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We investigate class of well-poised basic hypergeometties.J, ; (a; z; ¢), interpreting these series as generating functions
for overpartitions defined by multiplicity conditions. Wisa show how to interpret thé, ; (a; 1; ¢) as generating functions for
overpartitions whose successive ranks are bounded, fgpantgtions that are invariant under a certain class ofegations, and

for special restricted lattice paths. We highlight the edseq) — (1/q, q), (1/4, ¢*), and(0, q), where some of the functions
jk,i(a; x; q) become infinite products. The latter case corresponds tesBuel's family of Rogers-Ramanujan identities for
even moduli.

Keywords: Partitions, overpartitions, Rogers-Ramanujan idetjifigtice paths

1 Introduction

Over the years, a great number of combinatorial identitie®] 3, 4, 8, 10, 19, 23, 25] have been extracted from
Andrews’ functions [7, Ch. 7J; ;(a; z; ¢), which are defined by

Jrila;z;q) = Hyi(a; xq; q) + axqHy ;1 (a; 2q; q), (1.1)

where ) ' o
(7(1)”(]1“1 +n72n$kn(1 o -’L'qu”)(*l/(l)n(*fll'qn+])oo

(@)n(Tg") o

Hy,i(a;z;q) = Z

n>0

(1.2)

Here we have employed the usual basic hypergeometric sestesion [21]. Most recently [19], the first and
third authors made a thorough combinatorial study of thasetfons, providing an interpretation of the general
Jr.i(a; x; q) in terms of overpartitions, which unified work of Andrews [Gordon [22], and the second author
[23]. Moreover, it was shown that th&, ;(a; 1;¢) can be interpreted as generating functions for overpamsti
with bounded successive ranks, for overpartitions with ecéjgd Durfee dissection, and for certain restricted
lattice paths. All of these interpretations generalizedwas Andrews, Bressoud, and Burge on ordinary partitions
[5, 6, 14, 15, 16].

In this paper we study a similar class of functions, which wﬂéim(a; z; q) and define by

Jrila;z;q) = Hy i(a;vq; q) + azqHy i1 (a; 2q; q), (1.3)
where

nqkn27(g)+n4nm(k71)n(1 _ .7’,7',(]2717;)(71,7 71/a)n(7aan+1)oo

(@%¢*)n(2q")

Hyi(a;259) = ) (Za)

n>0

(1.4)

Thejk,i(a;a:; q) are the functions ;. ;(—gq, 00; —1/a; x; ¢) in [11, eq. (2.1)]. Again the most natural combina-
torial setting is that of overpartitions. We recall that areipartition is a partition where the final occurrence of a
part can be overlined [17]. For example there exist 8 ovéitjmars of 3:

3), 3), (2,1), 2.1), (2.1, 2.1, (1,1,1), (1,1,7).

Given an overpartition\, let f,(A) (f7(\)) denote the number of occurrences/aiion-overlined (overlined) in
A. Let V) (¢) denote the number of overlined partsiniess than or equal t6. The following combinatorial
interpretation of the generdy, ;(a; x; ¢) is the principal result of the first half of this paper:
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Theorem 1.1 For 1 < i < kandj < m define the function, ;(j,m, n) to be the number of overpartitionsof n
withm parts,j of which are overlined, such thét) fi(\) + fr(A) <i—1, (i) fe(A)+ fre1(N) + fm (V) < k-1,
and (i4i) if X is saturated at, that is, if the maximum ifii) is achieved, thefif;(\) + (£ + 1) fer1(X) + (£ +
Dfim(A) =i =14 Vy({) (mod 2). Then

Julazig) = S enaliym,n)aia™q". (1.5)

J:m,n>0

It turns out that thefk,i(a; 1; ¢) are infinite products fota,q) — (0,¢) and(1/q,¢*), as well as for(a,q) —
(1/q,q) wheni = 1, and hence we can deduce partition theorems from Theoreninltie caséa, q) — (0, q),
the product is

i

=q2k7i= 2k. Qk)

q ;49

(¢)oo
and we have a new proof of Bressoud’s Rogers-Ramanujaritidsrior even moduli [10]:
Corollary 1.2 (Bressoud) For k > 2andl <i < k-1, Iet/i,m»(n) denote the number of partitionswinto parts
not congruent td, +i modulo2k. Let By, ;(n) denote the number of partitionsof n such that(i) f1(\) <i — 1,
(@) fe(N) + fera(N) < k=1, and (éii) if fo(A) + fer1(A) = k=1, thenlfy(A) + (£ + 1) fria(A) =i =1
(mod 2). ThenAy ;(n) = By, i(n).

