12
aBDF 21,1, Ao313, A13,13, A12,13 gCDE 23,3, A13,23, A13,13, A13,12
gBDF %33, Nog 13, A1313, A12,13 aCDE 21,1, A13,23, A13,13, A13,12
becdA T1,2,%2,1,%2,2, A23.23 defG 722,723,732, Q1212
bcAp x1,2, 22,1, A23 23, Immo3 efGq 22,3, 3,2, A12,12, Imm; 39
bACp 21,2, A23,23, A13,23, Imma13 eFGq %23, A12,13, A12,12, Immy 3o
cABp %2,1,A23,23, Aoz 13, Immay3 fEGq 3,2, A13,12, A12,12, Immy 3o
ABCp | A3z 23, A2313, A3 23, Immy;3 EFGq | Ai3,12,A12,13, A12,12, Immy3o
gABC %33, Nog 23, Aoz 13, A13,23 aEFG 21,1, A13,12, A12,13, A12,12
abep T1,1,%1,2, 2,1, Immo3 efgq T2,3,T3,2, 3,3, [Imm132
acBp Z11,%2,1, 23,13, Immoy3 fgEq 3.2, %33, A13,12, Imm; 30
abCp Z1,1,%1,2, A13,23, Immo;3 egkq %23, %33, A12,13, Immy 30
aBCp 21,1, A23,13, A13,23, Imma;3 gEFq x3.3, A13,12, A12.13, Immy 3o
aBCD 21,1, A23,13, A13,23, A13,13 gDEF x3,3, A13.13, A13,12, A12,13
gBCD %33, Aoz 13, A13 23, A13,13 aDEF 21,1, A13,13, A13,12, A12,13

We define five more polynomials to be frozen variables,
Z1,3, A12,23, A123,123, Nog 12, T3, 1,

and define the union of these with any cluster to be an extended cluster. We define a cluster monomial to be
a product of nonnegative powers of cluster variables, and integer powers of frozen variables, all belonging
to the same extended cluster. We denote by M the subset of cluster monomials in which exponents of
frozen variables are nonnegative, i.e., the subset of cluster monomials belonging to Z[z1 1, ..., %3.3].

In contrast to [11, Fig. 8], we reserve the letters a,...,g, A,...,G for use as exponents of cluster
variables rather than using these to denote the cluster variables themselves. We will thus express each
cluster monomial having no frozen factors as

a b ,c .d e [ g A B C D E F G D q
5”1,1391,2%,1552,25”2,3393,2%,3A23,23A23,13A13,23A13,13A13,12A12,13A12,121mm2131mm312> 2)
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where at most four of the exponents a,...g, A ..., G, p, q are positive.

It is worth noting that each extended cluster provides a criterion for testing total positivity of a matrix
y in GL(3,C) or SL(3,C). Specifically, y is totally positive (all minors of y are positive) if and only if
each element of an (arbitrary) extended cluster evaluates positively on y. (See [2, Sec.2.4], [L1, Fig. 8].)
Of course, the inequality det(y) > 0 may be omitted for y € SL(3,C).

Observe that any permutation of x1 1, ..., z3 3 induces an automorphism of the ring Z[z1 1, ..., x3.3].
In particular, we will consider three natural permutations and the corresponding involutive automorphisms
defined by the usual matrix transposition 2 — 2, by matrix antitransposition 2 +— 2 (transposition
across the antidiagonal)

i
1,1 Ti2 T13 r3,3 T2,3 T13
T21 T22 T23 d=f xr32 T22 T12],
€
r31 T332 IT3;3 r31 T21 T1,1
and by the composition of these two maps = — 2™ = 2. We will use the same notation for the

automorphisms and for induced maps on sets F of polynomials,

f@) = fl@), fla)* = f@a)

def def

F={f@[f@) e F}, F' = {f@)"|f(z) € F}.
Observation 2.1 The maps C — C', C — C* are involutions on the set of clusters of Z[z1 1, . .., T3.3).
Proof: Omitted. a

Using the diagrams (I)) and the definition of modified triangulations of the octogon, we can identify
certain pairs of cluster variables which never appear together in a single cluster, and therefore never
appear together in a cluster monomial. In particular, we shall use the following facts.

Observation 2.2 A product x;, j, ¥, ;, of cluster variables is a cluster monomial if and only if we have
(i1 —i2)(j1 — j2) < 0.

Observation 2.3 Each product Ag;, i,y (j,,jo}Tir g1 @ Dgiy in) (51,42} Tia,jo Of cluster variables is a
cluster monomial.

