N

N

New upper bounds on cross-validation for the k-Nearest
Neighbor classification rule
Alain Celisse, Tristan Mary-Huard

» To cite this version:

Alain Celisse, Tristan Mary-Huard. New upper bounds on cross-validation for the k-Nearest Neighbor
classification rule. 2015. hal-01185092v1

HAL Id: hal-01185092
https://inria.hal.science/hal-01185092v1

Preprint submitted on 19 Aug 2015 (v1), last revised 12 Oct 2017 (v2)

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.

Copyright


https://inria.hal.science/hal-01185092v1
https://hal.archives-ouvertes.fr

New upper bounds on cross-validation for the k-Nearest
Neighbor classification rule

Alain CELISSE
Laboratoire de Mathématiques, UMR 8524 CNRS-Université Lille 1
MoDAL Project-Team
F-59 655 Villeneuve d’Ascq Cedex, France
celisse@math.univ-lillel.fr

and

Tristan MARY-HUARD

INRA, UMR 0320 / UMR 8120 Génétique Végétale et Evolution
Le Moulon, F-91190 Gif-sur-Yvette, France
UMR AgroParisTech INRA MIA 518, Paris, France
16 rue Claude Bernard
F-75231 Paris cedex 05, France
maryhuar@agroparistech.fr

Abstract

The present work addresses binary classification by use of the k-nearest neighbors
(kNN) classifier. Among several assets, it belongs to intuitive majority vote classifica-
tion rules and also adapts to spatial inhomogeneity, which is particularly relevant in
high dimensional settings where no a priori partitioning of the space seems realistic.

However the performance of the kNN classifier crucially depends on the number
k of neighbors that will be considered. To calibrate the parameter k, cross-validation
procedures such as V-fold or leave-one-out are usually used. But on the one hand these
procedures can become highly time-consuming. On the other hand, not that much
theoretical guaranties do exist on the performance of such procedures. Recently [11]
have derived closed-form formulas for the leave-p-out estimator of the kNN classifier
performance. Such formulas now allow to efficiently perform cross-validation.

The main purpose of the present article is twofold: First, we provide a new strategy
to derive bounds on moments of the leave-p-out estimator used to assess the perfor-
mance of the NN classifier. This new strategy exploits the link between leave-p-out
and U-statistics as well as the generalized Efron-Stein inequality. Second, these mo-
ment upper bounds are used to settle a new exponential concentration inequality for



the LpO risk estimator, which characterizes its behavior with respect to the influential
parameter k.

1 Introduction

Cross-validation (CV) refers to a set of widely used procedures introduced and analyzed
by [45, 24, 44] to assess the performance of an estimator and choose the best one among
a given collection, that is to perform model selection (or parameter calibration). For
agiven 1 < p < n —1, all CV procedures rely on splitting a sample of cardinality n
into two disjoint subsets called training and test sets with respective cardinality n — p
and p. The n — p data in the training set serve to compute an estimator, while its
performance is evaluated from the p left out data of the test set. This splitting scheme
avoids overly optimistic performance estimations such as that of the re-substitution error
which evaluates the performance of an estimator on the data used to compute it. For a
complete and comprehensive review on cross-validation procedures, we refer the interested
reader to [1].

Among CV procedures, two types can be distinguished: exhaustive and non-exhaustive
ones. For 1 < p < n—1, the leave-p-out cross-validation (LpO) is an instance of exhaustive
procedure since it considers all possible splits of the sample into a training set of cardinality
n — p and a test set of cardinality p. Therefore LpO enjoys a minimal variance property
among CV procedures with a test set of cardinality p. However due to the high induced
computational cost, LpO cannot be computed in general, except for instance if p = 1 where
it reduces to the celebrated leave-one-out (L10). To avoid this high computation cost,
approximations to the LpO procedure has been proposed such as the Hold-Out (HO) and
the V-fold cross-validation (V-FCV) (with p = [n/V]). V-FCV is less computationally
demanding than LpO but more variable since it depends on a preliminary random partition
of the data into V disjoint subsets [1]. For instance in density estimation, [12] have
quantified the additional variance of V-FCV in comparison to that of LpO. Recently a
new interest has been given to LpO since it has been shown closed-form formulas can be
derived for the LpO estimator in a wide range of settings, which makes LpO attractive
from a statistical and also a computational point of view. For instance such closed-form
formulas have been settled in density estimation [14, 10], in nonparametric regression with
projection or kernel estimators [13], and change-point detection [2].

Despite the practical success of CV, only very few things are known on its theoretical
properties in terms of model selection with respect to p. And also probably for technical
reasons, existing results are mainly settled for HO and L10. For instance, the asymptotic
equivalence between L10 and penalized criteria such as AIC' or Mallow’s C), is settled by
[35]. In the density estimation framework, [12, 14, 13] describe the behavior of LpO in
terms of bias and variance, while [4, 10| respectively analyze the performance of V—-FCV



and LpO for model selection. With a focus on regression, [9] considers V-FCV for which he
settles the asymptotic dependence of the bias and variance with respect to V', and [40, 41]
characterize the asymptotic behavior of CV for model selection in the linear regression
framework. Note that in a general regression model, [46] recently studied the performance
of CV to recover the best predictor among a finite number of candidates depending on
p. The binary classification framework has also attracted some attention. First [30]
addresses the HO model selection performance under assumptions on the VC dimension
of the models, and then provides sanity-check bounds for the L10 [31]. Second, [47] proves
consistency in selection for some CV procedures for identifying the best classifier among
a finite number of candidates. A noticeable aspect in the CV literature is that unlike a
common idea about the way p should be chosen “in practice”, numerous settings have been
reported where the ratio p/n — 1 is required as n tends to +oo to be able to recover the
best model in a collection for instance. This phenomenon, called “paradox of CV” by [47],
had already been noticed by [40] in linear regression. More recently [46] (regression) and
[10] (density estimation) have made this observation more precise by relating the optimal
value of the ratio p/n to the convergence rate of the best candidate estimator. For more
references, we refer to [1] and also to the recent paper by [49] for ongoing misleading ideas
about CV.

The present work mainly focuses on the popular k-nearest neighbor rule (kNN) intro-
duced by [22]. Tt is based on a simple idea that the predicted value at a new point is based
on a majority vote among the k nearest neighbors of that point. Since it automatically
adapts the scaling to low-density regions of the space, the kNN rule is particularly relevant
in high dimensional settings where no preliminary partitioning of the space seems realistic.
However from a theoretical point of view, there is no existing guideline that could help
to choose the influential number k& of neighbors in practice. In regression, [33] provide
a bound on the performance of INN that has been further generalized to the kNN rule
(k> 1) by [5], where a bagged version of the kNN rule is also analyzed and then applied
to functional data [6]. In the present work, the main focus is given to the binary classi-
fication framework where preliminary theoretical results date back to [17, 16, 25]. More
recently, [37, 34] derived an asymptotic equivalent to the performance of the INN classi-
fication rule, further extended to kNN by [42]. Under various distributional assumptions,
[26] derived asymptotic expansions of the risk of the kNN classifier, which relates this risk
to parameter k and other unknown distributional parameters. By contrast to previous
results, [18, 15] settled finite sample upper bounds on the risk of the kNN classifier under
mild assumptions.

Since these results cannot serve to provide a data-driven choice of k at this stage, this
choice is usually made by HO or V-FCV in practice without any theoretical validation of
the resulting choice [19, 27]. However, [43, 11] have recently derived closed-form formulas
respectively for the bootstrap and the LpO estimator of the performance achieved by the



kNN classification rule. In particular such formulas for the LpO estimator allow to improve
on the more variable V-fold estimator (with p = |[n/V'|), while the traditional question
“Which p leads to the best k7”7 still remains an open problem.

The first step toward an answer is to understand the link between the moments of the
LpO estimator and parameters p and k. Deriving upper bounds on these moments would
then provide concentration inequalities [8, 7]. Some preliminary results in this direction
are only available for the L10 (p = 1) estimator of the kNN classifier [20, 38, 21].

The connection between the LpO risk estimator and U-statistics is stated in Section 2.
A first general result is provided for order ¢ moments (¢ > 2) of the LpO estimator that
are related to moments of the L10 estimator. This result applies to any classifier as
long as the considered quantities remain well defined. Section 3 then specifies the upper
bounds stated by the previous result in the case of the kNN classifier. This leads to the
main Theorem 3.2 that characterizes the behavior of the LpO estimator with respect to
p and k. In particular while the upper bounds increase with 1 < p < n/2 + 1, it is
no longer the case if p > n/2 4+ 1. Deriving exponential concentration inequalities for
the LpO estimator is the main concern of Section 4. We illustrate the strength of our
strategy based on U —statistics and moment inequalities by first providing concentration
inequalities derived with less sophisticated tools. We then state our main inequality as a
consequence of Theorem 3.2 and highlight the improvements it allows by comparison to
the previous ones. Finally Section 5 briefly collects some new results that are extensions to
LpO of previous ones originally stated for LL10. This section ends with a corollary assessing
the magnitude of the gap between the LpO estimator and the risk of the KNN classifier
with high probability.