When(a, q) — (1/q,¢?), the productis

(q

o

Jki(051;q) =

)

(=a;¢*) oo (¢, g*F 21,

(0% ¢%)

q4k72; q4k72)00

Jei(1/a:1;¢%) =

and the result is Bressoud's [11, eq. (3.9) and Theorem 2]4kod 2 companion to Andrews’ generalization of
the Gollnitz-Gordon identities [4]:

Corollary 1.3 For1 <i <k —1, Iet/iiﬂ,(n) denote the number of partitions efwhere even parts are multiples
of 4 not divisible by8k — 4 and odd parts are not congruent t5(2i — 1) modulo4k — 2, with parts congruent
to 2k — 1 modulo4k — 2 not repeatable. LeB,fJ(n) denote the number of partitions of n such that(:)
A) + fa(N) <i—1, (i4) fae(N) + fare1(N) + farra(N) < k — 1, and(d4i) if the maximum ir(ii) is achieved
atl, thenlfor(X) + (€4 1) forg2(A) + (L + 1) forg1(N) =i — 1+ V2(€) (mod 2). (HereV?(¢) is the number of
odd parts of\ less thare(). ThenA? ;(n) = B} ;(n).

Finally, when(a, ¢) — (1/q, ¢) andi = 1, the productis
(—@)o (g, 6”2, Y

(@)oo

q2k71)oo

Jea(1/q;1;q) =

and the result is an odd modulus companion to Theorem 1.23pf [2

Corollary 1.4 For k£ > 2, let Ai(n) denote the number of overpartitions whose non-overlinatspare not
congruent ta, +1 modulo2k — 1. Let B} (n) denote the number of overpartitionsof n such that(i) f;(\) =
0, (44) fe(A) + f7(A) + feyr(A) < k — 1, and (ii4) if the maximum in conditiotii) is achieved at, then
CFN) + LFN) + (4 1) fea(N) = VA(6) (mod 2). Thend}(n) = B} (n).

In the second half of the paper, we discuss three more conabiakinterpretations of thefk,i(a; 1;q9): one
involving the theory of successive ranks for overpartisi@s developed in [19], one involving a two-parameter
generalization to overpartitions of Garvai'sconjugation for partitions [20], and one involving a gesderation
of some lattice paths of Bressoud and Burge [14, 15, 16]. Blewving is the main theorem of this part, the
combinatorial concepts being necessarily fully defineerlat the paper. Whea = 0 andX = C, D, or E, we
recover some of the main results of [14, 15, 16].

Theorem 1.5

Let By, ;(n, j) denote the number of overpartitionsof n counted by, ;(j, £(\), n) wheref()\) is the number
of parts in\ (we thus haveBy, ;(n, j) = 3,5 ck.i(j,m, n)).

Let CN’kJ(n,j) denote the number of overpartitions @fwith j overlined parts whose successive ranks lie in
[—i+2,2k—i—2].
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LetDkﬂ-(n,j) denote the number of s€l i)-conjugate overpartitions of with j overlined parts.

LetEk,i(n, j) denote the number of special lattice paths of major ind®@ith j South steps which start &t i,
whose height is less th&nand where the peaks of coordinatesk — 1) are such that: — u is congruentta — 1
modulo2 (u is the number of South steps to the left of the peak).

ThenforX = B, C, D, or E,

n (2k—1)("31)—int+n

5 Stn g - Gl 3 CUC1y

n,j>0 nez (—ag)n

(1.6)

Again, the right-hand side of (1.6) is in many cases an iipibduct, and hence there are results like Corollaries
1.2 - 1.4 involving the function€’, D and E. However, we shall not highlight these corollaries.

