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Classification of bijections between
321- and 132-avoiding permutations’

Anders Claesson and Sergey Kitaev

The Mathematics Institute, Reykjavik University, Kringlg 103 Reykjavik, Iceland

Abstract. It is well-known, and was first established by Knuth in 1988ttthe number 0$21-avoiding permuta-
tions is equal to that of 32-avoiding permutations. In the literature one can find maryssquent bijective proofs
confirming this fact. It turns out that some of the publishgddbions can easily be obtained from others. In this
paper we describe all bijections we were able to find in tleediure and we show how they are related to each other
(via “trivial” bijections). Thus, we give a comprehensivergey and a systematic analysis of these bijections. We
also analyze how many permutation statistics (from a fixetlJdrge, set of statistics) each of the known bijections
preserves, obtaining substantial extensions of knowriteesu

We also give a recursive description of the algorithmicdiif given by Richards in 1988 (combined with a bijection
by Knuth from 1969). This bijection is equivalent to the debged bijection of Simion and Schmidt (1985), as well
as to the bijection given by Krattenthaler in 2001, and ipeeds 11 statistics (the largest number of statistics any of
the bijections respect).

Keywords: bijection, permutation statistics, equidistributionftpen avoidance, Catalan structures

1 Introduction

Given two different bijections between two sets of combanial objects, what does it mean to say that
one bijection is better than the other? Perhaps, a reasoaablver would be “The one that is easier
to describe.” While the ease of description and how easytd {grove properties of the bijection using
the description is one aspect to consider, an even more targa@spect, in our opinion, is how well the
bijection reflects and translates properties of elementiseofespective sets.

A natural measure for a bijection between two sets of pertiouts, then, is how many statistics the
bijection preserves. Obviously, we don’'t have an exhaedist of permutation statistics, but we have
used the following list as our “base” set:

asc, des, exc, Idr, rdr, lir, rir, zeil, comp, Imax, Imin, rmax, rmin,

head, last, peak, valley, lds, lis, rank, cyc, fp, slmax .

TThe research presented here was supported by grant no.5IBIfom the Icelandic Research Fund

1365-80500) 2008 Discrete Mathematics and Theoretical Computer Sei@dMTCS), Nancy, France
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These are defined in Section 2. To make sure we find all statifiat a given bijection “essentially”
preserves, we include in our list of statistics those thatabtained from our “basic” statistics by ap-
plying to them thetrivial bijections on permutationsréverse=r complement=gcinverse=) and their
compositions. Moreover, for each statistic, stat, in thiteeded list we consider two other statistics:
n-stafr) = n — sta(n) and m-statr) = n + 1 — stair), wheren is the length of the permutation. The
meaning of n-stat or m-stat is often “non-stat”; for exampkép counts non-fixedpoints.

This way each basic statistic gives rise to 24 statistice ddse set contains 23 statistics, giving a total
of 552 statistics. There are, however, many statisticsah bt that are equal as functions; for instance,
des = asc.r, andpeak = peak.r = valley.c (we use a dot to denote composition of functions). Choosing
one representative from each of the classes of equal Etstissults in a final set of90 statistics; we
call this setSTAT. In practice we settled for “empirical equality” when puagitogethelSTAT: we
considered two statistics equal if they gave the same valud 914 permutations of length at most 7.

In the theorems below, the statistics presented are lipegatependent, and the results are maximal in
that they cannot be non-trivially extended using statistiom STAT. That is, adding one more pair of
equidistributed statistics frol®TAT to any of the results would create a linear dependency antang t
statistics.

A permutationt = ajas...a, avoids thepattern321 if there are no indices < j < k such that
ar < aj < a;. ltavoids 132 if there are no indicés< j < k such that; < a, < a;. Avoidance of other
patterns is defined similarly.