2 U-statistics and LpO estimator

2.1 Statistical framework

We tackle the binary classification problem where the goal is to predict the unknown label
Y € {0,1} of an observation X € X ¢ R?. The random variable (X,Y) has an unknown
joint distribution P(x y) defined by P xy)(A4) = P[(X,Y) € A] for any Borelian set in
X x{0,1}, where P denotes a reference probability. To this end, one aims at building a
classifier f: X — {0, 1} that predicts f(z) given z € X with the best possible classification
error

L(f) =P (f(X) #Y).

The minimizer of the classification error over the set F all mesurable functions from X to
{0,1} is known to be the Bayes classifier f* defined for every = € X’ by

(@) = 1p@)>1/2y, withn(z) =P =1| X =2), (2.1)



where 17(x) denotes the indicator function of the set U that is equals to 1 if x € U and
0 otherwise, and 7(-) is the regression function of Y given X = -.

Any classifier f € F results from a strategy A, called classification algorithm or clas-
sification rule, applied from a set of training random variables Z; , = {Z1, ..., Z,}, where
Z;i = (X;,Y;) for every 1 < ¢ < n. In what follows, let us further define Z¥ = {Z; | i € v}
for any subset v C {1,...,n} such that if v = {1,...,n}, Z¥ = Z;,,. When applied
to different samples, any classification rule A : U,>; {X x {0,1}}" — F, which maps a
training sample Z; ,, onto the corresponding classifier A (Z;;-) = f € F, leads to differ-
ent classifiers. When no confusion is possible, the notation A will be used as a shortcut
for A(Zy ;) € F. Many classification rules have been considered in the literature and
it is out of the scope of the present paper to review all of them (see [19, 27] for various
instances). Here we mainly focus on the k-nearest neighbor rule (KNN) initially proposed
by [22] and further studied for instance by [20, 38]. For 1 < k < n, the kNN rule, denoted
by Ay, consists in classifying any new observation x using a majority vote decision rule
based on the label of the k closest points X(1)(z),..., X)(x) to » among the training
sample Xq,..., X,:

An(Zy ) = ,E{:(Zl W) = 1if ¢ ZzGVk(w =% Zz 1 Y ( ) > 0.5 ’ (2.2)
' ' 0 0therw1se
where Vi (z {1 <i<n, X;€ {X () }} denotes the set of indices of the
k nearest nelghbors of z among Xy, ... Xn, and Y(Z (x) is the label i-th neighbor of x for
1<:<Ek.

For a given sample Z ,, (respectively for a given sample size n > 1), the performance
of any classifier f = f(Z1,;-) is assessed by the classification error L(f) (respectively the
risk R(f)) defined by

Lf)=P(f(X)£Y | Z1a) , and  R()=E[P(f(X)£Y | Z1a) ]

In this paper we focus on the estimation of L(f) (and R(f)) by use of the Leave-p-Out
(LpO) cross-validation [48, 12]. Let us briefly recall what it consists in. LpO successively
considers all possible splits of Z1 , into a training set of cardinality n — p and a test set
of cardinality p. The final LpO estimator is the average (over all these splits) of the
classification error estimated on each test set:

-1
() = <p) ;( >ty m) , (2.3)

where &,_, denotes the set of indices of all possible training samples of cardinality n — p,
for every e € £,—p, € =E,—p \ €, and f (Z€;-) is the classifier built from Z¢. We refer the
reader to [1] for a detailed description of LpO and other cross-validation procedures.



However unlike what arises from (2.3), the LpO estimator can be efficiently computed
by use of closed-form formulas with a time complexity linear in p when applied to the
ENN classification rule [11]. This property remains true in other contexts such as density
estimation [12, 10], regression [13, 2|, and so on. In particular this property contrasts with
the usual prohibitive computational complexity suffered by LpO due to the high cardinality
of &,_, that is equal to (") LpO can be therefore used to assess the performance of any
kNN classifier and to choose the best value of the parameter k.

2.2 U-statistics: General bounds on LpO moments

The purpose of the present section is describe a general strategy allowing to derive new
upper bounds on the moments of the LpO estimator of the risk. As a first step of this
strategy, we settle the connection between the LpO risk estimator and U-statistics. Second,
we exploit this connection to derive new upper bounds on the moments of order ¢ > 1 of
the LpO estimator. In particular these upper bounds, which relate moments of the LpO
estimator to those of the L10 estimator, hold true with any classifier.

Let us start by introducing U-statistics and recalling some of their basic properties.
For an extensive review, we refer to books by [39, 32]. The first step is the definition of a
U-statistic of order m € N* as an average over all m-tuples of distinct indices in {1,...,n}.

Definition 2.1 ([32]). Let h: X™ — R (or R¥) denote any Borelian function where
m > 1 is an integer. Let us further assume h is a symmetric function of its arguments.
Then any function U, : X™ — R such that

-1
n
Un(azl,...,xn):Un(h)(xl,...,a;n): <m> ‘ Z h(mil,...,xim)
1< <. <im<n
where m < n, is a U-statistic of order m and kernel h.

Before clarifying the connection between LpO and U-statistics, let us introduce the
main property of U-statistics our strategy relies on. It consists in representing any U-
statistic as an average, over all permutations, of sums of independent variables.

Proposition 2.1 (Eq. (5.5) in [28]). With the notation of Definition 2.1, let us define
W: A" R by

1 T
W(:El, e ,l‘n) = ; Z h (x(r—l)m+17 e ,ZETm) s
j=1
where 1 = |n/m| denotes the integer part of n/m. Then
1
Un(‘/Elv s 7xn) = ﬁ Z W ($0'(1)7 s 7':UO'(TL)) )

where ) denotes the summation over all permutations o of {1,...,n}.



We are now in position to state the key remark of the paper. All the developments
further exposed in the following of the paper result from this connection between the LpO
estimator defined by Eq. (2.3) and U-statistics.

Theorem 2.1. For any classification rule A (leading to the classifier A(Z1, :,-) = f) and
any 1 < p < n—1 such that the following quantities are well defined, the LpO estimator
R,(f) is a U-statistic of order m =n —p+ 1 with kernel hy, : X™ — R defined by

1
han(Zs- - Zm) = 03 L0 xpavi}

where Zﬁ)n denotes the sample (Z1, ..., Zy) with Z; withdrawn.

Proof of Theorem 2.1.

In what follows, let & denote the set of all possible training sample indices e of cardinality
t > 1. Let us start from Eq. (2.3) and notice that for every e € E,_,, f(ze,X;) =
F71(2° U Z;; X;), where f~1(Z°U Z;;-) is the classifier computed from {Z¢U Z;} \ Zi.
Then, it comes

G ID DI DL T

e€ln_p i€e

1
- ]]‘ ,\71_ el y. :
<n—p+1><z_p+1>e,6§pﬂ§ {7 (2 )
o n) Z {F-i(z¢:X;)#Y:}
m 266’

‘ -

= Z hon (Ziys s Zi) s

1<i1<...<tm<n

—~
33
~—

with

hm (Zi17”’ Zm Z]l{f i ge Xz)?’éyl}
Zee
O
The kernel h,, is a deterministic and symmetric function of its arguments that does

only depend on m. Let us also notice that hy, (Z1, ..., Z,) reduces to the L10 estimator
of the risk of the classification rule A computed from Zi, ..., Z,,, that is

hon (21, ..y Zm) = Ry (A(Z1m;)) - (2.4)



In the context of testing whether two binary classifiers have different error rates, this fact
has already been pointed out by [23].

We now derive a general upper bound on the ¢-th moment (¢ > 1) of the LpO es-
timator that holds true for any classification rule. This results from the combination of
Proposition 2.1 and Theorem 2.1.

Theorem 2.2. For any classification rule A, let g, = A(Z1n;-) and Gm = A(Z1m; ")
be the corresponding classifiers built from respectively Zy,...,Z, and Z1,..., Ly, where

m=n—p+ 1. Then for every 1 < p < n — 1 such that the following quantities are well
defined,

E[|Ro(@n) B [Ro@0)][] < B [|R1@) B [Ra@) ][] (25)
Furthermore as long as p > n/2+ 1, one also gets

o forq=2
e [|A) -2 [Ra][ ] < | 2] e G -2 [Ra@)[]. eo
e for every q > 2

E[|Ry@) —E [Bo(@)]|'] < Bla.v) %

(2.7)

where v > 0 is a numeric constant and B(q,~y) denotes the optimal constant defined
in the Rosenthal inequality (Proposition D.2).

The proof is given in Appendix A.1. Theorem 2.2 relates the upper bounds on the mo-
ments of the LpO estimator to those of the L10 estimator. Eq. (2.6) and (2.7) emphasize
different convergence rates for the moments of the LpO estimator that can be achieved in
the particular setting where p > n/2+ 1. This point will be further discussed in Remark 2
(following Theorem 3.2) and illustrated by Proposition 4.2.

3 New bounds on LpO moments for the KNI classifier

Our goal is now to specify the general upper bounds provided by Theorem 2.2 in the case
of the kNN classification rule Ay (1 < k < n) introduced by (2.2).