The paper is organized as follows. In the next section weystuelbasic properties of thbg7 (a; z; q) and give
proofs of Theorem 1.1 and Corollaries 1.2 - 1.4. In Sectiowe&compute the generating function for the paths
counted byE,m-(n, j) to show that they are in bijection with the overpartitionsicted byBk,i(n, j). In Section 4,
we present a direct bijection between the paths counte‘fakpym j) and the overpartitions counted @J(n, 7).

In Section 5, we compute the generating function for the paditions counted b@k,i(n,j) to show that they
are in bijection with the paths counted lﬁy,i(n,j). The techniques used in Sections 3,4, and 5 are very similar
to [19]. We conclude in Section 6 with some suggestions farruresearch.

2 The Jyi(a; z; ¢) and the multiplicities

We begin by stating some facts about the functiﬁmg(a; x;q) andjk,i(a; z; q) defined in the introduction.

Lemma 2.1
Hk,o(a;m; Q) =0 (2.7)
Hi _i(a;a5q) = —a "Hpi(a;x;q) (2.8)
Hyi(a;z5q) — Hiioalaszsg) = &' (14 @) Jigi (a3 25 q). (2.9)

Now assume that < 7 < k. The following recurrences for thém»(a; x; q) are fundamental.
Theorem 2.2

Jia(a;wsq) = Jir(a;zgq) (2.10)
jk,2(a; r;q) = (1+ JIQ)jk,kﬂ (a;2q;q) + amqjk,k(a; xq; q) (2.11)
Jri(a:z;q) — Jei(aszig) = (2q) (1 + 2q) Ty k—iv1(a; 265 q) (2.12)

+ a(zq) 21+ 2q) Jpkivo(aszq;0) (3 <i < k).

See [18] for a proof of these results.
We now turn to the proof of Theorem 1.1. If we write
Trilezig) = Y bei,m,n)a’z™q",

7,m,n>0

then the recurrences in Theorem 2.2 imply that

bkﬂ (]mn) = bk,k(jaman_m)a (213)
bk,Q(jaman) = bk,kfl(jaman_m)+bk7k7](j=m_1:n_m)+bk7k(j_17m_1:n_m)7 (214)
bri(j,m,n) —bgi2(j,m,n) = bpriy1(j,m —i+2,n—m)+bggiy1(j,m—i+1ln-—m) (2.15)

+ bk7k7i+2(j —1l,m—i+2,n—m) +bk,k7z’+2(]’ —1m—i+1,n—m).

We shall demonstrate that thg ; (4, m, n) also satisfy these recurrences. In what follows we shataeglly

employ a mapping. — \, where) is obtained by removing the first column of the Ferrers diagoi\. Before
continuing, we make a couple of observations regardingrttapping. First, ifA satisfies conditior{ii) in the
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statement of the theorem, so doesSecond, if\ is an overpartition counted by, ;(j, m, n) and)\ is saturated at
¢, then\ was saturated dt+ 1, so we have

L) + (E+ 1) fera () + (C+ 1) frrN) = Lfepr (A) + (E+ 1) fera(N) + (E+1) fr(N)
= L+ 1) ferr ) + (C+2) fran(N) + (L+2) frz V) = (feO) + fer1 () + fr(V) (2.16)

= i 14+VA(l+1) — (feN) + fer1 (V) + f== (X)) (mod 2)
Wl +1)+k—i (mod 2)

Finally, it is clear that
Va(e) = A(f+1) (mod 2), !f 1 ¢ A (2.17)
WWl+1)+1 (mod?2), ifleA

We begin with (2.13). Given an overpartitioncounted bycy 1 (4, m,n), \is an overpartition ofi — m with
m parts,j of which are overlined. Sincg could have had at mogt— 1 twos, X has at mostf — 1ones. If\is
saturated af, then from (2.16) and (2.17) we haﬂﬁg( )+ (£ + )le( )+ (£ + )le( )= k—-1+15(0)
(mod 2). Thus) is an overpartition counted hy, 1 (j,m,n — m). Since the mapping from to X is reversible,
we have the recurrence (2.13) for the functiops(j, m, n).