Knuth (6; 7) showed that the number of permutations avoidir[gattern of length 3 is independent
of the pattern. This number is theth Catalan numberC, ﬁ(%) To prove this it suffices,
due to symmetry, to consider one representative f{d2s, 321} and one from{132, 231, 213, 312}.
The symmetry also means that to prove this bijectively, ffices to find a bijection from the set of
permutations avoiding a pattern in one of the classes toyt@tions avoiding a pattern in the other. This
turns out to be a rather complicated problem. Several asithave, however, succeeded in doing so
(4;5; 8;10; 11, 13; 14; 15); we describe all those bijectionSection 3. The following result shows that
many of these bijections are “trivially” related:

Theorem 1 The following relations among bijections betwe&2n- and132-avoiding permutations hold:

reverse o ™! = inverse o Simion-Schmidt o reverse
= inverse o Krattenthaler o reverse o inverse
= inverse o reverse o Mansour-Deng-Du
= Knuth-Richards™! o reverse
and

Reifegerste = inverse o Knuth-Rotem o inverse.

In the theorem below we regard all bijections as bijectionaf321- to 132-avoiding permutations; we
apply trivial transformations if a bijection has a diffetelomain or codomain, see Theorem 1 above.

Theorem 2 For bijections from 321- to 132-avoiding permutations weédthe following equidistribution
results. These results are maximal in the sense that thayotée non-trivially extended by other statistics
from STAT.
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(11) @, Knuth-Richards, Krattenthaler, Mansour-Deng-Du, Simion-Schmidt

peak.i wvalley rank.r comp liri rir last exc slmax.r.c slmax.i head.i
valley wvalley.i rank  rmax 1dr 1dr.i head.i asc lir.i lir Imax

(9) Knuth-Rotem, Reifegerste

valley peak.i exc slmax.i head.i slmax.r.c rir liri last
valley valley.i des zeil ldr rdr rmin lmax m-ldr.i
(7) West

peak.i exc slmax.i slmax.r.c rir liri last

valley.i asc lir.i comp rmax ldr.i head

(5) Knuth

exc fp liri lir lis

exc fp rmin Imax n-rank

(1) Elizalde-Deutsch

fp
fp

In Section 2 we define the relevant statistics; in Section 3lesxribe the bijections; and in Section 4
we give a new recursive description of the bijection by Knaidl Richards.

2 Permutation statistics

Let us define:

asc = number of ascents (elements followed by a larger element);

comp = number of components (ways of factoring= o7 so that each letter i #~ € is smaller than
each letter inr);

des = number of descents (elements followed by a smaller element)

exc = number of excedances (positionis 7 such thatr (i) > 7);
fp = number of fixed points (positiorign = such thatr (i) = i);

head = first (leftmost) element;

last = last (rightmost) element;

ldr = length of the leftmost decreasing r@largest such thatr(1) > 7 (2) > --- > 7(i));
lds = length of the longest decreasing sequence in a permutation;
lir = length of the leftmost increasing rutargest such thatr(1) < 7(2) < --- < n(i));
lis = length of the longest increasing sequence in a permutation;

lmax = number of left-to-right maxima (number of indicgsn {1,...,n} such thatr(i) < = (j)
whenever < i < j);
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lmin = number of left-to-right minima (number of indicgsin {1,...,n} such thatr(i) > = (j)
whenever < i < j);
peak = number of peaks (positiorisn 7 such thatr(: — 1) < 7 (i) > 7(i + 1));
rank = largestk such thatr(i) > & for all i < k (see (5));
rdr = lir.r = length of the rightmost decreasing run;
rmax = nhumber of right-to-left maxima;
rmin = number of right-to-left minima;
rir = 1dr.r = length of the rightmost increasing run;
slmax = largesti such thatr(1) > #(1), (1) > 7(2), ...,w(1) > = (i) (the number of elements to
the left of second left-to-right maximum io);
valley = number of valleys (positionsin = such thatr(i — 1) > 7(¢) < w(i + 1));
zeil = length of the longest subsequende — 1) .. .4 in a lengthn permutation (see (16)).

Let us also describe some of the derived statistics:

comp.r = humber of reverse components (ways of factoring= o7 so that each letter i # ¢ is
larger than each letter in);

head.i = position of the smallest element;
last.i = position of the largest element;
liri = zeil.c = largesti such thati2. .. is a subsequence it
peak.i = number of letters to the right of bothu — 1 anda + 1;
valley.i = number of letters to the left of bothw — 1 anda + 1.