Since Theorem 2.2 expresses moments of the LpO estimator in terms of those of the
L10 estimator, the next step consists in focusing on the L10 moments. Deriving tight
upper on the moments of the L10 is made by use of a generalization of the well-known
Efron-Stein inequality (see Theorem D.1 for Efron-Stein’s inequality and Theorem 15.5 in
[7] for its generalization). For the sake of completeness, we first recall a corollary of this
generalization that is proved in Section D.1.5 (see Corollary D.1).

Proposition 3.1. Let X1, ..., X, denote n independent random variables and Z = f(Xq,...

where f : R"™ — R is any Borelian function. With Z! = f(Xi1,...,X],...,X,), where
X1,...,X] are independent copies of the X;s, there exists a universal constant k < 1.271
such that for any q > 2,

n

Sz -z

1=1

1Z —EZ||, < \/2rg

q/2

Then applying Proposition 3.1 to Z = §1 (Ak (Z1m;-)) provides the following Theo-
rem 3.1, which specifies the upper bound on the g-th moment of the L10 estimator. Its
proof is detailed in Section A.2.

Theorem 3.1. For every 1 <k <n-—1, let fkm = Ay (Z1,m;-) denote the kNN classifier

learnt from Zy ., and El(fkm) be the corresponding L10 risk estimator (see (2.3)) (m =
n—p-+1). Then

e forq=2,

o for every q > 2,
. q ;
E[[Bi(im) B[ Rilfem)|['] < (@var (&)
with Cy = 2+ 164 and Cy = 4742k, where vq denotes the constant arising from Stone’s

lemma (Lemma D.6) and k is defined in Proposition 3.1.

We are now in position to state the main result of this section. It follows from the
combination of Theorem 2.2 and Theorem 3.1 in a straightforward way.

Theorem 3.2. For every p,k > 1 such that p+ k < n, let Ep(fk) denote the LpO risk
estimator (see (2.3)) of the kNN classifier fi, = Ay, (Z1,n;-) defined by (2.2). Then there
exist (known) constants Cy,Co > 0 such that for every 1 <p <n —k,



2
e[ (Ao - [R]) | <o [0 ] (5.)

e for every q > 2,

E[|Bof) ~ B [Bti ][] < (Co/iEma)’ (3.2

with Cp = 128# and Cy = 4v4V 2k, where 4 denotes the constant arising from Stone’s

lemma (Lemma D.6). Furthermore in the particular setting where n/2 +1 <p <n —k,
then

o forq=2,

2| (o -2 [Rytin])" | < |- & S e

e for every q > 2,

~ 4 ~ .14

E[|R(fo) B[ Rof)]|']

q
\‘ n J T4 k\/E q1/2 Vi k2 2q?,/2( 47)
where T' = 2v/2e max (\/2C ,2C2).

The proof is detailed in Section A.3.

Remark 1. Eq. (3.4) results from the version of Rosenthal’s inequality derived for sym-
metric random variables by [29]. In this inequality the optimal constants depend on a
parameter v > 0 to be tuned. It has been calibrated to provide tight upper bounds in our
setting (see Propositions D.2 and D.3). Note that the dependence of (3.4) with respect to
q has been proved to be non improvable in [36].

Remark 2. Eq. (3.3) and (3.4) focus on the setting where n/2+1 < p < n—k. To
stress the interest of these bounds, let us consider the case where k and n — p are kept
fixed as n increases. In this context Eq. (3.1) and (3.2) provide non informative upper
bounds, whereas Eq. (3.3) and (3.4) lead to respective convergence rates at worse 1/n and
(1/n)q/2_1, for ¢ > 2. The previous example is a particular instance of the more general
setting where p/n — 1 as n tends to +oo, that has been investigated in various contexts
by [40, 47, 46, 10].
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4 Exponential concentration inequalities

In this section, we provide exponential concentration inequalities for the LpO estimator of
the risk when the kNN classification rule is used. The main inequalities we provide at the
end of this section heavily rely on the moments inequalities previously derived in Section 3
(namely Theorem 3.2). In order to highlight the interest of our approach based on moment
inequalities, we start this section by stating two exponential inequalities obtained with less
sophisticated tools. For each of them, we discuss its strength and weakness to justify the
refinements we further explore step by step.

A first exponential concentration inequality for ép( fk) can be derived by use of the
bounded difference inequality following the line of proof of [19] originally developed for
the L10 estimator. Its proof is given in Appendix B.1.

Proposition 4.1. For any integers p, k > 1 such that p+k < n, let Ep(fk) denote the LpO
estimator (2.3) of the classification error of the kNN classifier fi, = Ap(Z1n;-) defined by
(2.2). Then for every t >0,

2

P <(1§p(fk) _E (ﬁf,,(fk))‘ > t) < 9¢ " (4.1)

where 74 denotes the constant introduced in Stone’s lemma (Lemma D.6).

The upper bound (4.1) obtained for the difference strongly relies on the facts that: (i)
for X; to be one of the k neighbors of X; in at least one subsample X*¢, it requires X; to
be one of the k + p — 1 neighbors of X; in the complete sample, and (ii) the number of
points for which X; may be one of the £+ p— 1 neighbors is bounded by Lemma D.6. This
reasoning results in a rough upper bound since one does not distinguish between points for
which X is among the £ first neighbors or above the k-th one, whereas these are strongly
different situations in practice. Subsequently the dependence of the convergence rate on
k and p in Proposition 4.1 is not optimal, as confirmed by Theorems 4.1 and 4.2.

Based on the previous comments, a sharper quantification of the influence of each
neighbor among the k + p — 1 ones of a given point in the complete sample leads to the
next result.

Theorem 4.1. For every p,k > 1 such that p+k < n, let Ep(fk) denote the LpO
estimator (2.3) of the classification error of the kNN classifier fr, = Ap(Z1n;-) defined by
(2.2). Then there exists a numeric constant O > 0 such that for every t > 0,

nt?

P (Rolh) ~E (Rl f)) > t) VP (B (R f) = Fyli) > 1) < e | —— [+ b+ S
n—1

with O = 1024ek(1474), where 74 is introduced in Lemma D.6 and k < 1.271 is a universal
constant.
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The proof is given in Section B.2. Note that with p = 1 one recovers (up to constants)
the bound derived by [19] for L10. Compared with Proposition 4.1, we still have a k? in
the denominator but also a (k+p) x (p —1)/(n — 1) term. The latter vanishes as long as
(kV p)p/n = o(1), which makes this bound tighter than the previous one.

However the upper bound of Theorem 4.1 does not reflect the same dependencies with
respect to £ and p as what has been proved for polynomial moments in Theorem 3.2.
In particular, we do not observe the concentration improvement allowed with high order
moments as p is chosen large enough with p > n/2 + 1 (see also the remarks following
Theorem 3.2). This drawback is overcome by the following upper bounds.

Theorem 4.2. For everyp,k > 1 such that p+k < mn, let ﬁp(fk) denote the LpO estimator
of the classification error of the kNN classifier f, = Ap(Z1 ;) defined by (2.2). Then for
every t > 0,

B (Rt~ E [Rytf)] > 0) VE (B[R] - Ryt > ) < exp (~(0 -+ D5

(4.2)

where A = 4,/emax (Cg, \/Cl) with C1,Cy > 0 defined in Theorem 3.1.
Furthermore in the particular setting where p > n/2 + 1, it comes

P(ép(fk) _E [ép(fk)} >t) vIP’(IE [Ep(fk)] — Ry(f) > t) <e L@_LPHJ X

exp —Z%min (n_p+1){ n J 2 ((n_erl){ . Jg 2 >1/3

n—p+1] 4r2kVk’ n—p+1] 4I2k2
(4.3)

where T' arises in FEq. (3.4) and ~q denotes the constant introduced in Stone’s lemma
(Lemma D.6).

The proof has been postponed to Appendix B.3. It is based on the combination
of Theorem 3.2 and Lemma D.3 and Proposition D.1 respectively to derive Eq. (4.2)
and (4.3). Note that Theorem 4.2 provides a strict improvement upon Theorem 4.1.
Unlike the upper bound provided in the latter theorem, Eq. (4.2) remains meaningful as
long as p/n — § € [0, 1] as n tends to +oo, while (4.3) deals with the case where 6 = 1.

In order to allow a better interpretation of the last inequality (4.3), we also provide
the following proposition (proved in Appendix B.3) which focuses on the description of
each deviation term in the particular case where p > n/2 + 1.

12



Proposition 4.2. For any p,k > 1 such that p+k <mn, p>n/2+1, and for everyt > 0

. o Wor kv 1/2 k? 8/2
P | |Ry(fi) —E [ By(fi)]| > vaer npt ) {"—Zﬂjt i M—ZHJN
n —t

where I' > 0 is the constant arising from (3.4).

Let us notice that for every fixed k, both deviation terms are of order 1/4/n as long as
p/n — § € [0, 1] since

-sa-a-as i

(n_erl){ n—p+1

n—p+1
as n tends to +oo. However if p/n — 1 as n tends to 400, by setting r, = 1 —p/n = o(1),
it results the first deviation term remains of order 1//n while the order of the second one
becomes /7, /n = o(1/y/n) as n tends to +oco. Note also that the dependence of the first
(sub-Gaussian) deviation term with respect to k is only kv/k, which improves upon the
k2 provided by usual results such as Ineq. (4.2) in Theorem 4.2.