We turn to (2.14). Suppose now thais an overpartition counted by, »(j, m,n). Then\ has at most ong.

We consider three cases.
First, if A has no ones, then it can have at mbst 2 twos. For if A hadk — 1 twos, thenl f1(\) + 2f2(\) +

2f5(A) = 0 (mod 2) violates conditior(iii) in the definition of thezy, 2 (j, m,n). Hence\ is an overpartition of
n — m into m parts,£ of WhICh are overlined, and having at mdst- 2 ones. If\ is saturated af, then from
(2.16) and (2.17) we ha\ﬁgff( )+ (€ + )f[+]( )+ (€ + )fz+1( ) =k —2+V5(f) (mod 2). Hence) is an
overpartition counted by;, 1_1(j, m,n — m).

Second, ifl occurs (non-overlined) in, then there can be up fo— 2 twos, so\ has at most — 2 ones. If\ is
saturated af, then from (2.16) and (2.17) we havg () + (£ + 1) forr (A) + (£ + 1)f£+—](X) =k-2+V5(0)
(mod 2). Hence) is an overpartition counted by, -1 (j,m — 1,n —m).

Third and finally, if1 occurs in), then there can be at mast— 1 twos, so\ has at mosk — 1 ones. IfX is
saturated at, then from (2.16) and (2.17) we havg(\) + (¢ + 1) fra1(N) + (£ + )f/+1( )=k —-1+V5(0)
(mod 2). Hence) is an overpartition counted by (j —1,m —1,n—m).

Since the mappings are reversible, we have the recurrericg) (@r the functions;, ;(j, m,n).

The proof of the recurrence (2.15) is very similar to thos€0f3) and (2.14). See [18] for details.

To finalize the claim that the two families of functions areiakjwe note that

if j<0,m< , < 0,and(j,m,n 0,
b (G m) = 0, it '< 0,m < 0orn <0,and(j,m,n) # (0,0,0) (2.18)
]‘7 If (.77m’7n) = (0707 0)7
which is indeed also true for thg ;(j, m,n). |

Before deducing Corollaries 1.2 - 1.4 we state a propositibich is a piece of Theorem 1.5 and from which it
follows that several instances of thg ; (a; 1; ¢) are infinite products.

Proposition 2.3 We have

~ - 1 n, (2k—1)("F1) —in+n
Jeilailig ”q Z /a)n(=1)"a"q (2.19)
nez (*aq)n
Corollary 2.4 We have
. i 2k—i 2k, 2k
Jis(031:q) = (¢ ¢*" " q°";q )007 (2.20)
(@) o
= o (=G0 (@ g gt gt
Ji,i(1 ¢:1:¢%) = 2.21
kall/ ) (4% 6%) (2.21)
and 2k—2 2k—1 2k—1
jk,](l/q; 1;Q) _ (_q)oo(Q7q ,q yq )oo (222)

(@)oo
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We are now ready to prove Corollaries 1.2 - 1.4. In the follayyiwe consider that is an overpartition of.
with j overlined parts, hence it is counted in the coefficienf’af’ of jk,i,(a, 1; q). This overpartition is such that
(@) fr(A) + fr(A) < i =1, (i1) fe(A) + fer1(N) + frm(A) <k — 1, and(ii4) if A is saturated at, that s, if the
maximum in(i7) is achieved, theff,(\) + (€ + 1) frr1 (A) + (£ + 1) fimr(A) =i — 1+ Vy(£) (mod 2).

For Corollary 1.2, we consider the functioﬁiﬁi(o; 1;¢). From Theorem 1.1 we easily see that the coefficient
of g™ in J; ;(0; 1; ) is By, ;(n). On the other hand, from (2.20) , this coefficient is allo; (). 0

For Corollary 1.3, we use the functiorf@i(l/q; 1;¢%). A little thought reveals that the coefficient gf in
Jri(1/q;1; %) is B} ;(n). Rewriting of the productin (2.21) as

(q2, q4) (q8k74, q8k74) (q2i71 q4k727',71_ q4k72) (_q2k71_ q4k72) H 1
nZ2k—1 (mod 4k—2) (1 B qn)
shows that this coefficient is alﬂ7i(n/). O
Finally, for Corollary 1.4, we use the functioﬁgﬁl (1/¢;1;¢). Again it may readily be seen that the coefficient
of ¢" therein isB} (n). On the other hand, from (2.22), this coefficient is al§in). |

3 Lattice Paths
We study paths in the first quadrant that use four kinds obuypiteps:

e North-EastNE : (z,y) = (x + 1,y + 1),
e South-EasbE : (z,y) — (z + 1,y — 1),
e SouthS: (z,y) — (z,y — 1),

e Eastt: (z,0) — (z + 1,0).