3 Bijections in the literature

In this section we describe the bijections, and we try to stage to the original sources when doing so.
In what followsS,, (7) is the set ofr-avoiding permutations of length, andD,, is the set of Dyck paths
of length2n.

3.1 Knuth’s bijection, 1973

Knuth (6, pp. 242-243) gives a bijection fra3th2-avoiding permutations to “stack words”. Formulated
a bit differently, it amounts to a bijection froi82-avoiding permutations to Dyck paths. Knuth (7, pp.
60-61) also gives a bijection frof21-avoiding permutations to Dyck paths. By letting permutasi that
are mapped to the same Dyck path correspond to each othesctidnij betweer321- and132-avoiding
permutation is obtained—we call it Knuth's bijection.

We start by describing the bijection fro32-avoiding permutations to Dyck paths. We shall refer
to it as thestandard bijection (This bijection is the same as the one given by Krattenth@g who,
however, gives a non-recursive description of it; see 8r@i6.) Letr = wrnmr be al32-avoiding
permutation of length. Each element of ;. is larger than any element af;, or else al 32 pattern would
be formed. We define the standard bijectjorecursively byf (7) = uf (71)df (rr) andf(e) = e. Here,
and elsewhere, denotes the empty word/permutation. Thus, under the stdiijaction, the position of
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the largest element in B82-avoiding permutation determines the first returmtaxis and vice versa. For
instance,

F(7564213) = udf (564213) = uduf(5)df (4213) = uduuddudf (213)
= uduuddudu f (21)d = uduudduduududd = /\//\N/.\/\

As mentioned, Knuth also gives a bijection fr@®1-avoiding permutations to Dyck paths: Given a
321-avoiding permutation, start by applying tRebinson-Schensted-Knuth correspondencie. This
classic correspondence gives a bijection between periosat of lengthn and pairg P, ) of standard
Young tableauxf the same shapk - n. As is well known, the length of the longest decreasing subse
guence inr corresponds to the number of rowsi(or ). Thus, for321-avoiding permutations, the
tableauxP and@ have at most two rows.

Theinsertion tableauP is obtained by reading = a;a- . ..a, from left to right and, at each step,
insertinga; to the partial tableau obtained thus far. Assume that, ..., a;_; have been inserted. If
a; is larger than all the elements in the first row of the currabtdau, place; at the end of the first row.
Otherwise, letn be the leftmost element in the first row that is larger thanPlacea; in the square that
is occupied byn, and placen at the end of the second row. Theeording tableaw has the same shape
asP and is obtained by placing for ¢ from 1 to n, in the position of the square that in the construction
of P was created at stepgwhena; was inserted). For example, the pair of tableaux correspgrtd the
321-avoiding permutatioB156247 we get by the following sequence of insertions:

1)1 15 |13 156 | 134
(== (5]2)- (52 )~ (5]2)
126 | 134 124|134 1247 | 1347
—\35 |25 ) 7\ 356|256/ "\ 35 |256 |-

The pair of tableauxP, @) is then turned into a Dyck patb. The first half,A, of the Dyck path we
get by recording, fo from 1 to n, an up-step if is in the first row of P, and a down-step if it is in the
second row. Lef3 be the word obtained frorf) in the same way but interchanging the rolesiandd.
ThenD = AB" whereB" is the reverse oB3. Continuing with the example above we get

D= A A

Elizalde and Pak (5) use this bijection together with a sligbdification of the standard bijection to
give a combinatorial proof of a generalization of the rebylRobertson et al. (12) that fixed points have
the same distribution of23- and132-avoiding permutations. The modification they use is to cttlee
Dyck path obtained from the standard bijection with respecthe vertical line crossing the path in the
middle. (Alternatively, the path can be read from the peatioh diagram as described in (5).) We follow
Elizalde and Pak and apply the same modification. After réflecthe pathf(7564213) above is the
same as the path in the preceding example. Thus the image ofib&-avoiding permutatio3156247
under what we call Knuth’s bijection is tH&82-avoiding permutation564213.
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3.2 Knuth-Rotem’s bijection, 1975