5 Assessing the gap between LpO and prediction error

In the present section, we derive new upper bounds on different measures of the discrepancy
between ép( fx) and L(f;). These bounds on the LpO estimator are completely new for
1 < p <n-—1. Some of them are extensions of former ones specifically derived for the
L10 risk estimator of the kNN classifier.

Following the same line of proof as Theorem 2.1 in [38] originally developed for the
L10 estimator, we were able to upper bound the mean of the (squared) difference between
ﬁp( fk) and L( fk) These bounds reflect the reliable dependence of this error in terms of
influential quantities such as p, k, and n.

Theorem 5.1. For every p,k > 1 such that p+ k < n, let Ep(fk) denote the LpO risk
estimator (see (2.3)) of the kNN classifier fi, defined by (2.2). Then,

; 4 pVE

B [Ro(fi) L0 ]| < Z=" (5.1
Moreover,
B[ (Rt - 1i)| < BB L L (5:2)

13



Proof of Ineq. (5.1).
Lemma D.7 immediately provides

A~

B[R0 -2 < B[] - [Li)]|
< ‘E [ﬂ{fg(X);éY} - ﬂ{fk(X)7£Y}:| ‘
<

E [ﬂ{fﬁX)#fk(X)}}
P (7 # i) < =2

V2r o n

O

The proof of Ineq. (5.2) is more intricate and has been postponed to Appendix C.1.
First, Ineq. (5.1) can be interpreted as an upper bound on the bias between the classifi-
cation error of the kNN classifier computed from respectively n and n — p observations.
Therefore, the fact that this upper bound increases with p seems reliable since the two
classification errors becomes more and more different from one another as p grows. Note
also that Ineq. (5.1) combined with Jensen’s inequality leads to a less accurate upper
bound than (5.2). Second, let us notice we recover (up to constants) the original bound
derived for the L10 estimator with p = 1. However we have no idea whether the precise
dependence on p and k is optimal or not. Finally Ineq. (5.1) entails the LpO estimator
ﬁp(fk) of L(fy) is consistent as long as pv/k/n = o(1), which is in accordance with the
traditional consistency assumption on the kNN classification rule, that is k/n — 0 as n
tends to +00 (see [19], Chap. 6.6 for instance).

Let us conclude this section with a corollary, which provides a finite-sample bound on

the gap between ﬁp(fk) and R(f) = E [L(fk)] with high probability. It relies on the

combination of the exponential concentration result we derived for ﬁp( fx) (Theorem 4.2)
with our upper bound on the bias (5.1).

Corollary 5.1. With the notation of Theorems 4.2 and 5.1, let us assume p, k > 1 with
p+k<n,andp <n/2+ 1. Then for every x > 0, there exists an event with probability
at least 1 — 2e™" such that

R(fr)) - Ep(fk)‘ < . (fjk};)er \/Zi_wpf .

(5.3)

Let us observe that if k is kept fixed (independent of n), making this gap decrease to
0 is possible following our upper bound by requiring p/n — 0 as n tends to +o0o. More
precisely it allows to achieve a convergence rate of 1/y/n as long as p = O(y/n).

14



Proof of Corollary 5.1. Ineq. (5.3) results from combining Ineq. (4.2) (from Theorem 4.2)
and Ineq. (5.1).

R(fi) = Ry(f)] < |RUD) —E | Bo(f) || + B Rolh) | = RulFi)]
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A Proofs of polynomial moment upper bounds

A.1 Proof of Theorem 2.2

According to the proof of Proposition 2.1, it arises that the LpO estimator can be expressed
as a U-statistic since

= . 1
Rp(gn) = m ZW (Za(l)v - '7ZJ(n)) >

with
AT
W (Zy,....2) = {EJ hon (Zia—tymsts > Zam)  (withm =n—p+1)
a=1
1 <« o
and i (21,005 Zn) = izlﬂ{A(Zifin;Xi#n} = B (Gn-pt1)

where A(Z}fzn; .) denotes the classifier based on sample Zfzzn =2y ey Zie 1y L1y eees L
Further centering the LpO estimator, it comes

where W (Z1, ..., Zn) = W(Z1, ..., Zn) —E[W(Z1,.... Zn)].
Then with hy,(Z1, ..., Zm) = han(Z1, ..., Zin) — E[h(Z1, ..., Zm) ], one gets

E H}fzp(gn) -E [Ep(gn)} m <E[|W (Z1,...,Z,)|"] (Jensen’s inequality)

L7 ] a
n |—1 _
=B \;EJ P hun (Z(i—l)m-i-lv ) sz) (Al)
N[BT 7
- \\EJ E — hm (Z(i—l)m-‘rb ceey sz)
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If ¢ = 2, then by independence it comes

B (|t — £ [Rooo][] < | 2] v z o (-t Zi)
- _%_ ZVar Z(z 1)m+17“"Zim)]
_ % Var (Ri(Gnp1) )

which leads to the result.
If ¢ > 2 and p < n/2+ 1, then a straightforward use of Jensen’s inequality from (A.1)
provides

E Hﬁp(gn) -E [ﬁp(gn)”q] L J ZE m z 1 m—i—lw”inm)‘q]

=E HRl(ﬁn—pH) —E [Rl(an—pﬂ)} m :

If ¢ > 2 and p > n/2+ 1, let us use Rosenthal’s inequality (Proposition D.2) by
introducing symmetric random variables (1, ..., (/| such that

V1 S S Ln/mJ ) CZ - hm (Z(i—l)m+17 ey sz) - hm (Z(i—l)m—i-l? ey Z{m) ’
where Z1,...,Z] are i.i.d. copies of Z,...,Z,. Then it comes for every v > 0

5] ! s
Z hin (Z(i—1yma1s- > Zim)| | <E Z G| |
i=1

which implies

5] T [l
E hon (Z(i—tyms1s -5 Zim)| | <E Z G
- ;

3z

2

[ 2]
B(q,7) ’YZE 1Gil7] v
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Then using for every i that

EHCZ‘q] <29E [ Vlm (Z(i—l)m+17- . -aZim)‘q] )
it comes

L) !

E P (Z(i—l)m-‘,-l? R Zim)
1

ﬂ‘s

)

< B(g,7) {2‘17 {mJ HRl Gn—p+1) — E [El@\n—zﬁl)} ‘q] v <\/L%J 2Var <1§1(§n—p+1)>>q}-

Hence, it results for every ¢ > 2

B [|Rp(0) — B [By(a)] |']

< 810 {20 |27 2[Ry 2[R ][] [ 2] (e () )

which concludes the proof.

A.2 Proof of Theorem 3.1

From Theorem 2.2 and Eq. (2.4), let us observe it is enough to upper bound E H P (21, ... Zom) ‘q] .
Then, Proposition 3.1 provides for every ¢ > 2

hn(Z1. - Zu)|, < /254 Z( (Zi... ) bl Br 2 D))

The j-th term in the above sum is now upper bounded by

1 m
(21,3 Zn) = b B, L Zon)| < — Z (]1{“2(“%)#} — L posxery)

1
= E+mz‘“{f<z<>x i}~ Lnzoupen)

< 1 1
=t Z ‘ {10 X020 X)} |

(A.2)
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where Z() = Z(i) and Z"() = Z{’%) with the notation of Theorem 2.1.

1n s
Furthermore, let us introduce for every 1 < j <mn,

Aj={1<i<n,i#j jeVi(Xy)} and A ={1<i<n, i#j, jeVi(Xy)}

where V4 (X;) and V/(X;) denote the indices of the k nearest neighbors of X; respectively
among X1, ..., Xj—1, Xj, Xji1,...Xpn and X1, ..., Xj1, X}, Xji1,.. X, Setting B; = A; U
A%, one obtains

11
(21, Zm) = (21, 2 Zn)| € — 4 — 3 [0 sraony |
1€EB;
(A.3)

From now on, we distinguish between ¢ = 2 and ¢ > 2 because we will be able to
derive a tighter bound for ¢ = 2 than for ¢ > 2.