The heightof a vertex corresponds to ifscoordinate. A South step can only appear after a North-Eaptand
an East step can only appear at height 0. The paths must emd Worth-East or South step. geakis a vertex
preceded by a North-East step and followed by a South stewhich case it will be called &IES peakor by

a South-East step (in which case it will be calleNBSE peak If the path ends with a North-East step, its last
vertex is also a NESE peak. Thegjor indexof a path is the sum of the-coordinates of its peaks (see Figure 1
for an example). When the paths have no South steps, thie @etffinition of the paths in [14].

M

Fig. 1: This path has four peaks : two NES peaks (locatea2) and (6, 1)) and two NESE peaks (located @t 1) and
(7,1)). Its major index i +4 4+ 6 + 7 = 19.

Let £ andi be positive integers with< k. Let E,m-(n, j) be the number of paths of major indexwvith j South
steps which satisfy the followingpecial(k, i)-conditions (i) the paths start at height— i, (ii) their height is less
thank, (iii) every peak of coordinateg:, k — 1) satisfiest —u =i — 1 (mod 2) whereu is the number of South
steps to the left of the peak.

Let & i(a,q) be the generating function for those paths, thakis(a, ) = > Eii(n,j)alq". Let&y ;(N)
be the generating function for paths counted&by(a,q) which haveN peaks. Moreover, fob < i < k, let
f,m»(N) be the generating function for paths obtained by deletiegfitist NE step of a path which is counted in
Er.i+1(N) and begins with a NE step. Then

Proposition 3.1

Eni(N) = qVEiti(N) +¢"Thi1(N); 1<i<k (3.23)
Tii(N) = "Thii(N)+(a+¢" NEin(N—1); 0<i<k (3.24)
En(N) = ¢NEp 1 (N)+¢VThs 1 (N) (3.25)
Eri(0) =1 Tyo(N) =0 (3.26)
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Proof: We prove that result by induction on the length of the pattthéf path is not empty, then we take off its
first step. When we do this, we increase or decreédisel and thus change the parityiof 1 ; moreover, all the
peaks are shifted by 1, so the parityaof « — i is not changed (if the step we remove is a South step, the peaks
not shifted but: decreases by 1 for all peaks, so the result is the same). Bbe eak needs further explanation.
For these paths the fact that every peak of coordinatds— 1) satisfiest —u =k — 1 (mod 2) is equivalent to
the fact that every peak of coordinatask — 1) has an even number of East steps to its left. Therefore tihes pat
counted inENkyk(N ) that start with an East step where this step is deleted argeiction with the paths counted
in &,.x_1(N) (see [18] for details). Moreover it is easy to see that thepabunted irf;, .. (N) that start with a
North-East step where this step is deleted are the pathstemlrrf“m,] (N). |

These recurrences uniquely define the sefiggN) and®; ;(N). We get that

Theorem 3.2
~ N+1 N (k=1)n®+(k—i)n
i) = oV (1/a el 3.27
k() (-1/ mgN( P P Yo (3.27)
- N N-1 (k—1)n?+(k—i—1)n
(ka(N) = aNq(Z)(—l/a)N Z (—l)nq( ) (328)
n=—N q anfl(q)N+n

The proof is omitted. It uses simple algebraic manipulat@prove that these generating functions satisfy the
recurrence relations of Proposition 3.1.
We recall a proposition proved in [19] that will enable us tonputef;, ;(a, ¢) from the recurrences:

Proposition 3.3 For anyn € 7Z
) (—ag)u(—g"/a)y_ng"* )" )gN n _ (=a9)

(@ Nt (@)N-n T (@)

N>|n

From (3.27), summing oV using Proposition 3.3 (see [19] for details), we get Equetio6) and Theorem 1.5
for X = E.