Rotem (13) gives a bijection between 321-avoiding pernmriatand Dyck paths (described below). Com-
bining it with the standard bijection gives a bijection fré2i - to 132-avoiding permutations—we call it
Knuth-Rotem’s bijection

A ballot-sequence; b . . . b, satisfiedh; < by <--- <b,and0 <b; <i—1,fori=1,2,... n. Let
T = p1p2 . .. pp e @321-avoiding permutation. From it we construct a ballot-semes: Leth; = 0. For
1=2,...,n,letb; = b;_4 if p; is a left-to-right maximum inr, and leth; = p; otherwise.

For the permutatiom = 2513476 we get the ballot-sequence813446. This sequence we represent
by a “bar-diagram”, which in turn can be viewed as a lattictgeom (0, 0) to (7, 7):

7 7

6 M 6 Rotating that path counter
5 5 clockwise by 37 /4 radians
4 ——o—o 4 we get

3 — 3

X X AINAN,

1 — 1

0 e—eo—e 0

In the previous subsection we saw that this patli(i&564213) where f is the standard bijection. Thus
the image of thg21-avoiding permutatior2513476 under Knuth-Rotem’s bijection is thi32-avoiding
permutatiorir564213.

3.3 Simion-Schmidt’s bijection, 1985

Input: A permutatior = ajaz ..., a, inS,(123).
Output: A permutation = cycy .. . ¢, in S, (132).

1 c1:=a1;T:=a

2 fori=2,...,n:

3 ifoa; <

4 Ci = a;, T = a;

5 el se:

6 ¢ =min{k|z <k<n, k#c;foralj<i}

The mapo — 7 defined by this algorithm is the Simion-Schmidt bijectiod)1 As an example, the
123-avoiding permutatio743152 maps to the 32-avoiding permutatiold743125.

3.4 Knuth-Richards’ bijection, 1988

Richards’ bijection (11) from Dyck paths i@3-avoiding permutations is given by this algorithm:
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Input: A Dyck pathP = b1bs . . . bay,.
Output: A permutatiomr = ajas ... a, In S, (123).

1 r=n+1;s:=n+1;5:=1

2 fori=1,...,n:

3 i f b;is an up-step:

4 repeat s:=s—1;j:=j+1until b;is adown-step
5 as : =1

6 el se:

7 repeat r:=r—1until a,isunset

8 ay =1

9 j=7+1

The Knuth-Richards bijection, frof,, (132) to S,,(123), is defined byKnuth-Richards = Richardsof,
where f is the standard bijection frorh32-avoiding permutations to Dyck paths, aRdchards is the
algorithm just described. As an example, applying Knutbhards’ bijection t&743125 yields5743612.

3.5 West’s bijection, 1995

West'’s bijection (15) is induced by an isomorphism betwgenerating treesThe two isomorphic trees
generate 123- and 132-avoiding permutations, respegtiViég give a brief description of that bijection:
Given a permutation = p1ps ... p,_1 and a positive integer< n, letm® = p; ... pi_1 " D; ... Pn_1;
we call thisinsertingn into sitei. With respect to a fixed patternwe call sitei of 7 in S,,—1 (7) activeif
the insertion of into sitei creates a permutation &, (7).

Fori = 0,...,n — 1, leta;+1 be the number of active sites in the permutation obtainewh froby
removing the; largest elements. Thaignatureof = is the wordaga; . .. a,—1. West (15) showed that
for 123-avoiding permutations, as well as fo32-avoiding permutations, the signature determines the
permutation uniquely. This induces a natural bijectiorween the two sets. For example, th23-
avoiding permutation36142 corresponds to the32-avoiding permutatios34612—both have the same
signature343322.