A.2.1 Case g >2
From (A.3), Stone’s lemma (Lemma D.6) provides
1

1

hon(Zrm) = b Z5)| € — 4+ — 37 50 xypi2001x0)
1€B;

1 2%

1 2%y

m m

IN

)

where 210 = (Z1,..., 21,2}, Zjs1, ..., Zm).
Summing over 1 < j < n and applying (a + b)? < 2971 (a? + ) (a,b > 0 and ¢ > 1),
it comes

. 2 2 4
Z (hm(Zl,m) - hm(Z{’,in)> < — (14 (2k)%) < (2k70)%,
J
hence
= 4
S (21, Zon) = hn( 21, 2 Z)) P < —(2hya)”
=1 a/2

This leads for every ¢ > 2 to
- 4k
o (21, Zn), < ' 2V2R 22,

which enables to conclude.
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A.2.2 Case g=2

It is possible to obtain a slightly better upper bound in the case ¢ = 2 with the following
reasoning. With the same notation as above and from (A.3), one has

_ 2
Gagl 22
E [(hm(ZLm) — hm(Zl,]m)) :| = W + WE Z ]l{f(Z(i);Xi);éf(Z’,(i);Xi)}
1€B;
2 2
< st a B IBI Y L0200
L 1€B;

using Jensen’s inequality. Lemma D.6 implies |B;| < 2kv4, which allows to conclude

g )2 2 4k‘7d
E [(hm(zl,m) ~hn(23,)) ] S5 B D Loz xo)
1€B;

Summing over j, one derives

m
2

ZE[h (Zv,- s Zon) — hon(Z1, .. ,ZJ’»,...,Zm))}
j=1

2 4/<:’yd 2 4k:’yd
s+ [Z Lpzoxperzoxyy| =+ B > L pz0ix0 20270 x0))

ZEBJ iEBj

2 4/<:’yd
s -+ ZE [ 120X £120 2050} T Y (20, 20,25 (205 Xﬂﬂ

P 2 32k k
§E—|—4k”7d><2 ——+ﬂi<(2—|—16’7d) \/_, (A4)

V2rm mo /2 m

where Zj is an independent copy of Z7, and the last but one inequality results from
Lemma D.7.

A.3 Proof of Theorem 3.2

Proofs of Ineq. (3.1), (3.2), and (3.3) straightforwardly result from the combination of
Theorem 3.1 and Ineq. (2.5) and (2.6) from Theorem 2.2.

The proof of Ineq. (3.4) results from the upper bounds settled in Theorem 3.1 and
plugged in Ineq. (2.7) (derived from Rosenthal’s inequality with optimized constant ~,
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namely Proposition D.3). Then it comes

Ry(fi) —E [ﬁp(fk)] m < (2\/%)q “

k

A = 226 201@J K = 2v3020,

(n=p+1) [ =

Finally introducing I' = 2/2e max (202, V2C 1) provides the result.
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B Proofs of exponential concentration inequalities

B.1 Proof of Proposition 4.1

Here the strategy is to use McDiarmid’s inequality (Theorem D. 3) This justiﬁes to start
by upper bounding the following difference ‘an(«‘tk (Zin;") — Rp(AR(Z7 7.:0))| for every

1<]<TL WhereZ :(Zly---,Zj—th,',Zj—l—lan-7Zn)'
Then using Eq. ( .3), one has

‘ﬁp(Ak (Zin;+)) — ﬁp(Ak(Z%; .))‘

L§™ ()
= EZ( Z\H{Auze x#viy — Hawzriexozviy | Lige)

1 n
< EZ( Z]I{Ak(Ze DEAL(Zr3ex )} L {ige)
=5 Z Z [H{J‘GVf(Xi)} * ﬂ{jev;j'e(xi)}] Ltigey + Z Lijgey

#J

where Z"7¢ denotes the set of random variables among Z{Jn having indices in e, and V¢(X;)

(resp. 'V, "7€(X;)) denotes the set of indices of the k nearest neighbors of X; among Z¢
(resp. Z b ).
Setting &,—, = &, let is now introduce

B = U {1<i<n igeU{j}, V(X)) or Vi(X:) 2 j}.

J ecf

Then Lemma D.6 implies Card(Bj‘-g) < 2(k +p— 1)74, hence
o 1 A1 1 4k+p—1)y 1
R = RolFo)| < 53 ()7 2 b+ < LT L
i€Bf e

Applying McDiarmid’s inequality (Section D.1.6) then completes the proof.

B.2 Proof of Theorem 4.1

The first step of the proof consists in using Ineq. (D.5) (generalized Efron-Stein inequality)
to upper bound the 2¢-th moments of

Z Z {Ffu(ze X2y}

eeé' i€e
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With the same notation as in the proof of Proposition 4.1, one gets for every 1 < j <n

Ry(Ai(Z1,057) = By(Ar(Z79,:)
-1
n 1
- <p> 2. {1{165}5 (1 hreeny ~ Hzepay)

+ ﬂ{]ee} Z < {fe(ze;x0)#Yi} — ]l{fk(z"e'j;Xiﬁin}) } )

1€e
Absolute values and Jensen’s inequality then provide

B Ax(Z15-)) = Rl Aw(Z15,:))

p(
<> {n{]@} + ey Z]l{fk(zexz#fk(z'wxz)}}
L
n

IN

1€€

n
<p> Zﬂ{]@} Zﬂ{sz $Xo)#fr(Z2599;X:) }

ZEE

IN

n

1 1 N A .
=275 > P [j €e, ice fil(2%X)# fk(Z/’e’];Xi)} :
i=1

n
where P, denotes the discrete uniform probability over the set &,_, of all n — p distinct
indices among {1,...,n}.

Let us further notice that {fk(Ze;Xi) # fk(Z/’e’j;X,-)} C {j e Ve(Xi) U Vé’j’e(Xi)},

where Vk/’j’e(Xi) denotes the set of indices of the k nearest neighbors of X; among Z"7:¢
with the notation of the proof of Proposition 4.1. Then it results

SoBe[ice ied ful25X) # fil(Z2X)
1=1

< f:]P’e [j €e,ice jeVI(X;)U Vé’j’e(Xi)}
=1

<Z( [jce ice, jGVk(X,-)]—HP’e[jEe,ieé,jeV,f(Xi)UV,;’j’e(Xi)D

< 22[&[3‘ ce ice jeVE(X)],
i=1

which leads to

R )~ By D] < 4 2SRl es i e, g e viCx].

=1



Summing over 1 < j < n the square of the above quantity, it results

=1

2 G
< —+8 -y P.[j€e ice jEVS
<2esy (IS e ien ey

i=1

Further using that

n

D

J=1

—ZZ
ZZ

1<i#Al<n
+

1n
p=

Y Pljce ice jeVy

i=1

[j€e t€e jeVI(X

Tl

T2 ,

cli€e ice je VX

~ /i 2
— By(A(Z1,:)))

p—l-{pZ]P’ jEe i€e, jeVS

(Xi)])

Xi))* +

let us now successively deal with each of these two terms.

P.[j€e i€E je€ V,f(Xi)]z}

2
(X )]}

2
(Xi)]} .

)]]Pe[jeev L € ¢, jGVke(Xg)]

Upper bound on 71 First, we start by partitioning the sum over j depending on the

rank of X as a neighbor of X; in the whole sample (X1, .

n

2
>

i=1

<.
—
<.

Z{]P’ jee ice je V(X))

(

Z (P.[jece ice je VX)) +
EVk(Xl
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>

JEVietp (Xi)\ Vi (X))

.., Xp). It comes

{P.ljece ice je V,f(Xl-)]}2> .



Then Lemma D.5 leads to

> {Peljce ice jeVE(X)Y+ > {P.ljee ice je V(X))
JEVR(X:) JE€Viqp(Xi)\ Vi (X4)
< <p" p) P ljce ice jeVi(x,)|2l=P
nn—1 nn—1
JEVR(X:) JGVk+p(X NV (X:)

n

9

_ (PP +kpp—1pn—p_k<p)2n—p
nn-—1 nn—1lnn-—1 n—1

where the upper bound results from 3 a? < (max;j a;) 3, aj, for a; > 0. It results

2ZZ{P jee ice jeVEX)Y _Ign[k(ﬂ)zn—p}zén—p.

n/ n—1 nn—1
7j=11i=1

Upper bound on 72 Let us now apply the same idea to the second sum, partitioning
the sum over j depending on the rank of j as a neighbor of £ in the whole sample. Then,

22 Y Pejce ice jEVIX)IPe[jEe, L€E jE V(X))
j=11<i#£l<n

<—ZZ Z clj€e ice je VX )]Bn—p

nn—1
i=1 (#£i jEVk(Xg)

222 ) P[jee ice jeVi(X) 22Tl

nn—1
1=1 01 j€Viip(Xe)\Vi (X,

We then apply Stone’s lemma (Lemma D.6) to get

T2

k:pp —1
2 ZZP [jee ice jeVi(X ZHJGVk(Xl +Z]]']€Vk+p(xl)\vk( X

nn—1
i=1 j=1 £ 01

kp pn—p kpp—1 E (n—p p—1
< = kv — k — | =y— + (k
p22n<,ydnn—1+( +p)’mnn—l T\ -1 + +p) -1

=1

2

k p—1
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Gathering the upper bounds The two previous bounds provide

2
L1 kn k2 —1
Z{Z—QZPB[jGe,ieé,jeV,f(Xi)]} _T1+T2<——1—|—7d— <1—|—(k‘—|—p—1)%>,

j=1 i=1

which enables to conclude

S5 (R Aw(Zai) — RolAN(Z139))
<2 (a1 ()2t ]) < B0 (1 it

n

Then (D.5) provides for every ¢ > 1

. (14 vq)k? p—1
[t - B, < v 29 [ 2= ]
Hence combined with ¢! > ¢%e~%,/27q, it comes

e [ (Rt -2 [A0])] < o (95 1 2 H)

1+ (k+p)

<gq! <166I{

3’3
>~>~
_
\_/

The conclusion follows from Lemma D.3 with C' = 166/{M [1 + (k+p)E= } Then
for every t > 0,

P (RBy(fi) —E(Ry(f) > t) VP (E(By(f)) = Rylfi) > 1)

nt?