For the work in Section 5, we’'ll need the definition of the tigla height of a peak. This notion was defined by
Bressoud in [14]. The definition we use is a simpler versidemarom [9].

Definition 3.4 ([9]) The relative height of a pedle, y) is the largest integeh for which we can find two vertices
on the path(z',y — h) and(z",y — h), such that’ < = < z" and such that between these two vertices there are
no peaks of height y and every peak of heighthas weight> z.

For the paths corresponding to overpartitions, i.e. thégabunted byEk,i(n,j), we have to modify the
definition of the relative height a little bit to take into @aemt the NES peaks, for which we can have= .

Definition 3.5 The relative height of a peale, y) is the largest integeh for which we can find two vertices on
the path(z’,y — h) and(z",y — h), such thatt’ < = < z'" and such that between these two vertices there are no
peaks of height- y and every peak of heighthas weight< x.

See [19] for examples.
Proposition 3.6 Forny; > ng > -+ > ny_q,

q("12+1)+n§+---+n2,1+ni+---+nk71 (—1/a)n,a™

ny—nsg - - - Ng_—2—MNg_1 : ; : Nk —1
() () (a%:9%)

is the generating function for the paths (counted by majdeinand number of south steps) satisfying the special
(k, i)-conditions and having; peaks of relative height j for 1 < j <k — 1.

Proof: It is similar to that of Proposition 6.1 of [19]. See [18] foetdils. m|
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4 Successive Ranks

a; a2 an
b by bN) where
(a1,...,ay) is a partition into distinct nonnegative parts afid, . .., by) is an overpartition into nonnegative

parts where the first occurrence of a part can be overlined\andy_(a; + b;) = n.

We call that the Frobenius representation of an overpamtiiecause it is in bijection with overpartitions. We say
that thegeneralized Durfee squar an overpartition has siz& if N is the largest integer such that the number
of overlined parts plus the number of non-overlined pareatgr or equal tdv is greater than or equal .

We now define the successive ranks.

The Frobenius representation of an overpartition [17, 24} & a two-rowed arra;(

Definition 4.1 [19] The successive ranksf an overpartition can be defined from its Frobenius repmeggon.

If an overpartition has Frobenius representatin{ﬁl 22 o ZN> then itsith successive rank; is a; — b;
L by - by
minus the number of non-overlined parts{i;1,...,bn}.
. 7. 4 2 0
For example, the successive rank 310 are(2,0,1,0).

We now state the main result of this section, which impliesdriem 1.5 forX = C.

Proposition 4.2 There exists a one-to-one correspondence between thegfatiggor indexn with j South steps,
counted byEk,i(n,j) and the overpartitions aof with j non-overlined parts in the bottom line of their Frobenius
representation and whose successive ranks lje-int+ 2, 2k — i — 2], counted by ;(n, j). This correspondence
is such that the paths havé peaks if and only if the Frobenius representation of the pagition hasN columns.

See [18] for the proof.

5 Generalized self-conjugate overpartitions

In this section we prove Theorem 1.5 f&ir= D. We define an operation for overpartitions calkedonjugation,
wherek > 2 is an integer. From the Frobenius representation of an avitipn 7, we use Algorithm 11l of [24]
to get three partitiona;, A, andyu as described in the following paragraph.

Let N be the number of columns of the Frobenius representation.gdt/a, which is a partition intoV
nonnegative parts, by removing a staircase from the top rewfe remove 0 from the smallest part, 1 from the
next smallest, and so on). We get(which is a partition intdV nonnegative parts) and(which is a partition into
distinct nonnegative parts less thar) as follows. First, we initialize\, to the bottom row. Then, if thexth part
of the bottom row is overlined, we remove the overlining af thth part of A, we decrease the — 1 first parts
of A, by one and we add a part — 1 to u (see [18] for an example).