3 A correspondence between cluster monomials and matrices

Let M be the set of cluster monomials of Z[xy 1,...,233]. Let Mats(N) be the set of 3 x 3 matrices
with entries in N, and let E; ; € Mat3(N) be the matrix whose (7, j) entry is 1 and whose other entries
are 0. Let ¢ : M — Mat3(N) be the map defined on cluster variables by

(A} e} (@) = By gy + -+ Big i
¢(Immgyy3(x)) = B2 + Eo 1 + E3 3,
gf)(lmmng(l’)) = E171 + E273 + E372,
and extended to cluster monomials in Z[z1 1,...,x33] by ¢(27" -+ 2") = e1d(z1) + -+ + €xd(z).

Employing a sequence of rather benign observations and propositions, we will show in Theorem [3.3] that
¢ is a bijection.
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By definition we have ¢(1) = 0, and it is clear that ¢ maps each cluster monomial of degree r in
the variables 1 1,...,%3 3 to a matrix whose entries sum to 7. It is also clear that ¢ commutes with
the transposition and antitransposition maps. To begin to establish that ¢ is a bijection, we partition the
fifty clusters into twelve blocks defined in terms of ¢. Specifically, each block consists of the clusters
C = {21, 22, 23, 24} with the property that for every cluster monomial Z = 2]' 25?25 z5* (which contains
no frozen factors) the matrix ¢(Z) has five specific entries which are equal to zero.

Two blocks of clusters produce cluster monomials Z for which the matrices ¢(Z) have the forms

000 * % 0
0* x|, * % 0| .
0 * * 000

Observation 3.1 Applying ¢ to the cluster monomials

mg,2$§,3x§,2A§13,237 $§,3$£72$§,3A§3,237 3)
we obtain the matrices
0 0 0 0 O 0
0 d+A e}, 0 A e
0 f A 0 f A+y

Conversely, if P € Matg(N) satisfies p1.1 = p1.2 = P13 = P21 = p31 = 0, then the unique cluster
monomial Z appearing in (EI) and satisfying $(Z) = P is given by the formula

d A .
7 — 332,2335,3335,2A23,23 ifp33 < P22,
= = :
z§,3x§,2$g,3A23,23 ifp2,2 <33,
where
A=min{ps2,p33}, d=pa2—A, g=p3z— A, e=pa3, f=p3o

Note that Observation does not assert the existence of a unique cluster monomial Z satifying ¢(Z) =
P for a matrix P of the stated form, except when Z is assumed to appear on the list (3). We in fact will
make the stronger assertion in Theorem [3.3]

Observation 3.2 Applying ¢ to the cluster monomials

b c d G a b c G
x1,2x2,1x2,2A12,127 x1,1x1,2x2,1A12,127 4)

we obtain matrices P satisfying p1 3 = p2.3 = p3.1 = P32 = ps,3 = 0. Conversely, if P € Mat3(N) has
the stated form then there is a unique cluster monomial Z in (EI) satisfying ¢(Z) = P.

Proof: Apply the antitransposition map to Observation [3.1] or use straightforward computation. O

Other blocks of clusters produce cluster monomials Z for which the matrices ¢(Z) have the forms

000 ] * 00
* ok ok |, s * ok k|
00 * ] 000

L
T

1T
* OO *¥ OO *¥ ¥ O OO0
)
1T
OO*x OOx OO¥% OO0
* OO ¥ %¥O *¥O* * % %

1T 1
O%x ¥ O¥xO O% % OO*%

CO% O% ¥ OO0 * % %
*¥*¥0O OO OO0 % OO
|

T
L
T
L
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Applying ¢ to cluster monomials from these clusters, we obtain formulae similar to those in Observa-
tion Combining these formulae and paying attention to matrices with more than five entries equal to
zero which are described by more than one of the forms above, we have the following.

Theorem 3.3 Forany P € Mats(N), there is a unique cluster monomial Z = 27" - - - z2;* with ey, ... € >

0 satisfying ¢(Z) = P.

Proof: Omitted. U
We now have a well-defined map ¢! : Mat3(N) — M which associates a cluster monomial to every

matrix in Mat3(N). To compute ¢! (P), we first define numbers h, i, H, I, J by

i=p13, h=ps1, H=min{pi2,p23}, I=min{ps1,p32},

. (5)
J = mm{pl,hpz,za P3,3}7

and define a cluster monomial Y by ¥ = x’iygaz’gﬁlAﬁBAég’wdetJ. Then we define the matrix
H i
J H
I J

J
Q=P—|I
h
and use Observation and similar formulae to compute a second cluster monomial X = ¢~ 1(Q).
Finally, we have ¢~1(P) = XY.