1024exk?(1 + 74) [1 + (k + p)ﬁ%]

<exp | —

B.3 Proof of Theorem 4.2 and Proposition 4.2
Proof of Theorem /.2.

Ifp<n/2+1:
From (3.1) and (3.2) applied with 2¢, and further introducing a constant A = 4,/e max (\/ C1/2, C'g) >

0, it comes for every ¢ > 1
. PN A2 k2 q A2 k2 q
e[|Rtio 2[R0 || < (i) @< (i) 0 @)

16en —p+1 8 n—p+1
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with ¢? < ¢le?/y/2mq. Then Lemma D.3 provides for every t > 0
~ . ~ . ~ ~ 12
P (By(fi) —E[Ry(fi) | > t) VP (E[ Bp(fi) | = Bolfi) > ) < exp <—<n —p+ ”m) .
Ifp>n/241:
Let us now use (3.1) and (3.4) combined with (D.1), where C = {#})HJ, qo = 2, and
min; a; = 1/2. This provides for every ¢ > 0

P [[Rtdo - £ [t ]| > ¢] < | =iy | e

9 2 9 1/3
ex —imin (n—p+1) n ! (n—p+1) n !
ez n—p+1] 412k’ n—p+1| 4022 ’

where T arises in Eq. (3.4).
O

Proof of Proposition 4.2. With the same notation and reasoning as in the previous proof,
let us combine (3.1) and (3.4). From (D.2) of Proposition D.1 where C' = {n—LerlJ’ q = 2,

and min; o; = 1/2, it results for every t > 0

P ‘Ep(fk) —E [ﬁp(fk)} ‘ > @FJ kvk /2 4 (2e)3/2F K 2t3/2
(n=p+1) L"—Z“J (n—p+1) L”—Z+1J

=l
S|lo0———=le¢e,
n—p+1

where I' > 0 is given by Eq. (3.4).
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C Proofs of deviation upper bounds

C.1 Proof of Ineq. (5.2) in Theorem 5.1

The proof follows the same strategy as that of Theorem 2.1 in [38].

Along the proof, we will repeatedly use some notation that we briefly introduce here.
First, let us introduce Zy = (Xo,Yp) and Z,41 = (Xn+t1, Ynt1) that are independent
copies of Z1. Second to ease the reading of the proof, we also use several shortcuts:
Fu(Xo) = fk(Zl,n;Xo), and fr(e, Xo) = ﬁf(Zlem;Xo) for every set of indices e € &,_,
(with cardinality n — p). Finally along the proof, e,e¢’ € &,_, denote random sets of
distinct indices with discrete uniform distribution over &,_,. Therefore the notation P,
(resp. Pe ) is used to emphasize that integration is made with respect to e (resp. to e, e’).

C.1.1 Main part of the proof

Starting from
E[(By(fi) - L(f))?] =B [R2(f)] +E [12] - 2B [Ry(fL(f0)]
let us notice that
E[L2] =P (fu(Xo) # Yo, fi(Xns1) # Yar1)
and
B [Ry(f)L(fi)] = P (FulXo) # Yo, file, Xo) £ Vil i ¢ ¢) Pe (i ¢ ).

It immediately comes

E|(Ry(fy) - L)
= {B[R2(f)] — P (FuXo) # Yo fule. X0) £ Vi | ige)Peige)} (CBY
+{P (Fe(X0) # Yo, filXnt1) # Yus1 ) = P (Fe(X0) # Yo, fule. Xo) £ Vil i ¢ e) Pe(id o)}
(C.2)

The proof then consists in successively upper bounding the two terms (C.1) and (C.2) of
the last equality.
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Upper bound of (C.1) First, we have

’E | R2(fy)] ZE | L fexopr Lige L e vy Loger |

= ZE[ w(exo2v  Hige L 7 o x, ;Am}]l{zeée’}]

+§E L exomry Loz L e Lo |
(Fa¥)

Let us now introduce the following events.

Ae,e’,i = {Z ¢ e, 1 ¢ 6/},
A;e’n}j = {ide jee, ide, jee}, Agew—{igée, jge,ide, jee},
Agve%j = {ide jee, ice, jee}, Aie Qg ={ide je, ice, jee}

PE([B(f)] = 2B (fule. X0) # Yiy il X0) # VilAews) Beer (Acers)

+3° 24:]? (fk(e, X;) £ Y, fule, Xi) # Yi’Ai,e’,i,j> Peer (A?eci,j)

i#j =1

= nP (ﬁc(e Xl) 7& Y17 ﬁc(e/ Xl) 7£ Y1|Ae,e’,1> ]P)e,e’ (Ae,e’,l)

n(n—1 24: <fk e. X1) A Y1, Juled Xo) £ V2| AL, 2) Peer (Aﬁ,e/,m) :
=1

Furthermore since

]% lnpe,e, (Agern) +n(n —1) ZPM (4 7,,172)] - ]%Zpe,e’ (ige jge)=
i,J

=1
it comes

n(n—1)

B[R] - P (F(X0) # Yo fule. X0) 1) = S B0

. B, (C.3)
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where

A= []P’ (fk e, X1) £ Y1, fule/,X1) £ Y1 | Aco 1)
P (ful(X0) # Yo, fule. X1) # Vi | Aern ) | P (Acra)

and B

24: [ (fk e, X1) £ Y1, fule/,Xo) £ Ya | Aee,71’2>
2 (s

(Xo) # Yo,fk(e Xi)# Yy | AL o1 2)] Pe e <A£,e’,l,2> .

e Upper bound for A:
To upper bound A, simply notice that:

A S P (Auwd) SPo(ige igd) < (2)°

e Upper bound for B:
To obtain an upper bound for B, one needs to upper bound

P (Fule, X1) # Vi, Jule, Xo) # Yo | ALy 2) =P (FulXo) # Yo, fule, X1) # i | ALy 12)C4)

which depends on /4, i.e. on the fact that index 2 belongs or not to the training set indices
e.

o If2¢ ¢ (i.e. =1 or 3): Then, Lemma C.2 proves

4pVk

2mn

(C.4) <

o If2ce (ie. £=2o0r4): Then, Lemma C.3 settles

8Vk N vk
V27(n — p) 2mn




Combining the previous bounds and Lemma C.1 leads to

( ApVk

2m™n

B <

> [PE,G’ (Aé e\l 2) + Pe e’ (Ae e’,1,2) ]

8Vk 4pvk
' (\/ﬁ(n —p) " 27m> [Pe’e/ (Ag el 2) + Pee (Ae e'71,2) ]]

< %ﬁ\/% [% [P&e/ (Al /12) + Peer (Aee’12)]

2
+ (7’1, —p + %) |:]P)675l (Ag,e’,lﬂ) + ]P)evel (A375l7172) ]:|

22 . . 2
< i\/g [B]pm, (ige, jge)+ e (Peer (A2 o1 5) + Peer (Ag, 6,7172))]

\/7
NG n— )p2(p — n— p)2p2
<R G S (s et
220 2]
Back to Eq. (C.3), one deduces
B[R] - P (R0 # Yo fue X #71) = a4 M p < 1y 2203 DR

Upper bound of (C.2) First observe that
P (fu(X0) # Yo, file, Xo) # Yi |i ¢ e) =B (£ (X0) # Yo, fale: Xusn) # Yarn )
where ™" is built on sample (Xa, Y2), .., (Xns1, Yas1). One has
P (fe(Xo) # Yo e(Xns1) # Ysr ) = P (ﬂ(x ) # Yo, fule. Xo) # Vil i ¢ e)
= P (FilXo) # Yo, u(Xarn) # Yo ) =P (' (X0) # Yo, fule, Xusn) # Yo )
< P (A0 2 57 (X0) + P (file Xun) # filXns)

Ak N ApVk
T V2mn 2mn

where we used Lemma D.7 again to obtain the last inequality.
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Conclusion:

The conclusion simply results from combining bonds (C.1) and (C.2), which leads to

E[(ﬁp(A - A)ﬂ < 2ﬁ(2p+n3)‘/%+% .

C.1.2 Combinatorial lemmas

All the lemmas of the present section are settled with the same notation as in the proof
of Theorem 5.1 (see Section C.1.1).

Lemma C.1.

(n:2) (n:2)
Pe e Aé e’ = e Xt
oleerd) = @ 5% w)
() G
Peer (Ag e ) = nn X Z
oo (h-p)  (h=p)
(nB) (b
Pe,e’ (A‘Z e ) = Z nn
el (h—p) (i—p)
1 (5 GEh
]P’&e/ (Ae el ) = n; X n;
L G R

w
ot



Proof of Lemma C.1.