Let A} (resp.A}) be the conjugate of; (resp. of\2). A} andA} are thus partitions into parts less than or equal
to N. We now consider two regions. The first region is the portibilpbelow its(k — 2)-th Durfee square (for
k = 2, this region is\}). Recall that the Durfee square of a partition is the larggstire contained in its diagram
and that theé'” Durfee square is the Durfee square of the partition thatdeuthe(i — 1)** Durfee square [6]. The
second region consists of the parts\¢fwhich are less than or equal to the size of the- 2)-th Durfee square of
A5 (for k = 2, this region is\}).

Definition 5.1 The k-conjugationconsists of interchanging these two regions\jfhas less thark — 2 Durfee
squares, thé&-conjugation is the identity).

Remark 5.2 For &k = 2, we just swap\} and A, (which boils down to swapping; and \,) and we get the
F-conjugation defined by Lovejoy [24].

Remark 5.3 If there are no overlined parts, we get theconjugation for partitions defined by Garvan [20].
Definition 5.4 We say that an overpartition self-k-conjugatsf it is fixed byk-conjugation.

Proposition 5.5 The generating function for setf-conjugate overpartitions is

>

n1 27122-“27“"7120 (q)’ll1 —ng " (q)nk,gfnk,l (q27 q2)7lk71

q(n12+1)+n§+...+n271 (*l/a)nlfﬂh

wheren; is the number of columns of the Frobenius symbol and .., n;_; are the sizes of thé — 2 first
successive Durfee squares)jt
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Proof: We decompose a self-conjugate overpartition in the following way :

e u (region IV in Figure 2), which is counted y*' (—1/a),,, ;

the staircase of the top row and the past(region 1), which are counted b(y("l;l);

thek — 2 Durfee squares of}, (region V), which are counted h;,il3+"'+”i—1;

the regions between the Durfee squareaipfregion VI), which are counted b%ﬂ e {:”“2} ;
2], k-1,

the parts in\} which are> n;_; and of course< n; (region I): they are counted by

1 (Dnir
(T—gu—th) (T —qm)  (@)ny

e the two identical regions (regions Il and VII), which are oted byW

LT

Summing omy,ns, ..., ng_1, We get the generating function :

S (1apam g i H [m} D s 1

2.2
n12ng>...2ng-120 "2 Mk (Q)nl (q d )nkq

- ¥

ny>ne>...>n,_1>0 (q)n1*n2 st (q)nk—zfnk—l (q2; q2)nk—1

q(n12+1)+n§+...+n271 (71/a)n1an1

! M

X, p A,

Fig. 2: Decomposition of a selk-conjugate overpartition (in this example= 4).

Corollary 5.6 When there are no overlined paris,— 0 and we get the generating function for skfzonjugate
partitions [20].

Definition 5.7 Leti andk be integers withl < i < k. We say that an overpartition &elf<(k, i)-conjugatdf it is
obtained by taking a sek-conjugate overpartition and adding a pat} (n; is the size of théj — 1)-th successive
Durfee square oh}) to A, fori < j < k — 1 (if i = k, no parts are added).

Remember that we denote lfykﬂ-(n,j) the number of self%, i)-conjugate overpartitions with overlined
parts (or, equivalently, the number of sékf;i)-conjugate overpartitions whose Frobenius representdi#s j
non-overlined parts in its bottom row).

Proposition 5.8
gk,i(“: Q) = Z Dk,i(”: 7)a]qn
n,j

See [18] for the proof.
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6 Concluding Remarks
We would like to mention that thd;, ;(a; z; q) and.fk,i(a;a:; q) can be embedded in a family of functions that
satisfy recurrences like those in Lemma 2.1 and are somgiimfiaite products whem = 1. Form > 1 we define
Tiim (@3 25q) = Hyiom (a3 2q; q) + avqHy,i—1,m(a; 2g; q), (6.29)
where
(_a)nqkn2+nfinf(m71)(;)wn(kfmfl) (1 _ wiani)(_l/a)n(_awqu»] )Oc(wm’ qm)n
(@™5¢™)n(2) oo '

Hyim(a;5q) = Z

n>0

} (6.30)
The casen = 1 gives theJ; ;(a; z; ¢) andm = 2 corresponds to thé;, ;(a; x; ¢). Equations (2.7) and (2.8) of
Lemma 2.1 are true for thH. ; ., (a; x; ¢), and following the proof of (2.9), one may show that

Hyim(a;25q) = Hjmmom(a;73q) =2 ™ (L4 2 +2° + -+ 2™ ) T p—iv1,m (a5 73 q).