4 Comparison of three bases of Z[z1 1, ..., 3 3]

The bijection given in Theorem is closely related to a multigrading of the ring Z[z1 1, ..., z3 3] and
to two bases known as the natural basis and dual canonical basis. Using a well-known description of the
natural basis in terms of Mat3(N), we will show in Theorem that the set M of cluster monomials
is a basis as well. (The fact that M is a basis also follows from a more general unpublished result of
Fomin and Zelevinsky [[15]. Linear independence was established in [[16, Thm. 11.2].) Furthermore, we
will show in Theorems [4.2] [4.3] [.4] that all three bases are related by unitriangular transition matrices,
and will state a conjectured formula relating the cluster and dual canonical bases in Corollary [4.5]
Of course Z[x1 1, . . . , T3 3] has a natural grading by degree,

Zlxia,...,x33] = @Ar,

r>0
where A, is the Z-span of all monomials of total degree r, and the natural basis of Z[x1 1,...,x33]isa
disjoint union
{2 28% (a1, ass) € N} = | J{afy - a5% Jara + -+ azs =1}

r>0

of bases of {A, | > 0}. Partially ordering monomials by weighting the variables x1 2, 2.3, T2 1, 3.2
more heavily than x; 3, 31 and weighting 21 1, 2 2, 33 more heavily still, one observes the leading



466 Mark Skandera

term in the natural expansion of each cluster monomial Z in A, to have coefficient 1 and exponents equal
to the entries of ¢(Z). This fact then implies .4, N M to be a Z-basis of A, and provides a unitriangular
transition matrix relating this basis to the natural basis. Rather than using this point of view however, we

will consider a coarser (than N?) grading of Zlx11,...,x33] and a different partial order on monomials
which will illuminate connections between the cluster basis, dual canonical basis and symmetric groups.
Each homogeneous component A, of Z[x1 1,...,xs,3] may be further decomposed by considering

multisets M = (m(1),...,m(r)), N = (n(1),...,n(r)) of integers

m(1)

n(1)

m(r) <3,

<
<---<n(r)<3.

IN N
VANVN

1
1
In particular we have the multigrading

A= B Auw,
M,N
|M|=|N|=r
where Ay n is the linear span of monomials whose row indices and column indices are given by the
multisets M and N, respectively. We will say that an element of Ay v is homogeneous of multidegree
(M,N). If @« = (o, 9, 3) and 8 = (01, B2, B3) are the multiplicities with which 1, 2, 3 appear in M

and N respectively, we will sometimes write M = 1%12923% N = 171272305 Just as the Z-graded
components A, and A, satisfy A, A; C A, the multigraded components Ay n and Ay nv satisfy

Ay v Ane v C Anvunmr, Nunv,
where U denotes the multiset union of two multisets,

1041 2&2 3(13 U] 10/1 20/2304,3 Cif 1(11 +a'1 2a2+a'23a3+aé . (6)

Given two multisets
M = (m(1),...,m(r)) = 19124233,

(7
N = (n(1),...,n(r)) = 19120235
define the Young subgroups S, and Sg of the symmetric group .S, by
SO‘ = S[lval] x 5[061+1,0¢1+062] X S[Oél-’r(!g-‘rl,?“]u
S8 = S[1,61] X S[g1+1,814+82] X S[61+B2+1.r]>
where S|; ;1 is the subgroup of S, generated by the adjacent transpositions s;, ..., s;—1. These Young

subgroups decompose S, as a disjoint union of double cosets of the form S,vSg. Letting A(r, o, 3) be
the set of Bruhat maximal representatives, i.e., permutations v € S, satisfying uv < v for all u € S,, and
v > vw for all w € Sg, we may write

Se=|J  SavSs

veA(r,a,3)
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(See [4], [18] for more information on the Bruhat order of .S,..) Given a permutation v = vy - - - v, in S,
and an r x r matrix y = (y1.1, . .., Yr,r), we define

yv =Yiv, " Yrw,.-

In particular, we will apply this notation to the generalized submatrix x ;N of x, defined by

Tm(1),;n(1) " Tm(1),n(r)
Tm(2),n(1) "~ Tm(2),n(r)
TMN = . ;
def
Tm(r),n(1)  “°° Tm(r),n(r)

to express the natural basis of Ay n as {(zarn) |v € A(r, o, 5) }.

It is well known that double cosets {S,vSg|v € A(3,a, )} correspond bijectively to matrices in
Mat3(N) having row sums « and column sums 3. (See, e.g., [19], [27, Sec.7.11].) In particular, given
a permutation v = v --- v, and r-element multisets M, N as in define the matrix Dy n(v) =
(d11,...,ds )by letting d; ; be the number of letters appearing in positions cq +- - -+c;—1+1,..., a1+
-+ -+ of v and having value in the range 51+ - -+ 5;_1+1,..., B1+- - -+3;. The coset S,vS3 consists
of all permutations w with Dy v (w) = Dy n(v). In this case, it is easy to see that (zar, n)™ = (zar,n)°.
Conversely, given a matrix P € Mats(N) having row sums « and column sums 3, letr = a1 +as+ag =
B1 + B2 + B3 and define ¥ (P) to be the maximal element of A(r, a, 3).