]Pe,e’ (Aé,e/71,2) = ]Pe,e’ (Z ¢ e, .7 ¢ 6,7 i ¢ ela ] ¢ 6)
P i¢eaj¢e)Pe,e’(j¢e/7i¢e/)

(Age ,z,j) = P
= ]Pe,e’ (Z gé e, J€ 6) ]Pe,e’ (] q_ﬁ 6/7 i Qf 6/)

(n

(

p
Peer (Ag7e’,i7j) = Pee (i
P

— e.e! (
oy <n:§‘1>
(-p) Gip)
Pe s (Aie,JJ) = Peo(i¢e jge,ice, jee)
= Peo(ige, jee)Peu(jde, ice)
b GAE
TG G

Lemma C.2. With the above notation, for ¢ € {1,3}, it comes

ApVk

2mn

P (Fule, X1) # Y1, Fule, X2) # Y2 | Afonn) = P (FelXo) # Yo, fule. X1) £V | ALy ) <

Proof of Lemma C.2. First remind that Zj is a test sample, i.e. Zy cannot belong to either
e or €/. Consequently, an exhaustive formulation of

P (F(X0) # Yo, fule, X1) # Y1 | AL o)
is
P (Ji(Xo) # Yo, file, X1) # Y1 | Aoy 0¢ e, 0¢¢) .

Then one has
P <J?k(Xo) £ Y, frle, X1) # Y1 | ALy 2)

= (A7) £ Vs fule X0) £V ALy 10,08 6,0 ¢ ¢)
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where fi > is built on sample (X0, Yo), (X1, Y1), (X3,Y3), s (X, V). Hence
P (Fule, X1) # Vi, fule, Xo) # Yo | AL ya) =P (Fu(Xo) # Yo, Fale, X1) # Vi [ ALy 1)
= P(fk(e X1) # V1, Jule, Xo) # Yo | Qo0 ¢ e,0 ¢ 6')
P (AT £ Y, e, X0) £ V1 AL 0,0 ¢ 0 )
P ({fk(e X)) AV p A {Jle, X1) A Y1} [ A1 0¢e,0¢ )

({700 £} A R %) £V AL 00 ¢ e,0 ¢ ¢)

= <fk (X2) # fk(e X2) ’Ae e’,1,2) < 4p\/E )

2mn

IN

by Lemma D.7.

Lemma C.3. With the above notation, for ¢ € {2,4}, it comes

P (Fule, X1) £ 1, Jule, X2) # Y2 | AL uaa) =P (Je(X0) # Yo, fule, X1) £ Vi | ALgr )

8Vk 4pVk
= V2nr(n —p) * 27n

Proof of Lemma C.3. As for the previous lemma, first notice that

P (Fel(Xo) # Yo file, X0) £ 1 | AL ) =P (A7 (0) £ 75, B (X0) £ [ Alrs).

where fi _ is built on sample e with observation (X2,Y3) replaced with (Xo,Yp). Then
P <J?k(€,X1) £ Y1, fi(e, X2) # Ya | ALy 2) -P (A(X ) # Yo, fule, X1) # Y1 | Ag,e’,l,2>
= (f (e, X1) # Y1, fu(e, Xo) # Y2 | ALy 2) (fk (Xz) £ Y, fi (X1)# Y1 | Ai,egl,g)
< ({f e X1) AV AL () AV} AL )
P ( Jx

{ X2 # Yz} A {fk(e’ Xo) # Y2} | A e',1,2)
= P (fule, X0) £ R0 | AL o) +P (B (00) £ Fule', Xo) | ALy
8k 4pvk
V27(n — p) 2mn

IN
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D Technical results

D.1 Main inequalities
D.1.1 Hoeffding’s lemma for finite populations

Lemma D.1. Let Xq,..., X, denote a random sample without replacement in a finite
population of N elements with values c1,...,cy. If a < c¢; < b fori=1,....N then

1 n
P(;;Xi—u

This lemma is proved in [28].

where p = %ZZZ\; G-

D.1.2 From moment to exponential inequalities

Proposition D.1 (see also [3], Lemma 8.10). Let X denote a real valued random variable,
and assume there exist C' > 0, A\1,...,Axy > 0, and ay,...,ay >0 (N € N*) such that

for every q = qo,
N q
E[1X|"]<C (zw> .
1=1

Then for every t > 0,

1
(e
—(min; a;)e ™! min; { (%) J }
J

P[|X]|>t] < Celominie , (D.1)
Furthermore for every x > 0, it results

N ex i
PLIX|>> A —
min; o
i=1 J

< Cetoming o . o=, (D.2)

Proof of Proposition D.1. By use of Markov’s inequality applied to |X|? (¢ > 0), it comes
for every t > 0

q
E[[X]] Y g
]P)HX’ > t] < ]ququ + ]lq<qo < ]ququ + + ]lq<qo-
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Now using the upper bound ZZJ\LI Aig® < Nmax; {\qg™} and choosing the particular

1

value ¢ = G(t) = e™* min; {(NL)\J) i }, one gets

4y @y 4
max; {N/\Z- (e‘o‘i min; {(%) i }) }
PlX]>1] < 1g>4,C

t

+ ]lfi<IIO

1
—(min; a;) |:e1 minj{ (%) & } :|
J
< g Ce + Lg<qo

which provides (D.1).
a;
Let us now turn to the proof of (D.2). From t* = Zf\il i ( — ) combined with

ming &;

q* _ T
- in - .9
ming o

it arises for every x > 0

N *\ v ZN )\'(6_1 exr >ai ZN )\( ex )ai
Do Ailgh)Y Zei=1 N minjaj ) <maxe‘°‘k> =LA 05 ) ming o

t* N ZN i exr i k ZN \; exr i €
t=17" \ min; a; =17 \ minj a;
Then,
Sy Xilg) . —(ming ag) o
C i=1 = < Ce ming o — (N~
Hence,

< Ce_xﬂq*Zqo + ]]-q*<q0 § Cer ming o | e—x’

N ex i
F [|X| - Z/\i (min-a-)
i=1 7

since ™% > 1 and —z + ¢ min; a; > 0 if ¢ < qo.

D.1.3 Sub-Gaussian random variables

Lemma D.2 (Theorem 2.1 in [7] first part). Any centered random variable X such that
P(X >t)VP(—X >t) < e /@) satisfies

E [X%] < q! (4v)?.

for all g in N,
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Lemma D.3 (Theorem 2.1 in [7] second part). Any centered random variable X such that
E [X*7] < g!CY.

for some C >0 and q in Ny satisfies P(X >t) VP (=X > 1) < e~/ @) with v = AC.

D.1.4 The Efron-Stein inequality

Theorem D.1 (Efron-Stein’s inequality [7], Theorem 3.1). Let X, ..., X,, be independent
random variables and let Z = f (X1,...,X,) be a square-integrable function. Then

Var(2) < Y E[(Z ~E[Z | (X));2))] = v.
i=1
Moreover if X|,..., X/} denote independent copies of X1,..., X, and if we define for every
1<1<n

Zi=f(X1,....X,,...,Xy),
then

v = %EZ;E (z-2z)"].

D.1.5 Generalized Efron-Stein’s inequality

Theorem D.2 (Theorem 15.5 in [7]). Let X1, ..., X, n independent random variables, f :
R" — R a measurable function, and define Z = f(Xy,...,X,) and Z! = f(X1,..., X],..., Xp),

with X1, ..., X], independent copies of X;. Furthermore letV, = E [Z? (Z - Z{)+]2 | X{‘}
and V- = E [E? [(Z - Z{)_]2 | X{‘} Then there exists a constant k < 1,271 such that

for all q in [2,4+o0],
1(Z =EZ). ||, < \/26a[Villy)z
1(Z -EZ)_|, < \/26qIV-llgp2 -

Corollary D.1. With the same notation, it comes

1Z -EZ|, < 26q,||> (2 - 2))° (D.3)
i=1 q/2
<Varg, | |3 (Z=E[Z | (X));2)) (D.4)
i=1 a/2
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Moreover considering 77 = f(X1,. .. v X1, Xjt15..., Xp) for every 1 < j < n, it results

n

S (z- 2y

i=1

(D.5)

ZEZq<%@mJ

q/2

Proof of Corollary D.1.
First note that

1z -E2), | +|(Zz -E2)_|] =1z -EZ|] .

Consequently,
q d ! !
1Z —EZ|? < \/2rq (\/IIV+Hq/2 + \/HV—Hq/z )
< vaud" (IVel 22+ 1V-1123)
" a/2
2rq" ||>E [(Z ~Z)? Xﬂ
i=1 a/2
Besides,

E|(2-2)° | Xt| =E[(Z - EZ | (X)) +E[Z | (X)) - Z0)* | X7
E[(Z~EZ| (X)) + (B1Z | (X)) - Z))° | X1]
E

(Z—E(2| (X)) | X| +E (B2 | (X)) — Z0)" | X{]

Combining the two previous results leads to

12 - B2,
<V2ra, | |I>2 (2~ B2 ()| + Y E[E12]] (X)) - 2) | X7
i=1 a/2 i=1 a/2
=V, | |3 (2~ B2 | (X))
=1 a/2
U
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D.1.6 McDiarmid’s inequality

Theorem D.3. Let X1,..., X, be independent random variables taking values in a set A,
and assume that f: A™ — R satisfies

sup ‘f(:nl,...,:ni,...,:nn) — f(z, ,3:;,,:%)! <g¢g,1<i<n.

xlv"'vxnvx;
Then for all € > 0, one has

P(f(X1, ., Xp) — E[f(X1,... X0)] > €) e 2%/ T
]P)(E [f(Xla 7Xn)] - f(Xl, 7Xn) > {5) < _252/21 1 22

IN

A proof can be found in [19] (see Theorem 9.2).