3.6 Krattenthaler’s bijection, 2001

Krattenthaler's bijection (8) uses Dyck paths as intermtedobjects. Permutations that are mapped to the
same Dyck path correspond to each other under this bijection

The first part of Krattenthaler’s bijection goes frdi28-avoiding permutations to Dyck paths. Reading
right to left, let the right-to-left maxima im be m, mo, ..., ms, so thatr = wyms ... wamowimy,
wherew; is the subword ofr in betweenm;,; andm;. Sincer is 123-avoiding, the elements iw; are
in decreasing order. Moreover, all elementswpfare smaller than those af; ;.

Readr from right to left. Any right-to-left maximumn; is translated inton; — m;_, up-steps (with
mo = 0). Any subwordw; is translated intdw;| + 1 down-steps, wher@w;| denotes the number of
elements ofv;. Finally, the resulting path is reflected in a vertical linedugh the center of the path.

The second part of Krattenthaler’s bijection goes fri3#-avoiding permutations to Dyck paths. Read
T = p1ip2 ... pn i S, (132) from left to right and generate a Dyck path. Whenis read, adjoin, to the
path obtained thus far, as many up-steps as necessary totre@hth; + 1, followed by a down-step
to heighth; (measured from the-axis); hereh; is the number of elements im;1; ... p, which are
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larger tharp;. This procedure can be shown to be equivalent to the stamgantion from132-avoiding
permutations to Dyck paths.

For instance, Krattenthaler’s bijection sends the pertiart&36142 in Sg(123) to the permutaion
452316 in Sg(132)—both map to the same Dyck patbhyudduuddudd.

3.7 Reifegerste’s bijection, 2002

12345678

This figure illustrates Reifegerste’s bijection (10). Ittpires the321-
avoiding permutatiom = 13256847 and thel32-avoiding permutation

7w = 78564213, two permutations that correspond to each other under
that bijection.

Letw = ajas .. .a, be a321-avoiding permutation, and léf be the set
of pairs

ONO U WN P

E = {(i,a;) | i is an excedence

For each paifi, a;) in E, we place a square, called &hsquare in position(i,n + 1 — a;) inann x n
permutation matrix (£ uniquely determines.) Next we shade each squdge b) of the matrix where
there are ndz-squares in the regiof(i, j) | i« > a, j > b}, thus obtaining derrer’s diagram Finally,
we get thel 32-avoiding permutatiorr’ corresponding ter by placing dots (circles), row by row starting
from the first row, in the leftmost available shaded squaoh shat there are no two dots in any column
or row. If (¢, j) contains a dot, then’ (i) = j.

3.8 Elizalde-Deutsch’s bijection, 2003

Here is an outline of a bijection by Elizalde and Deutsch (ap 321- and 132-avoiding permutation
bijectively to Dyck paths; use an automorphighon Dyck paths; and match permutations with equal
paths.

We start by describing the automorphidm Let P be a Dyck path of lengtBn. Each up-step of
has a corresponding down-step in the sense that the patledretive up-step and the down-step form a
proper Dyck path. Match such pairs of steps. &éh Ss,, be the permutation defined by = (i + 1)/2
if < is odd, ando; = 2n + 1 — i/2 otherwise. For from 1 to 2n, consider thes;-th step ofP. If
the corresponding matching step has not yet been read, dbérigh step of¥U(P) to be an up-step,
otherwise let it be a down-step. For exampl€nuduudududddud) = vuuddduduuddud.

The bijectiony from 321-avoiding permutations t®,, is defined as follows. Any permutatienin S,
can be represented as@ax n array with crosses in the squarésr(¢)). Given the array of in S,,(321),
consider the path witdown-andright-steps along the edges of the squares that goes from the lgfiper-
corner to the lower-right corner of the array leaving all tnesses to the right and remaining always as
close to the main diagonal as possible. Then the correspgmjck path is obtained from this path by
reading an up-step every time the path moves down, and a dteprevery time the path moves to the
right. For exampley)(2314657) = wuduudududddud.

The bijectiong from 132-avoiding permutations t®,, is the standard bijection followed by a reflection
of the path with respect to a vertical line through the midafi¢he path. For example)(7432516) =
wuduudududddud.
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P N WA

2R

0 1 2 3 45 6 7 8 9 1011 12 13 14 15 16 17 18 19 20 21 22
Fig. 1:

The Elizalde-Deutsch bijection is defined Bjizalde-Deutsch = ¢~ o ¥ 1 0 4. As an example, it
send2314657 to 2314657.