It would certainly be worth investigating what kinds of coimétorial identities are stored in these general series.

References

[1] G.E. Andrews, An analytic proof of the Rogers-Ramantjzordon identitiesAmer. J. Math.88 (1966),
844-846.

[2] G.E. Andrews, Some new partition theorerisCombin. Theor (1967), 431-436.

[3] G.E. Andrews, Partition theorems related to the Rodaisanujan identitites]. Combin. Theorg (1967),
422-430.

[4] G.E. Andrews, A generalization of the Gollnitz-Gordpartition identitiesProc. Amer. Math. So@& (1967),
945952,

[5] G.E. Andrews, Sieves in the theory of partitiodsner. J. Math94 (1972), 1214-1230.
[6] G.E. Andrews, Partitions and Durfee dissectidmer. J. Math101(1979), 735-742.
[7] G. E. Andrews, The theory of partitions. Cambridge Unsity Press, Cambridge, 1998.

[8] G.E. Andrews and J.P.O. Santos, Rogers-Ramanujan tgptities for partitions with attached odd parts,
Ramanujan J1 (1997), 91-99.

[9] A. Berkovich and P. Paule, Lattice patlgsmultinomials and two variants of the Andrews-Gordon idtésd,
Ramanujan J5 (2001), 409-425.

[10] D.M. Bressoud, A generalization of the Rogers—Ramamigentities for all moduliJ. Combin. Theory Ser.
A27(1979), 64-68.

[11] D.M. Bressoud, Analytic and combinatorial generdiizas of the Rogers-Ramanujan identitislem. Amer.
Math. Soc227(1980), 54pp.

[12] D.M. Bressoud, Extension of the partition siedeNumber Theor{2 (1980), 87-100.

[13] D.M. Bressoud, An analytic generalization of the Ragdétamanujan identities with interpretati@uyart. J.
Math. (Oxford)31(1981), 385-399.

[14] D.M. Bressoud, Lattice paths and the Rogers-Ramandgrtities. Number Theory, Madras 1987, 140-172,
Lecture Notes in Mathl395 Springer, Berlin, 1989.

[15] W. H. Burge, A correspondence between partitions eeléd generalizations of the Rogers-Ramanujan iden-
tities. Discrete Math34(1981), no. 1, 9-15.

[16] W. H. Burge, A three-way correspondence between pamstEuropean J. Combir8 (1982), no. 3, 195-213.
[17] S. Corteel, J. Lovejoy, Overpartitiongans. Amer. Math. So856(2004), no. 4, 1623-1635.



150 Sylvie Corteel, Jeremy Lovejoy and Olivier Mallet

[18] S. Corteel, J. Lovejoy and O. Mallet, An extension to mpaetitions of Rogers-Ramanujan identities for
even moduli (long version), submitted. Availabletdtt p: //ww. | i af a. j ussieu. fr/~mall et/
publications. htm.

[19] S. Corteel and O. Mallet, Overpartitions, lattice masind Rogers-Ramanujan identities, submitted.

[20] F. G. Garvan, Generalizations of Dyson’s rank and naigd®s-Ramanujan partitiorldanuscripta Math84
(1994), 343-359.

[21] G. Gasper and M. Rahman, Basic Hypergeometric Ser@sb@idge Univ. Press, Cambridge, 1990.

[22] B. Gordon, A combinatorial generalization of the Ragj&amanujan identitiegmer. J. Math83 (1961),
393-399.

[23] J. Lovejoy, Gordon’s theorem for overpartitiodsCombin. Theory Ser. 203(2003), 393-401.

[24] J. Lovejoy, Rank and conjugation for the Frobeniusespntation of an overpartitioAnn. Combin9 (2005)
321-334.

[25] J. Lovejoy, Overpartition pairgynn. Inst. Fourier56 (2006), 781-794.