D.1.7 Rosenthal’s inequality

Proposition D.2 (Eq. (20) in [29]). Let Xi,...,X,, denote independent real random
variables with symmetric distributions. Then for every q > 2 and v > 0,

q
B(q,7) VEZE!XW

where a Vb = max(a,b) (a,b € R), and B(q,~y) denotes a positive constant only depending
on q and ~. Furthermore, the optimal value of B(q,~y) is given by

[IN\‘I}

1+ L if 2<q <4,
ya/la- 5 E[|Z-2Z'"] ,if 4<q,

B*(q,7)

where N denotes a standard Gaussian variable, and Z,Z' are i.i.d. random variables with
Poisson distribution P (71/(571) )

Proposition D.3. Let Xi,..., X, denote independent real random variables with sym-
metric distributions. Then for every q > 2,

q

q n
q
] < (2v2e) " { @ S BIIXN] v (va)'
i=1
Proof of Proposition D.3. From Lemma D.4, let us observe
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o if2<q<4,

q
B*(q,7) < (2v2¢a)
by choosing v = 1.

o if 4 <gq,
* —q/2 1/2 ! —q/2 a d
B*(q,7) <q* deq ("2 +q) ) <q77 (\/8eq> = (2\/26\/5) :

with v = gla=1/2,

Plugging the previous upper bounds in Rosenthal’s inequality (Proposition D.2), it results
for every q > 2

K

> ] < (2v2eva)’{ (V)"
=1 3

which leads to the conclusion.

Lemma D.4. With the same notation as Proposition D.2 and for every v > 0, it comes

o for every 2 < q <4,

B*(¢,v) <1+ @,

e for every 4 < q,

q
B*(q,7) <~ 4/ta7) (\/46(1 (y¥/@= + q)) :

Proof of Lemma D.j. If 2 < q <4,

B*(q’w:l""%mﬁl"'wﬁl-i'w:l-k@ ,

by use of Lemma D.10 and \/ﬁl/q < /e for every q > 2.
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If ¢ > 4,
B(q,7) =~ " VE[|Z - Z|]
~a/a-Dga/241, sz [ 4 (1/(a-1) 2
e L)

R EAGDUENCEN {g (,.Yl/(q—l) n q) ]q/2

< y—t/la=1) [46(1 (,Yl/(q—n " q> }"/ el < \/4eq (y!/a=1) + q)>q :

applying Lemma D.12 with A = 1/2y/(¢=1),

O
D.2 Technical lemmas
D.2.1 Basic computations for resampling applied to the kNN algorithm
Lemma D.5. For every 1 <i<n and 1 <p <mn, one has
. p
P. == D.
(ice)=" (D.6)
- e kp
D Pelice, jeVi(Xy)]=— (D.7)
=1 "
In the same way,
. kpp—1
P, ) VEX;)] = — . D.
S Elice jevi(x)) =2l (D.5)

k<oi(j)<k+p

Proof of Lemma D.5. The first equality is straightforward. The second one results from
simple calculations as follows.

n n -1
2:]1”e [ice jeVIX)] = Z <Z> Z]liEE]leV,f(Xi)

j=1 j=1

_1 n
n
:< > D Tiee [ D Tievex
p - =



For the last equality, let us notice every j € V; satisfies

—1
Pelice jeVi(X)] =P [jeVi(X) ice]Plice]=——72

n—pn ’
hence

n

Y Pelice jeVEX)] =) Pelice jeVE(X)]— > Plice, jeVi(X,)]

k<oi(j)<k+p j=1 oi(j)<k
-1 -1
_ P _n=lp_ pp-1
n n—pn nn—1

D.2.2 Stone’s lemma

Lemma D.6. Givenn points (x1,...,z,) in R%, any of these points belongs to the k nearest
neighbors of at most kg of the other points, where ~vg only depends on d.

A proof of this lemma can be found in [19] (see Corollary 11.1).

D.2.3 Stability of the KINN classifier when removing p observations

Lemma D.7. Let f;, and§ denote k-NN classifiers built respectively from (X1, Y1),..., (X, Yn)
and (X1,Y1),...,(Xn—p,Yn—p), for 1 <p <n—1. Then for a new random variable (X,Y)
with the same distribution as (X;,Y;), it comes

(1) #900) < =20

This lemma is proved in [21, Formula 14].

D.2.4 Upper bound for the L10 estimator

Lemma D.8. One has

P (‘ﬁl(ﬂ) —E [El(ﬂ)ﬂ > a) < 2exp{;3—22}

where fk = fk(ZLn_l; .) is the kNN classifier built from a sample of cardinality n — 1.

This lemma corresponds to Theorem 24.4 in [19] where the proof can be found.
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D.2.5 Moment upper bounds for the L10 estimator

Lemma D.9.
B JVACAR
E [(h(zl,...,zm))2"] < ¢ <2%> . (D.9)
The proof is straightforward from the combination of Lemmas D.2 and D.8.

D.2.6 Upper bound on the optimal constant in the Rosenthal’s inequality

Lemma D.10. Let N denote a real valued standard Gaussian random variable. Then for
every q > 2, one has

N

E[IN]?] < V2eyq (1)°.

Proof of Lemma D.10. If q is even (¢ = 2k > 2), then
sivr =2 [t Fae = g [T fa
0 V21 ™ 0
_ \/5 (-1 \/5 ¢
7 2k=1(k —1)! 7 24/2(q/2)!

Then using for any positive integer a

2ma (9)(1 < al < V2ema (9)(1
e e

it results

q/2 q/2
2q/2( /2) <\/_ee

BN <2/ (1) < vaeva (D)

If g is odd (¢ = 2k + 1 > 2), then

q +oo a0 B q —t dt
E[|N|?] ale” T d:n 7ot
V2t

by setting x = v/2t. In particular this implies

E[|N|?] < \[/ (2t)F e~tdt = [2’%' \/EQ1<_>'<fef()g

46

which implies



Lemma D.11. Let S denote a binomial random variable such that S ~ B(k,1/2) (k € N*).
Then for every q > 3, it comes

q
E[IS -~ E[S]'] < 4veyay L& -
Proof of Lemma D.11. Since S — E(S) is symmetric, it comes
+00 “+o00
BlS—E[sI7)=2 [ P[s<E[s]-t]dr=2 [ BIS<E[S]-uludu
0 0

Using Chernoff’s inequality and setting v = \/k/2v, it results

+o00 w2 kq 400 02
E[|S —E[S]] §2q/ uq_le_Tdu:2q\/; / Wl do.
0 0

If g is even, then ¢ — 1 > 2 is odd and the same calculations as in the proof of
Lemma D.10 apply, which leads to

q q q q
k q k q \4/2 qk qk

_ 9] < Tooa2 (1)) <« \/j q/2 2 — 2 .
E[|S—E[S]] ]_2\/; 2 <2) <2 5 29/ /meq <2e) 2v/me\/q1/ » < 4\/e\/q\/ 5

If ¢ is odd, then ¢ — 1 > 2 is even and another use of the calculations in the proof of
Lemma D.10 provides

i’ (g —1)! \/Eq q!
_ 17 < _ — S —
E[IS-E[S]"] < 2q\/g g(q—l)/wz;l! 2 2 2(q—1)/2112;1!'
Let us notice

q! v2meq (4)* _ o |4 ()°

<

2(‘1_1)/2%! 2(q_1)/2m<%>(q_1)/2 o q— 1 <%1>(q_1)/2
(q—1)/2
— V2 L(q)(qﬂ)/z (L)

q—1 e q—1

and also that

This implies



hence

Blls - B 517 < 2% 2v8va (1) - aveya [ -

O

Lemma D.12. Let X,Y be two i.i.d. random variables with Poisson distribution P(\)
(A >0). Then for every q > 3, it comes

/2
E(1X - v <2 eyg[L@r+9]".
Proof of Lemma D.12. Let us first remark that
E[|X - Y|'] = Ex [E[|X - Y|?| N]] = 2Ex [E[|X — N/2 | N]],

where N = X + Y. Furthermore, the conditional distribution of X given N = X +Y is a
binomial distribution B(NV,1/2). Then Lemma D.11 provides that

q

N
E[IX - N2l | N] < aveyqy [ as,

4@@@1 20122 /e \f\f [ N2

It only remains to upper bound the last expectation where IV is a Poisson random variable
P(2)) (since X,Y are i.i.d. ):

which entails that

E[|X — Y|"] < 2Ey

By 4] < VERTRT]

by Jensen’s inequality. Further introducing Touchard polynomials and using a classical
upper bound, it comes

q q
1 . 1 .
q/2 < 1 q 14— < 1 q q—1
EN[N ]_ ;:1(2» 2<Z,>z < ;:Oj(m) >(1)a
1 (g 1 .
= §§ S )@ =05 (20 +q)
=0
— 27 (2A+¢)"?



Finally, one concludes

q 2
BIX - Y17 < 2772 Veyg [127 2t 2 < e[ Lo ]
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