3.9 Mansour-Deng-Du’s bijection, 2006

Let: be a positive integer smaller than Lets; : S,, — S, act on permutations by interchanging the
elements in positionsand: + 1. We calls; asimple transpositionand write the action of; asws;. So,
m(sis;) = (ms;)s;. For any permutation of lengthn, thecanonical reduced decompositiofr is

7= (12...n)0 = (12...n)o102...0%,

whereo; = sp,Sh;—1-..8t;,, hi > t;, 1 <i < kandl < h; < hg <--- < hx < n— 1. For example,
415263 = (838281)(8483)(85).

Mansour, Deng and Du (9) use canonical reduced decompasitdbconstruct a bijection between
S,(321) andS,,(231). They show that a permutation3&1-avoiding precicely whem; > ¢;_1 + 1 for
2 <4 <k (9, Thm. 2). They also show that a permutatio23d-avoiding precicely whewn;, > ¢,_, or
t; > hi—j+2for2 <i <kandl <j <i—1(9, Thm 15). Using these two theorems they build their
bijection, which is composed of two bijections: one fréiy(321) to D,,, and one frons,,(231) to D,,.

For a Dyck pathP, we define thex + y)-labelling of P as follows: each cell in the region enclosed
by P and thez-axis, whose corner points af& j), (i + 1,5 — 1), (i +2,7) and(i + 1, + 1) is labelled
by (i +5)/2. If (i — 1,5 — 1) and(¢, j) are starting points of two consecutive up-steps, then weteal
cell with leftmost corneri, j) anessential celnd the up-stef(i — 1,5 — 1), (z,4)) its left arm We
define thezigzag stripof P as follows: If there is no essential cell i, then the zigzag strip is simply
the empty set. Otherwise, we define the zigzag strip @fs the border strip that begins at the rightmost
essential cell. For example, the zigzag strip of the Dyck patluuududddudduduuddud in Figure 1 is
the shaded cell labelled by 9, while for the Dyck pathiuuududdd (obtained from that in Figure 1 by
ignoring the steps5 to 22) the zigzag strip is the shaded connected cells labelled By4, 5 and6.

Let P, ,, be a Dyck path of semilength containingk essential cells. We define isgzag decompo-
sition as follows: The zigzag decomposition Bf, , is the empty set. The zigzag decompositioraf;
is the zigzag strip. Ik > 2, then we decomposk, , = P, ,—1Q, where( is the zigzag strip of, j
andP, ,_, is the Dyck path obtained fron? by deleting(). Reading the labels @ from left to right,
ignoring repetitions, we get a sequence of numBeérs+ 1, .. ., j}, and we associat@ with the sequence
of simple decompositions;, = s;s;_1...s;. ForP, ; with i < k — 1 repeat the above procedure to get
Ok-1, ..., 02, 01. The zigzag decomposition 1, j, is then given by = 104 ... 0.

From the zigzag decomposition we getzl-avoiding permutatiom = (12...n)o whose canonical
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P N WA

0 1 2 3 456 7 8 9 1011 12 13 14 15 16 17 18 19 20 21 22
Fig. 2:

reduced decompositionis For the Dyck pathP;; 4 in Figure 1 we have

o = (s35281)(5453)(868554)(89)

and the corresponding permutationSp (321) is (4,1,5,7,2,3,6,8,10,9,11).

We will now describe a map from Dyck paths to 231-avoidingypatations. For a Dyck patk, we
define(x — y)-labelling of P as follows (this labelling seems to be considered for the fiitse in (1)):
each cell in the region enclosed Byand ther-axis, whose corner points afg j), (i+1,5—1), (i+2,5)
and(i+1,5+1) is labelled by(i — j +2) /2. We define thérapezoidal stripof P as follows: If there is no
essential cell inP, then the trapezoidal strip is simply the empty set. Othsewive define the trapezoidal
strip of P as the horizontal strip that touches thexis and starts at the rightmost essential cell. For
example, the trapezoidal strip of the Dyck pattduuududddudduduuddud in Figure 2 is the shaded
cell labelled by9, while for the Dyck pathiuduuududdd (obtained from that in Figure 2 by ignoring the
stepsl5 to 22) the zigzag strip is the downmost shaded strip with labes 3, 4, 5 and®6.