The homogeneity of the cluster variables ensures that each cluster monomial too is homogeneous with
respect to our multigrading of Z[z1 1, . .., z3 3]. For example, the cluster monomial

2 2 3
75 172,308023 13075 1377 30123 123,

which is a product of cluster variables belonging to the cluster ceBF and of frozen variables x; 3, A123,123,
belongs to A,z v, where M = 162732 N = 16238, Furthermore, we have the following.

Proposition 4.1 Let the cluster monomial Z belong to Anr n for some r-element multisets M = 191292393,
N = 191272353 Then the row sums of ¢(Z) and column sums of $(Z) are o and 3, respectively.

Proof: Omitted. a
We now express cluster monomials in terms of the natural basis.
Theorem 4.2 Let the cluster monomial Z belong to Apy n for some r-element multisets M = 1127233,

N = 151282302 and define the permutation v = 1 (¢(Z)) in S,. Then we have

Z = Z Co,w(@ar,n)", ¥

weA(r,a,8)
w>v

where {c, ., } are integers with ¢, , = 1.

Proof: Omitted. O

We now can deduce that the set M of cluster monomials of Z[x1 1,...,x3,3] forms a Z-basis of
Z[zr1 1, - .., x33]. More specifically, we have the following.
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Theorem 4.3 Let M = 1%12923% N = 101202355 pe r-element multisets of {1,2,3}. Then the set of
cluster monomials Z for which ¢(Z) has row sums o and column sums 3 forms a basis for Ay n.

Proof: Omitted. O

Another basis of Z[z1 1, ..., x3 3] which arises often in physics and representation theory is the dual
canonical or crystal basis, introduced independently by Lusztig [23]] and Kashiwara [20]]. Popular because
it facilitates the construction of irreducible modules for quantum groups, the basis unfortunately has no
known elementary description. We shall express this basis as

U U {Imm, (zp,n) |v € Alr,, 8)},

r>0 M,N

where M, N are r-element multisets of {1, 2,3} and «, (3 are related to these as before.
Du [7] has shown that the basis elements expand in terms of the natural basis as

Imm, (zarn) = (=D TOQuB M)l - ahy, ©)
wEA(;,a,ﬁ)

where { Qﬁ‘;g |v,w € A(r, , )} are polynomials in a single variable, with integer coefficients, and which
are identically 1 when v = w. These in turn are equal to alternating sums of inverse Kazhdan-Lusztig
polynomials, defined recursively in [21] or by alternating sums of other polynomials in [5]. Alternatively,

we have the formula [26]

Imm, (zp,n) = Z (=) Qo (1) (war,n)™,
wEeS,
w>v
which also relies on the inverse Kazhdan-Lusztig polynomials {Q,, ., | v, w € S, }.
Since combinatorial interpretations of cluster monomials follow immediately from [22] and [25], it
would be interesting to have exact formulae for the entries of the transition matrix relating the cluster and
dual canonical bases. The following result gives evidence in favor of a simple formula.

Theorem 4.4 Let M = 1212923% N = 19120235 be r-element multisets of {1,2,3}. Then the transi-
tion matrix relating the cluster basis and dual canonical basis of Ayr, N is unitriangular. In particular we
have
Z = Z dv,wlmmw(xl\/I,N)y
weA(r,a,0)
w>v

where v = v(Z) = Y(¢(Z)) and the coefficients {d, ., |v,w € A(r,a, 3)} are nonnegative integers
satisfying d, , = 1.

Proof: Omitted. o

An exact formula for the coefficients d, ,, in the above theorem is not known. Fomin and Zelevinsky [9]
conjecture that we have d,, ,, = 0 for v # w, equivalently, that the cluster basis and dual canonical basis
for Z[xm, . ,x373} are the same. If this conjecture is true, then we have an explicit formula for the
factorization of dual canonical basis elements as products of cluster variables.
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Corollary 4.5 If the dual canonical basis and cluster basis of Z|x1 1, . . ., x3 3] are equal, then for each
pair (M, N) of r-element subsets of {1, ...,n} and each permutation v € A(r, o, 3) we have

Immv(mM,N) = ¢71(DM7N(U)). (10)

As we have mentioned, the most obvious generalization of Theoremto thering Z[z11,. .., Tnnl IS
known to be false for n > 4. While it would be interesting to understand the failure of this generalization,
the relevant cluster algebras present something of an obstacle: for each n > 4, the appropriate sets of
cluster variables and clusters are infinite. Nevertheless, it may be possible to use cluster monomials and
other polynomials to describe the irreducible factorization of elements of the dual canonical basis of
Z[x11,- .., %y n for some fixed n > 4.
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