Let P, 1, be a Dyck path of semilengthcontainingk essential cells. We define itsipezoidal decom-
positionas follows: The trapezoidal decompositionfof , is the empty set. The trapezoidal decomposi-
tion of P, ; is the trapezoidal strip. I > 2, then we decomposk, ; into P, , = Q1uQ2d, whereu is
the left arm of the rightmost essential cell that touchesitasis, d is the last down step a?,, ., andQ;
and(@), carry the labels irP, . Reading the labels of the trapezoidal stripf$f, from left to right we
get a sequencgi,i+ 1,...,5}, and we seby, = s;s,_1 ...s;. Repeat the above procedure &r and
Q2. Suppose the trapezoidal decompositio@efand(), ares’ ands” respectively, then the trapezoidal
decomposition folP,, i, is o = 0’0" oy,.

From the trapezoidal decomposition we géBa-avoiding permutatiomr = (12...n)o whose canon-
ical reduced decompositiondés For the Dyck pathP;; 4 in Figure 2 we have

o = (8382)(848352)(868554535251)(S9)

and the corresponding permutationSp (231) is (7,1, 5,4,2,3,6,8,10,9,11).
The two maps involving Dyck paths described in this subseeadtiduce a bijection from 321-avoiding
to 231-avoiding permutations.

4 A recursive description of Knuth-Richards’ bijection

We call a permutatiom indecomposablé comp(w) = 1; otherwise we callr decomposableEquiva-
lently, if we define the sun® on permutations by @ 7 = o7/, wherer’ is obtained fromr by adding
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|o| to each of its letters, then a permutation is indecomposdaltleannot be written as the sum of two
nonempty permutations.

We shall describe, separately f281- and321-avoiding permutations, how to generate the indecom-
posable permutations, thus inducing a bijection we @all

For a permutation of length to be 231-avoiding everything to the left ofi has to be smaller than
anything to the right of.. Clearly, if there is at least one element to the lefupthen the permutation
is decomposable (everything to the rightsaf includingn, would form the last component). Thus a
231-avoiding permutation of length is indecomposable if and only if it starts with

To build an indecomposab#31-avoiding permutation of length from a231-avoiding permutation of
lengthn — 1 we simply prepenék. Let us call this maje. For instanceq(2134) = 52134.

Givenk indecomposabl231-avoiding permutations; , 73, .. ., 7, we build the corresponding permu-
tation by summingr; @me®- - -Emi. Givenk indecomposablg21-avoiding permutations; , s, . . ., Tk
we build the corresponding permutation by summing in reversler:my, @ w1 @& -+ - O 1.

Here is how we build an indecomposabid -avoiding permutation’ of lengthn from a321-avoiding
permutationr of lengthn — 1:

= 2413 5[7]6[9]s
2 4[10]1 3 5[7]6[9]s
=2 4[7]1 3 5[9]6[10]8

In the first row we box the left-to-right maxima to the rightofthat are not right-to-left minima. Here,
those ar& and9. In the second row we insert a new largest elemBhtimmediately to the left of and
box it. Finally, in the third row, we cyclically shift the segnce of boxed element one step to the left, thus
obtainingn’. Let us call this mays.

The induced mag, betweer231- and321-avoiding permutations is then formally defined by

b)) =6 B(a(0) = B(@(0)); Blo@T)=d(r)Db(0).
As an example, consider the permutati@i3476 in Sg(231). Decompose it using anda:
5213476 = 52134 @ 21 = a(2134) ® a(1) = a(a(1) ® 1@ 1) @ a(1).
Reverse the order of summands and change edols:
Bl @ B(1lela B(1) =216 [5(1243) = 21 & 41253 = 2163475.

In conclusion®(5213476) = 2163475.
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